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Let T €(0,], aand bbe positive constants such that a<b, D=(-11)x—(11),

D =[-11]x[-11],
oD = {{-1}x[-L1} U {1} x[-L1]} U {[-12]x {-1}} U {[-L1]x {1}} . We also let L
be the operator such that Lu=u, —Au. In this paper, we study the following

semilinear parabolic system:

a

Luzm In DX(O,F), -
lv=— P inDx(0r),
1-u(0,0,t)
u(x,y,0)=0and v(x,y,0)=0 on D, (12)
u(x,y,t)=0and v(x,y,t)=0 onaDx(0,I'). '

Problem (1.1)-(1.2) illustrates the instabilities in some dynamical systems in
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which certain reactions are localized to electrodes, catalytic membranes, or other
surfaces and local sites are immersed in a bulk medium happening at the origin
(0, 0), see [1] [2]. Additionally, (1.1) describes a thermal ignition driven by the
temperature at a single point, see [3]. Chadam, Peirce, and Yin [4] examined the
blow-up set of solutions when the initial data are nontrivial and nonnegative
bounded functions.

The quenching problem was initiated by Kawarada [5]. The model describes
polarization phenomena in ionic conductors. Quenching also illustrates the
phase transition between liquids and solids [6]. Chang, Hsu, and Liu [7] dis-
cussed the quenching rate of the problem (1.1)-(1.2) in an n-dimensional ball.

The solutions uz and vare said to quench if there exists a finite time T" such
that

max {u(x, y,t):(x,y)e D} >1
and max{v(x,y,t):(x,y)e D} >1 ast—>T".

To problem (1.1)-(1.2), there are critical values a* and b* (both are positive)
such that the maximum of solutions z and vreaches 1 in a finite time if 2 > a*
and b > b* while uand vexist globally and are bounded above by 1 if a < a* and
b < b*, see [8].

The purposes of this paper are to prove solutions uz and vto quench simulta-
neously at (0,0), and use a numerical method to determine approximated values
of a* and b* of the problem (1.1)-(1.2).

This paper is organized as follows. In Section 2, we prove that there are
unique solutions z and v of the problem (1.1)-(1.2). In Section 3, we prove that
either u or v quenches in a finite time. Then, we show that solutions z and v
quench simultaneously at (0, 0). In Section 4, we calculate approximated values
of a* and b*. This a* and b* associate with the existence of solutions of their
steady state problem of the problem (1.1)-(1.2). Our numerical method is to
evaluate an approximation of the steady solutions expressed in an integral re-

presentation form. For illustration, some examples are provided.

2. Properties of u and v

Let B, (X y,t) and S,(X,¥,t) be nontrivial, nonnegative, and bounded func-
tionson D x (O, OO) . Here is a comparison theorem
Lemma 2.1. Suppose that U(X,y,t) and V(X y,t) are solutions of the fol-
lowing system:
Lu> 4 (x,v,t)v(0,0,t) in Dx(0,I),
Lv> £, (x,y,t)u(0,0,t) in Dx(0,I),
u(x,y,0)=0and v(x,y,0)>0on D,
x,y,t)>0and v(x,y,t)>00n aDx(0,I').

u(x,

Then, u(x,y,t)zO and V(X,y,t)ZO on ISX[O,F).

Proof-Let & be a positive real number, and
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O(x,y,t)=u(x, y,t)+{sin[g(xﬂ)}ﬂeyt,
Y (X, y.t)=v(x y,t)+e{sin[g(x +l)j+ﬂeyt’

where y is a positive real number to be determined. From the construction,
®(x,y,0)>0 and ¥(x,y,0)>0 on D. By assumptions and a direction
computation,

O, -AD - 5¥(0,0,t)

2

= — 7 ﬂ:_ i E Z _ 3_8 7
=U, —Au+ege K;w 4jsm(2(x+1)j+2} ,Blﬂv(o,o,t)+ 5 j

et
2

>

(7_3ﬁ1)-

We choose y suchthat y >34, Thus,
O, —AD-4¥(0,0,t)>0 inDx(0,I).

