
Journal of Applied Mathematics and Physics, 2018, 6, 530-553 
http://www.scirp.org/journal/jamp 

ISSN Online: 2327-4379 
ISSN Print: 2327-4352 

 

DOI: 10.4236/jamp.2018.63048  Mar. 23, 2018 530 Journal of Applied Mathematics and Physics 
 

 
 
 

Poisson (Co)homology of a Class of Frobenius 
Poisson Algbras 

Mengyao Wang 

College of Science, University of Shanghai for Science and Technology, Shanghai, China 

 
 
 

Abstract 
In this paper, we study the truncated polynomial algebra Λ in n variables, and 
discuss the following four problems in detail: 1) Homology complex and ho-
mology group of Poisson algebra Λ; 2) Given a new Poisson bracket by calcu-
lation modular derivation of Frobenius Poisson algebra; 3) Calculate the 
twisted homology group of Poisson algebra Λ; 4) Verify the theorem of 
twisted Poincaré duality between twisted Poisson homology and Poisson Co-
homology. 
 

Keywords 
Poisson Algebra, Poisson (Co)homology, Twisted Poisson Module, Twisted 
Poincaré Duality 

 

1. Introduction 

Poisson structures appear in a large variety of different contexts, ranging from 
string theory, classical/quantum mechanics and differential geometry to abstract 
algebra, algebraic geometry and representation theory. They play an important 
role in Poisson geometry, in algebraic geometry and non-commutative. Poisson 
cohomologies are important invariants of Poisson structures. The set of Casimir 
elements of the Poisson structure is the 0-th cohomology; Poisson derivations 
modulo Hamiltonian derivations are the 1-st cohomology. Poisson cohomology 
appears as one considers deformations of Poisson algebras. Given a Poisson alge-
bra, we can get some vital information about the Poisson algebra structure from 
calculate its Poisson (Co)homology.  

C. Kassel started calculate the (Co)homology of linear Poisson structure (see 
[1]). Luo J, Wang S.Q (see [2]) get the Twisted Poincare duality between Poisson 
homology and Poisson cohomology in quadratic Poisson algebra. Roger C and 

How to cite this paper: Wang, M.Y. (2018) 
Poisson (Co)homology of a Class of Frobe-
nius Poisson Algbras. Journal of Applied 
Mathematics and Physics, 6, 530-553. 
https://doi.org/10.4236/jamp.2018.63048 
 
Received: March 5, 2018 
Accepted: March 20, 2018 
Published: March 23, 2018 
 
Copyright © 2018 by author and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/  

  
Open Access

http://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2018.63048
http://www.scirp.org
https://doi.org/10.4236/jamp.2018.63048
http://creativecommons.org/licenses/by/4.0/


M. Y. Wang 
 

 

DOI: 10.4236/jamp.2018.63048 531 Journal of Applied Mathematics and Physics 
 

Vanhaecke P (see [3]) do the research about the Poisson cohomology of the af-
fine plane. Pichereau calculate the Poisson homology in 3 dimension affine space 
(see [4]). Tagne Pelap calculates the Poisson (Co)homology of polynomial alge-
bra with 3 variable in generalized Jacobian Poisson structure (see [5]). Foramlity 
theorem has been proved by Kontsevich in 2003 (see [6]), and the results re-
vealed the importance Poisson algebra and its deformation quantization. In gen-
eral, it is very important to calculate Poisson cohomology from a given Poisson 
structure. These researches mainly focused on the smooth algebra and the finite 
dimension algebra.  

The homology theorem of the singular algebra is few. Launois S and Richard L 
[7] calculate the Poisson (Co)homology of truncated polynomial algebras in 2 
variables, and established the twisted Poincaré duality between them. [8] and [9] 
proofed this conclusion stands for all Frobenius Poisson algebra. In this paper, 
we want to study infinite dimension situation: a truncated polynomial algebra 
with n variables. 

2. Main Results 

In this paper, we let k is a number field. We consider the truncated polynomial 
algebras in n variables 2

1 2, , , ,n i j j i ik x x x x x x x xΛ = −

 
with the Poisson 

bracket 

{ }, , 1 ,i j ij i j ijx x x x i j n kλ λ += ∀ ≤ < ≤ ∈
 

We get some mainly results. In part 4, we get the i-th homology group 
( )iHP Λ  of algebra Λ 

( )0 1 2 nHP k kx kx kxΛ = ⊕ ⊕ ⊕ ⊕
, ( ) ( )0 1iHP iΛ = ≥ . 

