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Abstract

Exoplanet transit timing variation is a method to find exoplanets. To under-
stand this method better, I wrote a computer program in python to simulate
the transit of exoplanets. I use my program to simulate the transit timing var-
iation observed in the Kepler-19 system. I make a simple simulation of Kep-
ler-19 system, and this simulation shows that the variation in transit timing
due to other planets is very obvious for Kepler-19b, the transiting planet,
which means the transit timing variation method is very useful for finding
exoplanet in Kepler-19 system. The whole paper is an illustration for that.
The simulation I make is relatively simple but it still corresponds to the law of
TTV, and because of its simplicity, it can help more people understand.
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1. Introduction

This paper presents a program that relies primarily on transit photometry and
transit timing in the search for exoplanets to simulate the transit timing varia-
tion observed in the Kepler-19 system. Transit timing variation is a phenome-
non that the period of the planet transiting the star varies due to the gravitation-
al effects of other planets orbiting the star. And we can use this phenomenon to
discover other planets which don’t transit base on the transit photometry me-
thod, which means that the light curve of a star can indicate the existence of an
exoplanet that does not transit. There are also other methods to discover exop-
lanet indirectly, and transit timing variation and other methods can check each
other to make sure an exoplanet really exists. So far, the transit timing variation
method has only discovered two exoplanets, Kepler-19¢ [1] and Kepler-9d. Be-
fore 2012, the radial-velocity method was the most productive technique for
finding exoplanets. After 2012, the transit method becomes the most productive
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because of the use of the Kepler spacecraft. But due to their limitations, many
exoplanets will be ignored. For example, if the orbital plane of an exoplanet is
perpendicular to the line connecting the star surrounded by this exoplanet to the
Earth, then we will not be able to observe the change in radial velocity and can-
not directly know the existence of this exoplanet through transit, which means
both radial-velocity method and transit photometry method don’t work in this
case. However, transit timing variation can solve this problem and that’s why I
am so interested in it. TTV is very useful as a supplement and I want to know
about its feasibility and want to know whether it can do more than being a sup-
plement. What’s more, I hope that more people can know more about it. I wrote
a computer program to simulate the transit timing variation of Kepler-19b to
better understand the system. The program uses the initial velocity to update
force and acceleration, and then uses force and acceleration to update position-
ing. Current positioning then updates the velocity, and the process repeats. I
calculated the initial velocity using Kepler’s Second Law and Kepler’s Third Law
and I calculated the difference between periods to make a period variation graph
to show the transit timing variation of Kepler-19b due to Kepler-19c and Kep-
ler-19d. I use geometry to calculate the area of the star that is covered by the

transiting planet, and this can be used to draw a light curve of Kepler-19.

2. Simulations
2.1. Updating the Position with an Initial Velocity

Following are the equations I use to update the position of the first planet.

Vfinal = Vinitial + @1 (1)
Fxt

Viinat = Vinitial "’T (2)

Xfinal = Xinitial + Veinal X T (3)

By expressing and calculating velocity, force, and position in terms of x, y; and
z coordinates, we can plot them in a three-dimensional coordinate system. In
order to use Equation (2) above to update the velocity, we need to calculate the
forces between the planet and the star using Newton’s Gravitational law. Gis the

gravitational constant, M is the mass of the star, and m is the mass of the planet.

GxMxm .
Xr—zr (4)

E-

To use Equation (4) and to express and calculate force in terms of x; y; and z
direction, we need to calculate the Euclidean distances in x, y; and zdirection.

The force in x direction is given by

Similarly, the force in y and z direction can be calculated using the method
above.
As a result, we can calculate the velocity in terms of x; y; and z direction and
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then update the position in terms of x, y; and z direction.

We can use the new position to calculate the new forces between celestial bo-
dies and then use the new forces to update the velocity and position in x; y; and z
direction again.

In this process, knowing the mass of the celestial bodies, the only variation
that I need is the initial velocity and the initial Euclidean distance between the
two celestial bodjies.

All the methods mentioned above allow us to simulate the motion of many
celestial bodies. To get a graph about the motion of many celestial bodies, we can
record every position that the celestial bodies pass through.

I randomly set some properties of celestial bodies to check whether my simu-
lation can work (see Table 1).

In order to make the planets orbit around the star, we need to know some-
thing about the initial velocity:

If

GM
r

v xT,

initial —

planets will have a circular orbit.

If
GM . 2GM .
, X T <V < ; xT,

planets will have an elliptical orbit.
If

2GM
r

xf

Vinitial = )

planets will have a hyperbolic orbit and it will escape from the gravitational field
of the star.
The formulas for explanation are as follows:

The orbital velocity:

F=F
mv;,  GMm
r r?
GM
V1 = T
The escape velocity:
KE=U
1 , GMm
—my; =
2 r

And then I make a graph to check.
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Table 1. Some random data of celestial bodies. Celestial body 1 is the star. Initial velocities
in yand zdirections are 0.

initial velocity (m/s) in

Name Mass (kg) Orbital radius (m) xdirection (see Figure 1)
celestial body 1 5.95e24 0 -12
celestial body 2 1e20 6,371,000 x 2 7900
celestial body 3 3e21 6,371,000 3000
celestial body 4 7e21 7,892,344 5000
celestial body 5 9e22 10,376,476 7000

167 position of the star and planets

1.0 A —— celestial body 2
—— celestial body 1
—— celestial body 3
—— celestial body 4
051 —— celestial body 5
=)
=00+
2
2
&
-0.5 4
-1.0 4

05 0.0 0.5 1.0 15 20 25
position/m le7

Figure 1. The application of the process describe above.

