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Abstract

In this paper, a gradient method with momentum for sigma-pi-sigma neural
networks (SPSNN) is considered in order to accelerate the convergence of the
learning procedure for the network weights. The momentum coefficient is
chosen in an adaptive manner, and the corresponding weak convergence and
strong convergence results are proved.
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1. Introduction

Pi-sigma network (PSN) is a kind of high order feedforward neural network
which is characterized by the fast convergence rate of the single-layer network,
and the unique high order network nonlinear mapping capability [1]. In order to
further improve the application capacity of the network, Li introduces more
complex network structures based on PSN called sigma-pi-sigma neural network
(SPSNN) [2]. SPSNN can be learned to implement static mapping in the similar
manner to that of multilayer neural networks and the radial basis function net-
works.

The gradient method is often used for training neural networks, and the main
disadvantages of this method are the slow convergence and the local minimum
problem. To speed up and stabilize the training iteration procedure for the gra-
dient method, a momentum term is often added to the increment formula for
the weights, in which the present weight updating increment is a combination of

the present gradient of the error function and the previous weight updating in-
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crement [3]. Many researchers have developed the theory about momentum and
extended its applications. For the back-propagation algorithm, Phansalkar and
Sastry give a stability analysis with adding the momentum term [4]. Torii and
Bhaya discuss the convergence of the gradient method with momentum under
the restriction that the error function is quadratic [5] [6]. Shao et al study the
adaptive momentum for both batch gradient method and online gradient me-
thod, and compare the efficiency of momentum with penalty [7] [8] [9] [10] [11].
The key for the convergence analysis for momentum algorithms is the monoto-
nicity of the error function during the learning procedure, which is generally
proved under the uniformly boundedness assumption of the activation function
and its derivatives. In [8] [10] [12] [13], for the gradient method with momen-
tum, some convergence results are given for both two-layer and multi-layer
feedforward neural networks. In this paper, we will consider the gradient me-
thod with momentum for sigma-pi-sigma neural networks and discuss its con-
vergence.

The rest of the paper is organized as follows. In Section 2 we introduce the
neural network model of SPSNN and the gradient method with momentum. In
Section 3 we give the convergence analysis of the gradient method with mo-
mentum for training SPSNN. Numerical experiments are given in Section 4. Fi-

nally, in Section 5, we end the paper with some conclusions.

2. The Neural Network Model of SPSNN and Gradient
Method with Momentum

In this section we introduce the sigma-pi-sigma neural network that is com-
posed of multilayer neural network. The output of SPSNN has the form
z::lHLZ?:Vl fnij(xj), where X; is an input, N, is the number of inputs,
f; () is a function to be generated through the network training, and K'is the
number of pi-sigma network(PSN) that is the basic building block for SPSNN.
The expression of the function fnij(xj) is lt‘f;Ne_anijkBijk(Xj), where the

function By, () is either 0 or 1, and W, is weight values stored in memory.

ijk

Nq and N, are information numbers stored in X j- Fora K-th order SPSNN,

the total weight value will be
%x Kx (K +1)x N, x (N, +N, -1).

For a set of training examples {(St,Ot)e RM x R} , where O, is the ideal out-

put, t=12,---,T , we have the following actual output:
kK n Ny~ Ng+Ng-1 (s
DI [ DI I -1 (Xj ) ) >

where X(js‘) denotes the jth element of a given input vector S,.

In order to train the SPSNN, we choose a quadratic error function E(W):

1

EW) =5 200 %) = XL, a (W), 0,(W)=2(0,-¥,)
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N
where W = (Wnn: W1112"“’WK,K,N\,,Nq+NE—1) . For convenience we denote

W, = WK,K,NV,Nq+Ne—1 :
The gradient method with momentum is used to train weights. The gradients
of E(W) and g, (W) are denoted by

.
VE(W):[GE(W)’(?E(W),W’aE(W),m,aE(W)j ,
Wyqy  OWyygp Wi ow,
.
Vgt<w>=(ag‘(w)'ag‘(w>,...,69t(W>,,..,ag‘(W)] ,
OWypy  OWyyy, aWnijk ow,
and the Hessian matrices of g, (W "‘) and E (W m) at W™ are denoted by
o) Fofw
OW11;0W, W], 0W;
Vg (W)= i
Fav) o)
OW oWy oW oW,
FE(W™) *E(W™)
awﬂllawﬂll aWﬂnaW;n
VEEW™)=| R
FE(W™) O*E(W")
wWoul,  owow]

Given any arbitrarily initial weight vectors W°, W', the gradient method

with momentum updates the weight vector Wby

Wm”:W"‘—nVE(W"‘)+r”‘(Wm—W""l),m:l,Z,---, (1)

where 77 >0 is the learning rate, W™ —W™" is called the momentum term,
7" is the momentum coefficient.

Similar to [12] [14], in this paper, we choose 7" as follows:

u[vewm)|
| — ", ifAW %0
7= fawn]
0, else
where s a positive number and AW™ =W™ —-W ™", and |||| is 2-norm in this
paper.
Notice the component form of (1) is
GE(W™)
Wit =wh —p—— ™ (W — Wit
jk jk aw;?jk ( jk jk )
In fact,

y, =PSN, + PSN, ++-+ PSN, ,

Ng+Ne-1

where PSN, =[T",U, . Recalling f; (Xj): o Woi By (Xj), then
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EW) v oy
= —O t
6“‘nijk Zt:l(yt t)6“‘nijk
T oPSN, au . of;
— -0 n ni nij
Zl:l(yt t) aUni afnij éwnijk

5000 ITue e (1)

p=i

3. Convergence Results

Similar to [12] [14], we need the following assumptions.

(Al): The elements of the Hessian matrix V*E (Wm) be uniformly bounded
forany W".