In part 5, we calculate Poisson modular derivation after we get the Frobenius 
pairing 
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=
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then we can get the new Poisson module structure 
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( ) ( )( ) ( )
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+ − + −
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In part 6, we get the twisted Poisson homology group and we get the results 

( )0 , DHP kΛ Λ = , ( ), 0D
nHP Λ Λ =  

the elements in ( ) ( ), 1 1D
mHP m nΛ Λ ≤ ≤ −  with the length of 0 ~ m  in ker m

π∂ .  
In part 7, we check the twisted Poincaré duality between Poisson homology 

and Poisson Cohomology ( ) ( )( )*. . : , ,i D
iP D HP HPΛ Λ ≅ Λ Λ  by calculating the 
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Twisted Poisson cohomology.  

3. Some Preliminary Definition and Proposition 

Definition 1 [10]. A Poisson algebra is an k-vector space A equipped with two 
multiplications ( ),x y x y⋅

and ( ) { }, ,x y x y
 such that 

1) ( ),A ⋅  is a commutative associative algebra over k, with unit 1; 
2) { }( ), ,A ⋅ ⋅  is a Lie algebra over F; 
3) The two multiplications are compatible in the sense that 

{ } { } { }, , , .x y z x y z y x z⋅ = ⋅ + ⋅  

where x, y and z are arbitrary elements of A. The Lie bracket { },⋅ ⋅  is then called 
a Poisson bracket 

Example 1. The commutative polynomial algebra in two variables [ ],S k x y=  
is a Poisson algebra for the bracket defined on the generators by 

{ }, 1,x y =  

or equivalently for any ,P Q S∈  

{ }, .P Q Q PP Q
x y x y

∂ ∂ ∂ ∂
= −
∂ ∂ ∂ ∂

 

More generally, for any 1n ≥ , [ ]1 1, , , , ,n nS k x x y y=  
 is a Poisson algebra 

for the “symplectic” bracket defined on the generators by 

{ } { } { },, , , , 0i j i j i j i jx y x y y yδ= = = , for all 1 ,i j n≤ ≤  

or equivalently for any ,P Q S∈  

{ }
1

, .
n

i i i i i

P Q Q PP Q
x y x y=

∂ ∂ ∂ ∂
= −

∂ ∂ ∂ ∂∑  

We refer to this Poisson algebra as the Poisson-Weyl algebra, denoted by 
( )nS k .  

Example 2. For any kλ∈ , the commutative polynomial algebra [ ],S k x y=  
is a Poisson algebra for the “multiplicative” bracket defined on the generators by 

{ }, .x y xyλ=  

More generally, for any 2n ≥  and for any n n×  antisymmetric matrix 

( )ijλ λ=  with entries in k, [ ]1, , nS k x x= 
 is a Poisson algebra for the bracket 

defined on the generators by
 

{ },i j ij i jx x x xλ=  for all 1 i j n≤ < ≤ .  

We refer to this Poisson algebras as the Poisson-quantum plane and Pois-
son-quantum space respectively, denoted by ( )2P kλ  and ( )nP kλ .  

Definition 2 [11]. Let { }( ), ,A − −  be a Poisson algebra. A right A-module 
( ), ,M + ⋅  is called a right Poisson module over A, if there is a bilinear map 
{ }, :M M R M− − × →  such that 

1) { }( ), , MM − −  is a right Lie-module over the Lie algebra { }( ), ,R − − ; 
2) { } { } { }, , ,M Mx a b x b a x a b⋅ = ⋅ + ⋅  for any , ,a b R x M∈ ∈ ; 
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3) { } { } { }, , ,M M Mx ab x a b x b a= ⋅ + ⋅  for any , ,a b R x M∈ ∈ .  
Left Poisson modules are defined similarly. In particular, any Poisson algebra 

R is naturally a right and left Poisson module over itself 
For a Poisson algebra A, the space A has a natural right (also, left) Poisson 

module structure. Given two right Poisson modules { }( ), , , MM ⋅ − −  and 
{ }( ), , , NN ⋅ − −  over A, a k-linear map :f M N→  is called a morphism of 

Poisson modules if 

( ) ( ) { }( ) ( ){ }, , , .M N
f m a f m a f m a f m a⋅ = ⋅ =  

for each m M∈  and a A∈ . The following two properties on Poisson modules 
are straightforward. 

