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Abstract 
The amplification of microwaves in n-GaAs films has been widely studied. On 
the other hand, using nonlinear parametric effects in microwave, millimeter, 
and THz ranges has a large potential. In this paper the resonant nonlinear 
phenomena are investigated in active n-GaAs semiconductor and in films on 
its base. The phenomena are the nonlinear interactions of space charge waves, 
including the frequency multiplication and mixing, and the three-wave inte-
raction between two THz electromagnetic waves and a single space charge 
wave. This three-wave interaction results in the superheterodyne amplifica-
tion of THz waves. The electron velocity in GaAs is the nonlinear function of 
an external electric field. If the bias electric field is more  

0 3 KV cmcritE E> ≈ , it is possible to obtain a negative differential mobility 
(NDM and space charge waves). The space charge waves have phase velocity 
of electrons equal to ( )0 0v v E= , 0 0 ,zE V L=  where 0V  is the voltage, 
producing the bias electric field oE   in GaAs film. The superheterodyne am-
plification and the multiplication of microwaves are very promising for 
building active sensors in telecommunications system, radiometers, and radio 
telescopes. The superheterodyne mechanism has an advantage related to de-
creasing noise because of increasing of frequency in the process of amplifica-
tion. It is used in the process of amplification of longitudinal space charge 
waves that in turn causes the transfer of energy from longitudinal wave into 
transverse one with increasing frequency. This is realized due to parametric 
coupling of two transverse waves and a single space charge wave in GaAs. 
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1. Introduction 

Very high frequencies including gigahertz range are very promising for building 
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active devices [1] [2]. This article is devoted to idea to use crystal GaAs like very 
wide material for obtain of high frequency of very simple method in monolithic 
material without of difficult nanostructure design which usually destroyed diffu-
sion processes.  

There are different effects of nonlinear interaction of electromagnetic waves 
which caused the increase of frequency. More frequently it is using the terminus 
superheterodyne mechanism for increasing the frequencies. It is useful to show 
how works all mechanisms on simplest case with analytical demonstration of su-
perheterodyne amplification in case of GaAs thanks parametric connection of 
two transversal waves and charge wave. It is necessary to explain the role of space 
charge wave. Amplification of traveling space charge waves (SCW) of the micro-
wave range in n-GaAs has been under investigations for many years [1]. When 
bias electric fields are higher than the critical value for observing negative diffe-
rential conductivity (NDC), space charge waves have the possibility to take 
energy due to negative differential mobility. But the critical value of bias electric 
field in GaAs is 3.5  kV cmcE =  that limits the maximum values of space 
charge waves. Also, the frequency range of amplification of SCW in GaAs films is 

50 GHzf < . At frequencies 50 GHzf > , it is better to use a new type of inte-
raction. It is necessary to use the connection of space charge waves with electro-
magnetic one. This connection caused to study nonlinear interaction between 
space charge waves and electromagnetic one. First of all it is necessary to discuss a 
new type of interaction named superheyterodyne one, which analyzed very care-
fully in this article. In any case the negative mobility of crystal is very important 
for all our simulation of nonlinear interaction for different cases. The superhete-
rodyne amplification is thanks going of the energy of crystal with battery and 
with current to energy of electromagnetic wave of high frequency in case of con-
nection of electromagnetic and space charge waves. 

In order to obtain a negative differential mobility (NDM), the bias electric 
field 0 critE E> , which is different in different crystals.  

2. Idea and Model 

Let’s consider el crystal GaAs In order to obtain a negative differential mobility 
(NDM) in GaAs, the bias electric field 0 3 KV cmcritE E> ≈  should be [1] [2].  

There are the two electromagnetic waves of THz range with frequencies and 
wave numbers 1,ω  1 zk , 2ω , 2zk  with opposite directions of propagation and 
space charge wave with Ω , zK  of the microwave range. The frequencies and 
wave numbers are connected by coupling conditions 

1 2

1 2z z zK
ω ω
κ κ

− = Ω
+ =

                          (1) 

The wave synchronism is realized at the frequencies: 

0 1,22 o

c
ν

ε ωΩ ≈                          (2) 

where oν , c are the electron and light velocities, 0ε  is dielectric permittivity of 
GaAs. Let’s explain simplest case of interaction in the one dimensional model  
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0
x y

 ∂ ∂
= = ∂ ∂ 

 for analysis of Maxwell’s equations (in absolute units):  

0 4πrot 

1rot 

c t c

c t
en

ε ∂
= +

∂

= −
∂

= −

EH J

HE

J ν

∂                         (3) 

and hydrodynamic equation of the motion for the electrons 

( ) e T n
t cm nm

υ∗ ∗

∂  + ∇ = − + × − ∇ − ∂  

ν vν ν E H ν              (4) 

where e−  and *m  are the electron charge and mass, υ  is the collision fre-
quency, n  is the electron’s concentration. For electromagnetic waves the effec-
tive dielectric constant is 

