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1. Introduction

The Schrédinger (NLS) equation is second-order differential equation of com-
bining material waves and waves, which can be used to describe the optical pulse
in the dispersion. The nonlinear Schrédinger equation can discuss many prob-
lems, such as one-dimensional self-modulation of monochromatic, self trapping
phenomena in nonlinear optics, thermal pulse propagation in solids, the laser
beam in atomic Bose-Einstein condensation effect, etc. In a local nonlinear me-
dium, the intensity of light at a certain point will only change the refractive in-

dex of this point, but the refractive index of a point in the nonlocal medium will
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not only affects the refractive index of the point, but also affects the refractive
index of the medium around a certain range. In many natural phenomena, non-
locality is a universal phenomenon. Some theoretical analysis and numerical si-
mulation show that the nonlocality can eliminate the collapse of the wave and
greatly improve the interaction between the dark solitons. Under a single re-
sponse limit, the interaction between waves and media is often described by
nonlocal nonlinear Schrddinger equation. This equation has been widely used in
various fields of nonlinear physics. Spatial soliton in nonlocal nonlinear media
has been paid attention to because of its rich characteristics and important po-
tential application value in nonlocal media. In 2013, Ablowitz and Musslimani
proposed PT-symmetric nonlocal nonlinear Schrodinger (NNLS) equation [1] [2]
[3], and gave the dark and anti-dark soliton interaction by using the Darboux
transformation (DT) method [4] [5] [6].

Soliton theory becomes one of the main theories for studying nonlinear equa-
tion, and it also produces various methods to solve soliton equations, such as the
inverse scattering method [7] [8] [9], the nonlinear method [10] [11], Hirota bi-
linear method [12] [13], the homogeneous balance method [14] [15], Backlund
transformation method [16] [17], DT method [18] [19], etc. For example, the
relevant problems of Sine-Gordon equation and pseudo spherical DT have al-
ready appeared in [20], it obtains the exact solution of soliton equation from the
trivial solution, and it is a very effective method. Gu Chaohao proposed the re-
versibility of the DT [21]. Fan Engui obtained exact solutions of G-I equation by
DT [22]. The DT method analytic representation of the K-E equation is con-
structed by Qiu Degin. Some discrete rogue-wave solutions with dispersion in
parity-time symmetric potential of Ablowitz-Musslimani equation are derived in
[23]. Some bright, dark and breather wave soliton solutions of the super-integrable
hierarchy are derived using DT [24]. The non-autonomous multi-rogue wave
solutions in a spin-1 coupled nonlinear Gross-Pitaevskii equation with varying
dispersions, higher nonlinearities, gain/loss and external potentials are inves-
tigated in [25]. Several non-autonomous matter-wave solitons of the genera-
lized three-coupled Gross-Pitaevskii equations are obtained in [26]. The
non-autonomous discrete vector bright-dark solutions and their controllable
behaviors in the coupled Ablowitz-Ladik equation with variable coefficients are
considered in [27]. The Darboux transformation method with 4 x 4 spectral
problem is applied to a specific equation and then the explicit solutions of the
lattice integrable coupling equation are obtained in [28].

In this paper, we construct N-times DT for NNLS equation with DT method,
and obtain n-soliton solutions. In addition, the n-soliton solutions can be re-
duced to 1, 2, or 3-soliton solutions and some parameters are zero. We derive
some novel exact solutions including the bright soliton, breather wave soliton. In
particularly, the dynamic features of one-soliton, two-soliton, three-soliton solu-
tions and the elastic interactions between the two solitons are displayed.

The rest of this paper is organized as follows. In Section 2, we construct the
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Darboux transformation for nonlocal nonlinear Schrédinger equation. In Sec-
tion 3, we give the first- second- and third-order explicit solutions for the non-

local nonlinear Schrédinger equation. Finally, we give some conclusions.

2. Darboux Transformation for Nonlocal Nonlinear
Schriodinger Equation

Recently, a novel nonlocal nonlinear Schrodinger (NNLS) equation with the

self-induced PT-symmetric potential is presented in the form,
. 1 .
|qt(x,t)—EqXX(x,t)—5q2(x,t)q (-x,t)=0, (1)

where the subscript denotes the partial derivative in regard to the variables, the
star stands for the complex conjugation. The Lax pairs for Equation (1) can be

represented in the form
A q(xt)
:U = . ) 2
¢ =Yg [_5q B }o )

and

-iA? —%5q(x,t)q*(—x,t) —i/lq(x,t)—%qx(x,t)
¢ =Vo= i i N E)
i5/1q*(—x,t)+55q:(—x,t) i1 +E5q(x,t)q*(—x,t)

here q(x,t), q"(-xt), a,(xt), g,(—xt) are potential functions of xand ¢
A is a spectral parameter, @ =((01,(02) is a column vector solution of Egs.(2)
and (3) associated with an eigenvalue A4 and iZ=-1.