Suppose (D(X, y,t) <0 somewherein D x(O,F) . Then, the set
{t:®(x,y,t)<0 for some(x,y)e D}

is non-empty. Let f denote its infimum. Then, 0 <t <T" because (D(X, y,O) >0
on D. Thus, there exists some (X,Y;)€D such that ®(x,Y¥,,{)=0 and
D, (Xl, yl,f) <0. On the other hand, ® attains its local minimum at (Xl, yl,f) .
Therefore, A®(X,Y;,f)>0.Then,at t=t,

D, (%, Y, F)- ¥ (0,0,f) > LD (x, y,,{)- 4¥(0,0,f)>0. (2.1)

Follow a similar argument, we assume that LIL’(X,y,'[)SO somewhere in
Dx(0,I') . Then, there exist some fe(0,I') and (X,,¥,)eD such that
‘I’(xz, yz,f):O » W, (xz,yz,f)s 0, and ¥ attains its local minimum at
(XY, f). Thenat t=f

Y (%0 ¥, 1) = £,@(0,0,£) > L¥(x,, ,.t) - 8,2(0,0,f) > 0. (2.2)

Let us assume that f <. Since @ attains its local minimum at (Xi, yl,f) ,
®(0,0,{) > 0. By inequality (2.2),
02, (%, ¥,.0) =¥, (x,,y,.f)- 8,2(0,0,f) > 0.

This gives a contradiction. Hence, lIJ(X, y,t) >0 in D X(O,F) . Then, by (2.1),
we show that ®(x,y,t)>0 in Dx(0,T). Through a similar calculation, we
obtain the same result when t>f. Let £ >0, we have u(x, y,t)ZO and
V(X, y,t)ZO in DX(O,F). Follow u>0 and v>0 on D and 6DX(O,F),
uand vare non-negative on Dx [O,F). The proof is complete. (]
By Lemma 2.1, 0 is a lower solution of the problem (1.1)-(1.2). On the other
hand, if z and v do not quench, then Max;u<1 and maxX;Vv<1, and solu-

tions # and v are bounded above by 1. Further, v and v cease to exist when
u>1 and v=>1. Therefore, 0<u<1 and 0<v<1l on ISX[O,F). The exis-
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tence of classical solutions of the problem (1.1)-(1.2) is able to obtain by the
Schauder fixed point theorem of [[9], pp. 502-504], and by Lemma 2.1 uz and v
are unique.

Theorem 2.2. Problem (1.1)-(1.2) has unique classical solutions u and
v e CZratral? ([_)x[O,F)) forsome o €(0,1) suchthat 0<u,v<1 on 5><[O,F).

Lemma 2.3. u, 20 and v,20 on Ijx[O,F). Further, u, >0 and v, >0
in Dx(0,T).

Proof From Theorem 2.2, u(x, y,t) and V(X, y,t) are nonnegative on
ISX[O,F). Let /1 be a real number in (0,T). Then, u(x,y,h)>0 and v(x,y,h)>0
on D, and u(x,y,t+h):0 and V(X, y,t+h):O on 6D><[0,1"—h). By the
mean value theorem, there exist u, (between u(0,0,t+h) and u(0,0,t)) and
v, (between V(0,0,t+ h) and V(0,0,t)) such that

2
1

Lu(x, y,t+h)—Lu(x,y,t)= . a

(v(0,0,t+h)-v(0,0,t)),

Lv(x,y,t+h)—Lv(x,y,t)= (u(0,0,t+h)-u(0,0,t)).

_ 2
1
By Lemma 2.1, u(x,y,t+h)>u(xy,¢t) and v(xy,t+h)>v(xy,t) on
Dx[0,T—h). This gives

u(xy,t+h)-u(xy,t)

>0 and
h

v(x,y,t+h)=v(xy,t) >0 on I3><[O r-h)
) > , .