( )

2

0 ,pω
ε ε

ω ω ιυ
= −

−
 

with plasma frequency 
24π o

p
e n
m

ω ∗= . The interaction of longitudinal wave  

( , ,z zE v K ) with transversal waves ( 1,2, , ,x y xE H v k ) is possible thanks nonlinear 
connection between waves. In the case of longitudinal wave ( , ,z zE v K ) it is ne-
cessary use (3), and (4) in the case of frequency vΩ  taking into account the 
differential negative mobility of electrons 

( ) ,     z z z
o

e e T nE x
m mc zn m

ν
υ υ υ∗

∂
= − − −

∂
ν H               (5) 

It is necessary to use ( ) ( )0 0z d z
e E E E v E

m
µ µ µ

υ
= = + = − + , 

where 0 0 0v Eµ= − , 0 0
0

0 0

d
1

dd
E

E
µ

µ µ
µ

 
= + 

 
 are the velocity electrons and diffe-  

rential mobility dµ  of electrons, which is negative in case if the field is more 
the critical field 0 3 KV cmcritE E> ≈  for GaAs. It is possible to take in calcu-
lations 0 1µ µ=  like mobility in first valley of GaAs and on  is initial concen-
tration of electrons. The variable current  zj  is determined from (5)  

( )0 1 ,Z o d z o z

n eJ en E en eD n x
z c

µ ν µ∂
= − + +

∂
ν H             (6) 

where 
2

TVTD
m υυ∗

= =  is diffusion coefficient. Using (6) and (3) it is possible  

obtain the equation for longitudinal variable wave  

{ }
2

0 1
2

0

4πz z z
o M z x y

enE E ED E H
t z cz

µ
ν ω ν

ε
∂ ∂ ∂

+ − + = −
∂ ∂ ∂

  

           (7) 

where the right part is calculated like resonance part of longitudinal part,  

0 0

4π 4πo d d
M

en µ σ
ω

ε ε
= = , is the relaxation frequency, dσ  is differential conduc-  

tivity negative if field is more critical. 
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For transverse waves ( 1,2, , ,x y xE H v k ) from (3) and (4) it is possible obtain the 
wave equation  

( )
2 2

20
2 2 2 2

4πx x
p x x

E E eE nV
tz c t c

ε
ω

∂ ∂ ∂ − − = − 
∂∂ ∂  

              (8) 

The right parts of (7) and (8) describe the nonlinear interaction of waves 
which is resonance (1) with respect to the wave equation. 

3. Nonlinear Equations for Waves 

The nonlinear interactions of waves are with longitudinal wave and transversal 
electromagnetic waves  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 1 1

1 1 1 1

3 3

1 1

2 2

, ,

, ,

 , ,

i y Kz i y Kz
z

i t k z i t k z
x

i t k z i t k z

E z t e z t e

E z t e z t e

z t e z t e

ω ω

ω ω

ε ε

ε ε

ε ε

Ω − − Ω −∗

− − −∗

+ − +∗

= +

= +

+ +

               (9) 

where 
2

1,2
1,2 0

1,2

pk
c

ωω
ε

ω
= − . The waves satisfy the parametric conditions (1).  

The nonlinear right parts in (7) and (8) were calculated using Bloembergen’s 
method [3]: 

1 2

1 2

3

1 2
1 2

1 2
1 2

1 2
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where 1 1 1 2 2 2 3 1 2 3,  ,  ,  t k z t k z t Kzψ ω ψ ω ψ ψ ψ ψ= − = + = Ω − = + . From (8) we 
have two nonlinear equations for transverse waves: 

1 1
1 2 3

1

l
z t
ε ε

α ε ε
ν

∂ ∂
+ = −

∂ ∂
                   (11a) 

2 2
2 1 3

2

1
z t
ε ε

α ε ε
ν

∗∂ ∂
− = −

∂ ∂
                   (11b) 

where 
2

1,2
1,2

0 1,2

c k
v

ε ω
=  are group’s velocities of electromagnetic waves,  

0 1
1 2

1 22
Ke

c k m
ε ω

α
ω ∗=  0 2

2 2
2 12

Ke
c k m
ε ω

α
ω ∗=  and 1 2α α≈ . From (7) it is possible to ob-  

tain the nonlinear equation for longitudinal wave 

( )
2

13 3 3
3 1 22

0 1 2

2 p
o M

K
i DK DK D i

t z z
ω µε ε εε

ν ω ε ε ε
ε ω ω

∗∂ ∂ ∂∂
+ + + + − =

∂ ∂ ∂ ∂

2
23

z
  (11c) 

4. Calculation of Superheterodyne Amplification 

We analyze amplification by means of using constant pumping wave 2 20 ,ε ε=  
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0
t
∂
=

