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1. Introduction

Schistosomiasis is one of the most prevalent parasitic diseases. In 2004, WHO
suggested that there were 200 million individuals infected worldwide [1]. However,
today, more than 207 million people, 85% of whom live in Africa, are infected
with schistosomiasis [2], and the estimated 700 million people are at risk of
infection in 76 countries where the disease is considered endemic, as their
agricultural work, domestic chores, and recreational activities expose them to
infested water [2] [3]. Globally, 200,000 deaths are attributed to schistosomiasis
annually [4]. Thus, controlling schistosomiasis is a long-term task in the
developing nations, and mathematical modeling of Schistosoma japonicum

transmission is beneficial for the development of new strategies for control.
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After the pioneering work of Macdonald [5], the dynamics properties (including
stability, persistence, and oscillatory behavior) of the schistosomiasis models that
have significant biological background have been one of the most active areas of
research and have attracted great attention of many researchers. Many excellent
and interesting results have been obtained (see [6]-[18]). Besides, a
simplification of the two-strain, vector-host model was proposed by Feng and
Velasco-Hernandez [19] for Dengue fever. The model couples a simple XYX
model for the hosts with an S/ model for the vectors. The four compartments
correspond to infected hosts (Y), infected vectors (J), susceptible hosts (X) and
susceptible vectors (). Hosts are infected by contacts with infected vectors, and
vectors are in turn infected by contacts with infected hosts. These infection rates

are given by the two terms S XI and f,YS. The model is written as follows:

%‘:b-ﬂlx (£)1(t)=bX (t)+ VY (1),
%:ﬂlx (O)1(t)=(v+b)Y (1),
ds

E=C_ﬂzY(t)S(t)_CS(t)’

al_
dt

(1.1)

Y (1) S(t)=cl (1),

where S >0 and f, >0 are the disease transmission coefficients; v>0 is
the recovery rate of infected host. The birth and death rates have been scaled to
b>0 forthehostand ¢c>0 for the vector.

Note that an infected snail cannot infect susceptible man (or an animal)
directly and vice versa. Schistosomiasis has a complicated life cycle involving
two free living stages, the miracidia and the cercariae; and two host populations,
the human and the snail. The parasite eggs hatch into free-swimming larva
called miracidia in water; the miracidium then penetrates an appropriate snail at
suitable temperature. In the infected snail, the miracidium undergoes asexual
multiplication through a series of stages called sporocyst; then thousands of
free-swimming cercariae are released. Cercariae are shed from the infected snail
and penetrate the skin of a definitive host (such as human) within a few minutes
after exposure and transform into schistosomula, which travel through the
bloodstream to the liver, where they mature into adults and start producing eggs
[20]. The eggs infiltrate through the tissues and are passed in the feces. That
finishes schistosomiasis life cycle. Besides, the model (1.1) can be used to
describe the transmission of schistosomiasis since schistosomiasis is a snail-vector
disease.

It is known that there are prepatent periods of schistosoma. In fact, it is about
five weeks from the time of cercaria penetration through skins of human hosts to
the time when eggs are discharged [21]. That is, a susceptible host becomes
infection for some time and then excretes feces with parasite eggs. It is easy to
see that the prepatent period of hosts is very important for Schistosome japonicum
transmission. Hence, it is necessary to study the impact of the prepatent period
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on schistosomiasis transmission. The aim of this paper is to incorporate the
prepatent period of infected hosts into (1.1), and estimate the impact of the
prepatent period on the schistosomiasis transmission. In this paper, we
incorporate effects of the prepatent period of infected hosts into the model (1.1)
and propose a schistosomiasis model as follows:

A0 a0
_:ﬁlx(t_r)l(t)e*d“—(V+a1+d1)Y(t)v
- ar0-050
E:ﬂzY(t)S(t)—(aﬁdz)l(t)*
with initial conditions X (8) =¢, (6 ) Y (6)=¢,(9),

1(0)=¢: (0 ) and ¢(9)2 [
(¢1(9)’¢2( )e ([ -7,0],
mapping the 1nterval [ 7,0] into R+O,where
Rjoz{(xl,xz,xg,x4):xi20,i=1,2,3,4}.