The aim of this section is to construct DT for NNLS Equations (2) and (3),
which are satisfied with the 2 x 2 matrix transformation of ¢, U and V. In
the following, we construct the N-fold DT and introduce a gauge transformation
T of NNLS equation:

¢n2T¢n, T:(Ill Ilzj' (4)
a 2
The lower form is obtained by compatibility
9, =Ugp, U=(T, +TU)T™, (5)
@, =V, V=(T+TV)T™ (6)

Ifthe UV and U,V have the same types, the system (4) is called Darboux
transformation of the NNLS equation. Let ¥ = (‘Pl,‘Pz)T , $=(4.9, )T are
two basic solutions of the systems (2) and (3), then we give the following linear

algebraic systems:

S (AY + APM) ) =-ar,
(7)
N1 A () (@) i ® 4N
Do (A21 + Ay M )/11 -Mi4
With
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MO = ¥, +V(jl)¢2

=—2 12 0<j<2N, (8)
! ‘{’l+v(j1)¢1

where 4; and ng) (i =k, 4 # Aj,vi(k) ;tvgk),k ¢1,2) should choose appropri-
ate parameters, thus the determinants of coefficients for Equation (7) are non-

zero. Hereby, we take a 2 x 2 matrix Tas

N-1

N-1 A(i) i i)qi

Ty= AN +Zi:0 Al(i)l T, = Zi:() Ai(;)ﬂ’
N-L (i) 5i N-L A (i) i

Ty = Zi:o Agl)’l T = A" +Zi:o Aéz)ﬂ*

where Nis a natural number, the Aim (m, n=1,2m2> O) is the function of xand

(9)

t. Through calculations, we can obtain AT as following
2N
AT =TT 5(2-4) (10)

which proves that 4, (lj # O)(] =1,2,3,--,2N) are 2Nroots of AT . Based on
these conditions, we will proof that the U and V have the same structures as
Uand V, respectively.

Proposition 1. The matrix U defined by (5) has the same type as U, that is,

~ A G(x,t
g=| . WD), ()
-6 (-x,t) -2
in which the transformation formulae between old and new potentials are de-
fined by

. N (12)
-60 (-xt)=-6q (-x,t)+2A,,

the transformations (12) are used to get a Darboux transformation of the spec-

{G(X1t)=Q(X:t)—2Au,

tral problem (5).

*

Proof. Let T - with
AT

(T,+TU)T = {:Z Eg :z Em (13)

it is easy to verify that B (1<s,1<2) is 2N-order or 2N + 1-order polynomial
in A

Through some accurate calculations, A,(1<j<2) is the root of
B, (1<s,1<2). Thus, Equation (13) has the following structure

(T, +TU)T =(AT)C(4), (14)

where

C(4)= (15)

cpa+c)  cy
N

and Cl¥ (mn=1,2k=0,1) satisfy the functions without 1. Equation (14) can

be rewritten as

(TX +TU)=C(A)T. (16)
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Through comparing the coefficients of A in Equation (16), we can obtain

{c}? —1,c9=0,c¥ =q(x,t)-2A, =q(xt),

(17)
CY =-8q" (-x,t)+2A, =-56G" (-x,1),Cy =-1,C% =0.

In the following section, we assume that the new matrix U has the same
type with U, which means that they have the same structures only q(Xx,t),
q (-xt), q.(xt), o (-xt) of U transformed into q(x,t), § (-xt),
G, (xt), G;(-xt) of U . After careful calculation, we compare the ranks of

AN, and get the objective equations as following:

{G(th)=q(xlt)—2Au,

« . (18)
-60 (-xt)==6q (-x,t)+2A,,

from Equations (11) and (12), we know that U =C(4). The proof is com-
pleted.

Proposition 2. The matrix V defined by the second expression of (6) has the
same form as V; in which the old potentials gand ¢~ are mapped into § and

e

g , that is,

a2 Lsg(t)a (cxt)  —idq(xt)- g, (x1)
V= 2 _ _ 2 . (19)
i5/1q*(—x,t)+%5q:(—x,t) iﬂ,2+'55q(x, )G (-x.t)

Proof. We suppose the new matrix V also has the same form with V- If we
obtain the similar relations between q(x,t), q (-x,t) and d(x,t), § (-x,t)
in Equation (12), we can prove that the gauge transformations under 7 turn the

Lax pairs U,V into new Lax pairs U,V with the same types.