Taking h — 0, u,and v, are nonnegative on ISX[O,F) , respectively. To show
that u, and v, are positive, let us differentiate (1.1) with respect to £ Then, uz, and
v, satisfy

a :

Ly, =— 5V, (0,0,t)>0 in Dx(0,I"),
R RVEEALs ©or)
b .
Lv,=—u,(0,0,t)=0 in Dx(0,I"),
0020 nx0r)

U (x,y,0)=0 and v, (x,y,0)>0 on D,
U (x,y,t)=0 and v, (x,y,t)=0 on oD x(0,T).

By the maximum principle [[10], p. 54], u, >0 and v, >0 in Dx(O,F). [l

3. Simultaneous Quenching and Global Existence

In this section, we show that either uz or v quenches in a finite time first. Then, we

prove that zand v quench in the same time at (0, 0). Afterward, we prove that the

problem (1.1)-(1.2) has a global solution when a and b are sufficiently small.
Lemma 3.1. u and v both attain their maximum at (0, 0) for all te (0, F) .
Proof. 1t suffices to prove that u attains its maximum along the x and y axes.

Let us consider the first equation of (1.1) along the x-axis, we have

a

Lu(x,0,t)=u,(x,0,t)—u, (x0,t) :m
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Differentiate the above equation with respect to xto yield

Lu, (x,0,t)=0.

By the symmetry of D with respect to the xand yaxes, u,(0,0,t)=0 for all
te (O,F). By the Hopf’s lemma [11], p. 170], U, (—1,0,t) >0 forall te (O,F).
At t =0, u(x00)=0 for all xe [—1, 0] . By the maximum principle,
uX(X,O,t) >0 for all xe [—1,0) when te(O,F). Similarly, for all te(O,F),
we obtain U, (X,O,t) <0 when xe (O,l] . Therefore, u (0,0,t) >u (X, O,t) for
all x e[—l,l] when te(O,F). Likewise, u(0,0,t)Z u(O, y,t) for all ye [—1,1]
when te (O,F) . Thus, U(0,0,t) > u(x, y,t) on |5><(O,F) . Similarly,
v(0,0,t)>v(x,y,t) on 5><(O,F) . Hence, u and v both attain their maximum
at (0,0) forall te (O,F) . O

Let ¢ be the eigenfunction corresponding to the first eigenvalue 4, (>0) of
the Sturm-Liuoville problem below,

Ag+A$=01inD, ¢=0 on dD.

This eigenfunction has the properties: ¢ >0 in Dand H gdxdy =1 [[12], p.
10]. Let ¢ be a positive real number such that ¢ < ab/ (a+ b[) . We show that ei-
ther zor vquenches in a finite time.

Lemma 3.2. If 2+/2¢ > A, where C< ab/(a+ b), then either u or v quenches
on D ina finite time T .

Proof. By Lemma 3.1, u(O, O,t) > u(x, y,t) and V(0,0,t) > V(X, y,t) on
5X(O,F). Let L](X, y,t) and \7(X, y,t) be the solutions to the following pa-
rabolic system:

. a .
LU=—————inDx(0,I),
. 1-V(xy,t) in Dx(0.1)
b (3.1)
LV=—————1inDx(0,I),
1-G(x,y,t)
d(x,y,0)=0 and ¥(x,y,0)=00n D, 32)
d(x,y,t)=0 and V(x,y,t)=00n D x(0,T). '

By the maximum principle, G(X, y,t) >0 and \7(X, y,t) >0 on 5><[0,F) )
Further, u—0 and v-V satisfy the system below:

L(u—0)- a ~ a . a ~ a
1-v(0,0,t) 1-V(x,y,t) 1-v(x,y,t) 1-V(x,yt)’
i) b . b b

- 1—u(0,0,t)_1—ﬁ(x, y,t)  1-u(x, y,t)_l—L](x, y.t)

By u—(=0 and v-V=0 on D and GDX(O,F), and the maximum
principle, we have u>0 and v>V on ISX[O,F). It suffices to prove either
G or V toquenchover D in a finite time.