In system (1.2), A and A are the recruitment rates of hosts and snails,

(1.2)

S(0)=¢.(0),
0] ¢\,(0)>0(i=1,2,3,4) , Where

), the space of continuous functions

respectively. The constant [, is the per capita rate of infection of hosts by
cercaria released by a infected snail, f, is the per capita rate of infection of
snails by miracidia from the parasite eggs from a infected host. The constant vis
the recovery rate of infected host. Constants d; and ¢ (i=12) represent the
natural death rate and disease inducing death rate of hosts and snails,
respectively. 7 is the prepatent period in host. We assume that all parameters
are positive constants.

In fact, the reciprocal of the death rate, 1/d,, is equivalent to the life
expectancy of human. Assume that 1/d, =75x365 days = 27375 days , then
d, =3.65x107°. This means that the survival rate e is infinitely close to 1.
Therefore, we make a simplification common in system (1.2) with the survival
rate and assume that the survival rate has negligible impact on dynamics. Thus

system (1.2) can be written in the following form:

O(Ij>t<_A BX(t=7)1(t)=d, X () +VY (t),
_:ﬂ1X(t—r)I(t)—(V+0!1+d1)Y(t)’

ds (1.3)
dt_A AoY (1)S(1)-dS (1),

E:ﬂzY ()S(t)=(az +d,)1(t).

The effects of time delays on the dynamical behaviors of schistosomiasis have
been investigated in the literatures [21] [22] [23] [24]. For example, Liang et al.
[21] investigated the development period of worms in human hosts, they
described temperature-dependent and precipitation-dependent effects on snail

abundance and infection as well as seasonal aspects of local agricultural practice.
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In [23], a fixed delay was inspired by the life history of schistosomes, they
investigated the impact of the delay on the invasion and persistence of
drug-resistant parasite strains as well as on multi-strain coexistence. The main
purpose of this paper is to study the effects of the time delay on the dynamical
behaviors of (1.3), and discuss the direction of the bifurcation and stability of the
bifurcating periodic solutions.

The remainder of the paper is organized as follows. In Section 2, we obtain the
stability of disease-free equilibrium and the existence of the endemic equilibrium.
In Section 3, by analyzing the characteristic equation of the linearized system of
system (1.3) at the endemic equilibrium, we discuss the stability of the endemic
equilibrium and the existence of the Hopf bifurcations occurring at the endemic
equilibrium. In Section 4, by using the normal form theory and the Center
Manifold Theorem, the formulae determining the direction of the Hopf
bifurcations and the stability of bifurcating periodic solutions are obtained.
Some numerical simulations are presented to illustrate our theoretical results in

Section 5. This paper ends with a brief conclusion.

2. Equilibrium Analysis

In this section, we discuss the existence of equilibria and the stability of the

disease free equilibrium.
When the infective hosts and the infective snails do not exist, 7e.,, Y =1=0,

A A
then X =— and S =—. This is the infection free equilibrium
1 2

A A

E, :[d—,O,d—,Oj for schistosomiasis. The following theorem determines
1 2

stability of E, and existence of endemic equilibrium in terms of a threshold

parameter

R = BB AA
*dd,(vie, +d;)(a,+d,)

Theorem 2.1. If R, <1, then system (1.3) has a unique equilibrium
E, :(dﬁ’o’dﬁ'oj and E, is stable if R, <1. If R,>1, then system (1.3)
1 2
has an endemic equilibrium E*:(X*,Y*,S*,I*) except the disease free
equilibrium E;, where
" A a+d,  BBAA-Ad, (Vi +d) (e, +d,)
d d,  BBA(e+d)+d B (Ve +d,)(a,+d,)
. BLAA-dd, (V+a, +d,)(a, +d,)
BiBA(ay+d,)+dB, (V+ay +d; ) (e, +d,)
- A o+, ‘ﬂlﬂzAA—dldz(v+a1+dl)(az +d,)
d, d, B, +d,)[AB, +d, (g +4,) |
. BLAA—dd, (V+ oy +d; ) (e, +d,)
By, +d,) [ AB, +d, (g +7 ) |

Y

(2.1)
S
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Proof Computing the nonnegative solutions of the following equations:
A-BX(t—7)1(t)—d X (t)+VvY(t)=0,
BX(t=7)1(t)—(V+ey +d,)Y (t)=0,

A-BY (t)S(t)-d,S(t)=0,
BY (1)S (1)~ (a, +d,)1 (1) =0,

we can easily obtain the existence of two equilibria E, and E.