Proposition 1 [8]. Suppose that { }( ), , , MM ⋅ − −  is a right Poisson module 
over A, Then the following actions define a left Poisson module structure on 

( )* : ,kM Hom M k=  

( )( ) ( ): , : .a M k a m m aα α α• ⋅ → ⋅ = ⋅  

{ } { } ( ) { }( )* *: , : , .M M Ma M k a m m aα α α• ⋅ → ⋅ =  

for each *, ,a A M m Mα∈ ∈ ∈ . Similarly, a left Poisson module M yields a right 
Poisson module *M . 

Proposition 2 [8]. Let { }( ), , , NN ⋅ − −  be a right Poisson module over A and 
M be a right A-module. Suppose that :f M N→  is an isomorphism of 
A-modules. Then there exists a right Poisson module structure on M given by:  
{ } ( ){ }( )1, : ,M N
m a f f m a−= . for each ,a A m M∈ ∈ , such that f is an isomor-

phism of Poisson modules. 
Definition 3 [2]. Let R be a Poisson algebra. In general, let ( )1 RΩ  be the 

Kähler differential module of R and ( )p RΩ  be the p-th Kahler differential 
forms. Given a right Poisson module M over the Poisson algebra R, there is a ca-
nonical chain complex  

( ) ( )
( )

1

2 1 0

1

1 0

p pp p
R R

R R

M R M R

M R M R

−∂ ∂−

∂ ∂ ∂

→ ⊗ Ω → ⊗ Ω →

→ ⊗ Ω → ⊗ →

 

       
 (1) 

where for 1p ≥ , ( ) ( )1: p p
p R RM R M R−∂ ⊗ Ω → ⊗ Ω  is defined as: 

( )
( ) { } 

( ) { }  

1

1
1

1

1
1

d d

1 , d d d

1 d , d d d d .

p p

p
i

i i pM
i

i j
i j i j p

i j p

m a a

m a a a a

m a a a a a a

−

=

+

≤ < ≤

∂ ⊗ ∧ ∧

= − ⊗ ∧ ∧

+ − ⊗ ∧ ∧ ∧

∑

∑



 

  

 

It is easily check that p∂  is well defined, that is 1 0p p−∂ ∂ = .  
The complex (1) is called the Poisson complex of R with values in M, and for 

0p ≥  its p-th homology is called the p-th Poisson homology of R with values in 
M, denoted by ( ),pHP R M .  

Definition 4 [2]. For any p∈ , ( )p Mχ  be the p-fold polyderivations 
from R to M. There is also a canonical cochain complex 
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( ) ( )
( )

0 1 11

1

0
p

p

p

p

M M M

M

δ δ δ

δ

χ χ

χ

−

+

→ → → →

→ →





         (2) 

where ( ) ( )1:p p pM Mδ χ χ +→  is defined as ( )pF Fδ  with 

( )( )
( ) ( ) ( ){ }
( ) ( ) { }( )

1 1

1
1

1 1
1

1
1 1

1 1

ˆ1 1 ,

ˆ ˆ1 1 ,

p
p

p
p i

i p i Mi
p i j

i j i j p
i j p

F a a

F a a a a

F a a a a a a

δ +

+
+

+
=

+ +
+

≤ < ≤ +

∧ ∧

= − − ∧ ∧

+ − − ∧ ∧ ∧

∑

∑



 

    

It is easily check that p∂  is well defined, that is 1 0p pδ δ − = .

 
The complex (2) is called the Poisson cochain complex of R with values in M, 

and for 0p ≥  its p-th cohomology is called the p-th Poisson cohomology of R 
with values in M, denoted by ( ),pHP R M . 

The elements in 1kerδ  are called Poisson derivations, and the elements in 
0Imδ  are called Hamiltonian derivations which are of the form { }, Mm − , for 

m M∈ . 
Definition 5 [8]. A finite dimensional k-algebra R is frobenius if satisfied: as 

left R module, *R R≅ , where ( )* ,kR Hom R k= .
 