∂
 and negative differential mobility 0dµ < . It is necessary use the equa-  

tions  

2 20 3

1
20 3    

3
3 20 1

0    ,   0  for 0

                           

   M

o o

y z
t

z

i
z

ε ε ε

ε
αε ε

ε ω γε ε ε
ν ν

∗

∂
= = = =

∂
∂

= −
∂
∂

+ =
∂

                (12) 

and the conditions ( )
2
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ω ω
ω
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Ω  , where 
2

   o
D D

ν
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sion frequency, 0
2
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=  From (12a) and (12b) it follow the  

decisions 1, 3
zeε Γ≈  

For Γ  it is possible obtain the equation  
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The superheterodyne amplification is characterized by coefficients 1 Γ  and 

2Γ : 

( ) 1 210 1
1

1 2

2

1

z zz e e
ε

ε Γ Γ Γ
= − Γ Γ −

Γ

                 (13) 

If we have negative differential mobility 0Mω <  and 2 1Γ Γ  from (13) it 
is follow optimal for amplification length L of crystal:  

( )
( )

2 2
1 max

2 20

M

o

L
p

M

L
e

c

ω
νωε ν

ε υ ω

Ω
= ⋅  

where 02
max

1

e
n
ε

ν
ω

= . For the next parameters of GaAs the initial volume con- 

centration of electrons 14 310  cmon −≈ , the collision frequency 12 12 10  sυ −≈ × , 
the velocity 72 10 cm sov ≈ × , 210  cmL −≈ , absence of domain, the frequencies  

12 1
1,2 6 10  sω −≈ ×  in THz range and 10 12 10  s−Ω ≈ ×  in the microwave range,  

the plasma frequency 12 12 10  spω −≈ × , 1 0.1
o

m
m

∗

≈ , where mo is the mass of elec-
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tron, 0 12ε ≈ , the pumping intensity is 
20

1 2
2 110

2

ergE 2 10
8π cm sec

c
S

ε
= ≈ ⋅

⋅
,  

6 cm10  
segov ≈ , 1

max 010  ν ν−=  and on frequency 2π 4Ω ≈  GHz the superhete-

rodyne amplification of about 
( )
( )

1

1

100
0
Lε

ε
≥ . This amplification is significant  

for the case of superheterodyne interaction.   

5. Simulation of Amplification in Gaas Films 

The amplification is more perspective for integrated system so it is necessary to 
analyze amplification and multiplication for obtain increase of frequencies in 
GaAs films with space charge waves. It is possible by means of computer simula-
tion and consideration of the parametric interaction of space charge waves with 
matching conditions is realized:  

3 1 2 3 1 2;  k k kω ω ω= + = + .                      (14) 

The electron velocity in GaAs is the nonlinear function of an external electric 
field [4] [5]. The coordinate system is chosen as follows: X-axis is directed per-
pendicularly to the plane of film, the drift bias field is applied along Z one, ex-
citing and receiving antennas are parallel to Y-axis. The sizes of the film are zL , 

yL . In our model, it is considered 2D model of the electron gas in GaAs so as 
our consideration described the epitaxial film n-GaAs and i-GaAs substrate. 
Thus, 2D electron concentration is present only in the plane 0x =  (epitaxial 
n-GaAs), and an influence of transverse motion of carriers on space charge wave 
dynamics is neglected. Consider space charge waves having phase velocity equal 
to velocity of electrons drift equal to ( )0 0v v E= , 0 0 zE V L= , where 0V  is the 
constant difference of potential, creating the bias electric field oE  in GaAs film. 
The following system for description of nonlinear space charge waves in qua-
si-stationary approximation is used:  

( ) ( )

( )

( )

0

0
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n n D E
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E e E e

E

               (15) 

( )
2 2 2

2
1 1 1

0
1 0 0 0

sin exp exp ;ext j j
j

z z y y t tE E t
z y t

ω
=

        − − −   = − − −                
∑   (16) 

The Equations (15), (16) are added by boundary conditions:  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
0, ; 0 0;  ; 0 ;

, 0, 0;  0, 0

z z

y y y y

x y z z L n y z n z L n
n nE x y z E y L y z y L
y y

ϕ ϕ= = = = = = = =

∂ ∂
= = = = = = = =

∂ ∂

 

Here 0n n n= +   where 0n  is constant two-dimensional electron concentra-
tion, n  is its varying part of concentration, D is the diffusion coefficient which 
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weakly depends on a drift field, e is the electron charge (the signs are changed 
for the positive charge); ze  is unit vector along direction of axis Z, and 0ε  is 
the lattice dielectric permittivity of GaAs. A dependence of Z-component of 
electron velocity ( )zv E  is presented in a Figure 1. In the input antenna 
( 1 1,  z z y y= = ), the signal of the longitudinal electric field is present extE  at 
two separate microwave frequencies 1,2ω ; 0 0 0,  ,  z y t  are half-widths of input 
pulse. This signal excites space charge waves in 2D electron gas. First of all, am-
plification at the frequencies 1 2,  ω ω  takes place in the case of negative diffe-
rential mobility, NDM. Also, the parametric interaction of waves with matching 
conditions is realized like (14). 

