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Abstract

In this paper, the dispersive long wave equation is studied by Lie symmetry
group theory. Firstly, the Lie symmetries of this system are calculated. Se-
condly, one dimensional optimal systems of Lie algebra and all the symmetry
reductions are obtained. Finally, based on the power series method and the
extended Tanh function method, some new explicit solutions of this system
are constructed.
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1. Introduction

In mathematical physics, many significant phenomena and dynamic processes
can be represented by nonlinear partial differential equations (NLPDEs) [1] [2]
[3] [4]. Therefore, it is very important to find the solution of NLPDEs. A wealth
of effective methods have been developed to explore the solutions of the
NLPDEs, such as Adomian decomposition method [5], Darboux and Backlund
transformations [6], Hirota bilinear method [7] [8] [9], and Lie symmetry me-
thod [10] [11], etc. The Lie symmetry method for constructing explicit solutions
of the NLPDEs has been regarded as one of the most widely applicable methods
[12] [13] [14]. Its core idea is the invariance principle of the NLPDEs under the
action of Lie point transformation group (point symmetry) [10]. In recent years,
there has been a great deal of research and considerable development in the
symmetry field of differential equations, in terms of the number of academic
papers, books and new symbolic programs dedicated to this subject [15]-[20].
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At present, there is no general method for solving NLPDEs. Although the
symmetry method has a wide range of applications in solving methods, it still
faces many difficulties and challenges to promote its development. However, the
symmetry method and other methods (e.g. generalized simple equation method
[21], generalized Tanh function method [22], homotopy perturbation method
[23] and power series method [24], etc.) are effectively combined to reflect the
complementarity of each other, which makes it possible to obtain exact solutions
of some NLPDEs with physical significance, and attracts the attention and re-
search of many scholars [25] [26] [27].

In the present paper, based on the Lie group method, we will investigate the
dispersive long wave equations

u, +v, +l(u2) =0,
2% x (1)

v, +(uv+u+um) =0,

X

where u represents the amplitude of a surface wave, propagating along the x-axis
with a horizontal velocity. It plays an important role in nonlinear physics [28]
[29], considered as a good model for the study of bidirectional solitons in water
waves. In [30] [31], Eckhaus and Boiti ef al presented the extensions of Equation
(1) in higher-dimensional spaces. In [32], Zhang J F ef al discussed its some new
multi-soliton solutions and travelling wave solutions using the extended homo-
geneous balance method, etc.

The outline of this paper is as follows: in Section 2, the Lie symmetry analysis
is performed for the dispersive long wave equations; in Section 3, the optimal
systems and the similarity reductions of Equation (1) are researched employing
Lie group analysis in the last section; in Section 4, the exact solutions for the re-
duced equation are obtained by using the power series method and the extended
Tanh method; and in Section 5, a brief summary is done to the full text.

2. Lie Symmetry Analysis

We first do some preparatory work on the concept of classical Lie symmetry of
general NLPDEs. Consider the Ath-order scalar NLPDEs of the form

fa(x,u,u(l),u-,u(k))=0,a=1,2,”~,m, (2)

>n

where x=(x,,x,,--,x,) denotes n independent variables, u =(u,u,,",u,)
denotes m independent variables, and Uy = uflzl (j =1,2,---,k,i, =1, 2,--‘,]')
J
denote the partial derivatives of u“ with respect to x, =(i=1,2,---,n) up to
jth-order, ie.
4o o'u”
) ox. ox. < Ox.
iy ij
Suppose that the one-parameter Lie group of point transformations
x =X (xu;6)=x+e& (x,u)+0(82),

(3)
u, =U (x,u;6)=u+en” (x,u)+0(gz),
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where i=1,2,---,n, q¢=1,2,--,m. ¢ is an infinitesimal parameter, &,n“
are some smooth function with variables x,u .
Theorem 1. [10] (The Infinitesimal Invariant Formula for NLPDEs) If

0
ou”

ia a
ng a"r?]

i

4)

is the infinitesimal generator of the one-parameter Lie group of transformations
for (3), and the &-th prolongation of the infinitesimal generator is

l_(‘)“i+...+ ]_(’f’_)ffui _ 9 (5)
ou? PR Qu”

i il iy iy

xW=x1+np

where the prolongation of the infinitesimals satisfy the following recurrence re-

lation

771_(1)0; =Dn" —(Dié‘/)uf,l'zl,Z,"',n’

77"(1];)20‘["1'1( = Dik nél:'[;)fkil B (Dik é:j )u“ i’ =12, ’k(k 2 2)

isiyigoy J 2

where D, denotes the total derivative operator defined as

0 40 , 0 « 0
D, =—+u; —tuy — U,
Ox; ou " Ou, 7 Ou

ijiyeei;

beei=1,2,,m.