Definition 6 [8]. Let A be a Frobenius Poisson algebra with defining bilinear 
form ,− − . Define a map :D A A→  via ( ) { }1, DD a a= , for a A∀ ∈ . We 
call D the modular derivation 

Proposition 3 [2]. Let ( )1D Rχ∈  be a Poisson derivation, and M be a right 
Poisson R-module. Define a new bilinear map { }, :DM M R M− − × →  as 

{ } { } ( ), : ,DM Mm a m a m D a= + ⋅ . 

Then the R-module M with { }, DM− −  is a right Poisson R-module, which is 
called the twisted Poisson module of M twisted by the Poisson derivation D, de-
noted by DM . 

Lemma 1 [11]. Let S be a Frobenius Poisson algebra. Then, for all i N∈ , we 
have: 

( ) ( )( )*. . : , ,i
i DP D HP A A HP A A≅  

4. Homology Group 

Before we calculate the homology, it is necessary to write the homology complex 
first. We give the basis in linear space in every point of the complex. Obviously, 

( )0Ω Λ = Λ . ( )1
1 1 2 2d d dn nC x C x C xΩ Λ = ⊕ ⊕ ⊕ , 1 2

1 2
nii i

j nC x x x=  , 0ji =  and 
0ki =  or 1, for 0ki = . ( ) 11

1 1d , 0, 0 , , 1Ω Λ = ⊕ = ≤ ≤ 

nii
n j j nCx x x i i i , and 

C k∈ . 
2 0jdx = , ( ) 12

1 1d d , , 0, 0 , , 1,nii
n j k j k nCx x x x j k i i i i C kΩ Λ = ⊕ ∧ < = = ≤ ≤ ∈  .

 
Similarly, we can get  

( ) 13
1

1

d d d , ,

0, 0 , , 1, ;

nii
n p q r

p q r n

Cx x x x x p q r

i i i i i C k

Ω Λ = ⊕ ∧ ∧ < <

= = = ≤ ≤ ∈
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( ) 14
1

1

d d d d , ,

0, 0 , , 1, ;

nii
n p q r s

p q r s n

Cx x x x x x p q r s

i i i i i i C k

Ω Λ = ⊕ ∧ ∧ ∧ < < <

= = = = ≤ ≤ ∈





 

  

( ) 1d d , ;n
nC x x C kΩ Λ = ∧ ∧ ∈  

( ) ( )0 .m m nΩ Λ = >  

So we can get the Poisson complex  

( ) ( ) ( ) ( )
( )

1 1

2 1 0

1 1 2

1 0

q q q
q q q

π π π

π π

+ −∂ ∂ ∂
+ −

∂ ∂ ∂

→Ω Λ →Ω Λ →Ω Λ → →Ω Λ

→Ω Λ →Λ→



  (3) 

Then we calculate the Poisson homology group and get some results. 
Proposition 4.1. ( )0 1 2 nHP k kx kx kxΛ = ⊕ ⊕ ⊕ ⊕

 
Proof: 

( )

{ }1 1 2

1 1

0 0
1 1 2

1 1

:

d ,n n
n n

i ii i i
j n j j n j

j j
Cx x x x C x x x x x

π

= =

∂ Ω Λ →Λ

∑ ∑    

 

With the definition of Poisson bracke, we can write  

{ }1 1|1
ki i kx x i i n≤ < < ≤   as the results of image { }1 0

1 ,nii
j n jx x x x  . Next, we 

will prove that, when 2ki ≥ , we can find preimage in ( )1Ω Λ  for all elements 
1) The preimage of image with the length of 2 

{ } ( )1 1 1d , , .i j i j ij i j i j
ij ij ij

x x x x x x x x i jλ
λ λ λ

= = <  

2) The preimage of image with the length of 3 

{ }

{ } { }( ) ( )

1 1d ,

1 , , , .

i j p i j p
ip jp ip jp

i j p j i p i j p
ip jp

x x x x x x

x x x x x x x x x i j p

λ λ λ λ

λ λ

+ +

= + = < <
+



 

3) The preimage of image with the length of n 

{ }

1 2 1
1 2 1

1 2 1 1 2
1 2 1

1 d

1 , .

n n
n n n n

n n n
n n n n

x x x x

x x x x x x x

λ λ λ

λ λ λ

−
−

−
−

+ + +

+ + +





   



 

4) Generally, The preimage of image with the length of ( )1m m n< <  
 

{ }

{ } { }( )
1 1 1 1

1 1 1 1

1 2 1 1 1 2
1 1

1

1 1d ,

1 , ,

.