The output antenna is in 2 1z z z= > . The problem is to get the optimal con-
ditions for releasing the output signal at the sum frequency in films of finite siz-
es.  

For a small monochromatic input signal ( ( ),  ~ exp ,  E n i wt kz iω ω ω′ ′′− = +  

 ) 
in an unbounded film, it is possible to get the expression for the linear increment 
of temporal growth ω′′− :  

0

0 0

4π d ;  
2 d

en vk Dk k
E V

ωω
ε ε

  ′
′′ = + = 

 
                  (17) 

In the case of NDM ( d d 0v E < ), an instability takes place: 0ω′′ <  in a cer-
tain frequency range. A dependence of increment ω′′−  on carrier frequency 
ω′  is presented in a Figure 2. It is seen that there exists the maximal value at an 
optimal frequency. A comparison of the value of increment obtained in local 
field approximation used here with calculation within the more general 
non-local Shur’s model [4], [5] shows that under 15 3

0 10  cmn −= , the local field 
approximation is valid for 11 15 10  sω −′ < × . Therefore, the sum frequency 
should be chosen within this range.  

Simulations of wave mixing in GaAs films demonstrate a possibility to get the  
 

 

Figure 1. Dependence ( )zv E  (105 m/s, 105 V/m). 
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signal at sum frequency under a wide range of amplitudes of input signals. The 
spectral distributions of output signal ( )zE w  in films with different input an-
tenna widths are presented in Figure 3 and Figure 4. The parameters are: 2D 
electron concentration is 11 2

0 10  cmn −= , 100 μmzL = , 1000 μmyL = ; 

1 10 μmz = , 0 0.25 μmz = , 2 90 μmz = ; 1 500 μmy = ; 0 100 μmy =  (Figure 
3); 0 300 μmy =  (Figure 4). The input pulse duration is 0 5 nst = ; input fre-
quencies are 11 1

1 1.4 10  sω −= × , 11 1
2 2.3 10  sω −= × ; 5

0 5.4 10  V mE = × , 

01 1 V mE = , 02 0.1 V mE = . The output amplitudes of waves are ~
43 10  V m× . In the case of wider input antenna, the spectral line intensity cor-

responding to sum frequency is greater but the additional background spectrum 
is present. This can be explained in the following manner. The main obstacle for 
observation of wave mixing is a transition of instability into an essentially non-
linear regime, where a lot of extraneous spectral components are present. For a 
wider input antenna, such a transition takes place earlier. Thus, there exists the 
optimal width of the input antenna for observing wave mixing.   
 

 
Figure 2. Dependence of increment ω′′−  on a frequency (1010 s−1). 

 

 

Figure 3. Fourier spectrum of E  (relative units) in the output an-
tenna. 
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Figure 4. Fourier spectrum in the output for wider input antenna. 

 
A comparison of simulations with experiment on wave mixing in GaAs films 

[6] shows that there is a coincidence on the frequency interval and possible le-
vels of input signals. 

6. Conclusions 

It is shown that superheterodyne amplification is realized by negative differential 
mobility in GaAs and nonlinear interaction two transversal and longitudinal 
waves. The pumping wave of very small amplitude helps to move the energy of 
battery to microwave. Usually level of noise is low in high of frequency and ab-
sent of domains. The advantage to use of transversal waves is in moving very 
easy from crystal. The pumping wave may be very low amplitude. The value of 
amplification is very big on the length 210  cmL −≅  without exciting of domain. 
The condition for exciting domain 12 210  cmon L −≥  is not fulfilled. This me-
chanism of amplification is very promising in millimeter and submillimeter 
ranges. In these ranges it is absent good amplifiers ranges. 

The mechanism of the mixing and the multiplication is a transition of insta-
bility into an essentially nonlinear regime. There exists the optimal width of in-
put antenna for observing wave parametric and multiplication effects. 

Comparison of simulations with experiment on wave mixing in GaAs films is 
to show a coincidence on frequency interval and possible levels of input signals.  

It is possible future work to investigate some other crystal having negative 
differential mobility which it is realized now. For another hand it is possible to 
use the strongly nonlinear material like 3TiSrO  that is done [7] [8] [9], and the 
results of this investigations are successful. Only it is one problem, from differ-
ent materials including 3TiSrO , it is necessary to use temperature of liquid ni-
trogen N. It is possible to use another method to increase the frequency using 
periodical systems and graphene [10] [11]. 
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