*

Let T'= T and
AT

{2 £0)

It is easy to verify that E (1<s,1<2) are N+l-order or N+2-order polyno-
mials in A.

Through some calculations, ;(j=1<j<2) are the roots of
E, (5,1 =1< j<2). Thus, Equation (20) has the following structure

(T+TV)T =(AT)F(4), (21)
where
(1) FA2+FPA+FRY FYA+FY )
(2)= FO1+FY FA2+FPA+FO )
21 21 22 22

22

and FY (mn=12k=0,1) satisfy the functions without 1. According to Equ-

ation (21), the following equation is obtained
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('I't +TV):F(A)T . (23)

Through comparing the coefficients of 4 in Equation (23), we get the objective

equations as following:

F1(12) =i, Fl(ll) =0,

AP = (0, (00 + 20(x) A~ 20(60) ) =20, (x0),

R =i5q" (-x,t)— 2iAy, =i5q" (—xt),

i . . . i
FZ(lO) 255<qx (_X’t)+2q (_X’t)Azz -2q (_XJ)):EC]X (—X,t),
L - o

P =2 0(a0ut)a” (-x1)~29(xt) &y 260" (-x.1)) =2 36(x ) (1)

(24)

In the above section, we assume the new matrix V has the same type with V,
which means they have the same structures only q(x,t), q*(—x,t), a, (x.t),
0y (=x,t) of V transformed into G(x,t), G (-x.t), G, (x.t), G (-xt) of
V . From Equations (12) and (19), we know that V =F (). The proof is com-
pleted. The transformation matrix 7 of the nonlocal equation is difficult to con-
struct in making DT, while the transformation matrix 7 of the local equation is

relatively simple.

3. Explicit Solutions for the Nonlocal Nonlinear Schrodinger
Equation

In this section, we will give some novel explicit solutions of Equation (1) by ap-
plying the N-fold DT. Firstly, we give a set of seed solutions =0 and substi-

tute the solution into Equations (2) and (3), it is easy to find two basic solutions

eix—iizt 0
V@[ o ) @)

By using Equations (25) and (8), we obtain

for these equations:

(i) y=Ax+iA?%t
v;'e —9 Aix-iA2t+F;
M =———— :e(' fus) (26)
elx—w t

with v, =e(72iF")(1$ j<2N).
In order to the expression of N-order D'T of Equation (1) and obtain the ma-
trix 7
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1

AA, = .

— Z—O Ai ZI =0 Ai (27)

Z i=0 A21 ﬂ’l ZI =0 A22
and
A+ (AY M A 4 =
. (28)
S AL M (A 3 AR ) =0,
Solving Equation (7) via the Gramer’s rule, we have
A (N) A (N)
A @)
with
e-z(zlx—i/lfwa) A e 2 Apx-irfeeR) /112 ﬂiN_l ﬂlN_le-z(zlx—iAwal)
efz(zzxfizzzqu) 4 e (@x |/121+F2) /122 /1sz1 %Nflefz(zzxfizzzth) ,
e—Z().ZNx—iAQZNHFQN) By e ~2{onx-iZnt+Fon ) 22, e M NNfle—Z().ZNX—iAQZNHFQN)
1 ﬂl ﬂj (ilx |211+F1) ﬂ,lz ﬂl (ﬂlx M.lt+ﬁ) —ﬂlN
14, Le (Azx |/121+F2) 122 /12 (Azx |/12t+F2) _22,\, )
1 4, AZNe—Z(AZNx—MZZNHFZN) NN_1 NN_le—Z(AZNx—i/IZZNHFZN) _%NN
e—2(11><—i/112t+ﬁ) A ﬂle-z(/llx-ufua) ﬂf B N—1e-2(41X-i/112‘+F1)
e—z(izx—iizszz) 4 /Lzefz(/lzxfizzzth) /122 B ﬂQNflefZ(ﬂzx—iﬂzzqu) . G0)
2 onx-iZyt+Fon ) By Aoye 2 lonx-iZnt+on) 2, . - NN—le’z(ﬂZNX’MZZNHFZN)
Based on Equations (8) and (26), we can obtain the following systems
(N) (N)
N _AAT ) _ Ay
- AN =D 31
A =2 A 2 an