λ λ λ λ

λ λ

− −

− −

− − −

−

+ + + +

= + +
+ +

=

  

 

  





m m m m
m m m m m m

m m m m m
m m m

m

i i i i i i
i i i i i i i i

i i i i i i i i
i i i i

i i

x x x x x x

x x x x x x x x

x x
 

we can find preimage in ( )1Ω Λ  for all elements 
Hence, we can find preimage of the image in ( )1Ω Λ  when image length ki  

satisfied 2ki ≥ . However, we can not find the preimage of image with the length 
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of 1 in ( )1Ω Λ . 
So we can get 0-th homology group  
( )0 0 1 1 2ker Im nHP k kx kx kxπ πΛ = ∂ ∂ = ⊕ ⊕ ⊕ ⊕ .

 The proof is completed. 
Proposition 4.2. ( )1 0HP Λ =  
Proof:  

( ) ( )2 1
2 1

π π∂ ∂Ω Λ →Ω Λ →Λ

 Firstly, we calculate 1ker π∂  

( )

{ }1 1 2

1 1

0 0
1 1 2

1 1

:

d ,n n
n n

i ii i i
j n j j n j

j j
Cx x x x C x x x x x

π

= =

∂ Ω Λ →Λ

∑ ∑    

 

the mapping between the elements is 

{ } { }

2 1 2 3 11 2 1 2 1

3 12

2 1 21 2 1 2
1 1

1
1

1 2 2 1 1 2 2 1 1 3 1 2

2 3 1 1

, , 1 2 2 1 , , 1 2 2 1

, , 1 1

d d d

d

, ,

− − − −

−

− − −

− − − − −

−

− − − −

−

+ + +

+

+ +

+

 



   



   



n n n n n n

n n

n n n n
n n

n

i i j j p p pi i j j p
n n n n n n n n

q q qq
n n

i i j ji i j j
i i n n n j j n n n

pp
p p n

x x x x x x x x x x x x x x x

x x x x x

k x x x x x k x x x x x

k x x{ } { }1 3 12
12 , , 2 3 1 1, ,− −

−+




n n n n
n

p q q qq
n q q n nx x k x x x x x

 

We have n preimage, each of them has the length of ( )1 1k k n≤ ≤ − . The im-
age has 1k +  in length, then we calculate the image in each item. 

The first term:  

{ } ( )2 1 11 2 1 2
1 1, , 1 2 2 1 , , 1 1 2 2 1 1 1 2 1,n n n

n n

i i ii i i i
i i n n n i i n n n n n n nk x x x x x k i i i x x x xλ λ λ− − −

− − − − −= + + +
 

  

 
ob-

viously, image has the different form with different value in  
( )1 2 1 1 1, , , 0 , , 1n ni i i i i− −≤ ≤ 

. Now we discuss all the situation about the first 
item in Table 1. 

The second item: 
{ }
( )

21 2
1

1 2
1

, , 1 2 2 1

, , 1 1 1 2 2 1 1 1 2 1

,

λ λ λ

−
− −

− − − −= + + +







 

n n
n

n
n

j jj j
j j n n n

jj j
k k n n n n n n n

k x x x x x

k j j j x x x x
 

Similarly, we discuss all the situation about the second item in Table 2. 
...... 
The ( )1n − -th item:  

{ } ( )1 11 1
1 1, , 1 1 2 , , 1 12 3 32 2 1 2 1,n n n n

n n

p p p pp p
p p n n p p n n n nk x x x x k p p p x x x xλ λ λ− −

− −= + + +
 

  

 
The n-th item:  

{ } ( )1 12 2
1 1, , 2 1 1 , , 2 21 3 31 1 1 2 1,n n n n

n n

q q q qq q
q q n n q q n n n nk x x x x k q q q x x x xλ λ λ− −

− −= + + +
 

  

 
Similarly, we can discuss all the situation about the ( )1n − -th, n-th item. 
Because the Poisson structure of Λ is homogeneous. We can discuss the image 

of 1
π∂  by length.  