That one-parameter Lie group of transformations (3) is the Lie symmetry of

Equation (2), if and only if

X(k)f”’(x,u,u(l),~~-,u(k)) =0.

1 [ty oy J=0

Next, we calculate the Lie symmetry of Equation (1). With regard to the infi-
nitesimal generator of Equation (1), it can be expressed from (4) as the following
form

0 0 0 0
X=¢(—+1—4+n—+¢—. 6
d ox ot i 0 ¢8v (©)

Applying the Theorem 1 to Equation (1), we have
=0,

x© [ut +v, +%(u2 ) }
x 1
Uy +vy +5(uz )x :0,v[+(uv+u+un )x =0 (7)

x© [vt +(uv+u+un)x]

=0.

1
U +vy +E(u2 )( =0,v, +(uv+u+uxx )x =0

By simplifying (7), we can get the following overdetermined equations about
S04
6 =6=07,=7,=7,=0n=n=7=0,
¢.=¢ =4, =02, +2v,-¢=0,

8
26 +2vE +¢=0,7,+vr, +¢ =0, ®
2n+2vn =28 -2vE —ug =0,6—¢, —vg, =0.
From (8) it is easy to caculate that the only solution of this system is
E=kyx+it+k,t=2kt+k,n=-ku+k,,¢=-2kyv-2k,, 9)
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where k;,k, and k, are arbitrary constants. Accordingly, the symmetry groups

of Equation (1) can be written as

X, =3,X2 =£,X3 =ti+i,X4 =xi+2z3—ui—2(v+1)3. (10)
ox ot Oox Ou Ox ot ou ov

The infinitesimal generators (10) correspond to a four-parameter Lie group of

nontrivial point transformations acting on (x,#,u,v)-space.

3. Optimal System and Symmetry Reductions
3.1. Optimal System

In this section, we study how to construct the one-dimensional optimal system
of Equation (1) in order to obtain more abundant group invariant solutions. The
basic method of constructing it is to simplify the expression of Lie algebra by
using a variety of adjoint transformations on the most general expression of Lie

algebra. The adjoint transformation is expressed as the following series form

Ad(exp(gXl. ))Xj

& &
- X, —g[X,.,XJ+7[X,,[X,,Xjﬂ—;[X,,[X,,[X[,Xjﬂ}r...’

where ¢ isa parameter, and [X X j] is the usual commutator, given by
[X.X,|=XX, -X X,

Hence we can get the following commutator Table 1 and the adjoint repre-
sentation Table 2.

According to the method of constructing one dimensional optimal system in
[11], we set up the following non-zero vector field with arbitrary coefficients
a,,a,,a; and a,, which is a Lie algebras made up of (10)

X=aX +ta,X, +a,X;+a,X,,
and simplify the coefficients of the vector as much as possible. Without loss of
generality, suppose first that a, #0 and set up g, =1, then the vector X be-

comes X =aX,+a,X,+a,X;+X, To eliminate the coefficient of X, we use

X, toacton Xby means of the adjoint operation, Ze.

X'=Ad(exp(6,X,)) X = a, X, +a, X, + X,,

where the group parameter & = g,. Then continue to eliminate X,,X; by us-

ing one after another X,,X, toacton X', the vector becomes
X" = Aa’(e)<p(g3)(3 ))Ad(exp(82X2 ))X’ - X,

where the group parameters &, =a,/2,&, =—a;. It can be seen easily that the
vector form can not be simplified much more. Secondly, suppose that
a,=0,a; #0 and set up @; =1, the vector X becomes X =a X, +a,X, + Xj;.
To eliminate the coefficient of the vector X; we use X, to act on Xby means

of the adjoint operation, ie.