Using Equations (4), (18) and (29), we can derive the new the formula of
N-soliton solutions for NNLS equation

AAy!

q(x,t)=-2

32
L (32)
=270

-5G (-x,t) =

To understand solutions (32), we consider N = 1, 2, 3 separately and plot their
structure figures as Figures 1-3.
1) We take N=1with 1=4, (j=1,2). Solving (7), we can yield,

o _AAD o AAY

A A 1= (33)
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0.0375

0.0370

lg"(-x.0)]
0.0365

X

Figure 1. Profiles of (a), (c) and (b),(d) the intensity distributions § and G with
G= |q| , G = |q| ,and & =1. The parameters of (a) and (b) are 4, =0.01i, 4, =0.02i,
F =1, F, =1.The parameters of (c) and (d) are 4, =2, 4, =3, F=0, F,=2.

with
e—z(zlx—mfm:l)

A= AAu:‘

e—Z(/sz—i/lzanz) '

L 4
1 —2,|

(34)
xR e—z(/llx—i/lleFl)

_ﬂ’leiz(
_ﬂzeiz(

In this way, the nonlocal one-soliton solutions of NNLS equation (1) are ob-

AA, =

lex—ijfzzHFz) e—z(qu—iizszz).

tained as following:

(ﬁ(x t) = _2_A‘ i(;)
1 1
A (35)

®
=50 (—x,t)= 2%.

2) We take N'= 2 in the N-times DT with A1=24,(j=12,3,4). The linear al-
gebraic system (7) lead to the following solutions,

A (2) A (2)
AZ = /22 AL = 221 , (36)

with
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40

30
lg'(-x.0| 20

10 4

(a) (®)

(0) (d)

Figure 2. (Color online) Profiles of (a), (c) and (b), (d) the intensity distributions § and
q with g=[q, § =|q*|, and §=1. The parameters of (a) and (b) are 4 =0.02,
A4 =3, 4,=04, 4,=05, F=01, F,=2, F,=0, F, =0. The parameters of (c)
and (d) are 4, =002, 4,=003i, 4 =04i, 4, =05, F=0, F,=2, R =3,
F,=0.

1 e 2 ix-izfteR) A Alefz(,qxfmfuﬁ)
N 1 e 2(/12x |/122t+F2) 4 ﬂﬂze—z(/lzx—mzanz)
B 1 e -2 Agx-izfts) A ﬂsefz(@xfuazna) ’
1 e 2(/14x—|z4t+|=4) A /IAe—z(AAx—M}Ha)
—2(/11x—i/112t+l?1) )
1 4 e A
—2| Apx— M,ZHFZ
AAi _ 1 ﬂ“z ( ) /122
2 1 4 2(/13x |/13t+F3) —332
1 14 e (l4x |A4t+F4) _/12
o 2 px-iafee) A /qlefz(zixfufnﬁ) ﬂfe o i)
2 B YY) YY)
A - e 2(1 x— mzt+|=2) 4 Ae 2(/12x u12t+|=2) if z(zzx |/12t+F2) .
! o 2 dgx-idt+Fs) A ﬂse—z(zgx—iﬂngFrs) ﬂje 2 rax-iZdtFs) )
e 2(/14x |l4t+F4) A l4e—2(/14x—ixlft+F4) 2 -2(/14x m4t+F4)
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In this way, the nonlocal two-soliton solutions of NNLS Equation (1) are ob-

tained as following:

(38)