1) The preimage of image with the length of 1 

dij i j ij ij i jC x x C x xλ∑ ∑

 
Let 1kerij i jC x dx π∈ ∂∑ , then 0ij ij i jC x xλ =∑ . we can get ( ) 0ij ji ijC C λ− =  

for i j∀ < , that is ij jiC C= . we have  
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Table 1. This table shows different form in image with the different value in 1 2 1, , , .− ni i i  

Image length value Denoted by image 

2 

1 2 3 11, 0ni i i i −= = = = =
 1,0,0, ,0i

  1 1n nx xλ  

2 1 3 11, 0ni i i i −= = = = =
 0,1,0, ,0i

  2 2n nx xλ  

      

1 1 2 21, 0n ni i i i− −= = = = =
 0,0,0, ,1i

  1 1n n n nx xλ − −  

3 

1 2 3 11, 0ni i i i −= = = = =
 1,1,0, ,0i



 ( )1 2 1 2n n nx x xλ λ+  

1 3 2 11, 0ni i i i −= = = = =
 1,0,1, ,0i



 ( )1 3 1 3n n nx x xλ λ+  

      

2 1 1 31, 0n n ni i i i− − −= = = = =
 0,0, ,1,1i



 ( )2 1 2 1n n n n n n nx x xλ λ− − − −+  

  

1n −  

1 2 3 10, 1ni i i i −= = = = =
 0,1,1, ,1i



 ( )2 1 1 2 1ˆn n n n nx x x xλ λ − −+ + 
 

2 1 3 10, 1ni i i i −= = = = =
 1,0,1, ,1i



 ( )1 1 1 2 1ˆn n n n nx x x xλ λ − −+ + 
 

      

1 1 2 20, 1n ni i i i− −= = = = =
 1,1,1, ,0i



 ( )1 2 1 2 1ˆn n n n n nx x x xλ λ − − −+ + 
 

n 
1 2 2 1 1n ni i i i− −= = = = =

 1,1, ,1,1i
  ( )1 1 1n n n nx xλ λ −+ + 

 
 

Table 2. This table shows different form in image with the different value in 1 2, , , . nj j j  

Image length value Denoted by image 

2 

1 2 21, 0n nj j j j−= = = = =
 1,0,0, ,0j

  1 1 1 1n nx xλ − −  

2 1 21, 0n nj j j j−= = = = =
 0,1,0, ,0j

  2 1 2 1n nx xλ − −  

      

1 -21, 0n nj j j= = = =
 0,0, ,1,0j

  1 1n n n nx xλ − −  

3 

1 2 31, 0nj j j j= = = = =
 1,1,0, ,0j



 ( )1 1 2 1 1 2 1n n nx x xλ λ− − −+  

1 2 31, 0nj j j j= = = = =
 1,0,1, ,0j



 ( )1 1 3 1 1 3 1n n nx x xλ λ− − −+  

      

2 1 31, 0n n nj j j j− −= = = = =
 0,0, ,1,1j



 ( )2 1 1 2 1n n n n n n nx x xλ λ− − − − −+  

  

1n −  

1 2 30, 1nj j j j= = = = =
 0,1,1, ,1j



 ( )2 1 1 1 2 1ˆn n n n nx x x xλ λ− − −+ + 
 

2 1 30, 1nj j j j= = = = =
 1,0,1, ,1j



 ( )1 1 1 1 2 1ˆn n n n nx x x xλ λ− − −+ + 
 

      

1 2 20, 1n nj j j j −= = = = =
 1,1,1, ,0j



 ( )1 1 2 1 1 2 1 ˆn n n n nx x x xλ λ− − − −+ + 
 

n 
1 2 2 1n nj j j j−= = = = =

 1,1, ,1,1j
  ( )1 1 1 1n n n nx xλ λ− −+ + 

 
 

1 2 2 1 1

1 1 1

2 3 3 2 1

1 1 1

d d ker

d d ker

d d ker

d d ker

n n

n n n n

x x x x

x x x x

x x x x

x x x x

π

π

π

π
− −

+ ∈ ∂

+ ∈ ∂

+ ∈ ∂

+ ∈ ∂
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Obviously, for i j∀ < , the preimage of d di j j ix x x x+  is 1 d di j
ij

x x
λ

∧  under 

the map 2
π∂ .  