X" =Ad(exp(£,X,)) X =a,X, + X,

DOI: 10.4236/jamp.2018.612222

2684 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2018.612222

X. M. Xue, Y. S. Bai

Table 1. Commutator table.

[x.% ] X, X, X, X,
X, 0 0 0 X,
X, 0 0 X, 2X,
X, 0 -X, 0 -X,
X, X, —2X, X, 0

Table 2. Adjoint representation table.

Ad X, X, X, X,
X, X, X, X, X, —eX,
X, X, X, X, -¢eX, X, -2¢6X,
X, X, X, +eX, X, X, +eX,
X, Xe X,e* Xe X

where the group parameter &, = a,. Obviously, it can not continue to simplify by
using adjoint operators. Thirdly, suppose that a, =0,a; =0,a, #0 and set up
a, =1, the vector is already the simplest form as X =a, X, + X, . Last suppose
that a,=0,a,=0,a, #0,a, #0 andsetup a, =1,thatcanonlybe X =JX,.
To summarize, we state the result that the one-dimensional optimal system of
symmetry groups (10) is
(X, X,, X, X, aX, + X,,aX, + X,}

where ais arbitrary constant.

3.2. Symmetry Reductions

In the present section, we present all possible similarity reduction forms of Equa-
tion (1), which is an indispensable step to solve the NLPDEs by the symmetry
method.
For the symmetry X, the corresponding characteristic equation is
& _dr i

X _2t_—u:—2(v+1)’ (1)

hence we can get a similarity independent variable from (11) defined as ¢ = x™"?

and group invariant solutions defined as
u(x,t)= t’l/zF(g),v(x,t) =-1+1"H(s),

which satisfy the following reduced equation
F+¢F'-2FF'-2H'=0,
{21{ —2HF'+¢H'-2FH'-2F" =0,
where F'=3F—g,H'=iH—g.
For other symmetries in the optimal system, the reduction method is the same
as X, .The results are shown in Table 3.
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4. Explicit Solution of the Dispersive Long Wave Equation

In the third section, we obtain the one-dimensional optimal system of Equation
(1), and give the reduction equation corresponding to each symmetry in the op-
timal system in Table 3. The reduction equations corresponding to X, and
X, can be easily solved by Mathematica, where the process is omitted. For oth-
er symmetries in the optimal system, it is very difficult to get directly through
the calculation software. In this connection, we will use two methods to solve the
rest of reduction equations, namely, the power series method and the extended

Tanh function method.

4.1. Explicit Power Series Solutions of the Reduction Equation (A)

The power series method is a useful approach to solve higher order ordinary
differential equations. A large number of solutions for ordinary differential equ-
ations can be constructed by utilizing the method.

Suppose that the power series solution is the following form

Fe)=2es" H(c)=2s.s", (12)

n=0

where c¢,,s, isundetermined coefficient. Substituting (12) into (A), we get

icng" +cy+ incng” —2ii(n +1—k)ckcn+17kg"
n=1 n=l1 n=1 k=0
—2¢,¢, —2i(n +1)s,,6" =25, =0,
n=1

0 © n

2 5,6" 28, =22 > (n+1=k)s,c,, 6" —250¢,

n=l1 n=1k=0

+ insng" - Zi Zn:(n +1=k)cps,,,48" —2¢,s,
n=1 k=0

n=l1

~23 (n+1)(n+2)(n+3)e, 46" ~12¢, = 0.
n=1

Through comparing the coefficients of ¢ we can easily get the following results

when n=0,

€y —2¢,¢, 8o = SoC; — CoS,

Sl = B 9C3 = 6 ’ (13)
when n>1,
1 n
= Ve 2B 1B |

Cne3 = 2(n+1)(n+2)(n+3){(2+n)sn _2/;)(’1“_]()%6"“% (9

—22n:(n +1—k)cksn+1k}.

k=0

The sequence {sn }]w ,{cn }:O can be uniquely determined by (13) and (14) and

depend on the other undetermined coefficients s,,c; (i :O,I,Z). It is easy to
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Table 3. Reduction of the nonlinear long wave equation.