(2.2)

Next, we show the stability behavior of equilibrium E, by finding the
eigenvalues of the corresponding Jacobian matrix obtained for system (1.3).

The Jacobian matrix for system (1.3) is as follows:

—d, - Bl (t)e ™ v 0 -BX(t-1)
Bl(t)e™ —(V+ay +d,) 0 BX(t—71)

’ 0 BS() -BY()-d, 23
0 £,S(t) BY ()  —(a,+d,)

Let J(E,) be the Jacobian matrix / evaluated at the equilibrium E;. From
J(Ey), it is easy to calculate the associated characteristic equation of system
(1.3) at E, and obtain

(A+d)(A+d,)| (A+V+ey +d,)(A+a, +d2)—ﬂ1ﬂ2% =0. (24)

2

It is obvious that 4 =—d; (i=1,2) are negative characteristic roots of (2.4).

Hence, we only need to discuss the roots of the following equation:

AA
(ﬂ+v+a1+dl)(ﬂ+a2+dz)—ﬁ1ﬁ2H:0. (2.5)
12

Note that all characteristic roots of (2.5) are negative if R, <1. This yields
that all roots of (2.4) are negative if R, <1. We complete the proof.

3. Endemic Equilibrium and Hopf Bifurcation

In this section, We investigate the stability of the endemic equilibrium E" and
existence of the Hopf bifurcation occurring at E’.

Similar to Section 2, let J (E*) be the Jacobian matrix (2.3) evaluated at the
equilibrium E”. Then we calculate the characteristic equation of system (1.3) at
E” and obtain

P(1)+Q(2)e ™ =0, (3.1)
where P(1)=2"+A2*+AA*+AA+A, and
Q(4)=BA°*+B,A* +B,A+B,.
In the above expression of P(1) and Q(4), A(i=12,34) and
Bj (j =123, 4) are given as follows:

A=BY +2d,+2d, +a, +a, +V,
A, :(ﬂZY*-I-dZ)(O(z +d2)+(ﬂ2Y*+2d2 +a2)(v+a1+2d1)
+d, (V+a, +d,)-BBXS,
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A, =(ﬁ2Y* +d2)(052 +d,)(V+ oy +2d,)
+d1(ﬂ2Y* +2d, +a2)(v+al+d1)—(d1+d2)ﬂ1ﬁ2X*S*,

A =di(BY +d,)(a, +d,)(v+a, +0,) - B,8,0,d, XS,

B, =ﬂ1|*1
B, = A1"(BY +2d, +d, + & +a,),
B, = ﬂll*[(ﬂzY* +d2)(oc2 +d2)+(ﬂ2Y* +2d, +a2)(a1 +dl)]
B, = A1 (B +d,)(a +d,)(a, +4,).
Taking 7 =0, we can rewrite (3.1) as
A +raA’+a, A’ rad+a, =0, (3.2)
where
a=aY +2d,+2d, +a +a, +V+ B,
a, :(ﬂZY*+d2)(a2 +d2)+([i’2Y*+2d2 +a2)(v+a1+2d1+ﬂll*)
+(d,+ 1) (Ve +dy) - BBX S VA,
3, =AY +d,)(a, +d,)(v+a, +2d, + B17)
+(,62Y* +2d, +az)[(dl +ﬂll*)(v+a1 +d1)—vﬂll*}
_(dl"'dz)ﬂlﬂz)(*S*’

a,=(BY" +d,)(a, +o|2)[(o|l +A1) (v + dl)—vﬁll*]—ﬂlﬂzdldzx*s*.

Now it is easy to see that & >0. Thus for the local stability of the endemic
equilibrium E*(X*,Y*, s, I*) of system (1.3) without delay, we have the
following result.

Theorem 3.1. When R, >1, the endemic equilibrium E*(X*,Y*,S*, I*) is
locally asymptotically stable for 7 =0 if the following conditions are satisfied:

a, >0,aa,-a,>0,a,(aa,-a)-aa, >0,

where a,,a,,a8, and a, are defined as above.

Then we turn to an investigation of local stability of the endemic equilibrium
E".

We know all roots of characteristic Equation (3.1) have negative real parts at
7 =0 when the conditions in Theorem 3.1 are satisfied. Next we will show that
there is a unique pair of purely imaginary roots +iw, (@, >0) for characteristic
Equation (3.1).