(2)
- (~x 1) =222

3) We take N'= 3 in the N-times DT with 1= 4, (j=12,3,4,56). The linear

algebraic System (7) lead to solutions as following,

A (3) A (3)
A =20 py B (39)
with
—2 ayx—irft+R (Z,lx iR 2 o 2 Ax-iAfteRy
1 e A Ae - Ae
2(/12x manz) (lzx MQHFZ) ) ) 72(/12x7i/122t+|:2)
1 e A Ae A, Ae
2(23>< 122 +F3) (/13x mam:a) 2 2 —2(l3x—i132t+F3)
1 e A e A Ae
A=
1 e 2(/14x |/1}t+|:4) A Ae 2(/14x—i/1}t+|:4) 142 ﬂfe_z(l‘lx_mﬁﬂi)
2(/15x |/15t+F5) 2(/15x7u§t+|:5) ) 2(/15x7i452t+|:5)
1 e Ay A€ A
1 e z(zﬁx Mﬁm:e) A Ae z(ﬂﬁxfmb?uFe) /152 léefz(/lﬁxfuﬁztws)
14 (ﬂlx mlm:l) 2 /112 —Z(M Ma”ﬁ) _ Als
14, (/12x |lzt+F2) /122 /7?2 —2(/12x |/12t+F) _/123
AAi B 1 13 (A3x |/131+F3) ﬂsz ﬂg 2(13x—i13t+ ) —ﬂ,f
2 - bl
1 2, (/14x |l4t+F4) /142 /142e-2(14x |/14t+|=4) —ﬂf
1 ,15 (Asx M51+F5) ﬂsz 152 *2(15X*i151+':5) _/153
1 4, e-z(zﬁx-mﬁwFG) 152 iaze-z(zﬁx mﬁt+F6) —%3
—2(,11x—i/112t+F1) A Ale-z(/llx-i/lfmrl) 312 ﬂfe 2(/11x-i/1121+|:1) 3 &3e—2(/11x-i/112t+|:1)
—2(/12x—i1221+F2) —2(/12x—i1221+F2) ) ) 72(@ MZHFZ) 3 (ZQX—MQZHFZ)
e A g8 A Ay ~A5e
—2(/13x—i/132t+F3) (/13x |/13t+F3) 2 ) (/13x—il§t+F3) 3 -z(zgx-izgma)
A A8 A Age —Ae
AA,, = .
AZl e—Z(/ux—i).}HFA) 1 ﬂ, (/14x |141+F4) ﬂ’2 lze—z(lﬂ—i/ﬁwa) /13 —2(ﬂ4x |ﬂ4t+F4)
4 4 4
e—2(25x—i152t+F5) A Ae (Z5x |Z5t+F5) Asz ﬂ;e—z(z{;x-mgmrs) B ﬂ:e-z(@x-mgmrs)
e—Z(Zex—MGZHFS) ﬂa 26 (ﬁﬁx |/16t+F6) ﬂ'62 ﬂﬁze—z(/iﬁx—iiﬁgHFa) _lge—z(ﬁex—izezHFe)

(40)

In this way, the nonlocal three-soliton solutions of NNLS Equation (1) are

obtained as below:

3
q(xlt)z_gﬂ,
A “ (41)
-5q (-x,t)= 2%,
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lq"(-x.0)|

(b)

[ e
NEQRONELO®
[=lelelelelelelelo]

lg"(-x,0)]

-1

-0.004-

-0.§0'604 ~-0.002
Vo024 0.002
0.2 4 0.004

f 0643

() (d)

Figure 3. Profiles of (a), (c) and (b), (d) the intensity distribution é and 5* with

x

=il [
A4 =02, A4,=3i, 4,=04+4i, A4 =05+5, A4 =06+6i, F=0, F,=02,
F,=3, F,=04, F,=5, F,=6. The parameters of (c) are 4 =0.01, 4,=0.02,
4=003, 4,=004, 4 =5, 4, =6,F=1, F,=2, F,=3, F,=4, K =05,
F,=0. The parameters of (d) are 4 =01, A,=02i, 4 =3I, 4,=04+4i,
4 =05+5i, 4, =06+6i, FF=01, F,=02i, F,=3, F,=04, F,=5, F, =6.

=|q*|, let’s get 6=1. The parameters of (a) and (b) are A4 =0.i,

which are novel soliton solutions including the bright soliton, breather wave so-
liton. The three-soliton solutions of NNLS Equation (1) are different from the
previous works.

Figures 1-3 exhibit the exact one-, two- and three-soliton solutions of NNLS
Equation (1). Figure 2 shows the interactions among two solitons with different
amplitudes for solution (38). Figure 3 shows the collision interactions among
three-solitons with different amplitudes for solution (41). The structure of the
nonlocal solution is richer than structure of the local solution, for example the (b)

in Figure 1 does not appear in the local area, etc.

4. Conclusion

In this paper, we have constructed DT for a new NNLS equation with the
self-induced PT-symmetric potential. Selecting the appropriate parameters, we
give the expressions of N-soliton solutions, and give 1-, 2- and 3-order soliton
solutions. By solving the NNLS equation, we find that it is quite different from

the solution of the nonlinear local NLS equation. Moreover, we also study the
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dynamical behaviors of these solutions. These results can explain some physical

phenomena. The method is also appropriate for some other nonlinear nonlocal

soliton equations in physics and mathematics. In the future work, we want to

consider the initial solution besides zero, and try to obtain the DT of the coupled

nonlocal equation.
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