2.2. Using Maths to Calculate the Initial Velocity

In reality, most of the orbits of celestial bodies are ellipses instead of circle. And
the central celestial bodies will at one focus of the ellipse. To calculate the initial
velocity of the celestial bodies, we need to use some formulas of ellipse.

The semi-major axis is a, the semi-minor axis is b, and the focal length is c.

Eccentricity:
C
e=—
a
semi-minor axis:
b =a®—c?
Area of ellipse:
area = nab

For a line between the star and the planet, the line will sweep out an area as

the planet moves around the star for a small angle dé& the area will be:
dA:%X(a—C)2 xdé

As a result, the initial velocity can be calculated by combining the formulas

above using Kepler’s second law:
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1 ) do nab
_=_><(3._C) “at i
22 dt  period
. ab
5 %(8=C)xViga =p:rm
2nax\/m
initial =

periodx(a—exa)

Actually, we can apply all the things mentioned in this section on celestial bo-
dies which have circular orbit. The eccentricity of a circle is 0 and the semi-major

axis is the radius of a circle. The formula of calculating the initial velocity of a

2x mx radius x , /radius? ><(1—02)

period x (radius—0xa)

circular-orbit planet will be:

\"/

initial —

2xmxraidus  perimeter
period time

Vinitial =
So we only need the semi-major axis, eccentricity, and the period to calculate

the initial velocity.

2.3. Period Variation

The period of a planet is not constant because of the gravitational effects due to
other planets. The period variation is one kind of transit timing variation.

In order to know the differences between periods, I plot periods in a graph in
a relatively long time. The way I calculate one period for a particular planet is to
record every time when one of the planet passes from negative to positive. And
then I calculate the differences between every two record time, which show us
the periods of the planets. I randomly choose some data to draw the graph. See
Table 2.

2.4. Drawing a Light Curve

To draw a light curve of the star, we need the relationship between the area
blocked by the transiting planet and the surface area of the star that we can ob-
serve when it is not covered by the planet. To calculate the relationship between
these two areas, we need to establish a two-dimensional system and put the cen-
ter of the star at the origin. Let the distance between the center of the planet and

the center of the star be d (see Figure 2) d = position, — position Because

star planet *

the radius of the orbit of the planet is relatively small compared to the distance
between the whole system and the observer, we can let the radius of the planet be
R, and let the radius of the star be R;. Also because the arc is relatively small
compared to the perimeter of the orbit, we can consider the velocity that planet
moves toward the star as the linear velocity of the planet. The method of calcu-
lating the star’s area that is blocked by the planet is changing with respect to the

change in the relative position of the planet and the star.
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Figure 2. Period variation of a planet due to the gravitational effects of
other planets.

Table 2. Some random properties of celestial bodies. Celestial body 1 is the star.

Name Mass(kg) eccentricity the average period
celestial body 1 0.936 x mass of the sun 0 0
celestial body 2 8.4 x mass of the earth 0.12 9.28716
celestial body 3 31 x mass of the earth 0.21 28.731
celestial body 4 55 x mass of the earth 0.05 62.95

There are six conditions that need different methods to calculate the blocked
area shown in Figure 3.

1) when the planet is not blocking the star: area = 0;

2) when d<—(R +R,) and d>-R;

3)when d <-R; and d>d >—(RS —Rp);

4) when d >—(RS —Rp) and d <R -R;

5 when d >R -R; and d<R;

6) when d >R, and d<R +R,.

An example of calculating the blocked area is as follow.

In condition 2 shown in Figure 4, the blocked area = area 1 + area 2. We can
calculate the sectorial area of the star and the planet first. And then we can cal-
culate areal by subtract the sectorial area of the star with triangle OAB, and use
the same method to calculate area 2.

We can use some similar methods to calculate the areas in other conditions.

Using different methods in these conditions, I get the light curve of the star
(see Figure 5).

2.5. Using the Data of Kepler-19

I use the data of Kepler-19 of Wikipedia (shown in Table 3) to run my program
assuming that all the orbits of the Kepler-19 system are in the same plane. Fol-

lowing are my results (see Figures 6-8).

DOI: 10.4236/jamp.2019.78127 1866 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.78127

Z.Y.Zeng

Table 3. The data of Kepler-19 system.

The average

Name Mass (kg) Eccentricity period (day) Radius (m)
Kepler-19  0.936 x mass of the sun 0 0 0.85 x radius of the sun
Kepler-19b 8.4 x mass of the earth 0.12 9.28716 2.209 x radius of the earth
Kepler-19¢  13.1 x mass of the earth 0.21 28.731 unknown
Kepler-19d 22.5 x mass of the earth 0.05 62.95 unknown

y

A

|.; d— planet

star

Figure 3. A transiting planet.

.S

I'_ d— planet

star

area 1

area 2

Figure 4. The way to calculate blocked area in condition 2.
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Figure 5. The change in brightness of the star. xaxis is time in
seconds and y axis is the ratio of the brightness of the star.
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Figure 6. The position of the celestial bodies in Kepler-19 system.
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Figure 7. The variation of period.
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Figure 8. The change in brightness of Kepler-19. x axis is time
in seconds and yaxis is the ratio of the brightness of the star.

3. Conclusion

I use python to simulate the gravitational effects on celestial bodies due to other
celestial bodies, and I get the orbit of the planets orbiting around Kepler-19 and
the light curve of Kepler-19. However, giving the limitation of my laptop, the
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time step I use is not short enough to get accurate simulations. Using the time
step of 100 seconds and a total time of 360,000,000 seconds, it takes 1 hour and
20 minutes to run the program. To get a more accurate simulation, I need a bet-
ter computer to run the program. What’s more, I will try to do a program that
can analyze the light curve of a star to get the information about the mass, radius,
and many other properties of the planets which transits can be observed by us

and of all the planets that are orbiting around the star.
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