Multiplying ¢ on both sides of (3.1) and integrating expressions over the

domain D, we obtain
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[] 6. hdxdy - [[ Al dxdy = aﬂ&dxdy,
D D D 1-v
([ hcixcy — [] Agceay = b [[-Adxcly.
D D D 1-d
Use the Green’s second identity [[10], p. 96] and (3.2), it yields
UJ' G¢1dxdyJ =-A H g, dxdy + a” dedy,
D t D D 1-v
( (I \7¢1dxdyj = 2, [ Ggceay + B[] - cxay.
D t D D 1-u
By the Maclaurin’s series, we have

UJ' ﬁ¢1dxdyJ > —Alﬂ G, dxdy + a” V2 g, dxdy + aﬂ ¢,dxdy,

( I} \7¢1dxdyj >~ [[Ugydxdy + b [[ 6% gidxdy +b|[ 4,dxdy.

t

Let R(t ”uqﬁldxdy and P(t ﬂvqﬁldxdy Adding above inequalities

together and using the Jensen’s inequality [[12], p. 11], we obtain
d
dt

As cgab/(a+b SaSb,wehave

— 2 — 2
(a-c)P*+(b—c)R 2\/(a+b)(a—bb—c)+c2PR20PR.
a

2 +

—(R+P)>-4(R+P)+aP’+bR* +a+h. (3.3)

Hence,
P? +bR? > c(R+P)’.
Then, differential inequality (3.3) becomes

%(R+P)2—21(R+P)+C(R+ P)” +2c.

Let E(t):R(t)+P(t).Then, E(t)ZO in [O,T) and

%EZ—@E+CEZ+ZC.

Using separation of variables and integrating both sides over (0, #), we obtain

2cE(t)-
S# tan_l M +tan_1 L .
8c® - A7 N N
Suppose that E(t) exists for all t>0. By the assumption 2v2¢> 4, we

have

tan™ |:ZCE /«/80 }—)oo ift > oo

But, tan™ [ ZCE / 8¢” - 2} is bounded above by /2. This is a
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contradiction. It implies that E(t) ceases to exist in a finite time [ . This
shows that either R(t) or P(t) does not exist when ¢ approaches I'. Thus,
either G or ¥ quencheson D at I.Since u>0 and vV, either uor v
quencheson D in afinite time I" where ['<T. O

From the result of Lemma 3.1, we know that (0, 0) is a quenching point of u
and v if they quench. Let " be the supremum of the time TI" for which the
problem (1.1)-(1.2) has unique solutions zand v.

Theorem 3.3. If T" <o, then either u(0,0,t) or v(0,0,t) guenches at
r.

Proof. Suppose that both z and v do not quench at (0,0) when t=T". Then,
there exist positive constants k; and k, such that u (0,0,t) <k <1 and
v(0,0,t)<k, <1 forall te [0,1"*]. This shows that a/(1-v(0,0,t))<Q, and
b/(l—u (0, O,t)) <Q, for some positive constants Q  and Q, when
te [O,F*] . Then, by Theorem 4.2.1 of [[13], p. 139], zand
v e ot Z(BX[O,F*J). This implies that there exist positive constants k,
and k, suchthat u(xyt)<k, <1 and v(xy,t)<k, <1 forall
(X, y,t) IS EX[O,F*J . In order to arrive a contradiction, we need to show that u
and v can continue to exist in a larger time interval [O,F* +t1) for some posi-
tive t,. This can be achieved by extending the upper bound. Let us construct
upper solutions l//(X, y,t) =k, f (t) and G(X, y,t) =k,0 (t) , where £(¢) and g(9)

are solutions of the following differential system:

d

a * *
—k,f(t)=——=fort>T", f(I'")=1
ais 1-k,9(t) e ()

d . -
—k,g(t)=———fort>T", g(I" )=1.
a0 =S ot 9(1)

By Kk, f (F*) <1k,g (F*) <1, and the Picard iteration, £#) and g(¢) are positive
functions, and a/[l— k.9 (t)] >0 and b/[l— k, f (t)] > 0. This implies that £?)
and g(f) are increasing functions of « Let t, be a positive real number deter-
mined by K, f (1"* +t1) =k; <1 and k,g (1"* +t1) =ks <1 for some positive
constants k, and kg greater than k, and k, respectively. By our construc-
tion, ¥ (X, ¥,t)=y(0,0,t) and o(xy,t)=0c(0,0,t) satisfy,

Ly (x, y,t):m in Dx(I",T" +1,),
b . .
LO'(X,y,t)=W|n DX(F I +t1),

(% y.T" )=k >u(xy,I") and o(x,y,I") =k, 2v(x,y,[") on D,
w (X y.t)=k f(t)>0and o(x,y,t)=k,g(t)>00n an[F*,F*+t1).