Infinitesimal Similarity variables Reduction equation
generator
v s=t, F"=0,
' u(x,t)=F(c),v(x1)=H(s). H"=0.
¥ c=x, FF'+H' =0,
’ u(x,t)=F(g),v(x.1)=H(s). F'+HF +FH'+FY =0. (D)
X s=1, F+¢F'=0,
} u(x,t)=x/t+F(g),v(x1)=H(s). H+¢H'+1=0.
v c=xt"", F+gF'-2FF'-2H'=0,
! u(x,)=t"F(¢),v(x,t)==1+1"H(g). 2H-2HF' +cH -2FH'-2F" =0. (A)
X+ x g=x—1, —-F'+FF'+H' =0,
L u(x,t)=F(g),v(x1)=H(s). F'+HF —H'+FH'+FY =0. (B)
X+ X, ¢=-1+2x/2, 1+ FF'+H'=0,
N u(x,t)=t+F(g),v(x,t)=H(g). F'+HF'+FH'+FY =0. (C)

prove that the power series solution is convergent by references [13], so the re-

duction Equation (A) has the following power series solution

F(g) =6 +cl§+czg2 +c3g3 +icn+3§n+3

n=1
:CO+clg+czg2 +w 3
1 @ n
2 -2 1-k
+2(n+1)(n+2)(n+3)2( s, +ns, ];)(n-i- )skcn+]_k

n=l1

- 22”:(” + 1 _k)ckSnJrlfk )g”+3’

k=0

H(g) =S +51§+an+1§n+l

n=1

=5, + % _220001 c+ 2(n1+ 0 i(cn +nc, —ZZn:(n +1—k)ckcn+1kjg"“.

n=1 k=0

And then we get the following power series solution of Equation (1)

u(x,t) — |:CO ‘e (xt—1/2)+c2 (xt"l/z )2 +w(ﬁ_vz )3

1 0 n
2 -2 1-k
+2(n+1)(n+2)(n+3)z[ Sutms, =20 (n+1=k)sic,

n=1 k=0

—Zi(n +1-k)e s, j(xt"/2 )M}
k=0

v(x,t) =—1+¢" {so +%(xt’l/2)

n=1 k=0

+ﬁi((n +1)e, -23 (n +1—k)ckcn+1kj(xtl/2 )1}

where s,,c,(n=0,1,2) are arbitrary constant.
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4.2. Explicit Solutions of the Reduction Equation (B) Using
Extended Tanh Function Method

The extended Tanh function method is a very effective method for solving some
nonlinear evolution equations proposed in recent years [33]. The method is
based on the Tanh function expansion method and using the general Riccati eq-
uation as an auxiliary equation. It can transform the solution of complex equa-
tions into the solution of nonlinear algebraic equations by traveling wave trans-
formation. Next we use this method to find the traveling wave solutions of the
reduction Equation (B) in Table 3.

Suppose that the solution of the reduction Equation (B) can be expressed as

the form

F(g) =a, +g(al¢i (g)+ Al,¢—i (g)),
H()=b,+ 20,0/ )+ B4 (<))

(15)

where a,,by,a;,4,(i=1,---,m),b;,B;(j=0,1,---,n) are undetermined con-

stants, and function ¢ = ¢(g) satisfies
¢'=2+pp+ad’, (16)

where A,p,® are arbitrary constant. By solving Equation (16), we can know
that the solution of function ¢ can be divided into 4 categories, and amount to
27 solutions [22].

1) when p*—4iw>0 and pw#0 (or Aw#0),

¢1=—2L£p+\/_tanh{—gD
4 - (p+f (tanh [ g | #isech[ Ve ])),
é = _Zi[p+\/500th|:—§}J
b, = (p+f(coth[fg]+zcsch[\/5§
)

1 (BZ_AZ)( )- A\/Ecosh[\/gg J
0.