Assume that for some 7>0, i®(w>0) isarootof (3.1), which implies

o' - Ao'i - Ao’ + Awi+ A, +(-Bo’i B0’ +B,wi+B, e =0. (3.3)
Separating real and imaginary parts, we get the following equations:
o' - Ao® + A, = (Bla)3 - B3co)sin a)r+(Bza)2 -B, )COSwz',

Ao’ + Ao = (Blco3 - Bsa))cos ot —(Bza)2 - B4)Sin or. G
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Now squaring and adding Equations (3.4), we get
@® +D,0° + D,0" + D0’ +D, =0, (3.5)
where
D, =A -2A -B},
D, = A +2A, -2A A, +2BB, - BZ,
D, = A?-2AA, - B?+2B,B,,
D, = A~ BZ.
Substituting ®° =7 in above Equation (3.5), we have
f(7)=n"+Dy’+D,n° + D +D, =0. (3.6)

Now if the coefficients in f (77) satisfy the conditions of the Routh-Hurwitz
criterion, then Equation (3.6) will not have any positive real root, thus we may
not get any positive value of @ which satisfies the Equation (3.5). In this case
the result may be written in the form of following theorem.

Theorem 3.2. Assume that the coefficients in f (77) defined in (3.6) satisfy
the conditions of the Routh-Hurwitz criterion, then the endemic equilibrium
E" of system (1.3) is asymptotically stable for all delay 7 >0 if it is stable in
the absence of delay.

Assuming contrary that the values of D; (i=1,2,3,4) in (3.6) do not satisfy
the Routh-Hurwitz criterion. In this case a simple assumption for the existence

of a positive root of Equation (3.6) is D, <0, which implies
A7 —B? <0. (3.7)
Now if condition (3.7) holds, then Equation (3.6) has a positive root 7, and

thus Equation (3.5) has a pair of purely imaginary roots i, . It follows from
Equations (3.4) that

(a’g - Aa; +A4)(Bza’g —B4)+(A3a)0 _Aiwg)(BleZ - Bawo)

CoOSwt = 2 2
(B¢ —B,) +(B — By, )

Then 7, corresponding to this positive value of @, is given as follows:

- =iarccos (a)g—Aza)g +A4)(Bzw§ _B4)

@ (B, ~B,) +(Bk ~Bo,)

. (Ao -Ad)(Baf -Biay) £ 2T (201,23,

(B0t ~B,) +(Bf ~Biay) | @

By using Butler’s Lemma, we can say that the endemic equilibrium E’
remains stable for 7 <7,.
Next we investigate whether there is a phenomenon of Hopf bifurcation as 7

increases through 7, . For this the following lemma is needed.
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Lemma 3.1. The following transversality condition is satisfied:

d(Re(2))

T

>0, (3.8)

=15

sign

provided that condition (3.7) holds.
ProofDifferentiating Equation (3.1) with respect to 7, we get

4 ar
[g_ij ) prgpée“ _% B AP::;“ +/li|2°3_%’ .
where
P =44°+3AA% +2A, 0+ A,
P, =3B,A° +2B,A+B,,
P, =BA*+B,A* +B,A+B,.
Therefore,

d(Red .
sign {g} :sign{Re(dl] }
dr dr _
T=Tk A=iay
=sign Re{ Plh} +Re[i}
APSE A=iay ﬂ“P?’ A=iay

(A -3A®})(-Aw; +Aawg )
(Bla)(‘,1 -B,a} )2 +(B4a)0 -B,w] )2
(2”0, 40 ) (5 - A + Ay
(Bla)(;1 - Bza)o2 )2 +(B4a)0 - Bza)g )2

=sign

N 2B, (B,, — B, )+ (B, —3B,0)} ) (B, — By} )

(Bla)g ~B,@} )2 +(B4a)0 ~B,@ )2

4a +(3A7 —6A, —3B] )

I (B ~ By, ) +(B, B, )

(—4AA, +2A +4A, - 2B} +4BB, )]
(B ~ By, ) +(B, B, )

A; —2A/A, +2B,B, - B;
(B ~ By, ) +(B, B, )

4wl +3D,0; +2D,w. + D,

(Bt By, ) +(B, ~Bef) |

=sign

From the above argument, we know 17, = @, then
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-1
SIQH{M} :sign{Re(d_ﬂ’j }
dr dr _
=7 A=iay

4nd +3D,n¢ +2D,n, + D
= ;’ 20 32 > (3.10)
(B —B,y) +(B, ~B§ )
f'(m)

(B ~ B, ) +(B, B, )

Here it may be noted that f’(r]o) >0 if the condition (3.7) is satisfied. This
proves the Lemma 3.1. Thus we have the following result:

Theorem 3.3. If R, >1 and the condition (3.7) hold, then the endemic
equilibrium E" of system (1.3) remains stable for all 7€ [0,1’0) and becomes
unstable for 7 > 7;. System (1.3) with 7 =7, undergoes a Hopf bifurcation.