By Lemma 2.1, w(X,y,t)>u(x,y,t) and o(xy,t)>v(xy,t) on
D x [1“*,1"* +t1). Therefore, we find solutions uzand vto the problems (1.1)-(1.2)
on SX[F*,F* +t1) . This contradicts the definition of T". Hence, either
u(0,0,t) or v(0,0,t) quenchesat I'". O
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Let @, (xy)e C([_))mCZ(D) such that Agy(X,y)<0, @, (x,y)>0 in D,
and ¢, (X, y) =0 on 0D and max, 5@, (X, y) <1. Let (p(X, y,t) be the so-
lution to the following first initial-boundary value problem:

Lw=0in Dx(0,),

w(x,y,0)=g,(X,y) on D,
w(X,y,t)=0o0n oD x(0,).

By the maximum principle, ¢(X,y,t)>0 in Dx[O,oo) and is bounded
above by ¢, (X, y) , and it satisfies
max  ¢(xy,t)<1.

(x,y,t)eDx[0,)

Let t, (O,F) such that V(0,0,tz)S k, <1 for some positive constant Kk, .
Then,

a(p(x’y'tZ) > ago(X, y’tZ) (3 4)
1-k '

-k, 1-v(0,0,t,)

As U (X y,t,)>0 and @(Xx,y,t,)>0 inD,and u (X y.t)=p(xyt,)=0
on 0D, we choose a positive real number g4 less than 1 such that

£ty
Hap(% ) s (3.5)
1-k,

U (X y.t,)=

Also, u (X, Y,t) = magp(xy,t)/[1-v(0,0,t)] for all (x,y,t)edDx[0,T).
Let us define 1(x,y,t)=u, (X, y,t)- map(x, y,t)/[l—v(0,0,t)]. By inequalities
(34)and (3.5), 1(x,y,t,)>0 on D.Let
H (X ¥, t) =V, (X y,t)— m,bo(X, y,t)/[l—u(0,0,t)] where u, is a positive real
number less than 1. Similar to the previous argument, we choose g, such that
H (X, AN ) >0 on D.We modify the proof of Lemma 3.4 of [7] to obtain the
result below.

Lemma 3.4. | (X, y,t) >0 and H (X, y,t) >0 on ﬁx[tz,l").

Proof. By a direct computation,

Hhag Hag,

A V(00T | ®29 " 000

a
Al = Au, ——2=———Agp.
N 1-v(0,0,t) v

From the above expression, we have

T[-v(0.00)]

By ¢<1 on 5><[0,00), <1, and v (0,0,t)>0 for all te(0,I'), it gives
LI >0 in Dx(O,F).In addition, I(X,y,t2)20 on D, and I(X,y,t)zo on
8Dx(t2,F).Bythe maximum principle, I(X, y,t)ZO on Ijx[tz,r).Similarly,
H(X,y,t)ZO on ISx[tZ,F). O

Here is the result of simultaneous quenching.

LI v, (0,0,t)(1- z4¢) inDx(0,T).

Theorem 3.5. If either u or v quenches at (0, 0) when t=T", then u and v
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quench simultaneously at (0, 0) when t=T.