N

o = T {2p+\/_{tanh{—g}+coth

=—1/|-p+
# 20| ° Asmh[\/_g +B
1 (B )( )+A\/5811’1h x/7g
=—7|-p+
# 20 P Acosh[fg +B

where A4,B are two nonzero constants, and satisfy B” — 4> >
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~ 2Acosh [\/gg/ZJ
- J6sinh [x/gg/EJ — pcosh [\/Eg/Z] '

4 = —2/151nh[«/_g/2J
- psmh[fg/Z] Hcosh[fg/ZJ

2Acosh [@g}
V6 sinh [\/ggJ — pcosh [\/Eg] +i\O ’

2Asinh [ V0 |
—psinh [\/ggJ ++/6 cosh :x/ggJ +/6 ,

4Asinh [x/gg/ﬂ cosh :«/5;/4]
-2 psinh [\/gg/ﬂ cosh [\/Eg/ﬂ +2+/6 cosh? [\/Eg/ﬂ -Jo

2) when p’—4iw<0 and pw#0 (or Aw#0),

bl 2]
by = ﬁ[—p+«/§(taﬂ [@g}isec[@g}ﬂ,
|

b =

¢, =

¢12 =

2

b=l B (o [T o 7)),

¢ﬂzpreu 2| e 52 gm

qﬁ,s—%{p+i (A - B )(Q)A\/_HCOS[\/_QQJJ,

Asinh [@g] +B
1 (A2 )( )+A\/_t9s1nh[\/_§J
¢19_2_ T Acosh[\/—_g]+B ’
where A4,B are two nonzero constants, and satisfy 4> —B> > 0.
~ 2Acos [@g/Z]
o = @sin[ﬁg/ﬂ +pcos[\/§g/2} ,
~ —2Asin [x/_g/2]
i = —psm|:\/_g/2] Hcos[x/_g/2]
4 2/ cos [ﬁg]

J-0sin [@g} + pcos [@g} +J-0 ,
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~ 2Asin [@g]

- —psin [Mg} ++/—6 cosh [@g} +J-0 ’

~ 4Asin [@g/ﬂ cos [@g/ﬂ

- —2psin [@g/ﬂ cos [@g/ﬂ +2+4/-6 cos® [ﬁg/ﬂ -J-0 .

Above formula ¢ ~ ¢, , the symbol @ is expressed as 0= p° —4iw.
3)when 4=0 and pw=#0,

s

P

b = oLl
o a)(b+cosh[pg]—sinh[pg])’

~ p(cosh[pg] + sinh[pg])
o(b+cosh[ pg]-sinh[ ps])’

P =

where bis a arbitrary constant.

4)when w#0 and A=p=0,

1
¢27 =

wc+c’

where cis a arbitrary constant,and ¢=x-1¢.
Considering the homogeneous equilibrium between the highest order linear
term and the nonlinear term in the reduction Equation (B), we can obtain

m=1,n=2. As aresult, the trial Equations (16) reduces to

F(g)=ao+al¢(g)+%,
Bl BZ

H(g)=b, +b(s)+b,¢’ (g)+m+¢2 5

In order to determine the values of undetermined coefficients a,,a,,b,,b,,b,,

(17)

substituting (16) and (17) into the reduction Equation (B) and merging the po-
lynomial of the same power of ¢, and setting up each polynomial coefficient to
zero, we can get the following nonlinear algebraic equations
¢’ —AAT —2AB, =0,-61°4 —31AB, =0
¢ :—AA —Aa,A - pA’ —AB, —2pB, =0,

~124%pA, —2AAB, +2AB, —21a,B, -3pAB, =0
¢ pA — pa,A, — oAl — pB, —2wB, =0,

—AA, ~TAp’ A -8 wA — AAb, + AB, — Aa,B,

—2pAB, +2pB, -2payB, — Aa\B, —3wA B, =0

¢° - wa’ +2wb, =0,
wa, +7p’ wa, + 80" a, + wa,b, — wh, + wa,b, +2pab,
—2pb, +2payb, +3Aa,b, + wAb, =0
¢’ :0=0,12p0"a, +2wa,b, —2wb, +2wab, +3pab, =0
#*:0=0,60a, +3wab, =0
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By solving the above system with the help of Mathematic, we can get the fol-
lowing results
a, =1t p,a, =2w, 4 =124,

(18)
by =—1,b, = 2pw,b, = 20", B, =-21p,B, = -21".

Now, substituting (18) into (19), we obtain explicit solutions of Equation (1)

as follow.

u, (x,t) =1+ p+ 204, (g)i¢k )

v (x,8) = —1-2pog, (c)-20°¢} (5)

(19)
_24p 247
¢k(§) ¢1§ (g)’

where k=1,2,---,27,5 = x—t, and selecting any hyperbolic function in ¢, ~ ¢,,,

¢(g>=i[-p+ﬁmn{@ gD

for example,

2

The explicit solutions (19) become as

J=-6c | 4w
u(x,t)=1i\/$tan{ }+ )
2 p—ﬁtan{\/;og}

@g}_ 817w’
]

2

v(x,t) = —1+%+%0tan2{

4pw

—p+«/§tan{\/_2_9g}’

where ¢=x-1,0=p>—41lw <0 (see Figure 1).