Remark. It must be pointed out that Theorem 3.3 cannot determine the
stability and direction of bifurcation periodic solutions. That is to say, the
periodic solutions may exist for 7 >7, near 7,.Next, in Section 5 the stability
of bifurcating periodic solutions is investigated by analyzing higher order terms

according to Hassard et al. [25].

4. Stability and Direction of Hopf Bifurcation

In this section, in term of the center manifold and normal form theory due to
Hassard et al. [25], the direction of hopf bifurcation and the stability of periodic
bifurcation solution are discussed.

Without loss of generality, and 7= u+7,. So, x=0 is the Hopf value of
system (1.3).

Let uy=X-X", u,=Y-Y", u;=S-S", u,=1-1", G(t)=u/rt), and
dropping the bars for simplification of notations, system (1.3) becomes a
functional differential equationin C =C ([—1, 0], Rd) as

u(t)=L, (u)+ f (#u,), (4.1)
where U(t)=(u(t),u (t),U; (t),u, (1)) €R*,and L,:C—R",
f :RxC —R* are given, respectively, by

—d, v 0 —ﬂlX* ¢1(0)
B 0 —(v+a+d,) 0 BX" #,(0)
L= o s ayea, 0 [8(0)
* - - _ 0
0 Ji By (e, +d,) ) 4:(0) 42
1" 0 0 o) 4(-1)
gl 0 0 0f¢(-1)
+(Tk +,U) 0 000 ¢3(_1) )
0 0 0 0){g(-1)
and
_ﬁ1¢4 (O) ¢1 (_1)
f(u.0) = (7 + 1) ﬁ1¢“(0())¢1(_1) : (4.3)
0
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By the Riesz representation theorem, there exists a function 77(9,;1) of
bounded variation for 8 e [—l, 0] such that

L, (¢)=["dn(6.1)$(6) for g<C. (4.4)
In fact, we can choose
—d, v 0 B X"
0 —(V+oy+d,) 0 BX”
0,u)= . . o0
n(0u)=(zc+u)| s pvd, 0 (9)
0 /323* —ﬁzY* —(a2 + dz) (4.5)
41" 00 0
Bl 000
+ + o(0+1),
() 5 g o o]00FY
0 0 0O

where 6 denote the Dirac delta function:

0,00,
5(0):{1 0=0.

For ¢eC ([—1,0],R4) , define

d¢_@)’ 96[—1,0),
A(u)(¢)=1 d0
[';dn(s.u)4(s). 0=0,
and
0, (96[—1,0),
f(u,4), 0=0.

R(u)(c»):{

Then system (1.3) is equivalent to
0(t) = Az)u, +R(u)u, (46)
where U (0)=u(t+6) for 0[-1,0].
For y =C*{[0.4],(R") ] define

dl//(S)

. ., se[-1,0),
A y/(s) =
I,Ol‘//(—t)dﬂ(t,o), s=0,

and a bilinear inner product
((s).8(0)=7(0)¢(0)- [ [ 7 (5-0)dn(0)$(£)ds, @«

where 77(9) = 77(9,0) . Then A(O) and A" are adjoint operators. By the
above discussion, we know that +iwr, are eigenvalues of A(0). Hence, they
are also eigenvalues of A’. We first need to compute the eigenvectors of A(0)
and A" correspondingto iwr, and —iwr,, respectively.

Supposed q(6)=(1,0,,0,,0, )T e’ s the eigenvectors of A(0)
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corresponding to iwr, , then A(0)q(0)=iwr,q(0). Then from the definition
of A(O) and (4.2), (4.4) and (4.5), we have

—d, v 0 —,le*

0 —(v+a1-rd1) 9 BX 9(0)
0 -f,S -5y —d, 0

0 ,BZS* —,BZY* —(az + dz)
~BI" 0 0 0

A" 0 0 0 .