Proof. If not, let us assume that v quenches at (0, 0) when t=Ibut u con-
tinues to exist beyond I'. That is, there exists a positive constant k; such that
0<u<k; <1 for all (xyt)e I3><[O,F+t3) for some t,>0. By Lemma 3.4,
we have
1ap(0,0,t)
1-v(0,0,t)

1,b9(0,0,t)

u,(0,0,t)> 1-u(0,0,t)

and v, (0,0,t) > forallte[t,,T).
By Lemma 3.1, z and v both attain their maximum at (0,0) for all te(0,T).
Then, Au(0,0,t) <0 and AV(0,0,t) <0 on [tz,r). Combine (1.1) with above

inequalities to give

#30(00) 001 e B
1-v(0,0,t) 1-v(0,0,t)
mbp(0.0) b

1-u(0,0,t) ~ (0 ’t)<1—u(o,o,t)'

From them, we get a compound inequality
142¢(0,0,t)1-u(0,0,t) . du(0,0,t) < a 1-u(0,0,t) |
1v(0,01) b av(0,0.t) ~ 1-v(0,0,t) z,br(0,0,1)

(3.5)

From the left-side inequality, we have

1ap(0,0,t)
b[1-v(0,0,t)]

- du(0,0,t)

dv(0,0,t)_m.

Since 0< ¢(0, O,t) <1 for all te (0, oo) , there exists a positive constant
5>0 suchthat ¢(0,0t)>5 forall telt,,T). Integrating both sides over the
interval ['[2 , S] where se (t2 , F) , we obtain

MTM{In[l—v(O, 0,5)]-In[1-v(0,0,t,)]}
>In[1-u(0,0,5)]|-In[1-u(0,0,t,)].

By assumption, vquenches at (0, 0) when t =T, we have In [1— v(0,0, s)] — —0
as S—1I. Since In [l—v(O,O,t2 )] and In [1—u (0,0,t, )] are both bounded,
the above inequality implies In [1—u(0,0,s)] — - as S— [~ . Therefore, u
quenches at (0, 0) when t=T". It contradicts that u exists on 5><[0,F+t3).
Follow the second half of inequality (3.5), we can prove that v quenches at (0, 0)
when t=T"if zquenches at (0,0) when t=TI".The proofis complete. O

Now, we prove that zand v exist globally when a and b are sufficiently small.
Our method is to construct global-exist upper solutions of the problem
(1.1)-(1.2).

Lemma 3.6. If'a and b are sufficiently small, then there is a global solution to
the problem (1.1)-(1.2).

Proof. 1t suffices to construct upper solutions which exist all time. Let
q(xy)= A(2—x2 - yz) and m(x,y)= B(2—x2 - yz) where A and B are
positive real numbers such that A<1/2 and B<1/2.Clearly, 0<q,m<1 for

DOI: 10.4236/jamp.2019.77099

1481 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.77099

W.Y. Chan

all (x,y)e D . In addition,
a a

- 4A-—2—.
1-m(0,0) 1-28B

Lq

If a is sufficiently small, then we have the inequality: 4A2> a/ (1-2B). This

leads to

a .
Lg>——— inDx(0,00).
q 1—m(0,0) in ><( oo)

Similarly, if b is sufficiently small, we have 4B > b/ (1-2A) and

Lm ZL in D><(0,oo).

1-q(0,0)
By Lemma 2.1, q(x, y)2u(x, y,t) and m(x,y)ZV(x,y,t) on ISX[O,oo).
Hence, uand vboth exist globally. The proof is complete. g

Lemma 3.7. u and v are non-decreasing functions in a and b respectively.
Proof Let U and V be solutions to the problem (1.1)-(1.2) corresponding
to a=a and b=Db, and U and V be solutions when a=a, and b=b,,

where & >a, and b >Db,. Then, G—-U and V-V satisfy the parabolic sys-

tem:
30T al aZ aZ aZ
L(G-T)= - > - ,
(00 =000 T-v(0,0.0) - 1-7(0,0.0) 1-v(0.0.1
L(V—V): bl _ bZ bZ bZ

2 - .
1-0(0,0,t) 1-T(0,0,t) 1-0d(0,0,t) 1-T(0,0,t)

As U-U=0 and V-V=0 on D and dDx(0,I'), we have U>T and
V2>V byLemma 2.1. O
4. Approximated Values of a*and b*

Let Ux, y) and WX, y) be steady-state solutions of the problem (1.1)-(1.2). They
satisfy

AU=—2 __inD,
1-v (0,0)
b (4.1)
-AV =— in D,
1-U (0,0)
U(x,y)=0andV(x,y)=0onaD. (4.2)
From Lemma 2.3, ut(X,y,t)ZO and vt(X,y,t)ZO on D for all t>0.