4.3. Explicit Power Series Solutions of the Reduction Equation (C)

In this section, we study the power series solution of the reduction Equation (C)

Figure 1. Plot of explicit solution above with A=4,p=-0.2,0=0.3.
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in the form of (12). Substituting (12) into the reduction Equation (C), we get

1+ i i (n+1-k)cic, 6" +coe, + i(n +1)s,.,6" +5, =0,
n=1k=0 el

Z(n +1)c¢,, 6" +¢ + > Z(n +1—=k) s, 46"

n=1 n=1k=0

+5,¢, +ii(n +1—k)c,(sn+l_kg" +¢,S
n=1k=0
£ (n+1)(n42)(1n43)c,0s6" +66; =0,

n=1

Through comparing the coefficients of ¢, we can easily get the following re-
sults.

where n=0,

G+ 806 68y

s =—l-¢yc,05 = T
where n>1,
1 n
Sl :_(n+1)l§)(n+1_k)ckcn+l—k:
l n
=— 1 1-k
cn+3 (n+1)(n+2)(n+3)[(n+ )Cn+1 +k§0(n+ )Skcn+l—k
+zn:(n+1—k)cksn+1k}.
k=0

Accordingly, the power series solution of the reduction Equation (C) is as fol-

lows

2 G ESG TGS 5
F(g)=c,+¢g+ee’ ————L

6
1 © 0
_(n+1)(n+z)(n+3);{(”“)""” 2 l=k)sie, .

+ i(n +1- k)ckslz+1k:|gn+39
k=0

> Z(n +1 —k)ckcmfkg””.

H(g)=s0 —(1+COCI)g—m P

And then we get the following power series solution of Equation (1)

—t* +2x —t* +2x ’
u()c,t):t—i-co+c1 5 +c, 2

3
€86+ —t +2x
6 2

1 0

Z{(n +1)c,,, + En:(n +1-k)$Cpi s
k=0

_(n+1)(n+2)(n+3) el

. 2 n+3
+Z(n+l—k)cksn+1k}[ t;—2xj ,

k=0
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4.4. Explicit Solutions of the Reduction Equation (D) Using
Extended Tanh Function Method

Using extended tanh function method, similar to the solving of the reduction

Equation (B), we obtain the following results:
ay, =*p,a, =2w, 4 =+21,b, = -1,b = -2 pw,
b, =2a’,B =-2p,B, =-21".

and selecting the following hyperbolic function

¢=—ﬁ[p+\/§coth{@gD

We obtain explicit solutions of the Equation (1.1) as follow

u(x,t)=7 Hcoth{\/fg}— o NG
p- «/gcoth{ g}
2 2 2
v(xt) =142~ Locom? Jog | _ 82
2 2 2 \/_
p+x/§00th{ g}
N 44pw 7
p+\/5c0th{ g}
where ¢=x-1,0=p>~41w<0 (see Figure 2).
2
1 ( !
0 \
\ j N\
) X \
N = ]
| .:..::.\\ '--:_:.__ 7
= 2y | = 1,
Y NN :\- .Ill :
/ \ LN \
/o \G ; i \ -

/ " \

4 | - 'I. E
|// ! r - -50
| . ey, Ly

-2 -1 0 1 2

Figure 2. Plot of explicit solution above with A=4,p=2,0=0.2.
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5. Conclusion

In the field of physics and engineering mechanics, it is particularly important to
solve nonlinear differential equations. In the work, the Lie group analysis me-
thod has been employed to investigate the dispersive long wave equations. Based
on this method, the vector fields and symmetry reductions have been obtained
for the system. Since it is difficult to solve the reduction equations directly, the
power series method and the extended Tanh function method have been used to
construct more explicit solutions, which can enrich the exact solutions of the
dispersive long wave equations. The basic idea is efficient and powerful in solv-

ing wide classes of nonlinear differential equations.
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