-1)= 0).
100 0l 1) ina(0)
0 0 0O

For q(-1)=(1,0,,0,,0; )T e'% =q(0)e"", then we obtain

a _"“’0—‘d1
o +d; +iw,

G = ,b’?S*(ia)0 +d,) _
(o +d, + |a)o)(d2 +BY + |a)o)

6 - -—/)’ZS*(ia)O +d1-)(ia)O +d,) -
(o +d;+ie, ) (a2, +d, + |a)o)(d2 +BY +|a)0)

Similarly, we can obtain the eigenvector (S) = D(l,ql* ,q;,q;)ei“"’r"S of A
corresponding to —i@,7, , where
<_d+Ale ™ —i,
' U

ﬁ1ﬁ2X*Y* (dl - iwo)

%= BN (o, +d, —iey ) (d, + BY i)
. BX(d, - Ia)o)
q3 = —iay7) '
e (a, +d, —iay,)

In order to assure <q* (s) .q (6’)> =1, we need to determine the value of D. By
(4.7), we have

(a'(s),a(6))=D(4.8.%. & ) (L% %0 )’
—fi ;105(1, a0 )e " dn(0)(L g, 0,,0,)" €07CdE
= 5{1+ oG +0,0, +0, [ (LT 0. T )0 “d 7 (0) (1,6, ;.G )T}
= 5{1+ 0,0 + 0,0, + 0,0 +7, 0,1 e (—1+ (Tl*)}.
Therefore, we can choose Das

1
1+ G0 + 005 + 0y +7,817€ ™ (-1+q; )

D=

Next we will compute the coordinate to describe the center manifold C, at

p#=0.Let u, be thesolution of (4.6) when gy =0.Define
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2(t)=(q"(s)u (0)), W (t.6)=u,(6)-2Re{z(t)q(6)}. (4.8)

On the center manifold C,, we have

=2

W(t,49):W(z(t),f(t),ﬁ):W20(0)§+W11(0)27+W02(9)%+-~, (4.9)

where zand 7 are local coordinates for center manifold C; in the direction
of ° and @ . Note that W is real if U, is real. We only consider real

solutions. For solution u, € C; of (4.6), since =0, we obtain

Z'(t)= <q*,ul’> =ioyr,z+7 (0) f (W (2,2,0)+2Re{zq(0)})

) (4.10)
Lioyr z+7 (0)fy(2,7) =iwyr, 2+ 9(2,7),
where
N _ 7? _ z° 2°7
9(2,2)=7q"(0) fo(z,z)z920(9)?+gn(9)zz+goz(6’)7+9217+---.(4.11)

It follows from (4.8) and (4.9) that
U (0) = (uy (6),uy $6?_),u3t (0),u, (0)) =W (t,0)+12q(6)+2q(6) and
q(0)=(19,,9,.0;) €“**’, then

=2 _

2’ _ z _
Uy (0) =W (0) -+ Wi (0) 2z + Wiy (0) -+ a2 + g,z +o( (2. 2)f ).

=2

2
U (<) =W (-2) 5+ W (-2) 2z + W) (-2) 5
+ze7lk 4 gl 4 o(|(z,7)|3).
Then from the definition of f ( MU, ) , we obtain
0(27)=0"(0) 1, (2.2)=7"(0) f (O,)
_ﬁ1u4t (O)Un (_l)
By, (O)Un (_1)

0
0

=2

— . 2’ _ Z
=D (-1+q; ){w;g” (o)?+w1(l“> (0)zz +W, (o)?+ Gz (4.12)
+0,Z+ o(|(z, Z )|3 )HWZ%) (_1)? WY (~1)zz
-2
+w (—1)% +2e7% 1 7e'™ 4 g (|( z,?)|3 )}
Comparing the coefficients with (4.11), we have
Oz = 27,04, (_1+ @ ) gpe ™,
9y = 27,04, (_1+ & ) Re {(:13ewk } ,

92 = 27,04, (_1+ q>qaei%rk '

91 = 27, 5131 (_1+ qf)[wz(g)eiwmk +W2(;) (_1) 0; + 2q3W1(11) (_1) + 2W1(14) (O)G_i%rk ]
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In order to assure g,, W, (&) and W, (@) are needed to compute.
From (4.6), (4.8) and (4.10), we have