Based on Theorem 10.4.2 of [[10], pp. 532-533], we have the following result.
Lemma 4.1. If 0<u(X,y,t)<1 and 0<v(X,y,t)<1l on 5><[0,oo), then u
and v converge monotonically to U(x,y) and V(xy) on D respectively as
t—>ow.
Let G(X, y;§,77) be the Green’s function of the operator: —A over the do-
main D. The integral representation of the solution of the problem (4.1)-(4.2) is
given by
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ﬂ v?o 5yC (% y:&om)dédn, (43)
b

V( HT(OO) (x,y:&,m)d&dn. (4.4)

By Lemma 3.7, u and v are respectively non-decreasing functions in a and b.
Then, by Lemma 3.6, there exist a and b for which uz and v exist globally and
less than 1if a<a and b<b . By Lemma 4.1, v and v converge to Uand V
when a<a  and b<b . Thus, Uand Vexist and they are bounded above by 1
when a<a and b<b', and max 5 U (X, y) =1 and max;V (X, y) =1 if
a>a and b>b".

Let us construct sequences of integral solutions: {U i (X, y)} . and
j=

{Vj (x, y)}ojoz1 such that Uy (X,y)=0,V,(X,y)=0, and they satisfy

U, (x

(%)= Lfl—vj?(o,o)

G(x y;&,nm)d&dn,

v, (X, y):gmG(X.y;&n)dédn.

for j=1,2,3,---. We follow Theorem 4 of [14] to obtain the following result.

©

Theorem 4.2. Suppose that a<a and b<b', the sequences {U i }1:1 and
{V i }Tzl converge monotonically to solutions U and V of the Equations (4.3) and (4.4)
where 0<Uj71 <U;<U<1 and 0<Vj71 <V;<V <l inDfor j=23,-

To determine G(X, y;§,77), we map the domain D onto the unit disk $
JX? +y? <1 through a conformal mapping. Let / denote this mapping. By the
Riemann Mapping Theorem, J exists and is unique. This theorem is stated be-
low.

Theorem 4.3 (Riemann Mapping Theorem). Suppose that z is a point lo-
cating in A which is a simply-connected two-dimensional domain with more
than one boundary point, and v is a point of A, then there exists a unique
analytic function ¢ =1 (Z) which is regular in A and maps A conformally onto
the unit disk S |g| <1 insuchawaythat J(v)=0 and J'(v)>0.

Let z=x+iy and Z=~&+in be some points in a simply-connected two
dimensional domain A. From the result of [[15], pp. 288 and 304], the Green’s

function is positive in A and is given by

G(x,y;é,ﬂ):%m%,

where J(z)=(z-17)e 2m(2) " and p(z) is a real harmonic function in A. With

(4.5)

this J(z), we map A onto Sconformally. (4.5) is expressed as
1
G(x,y;ém)= p(z)—z—nln|z—z|. (4.6)

The Taylor series representation of p(z) with respectto 2 isgiven by

DOI: 10.4236/jamp.2019.77099

1483 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.77099

W.Y. Chan

P(2)=38(2-2)"

j=

where éj is a complex number given by ¢; =4a; + i6j .Let z—Z=re” where
r :|Z—Z| and @ is the angle between the line segment zZ and the positive

x-axis. Then, the above series is represented by
p(z)= ir" [(éj cos j9—6j sin j'9)+i(6j cos jO+4; sin je)].
j=0

To determine an approximation of G (X, ¥ &, 77) ,welet A=D.By p(Z) is

a real function, we have
p(z)=>r (éj cos j49—5j sin jH) )

0

]

From the symmetry of D with respect to the x-axis, y-axis, and y = x, we have
Bj =48,,,,=4,,,=0 for j=0,1,2,--. The truncated Taylor polynomial of p(x,

y) (that is, p(2)) at some finite 41 terms, where nis a positive integer, is given by
Pan (X, y) =D 114,  cos(4j6).
j=0

Let n=8. By the result of [16], Py, (X,Y) is given by
Py, (X, y) =0.012057806957047935
—0.011754632105672258r* cos(46))
—0.000289385421818954461° cos(80)
—0.000013152624399033289r* cos (126
—0.0000006047527162152378r*° cos(166)

—0.000000030379417891529316r cos(208)
—0.0000000015825483904242497r% cos (240)
—0.00000000008646383804505168r*° cos (286
—0.000000000004011350923277267r cos(326)).