(A2): The number of the elements of Q= {W|VE (W) = 0} be finite.

From (Al), it is easy to see that there exists a constant M >0 such that

”VZE(W’”)

<M,m=0,12,---.

Lemma 3.1 ([15]) Let f:R" — R be continuously differentiable, the num-
ber of the elements of the set Q:{X| Vf (x) =O} be finite, and the sequence
{Xk} satisfy
lim "xk - x“" =0,

k—0

lim

k—o0

Vf(xk)“:o.
Then there existsa X" € R" such than
mek=x*,Vf(x*)=o.

Theorem 3.2 If Assumption (A1) is satisfied. Then there exists E* >0 such

that for ne (O,&j and He [O’ -1-M n +ﬂ1+ IM n J St holds the following

M

weak convergence result for the iteration (1):

E(W™)<E(W™),

rLig;l;(W“‘):E*,
lim VE(W"‘) =0.

Furthermore, if Assumption (A2) is also valid, then it holds the strong con-

vergence result, that is there exists W* such that

r|ni£r3owm:W*,VE(W*):O.

Proof.
Using Taylor’s formula, we expand g, (W m”) at W

a0 (W) =g, (W) (v, (W) (W -w)

) . @
+E(Wm+l _Wm) Vzgt(gm)<wm+l _Wm)
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where & liesin between W™ and W™,

From (2) we have
S (W) =X g (W) 7 (Ve (W) (Wt -w)
+ ZLI%(W M\ m )T Vzgl (ém )(W med _\ym )

The above equation is equivalent to

EW™)=E(W")+5,+0, (3)

where

5,=31,(va (w" ))T (W -wm),
5L ) g ) ).
It is easy to see that
5, = (VE(Wm ))T AW ™
=(VE(W™)) (~pvE(W™)+zmaw")
= —(VE(W™)) VE(W")+<"(VE(W™)) aw"
et

= —77+,u “VE m)z

s-;;“VE(Wm)2

T

1w 5, via (6w
( ™) VPE(£m)aw ™

mlTVZ ( )AWml

E(¢")

<3 (aw

<3| (awr

)
)T

Ml

- 1 M [-rVE (W™ )+ zmaw " i

(“—WE(W"“) +emawm

(“ PVE(W"
(

(;72 “VE wr
(

|

+ "AW™

2

mAWm

)

<

+2“ nVE(W™)

)

)
N

VE(W’“)

IA
|H N = I\JIH r\> I—‘ N |

<

<

+u HVE Wm)

+ 2W“VE ")

2

77“‘#

Together with (3), we have
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E(W™)=EW™)+5,+5,

E(Wm)—(n—,u—%M (77+,u)2)“VE(W"‘)

2

IA

Set ﬂ:n—,u—%M (77+,u)2.Then

E(W™)< E(W’“)—ﬂ”VE(W’“)Z. (4)

It is easy to see that >0 when

2
ﬂe(o,ﬁj )
,ue[O —1—M77+1/1+4M77j

’ M

If n and u satisty (5), then the sequence {E(Wm)} is monotonically de-
creasing. Since E(Wm) is nonnegative, it must converge to some E">0,
that is

lim E(W"‘):E*.

m—oo

By (4) it is easy to see for any positive integer A, it holds
N-1
ﬁz m=0

Let N —>oo, then we have z:zO“VE(Wm)

i <E(W°)-E(W").

VE(W")

2
<o, so lim =0,

m—o

VE(W")

which finishes the proof for the weak convergence.
By (1), we have

"\/Vm*l—Wm"Sry”VE(Wm) AN

>

S(77+y)“VE(Wm)

which indicates

=0.

H m+1 m
fim [ - w
From Lemma 3.1, it holds

IimW"‘:W*,VE(W*):O,

m—o

which finishes the proof for the strong convergence.

4. Numerical Results

In this section, we propose an example to illustrate the convergence behavior of
the iteration (1) by comparing the iteration steps (IT), elapsed CPU time in
seconds (CPU) and relative residual error (RES). The experiment is terminated
when the current iteration satisfies RES<10® or the number of the max itera-
tion steps & = 1000 are exceeded. The computations are implemented in
MATLAB on a PC computer with Intel (R) Core (R) CPU 1000 M @ 1.80 GHz,
and 2.00 GB memory.
Example 4.1 ([16]) Four-dimensional parity problem (Table 1)
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Table 1. The data samples.

input output input output input output input output
1111 0 -11-1-1 1 -1-1-11 1 1-1-11 0
-1111 1 11-1-1 0 1-11-1 0 -1-11-1 1
111-1 0 1-111 1 -1-1-1-1 0 11-11 1
-111-1 0 -1-111 0 1-1-1-1 1 -11-11 0

Table 2. Optimal parameters, CPU times, iteration numbers, and residuals.

Algorithm OPT CPU(s) T RES
no momentum n=10"° 0.3984 223 1.3178x10°°
momentum 1n=10°,u=5x10"° 0.2106 28 9.3907x10°°

In this simulation experiment, the initial weights W° is a zero vector of 24
dimensional and W' is a 24 dimensional vector whose elements are all 1. The
learning rate 7 =0.00001 and momentum factor g =0.00005. The number of
training samples is T =16. In the above Table 2, we compare the convergence
behavior of the gradient method with momentum and the gradient method with
no momentum. It can be seen that the network training is improved significantly

after added the momentum item.

5. Conclusion

In this paper, we study the gradient method with momentum for training sig-
ma-pi-sigma neural networks. We take the momentum coefficient in an adaptive
manner, and the corresponding weak convergence and strong convergence re-
sults are proved. The Assumptions Al and A2 in this paper seem to be a little

severe, so how to weaken the one or two assumptions will be our future work.
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