W:Ut—Z'q—i_q
A(0)W —2Re 2,7)q(0)}, 0e[-10),
_|AO) @ (o)}, 0<[-10) (4.13)
A(0)W — 2Re{ "(0) ?q&)}+fo(z,7),€=0,
=A(0)W +H(z,Z,0),
where
2 52
H(z,f,e):Hzo(e)%+Hll(9)z7+Hoz(e)%+---. (4.14)
It follows from (4.13) and (4.14) that
2 =2
A(0)W —W =—H(z,f,e):—Hzo(e)%—Hu(e)zf—Hoz(e)%—---. (4.15)

From (4.9) and (4.10), we have

2 =2

A(0)W = A(0)W,, (9)2?+ A(0)W,, ()2 + A(0)W,, (9)27+... (4.16)
and

W =W,z +W,Z

= (W, (0)2+W,, (0)Z )(Ia}o‘rkz+gzo( )Z;+gll(9)zf+goz(9)§+---j (4.17)

+(W,, (0)2+W,, (0)Z )(—la)orszrgzo( ) 2+911(9)27+902(9)§+---]+---.

Substituting (4.16) and (4.17) into (4.15) and comparing the coefficients of

z? and 77 , we have

(A(O)_Ziwofk I )Wzo (0)=-Hy(0), A(0O)W,, (0)=—H,, (0). (4.18)
From (4.11) and (4.13), we know that for 8 € [—1,0)
H(z,Z,0)=-2Req (0) f,q(6)=-9(z.7)a(0)-3(z.7)q(9)

1 _ o (4.19)
==2(920(0)+ TT(0)) 2" ~(919(0) + 8, (0)) 27 -
Comparing the coefficients with (4.19) gives that
Hao (0) =—0,00(0) - 3,7 (6). (4.20)
and
H,, (0)=-09,9(0)-3,7(9). (4.21)

From the definition of A(O) and (4.18) and (4.21), we obtain
WZO (6) = ZinTkW(ZO) (9) + 054 (‘9) + gzoq_(e)-
For q(0)=q(0)e"™’, we have

igZO iy 6 igOZ = —iwpry 0 2iwgry 0
W,, (0)=—=-q(0)e'"**" + —=-q(0)e """ + E e, 4.22
20 (0) P, q(0) +3woer( ) +E (4.22)
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N
where E; =(E1(1),E1(2),E1(3),E1(4)) is a constant vector. Similarly, from (4.18)
and (4.22), we know

W, (8) = —911 g (e 1+ 19 g(0)e i 1, (4.23)

)T, 0,7,

.
where E, = (ES), Ef), Ega), E£4)) is a constant vector.

Finally, we will seek the values of E, and E,. From the definition of A(0)
and (4.18), we have

..._01d77(9)W20 ('9) = 2ia)0rkW20 (O)_ Hzo (O) (4-24)
and
fldn(H)Wn(H) =-Hy, (0)1 (4.25)

where 77(49):77(0,6’).By(4.13),weknowwhen 0=0
H(z,Z,0)=f,-9(z7)a(0)-3(z2)q(0).
That is

z _
:_q(o)[gm?"'gnzz +0p ?"‘j (4.26)

By (4.3), we have

By (4.8), we obtain
u (6) =W (t,0)+2Re{z(t)q(0)} =W (t,0)+z(t)q(0)+Z(t)T(0)

ZZ

=W, (6’)7+W11 (0)zz+z(t)a(0)+Z(t)q(0)+--

Then, we have
_ﬁ1Q3e_i%Tk _ﬁl
—iapry .
f, =1, Fig:e 2’ + 21, Re{qge""”’k} A Z 4 (4.27)
0 0
0 0
By (4.26) and (4.27), we have
B

P (0) =—054 (O) - gozq_(o) + ka%e_i%Tk (4.28)
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and

e

Hy (0) = ~0,,0(0) - 3,7 (0) + 27, Re{a,e">" } f)l : (4.29)
0

For iw,r, is the eigenvalue of A(0) and ¢(0) is the corresponding

eigenvector, we obtain

(iyzit = [, e™"dn (6))a(0) =0

and
(i1 = [,ean (0)a(0) =o.