By (4.6) and the above expression, an approximation of G at 7Z=¢&+ip s

given by
G(X Y;Em) = Py (%, y)—z—itln(|x+iy—(§+in)|).

Thus, approximated solutions of U and V of (4.3) and (4.4) are able to eva-
luate through an iterative scheme. A numerical method of finding an approxi-
mation of 2 and b’ is stated below.

Step 1: Assign a positive value for a. Choose a positive value for b (say b,). Set
ljo (x,y)=0 and \70 (x,y)=0 for all (X, y) eD . Let ljj (x,y) and
\7j (x,y) be approximated solutions of U;(x,y) and V,(X,y) givenby

UJ(X: y):gTT(O,O)é(X' y;&,n)dédn, (4.7)
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G(x,y;£,n)dédn. (4.8)

V. (x,y)=[[———r
(%) gl-uH(o,o)
Compute L]j(x,y) and \7j(x,y) for j=1,2,3,--- and (X,y)eD. At this

b=b, U, and V, are bounded by 1 and converge. That is, maxsU(x,y)<1

and maxﬁ\fj(x,y)<1 for j=1,2,3,--- and satisfy

‘max5 U, (xy)-maxgU,(x, y)‘ <1x10°°,
‘maxﬁ\fj (x,y)—maxsV, (x, y)‘ <1x10°F,

for j> N for some positive integer N.

Step 2: With the same value of a in Step 1, choose another value for b (say b,).
Set L]O(X, y)=0 and \70(X, y)=0 for all (X,y)e D. To each (X,y)e D.
evaluate iterative integral (4.7) and (4.8) for j=1,2,3,---. At this b=hb,, U i
and V; do not exist. That is, maXEUj(X, y)=1 and maX5Vj(X, y)=1 for
some positive integer /. Calculate b, =(b +b,)/2. Then, at b=b;, evaluate (4.7)
and (4.8) and compute max U, and maxgV; for j=1,2,3,---.

Step 3: Set b =b, if maxgU,(x,y)<l and maxgV,(xy)<1l for
j=12,3,---, and satisfy
‘maxﬁljj (x,y)-maxg U, (x, y)‘ <1x10°°,
‘maxﬁ\fj (x,y)—maxsV,, (x, y)‘ <1x10°F,

for j>N for some positive integer V. Otherwise, set b, =b, if

max5U, (x,y)>1 and maxgV,(xy)=1 for some positive integer ) This
procedure stops when b #b, and |b —b,|<1x10° (or |b, —b,|<1x107° if
b, #b;). Then, set b’ =b, and a" =a. Otherwise, calculate b, =(b +b,)/2.
Then, at b=b,, evaluate (4.7) and (4.8), and compute max U, and maxg VY,

for j=1,2,3,---. Then, repeat Step 3.

When we evaluate (4.7) and (4.8), the domain D is divided into 225 (15x15)
grid points uniformly. The B-Spline interpolation is used to interpolate the func-
tion value at these grid points. We use Mathematica to evaluate (4.7) and (4.8).
As examples, we compute two groups of approximated values of @  and b".In
the first group, we set a =0.250000 and vary the value of b. In the second one,
we let a = b, then they change together. The results are listed in Table 1.

5. Conclusion

In this paper, we prove that zand vreach their maximum at (0, 0) forall t>0.
Lower and upper bounds of u, and v, at (0, 0) are obtained. From these re-

sults, we then show that z and v quench simultaneously at (0, 0). A numerical

Table 1. Approximated critical values.

Group Approximated a’ Approximated b”
1 0.250000 1.801318
2 0.848362 0.848362
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method is introduced to compute approximated critical values of the semilinear

parabolic system, and two sets of result are reported.
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