So, substituting (4.22) and (4.28) into (4.24), we obtain

B
2i | _J’O 2iwyry 0 _ —iwpry ﬂl
@t -] e dn(0)|E, =270, 0
0
That is
i, +d, + B,1"e 20 -V 0 BX"
—p,1 e H 2wy +(V+ay +d,) 0 -BX" E
0 B,S 2w, + p,Y" +d, 0 '
0 -8,8" A 2iw, + o, +d,
-A
. B
=20, %
s 0
0
It follows that
2ic, +d, + B1 e 2w v 0 gX Y (A
E = 2,6 AN 2, +(V+ay +d,) 0 -BX" B
T 0 B,S i, + Y +d, 0 0
0 -8,8" A 2iw, + o, +d, 0
Similarly, substituting (4.23) and (4.29) into (4.25), we also get
-
0 oy, ﬂ
~[,d7(6)E, = 27, Re{q,e > | Ol :
0
and
* -1
dl -V 0 ﬁlx _ﬂ1
E, :2Re{q3eiw0rk} 0 V+a11'd1 ? -pX b
0 5,S BY +d, 0 0

0 _ﬂzs* ﬁzY* a, +d, 0
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Thus, we can determine W, (9) and Wll(é?) from (4.22) and (4.23).
Further, we can compute (,,. Thus we can compute the following values:

. 2
g
C1(0): 2a)lz' [920911_2|911|2 _%J+%v
0tk

Rec, (0)

B, =2Re(c,(0)),

dA(z
Im{c, (0)} + 4, Im{ d(rk)}
T,=— k=0,1,2,---.
Wy Ty

which determine the qualities of bifurcation periodic solution in the center
manifold at the critical values 7, .

According to [25], we can obtain the following result.

Theorem 4.1. Assume that R, >1 and the condition (3.7) hold, we have:

1)if u,>0 (u, <0), then the Hopf bifurcation is supercritical (subcritical)
and the bifurcating periodic solutions exist for z,.

2) if B,<0 (f,>0), then the bifurcating periodic solutions are stable
(unstable).

3) if T, >0 (<0), then the period of the bifurcating periodic solutions
increases (decreases).

From Theorem 4.1, we know that the value of 4, determines the directions
of the Hopf bifurcation, the values of S, and T, determine the stability and

the period of the bifurcating periodic solutions, respectively.

5. A Numerical Example

In this section, we implement numerical simulations to testify the above
theoretical results. Let « =0.7 , «a,=0.30476509 , g, =0.040395636 ,
S, =0.0082258094 , A=37.557699 , v=05, A=49.721841, d, =05,
d, =0.5. For k =0, using the software Matlab, we derive 7, ~5.476. Thus the
endemic equilibrium E” is stable when 7 <17, ~5.476. Figures 1(a)-(f) show
that the endemic equilibrium E” is asymptotically stable when

7=52<71,~=5476. When 7t passes through the critical value 7, ~5.476, the
endemic equilibrium E” loses its stability and a Hopf bifurcation occurs, that
is, a family of periodic solutions bifurcate from the endemic equilibrium E”.
Figures 2(a)-(f) suggest that Hopf bifurcation occurs from the endemic

equilibrium E° when 7=6>7, ~5.476.

6. Conclusion

In this paper, we have investigated a delayed schistomiasis model, and studied
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Figure 1. (a)-(f) The dynamical behavior of system (1.3) with 7=5.2<7, ~5.476. The

endemic equilibrium E” is asymptotically stable.

the local stability of the equilibria and Hopf bifurcation. We have shown that if
R, <1, the disease-free equilibrium is locally asymptotically stable. Further, the
sufficient conditions for the stability of the endemic equilibrium are obtained.
That is, if R, >1 and the condition (3.7) hold, the endemic equilibrium E" is
asymptotically stable for all 7€[0,7,). As 7 increases, the endemic equilibrium
loses its stability and a sequence of Hopf bifurcations occurs at the endemic
equilibrium; that is, urcates from the equilibrium. This shows that the density of
thea family of periodic orbits bif susceptible human, snails and the infected
human, snails may keep in an oscillatory mode near the endemic equilibrium. By
the normal form theory and the Center Manifold Theorem, the direction of
Hopf bifurcation and the stability of the bifurcating periodic orbits have been

discussed.
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Figure 2. (a)-(f) The dynamical behavior of system (1.3) with 7=6> 7, ~5.476. Hopf

bifurcation occurs from the endemic equilibrium E".
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