2) The preimage of image with the length of 2 

( )dijk i j k ijk ik jk i j kC x x x C x x xλ λ+∑ ∑  

Let 1d kerijk i j kC x x x π∈ ∂∑ , then ( ) 0ijk ik jk i j kC x x xλ λ+ =∑ . we can get 

( ) ( ) 0ijk ik jk jki ji kiC Cλ λ λ λ+ + + =  for i j k∀ < < , that is ik ji
ijk jki

ik jk

C C
λ λ
λ λ

−
=

+
.  

we have:
 

1 21
1 2 2 1 1

1 2

1 1 1
1 1 1 1 1

1 1

d d ker

d d ker

π

π

λ λ
λ λ

λ λ
λ λ
− −

− −
−

−
+ ∈ ∂

+

−
+ ∈ ∂

+



n
n n

n n

n n n
n n n n

n n n

x x x x x x

x x x x x x

 

Obviously, for i j k∀ < < , the preimage of d dik ji
i j k j k i

ik jk

x x x x x x
λ λ
λ λ

−
+

+
 is 

d dj i kx x x− ∧  under the map 2
π∂ .  

3) Generally, the preimage of image with the length of ( )1 1m m n< < −  

( )1 1 1 1 1 1 1 1 1
d

m m m mi i i i i i j i i i i j ij i i i jC x x x x C x x x xλ λ
− − − −

+ +∑ ∑
 

   

 
Let 

1 1 1 1 1d ker
m mi i i i i i jC x x x x π
− −

∈ ∂∑


 , then  

( )1 1 1 1 1
0

m mi i i i j ij i i i jC x x x xλ λ
− −

+ + =∑


  . 

we have: 

( )
( )

1 2 1 1 2 1

1 2 1 1 2 1 1

d

d ker π

λ λ λ λ

λ λ λ λ
− −

− −

− + + + +

+ + + + + ∈ ∂

 

 

m m

m m

i i i i i i ij i i i i j

i j i j i j ij i i i j i

x x x x x

x x x x x
 

Obviously, under the map 2
π∂ , for i j∀ < , the preimage of  

( )
( )

1 2 1 1 2 1

1 2 1 1 2 1

d

d
m m

m m

i i i i i i ji i i i i j

i j i j i j ij i i i j i

x x x x x

x x x x x

λ λ λ λ

λ λ λ λ
− −

− −

− + + + +

+ + + + +

 

 

 is 
1 2 1

d d
mi i i i jx x x x x
−

− ∧
. 

(4)The preimage of image with the length of 1n −  

( )1 1 11 1dk n k k nk k nk n k nC x x x x C x x xλ λ+ +∑ ∑ 

   



     

 

Let 1 11 d kerk n kk nC x x x x π∈ ∂∑ 

 



  , then  
( )1 11 0k nk k nk nC x x xλ λ+ + =∑ 

 

  
.  

we have:
 

1 2 1
2 3 1 1 2 1 1

12 13 1

1 1
1 1 1

12 1 1 1

d d ker

d d ker

π

π

λ λ λ
λ λ λ

λ λ λ λ
λ λ λ λ

−
−

−

+ + +
+ ∈ ∂

+ + +

+ + + + +
+ ∈ ∂

+ + + + +



 





  

 

   

  

n n n n
n n n

n

n jn kn n n
k n k j n j

j k n

x x x x x x x x

x x x x x x x x
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Obviously, under the map 2
π∂ , for 1 j k n∀ ≤ < ≤ , the preimage of  

( )
( )
1 1 1

12 1 1 1 1

d

d

n jn kn n n k n k

j k n j n j

x x x x

x x x x

λ λ λ λ

λ λ λ λ

−+ + + + +

+ + + + + +



    



    

 is  

1 2 d dj k n j kx x x x x x x− ∧ 

  
. 

In conclusion, 2
π∂  is surjection. So we have the 1-th homology group 

( ) 1
1

2

ker 0 .
Im

HP
π

π

∂
Λ = =

∂
 

The proof is completed. 
Now, we write the general condition in Proposition 4.3, the process of proof is 

similar with Proposition 4.2. 
Proposition 4.3. ( ) ( )0, 1pHP p p nΛ = ≤ ≤ .

 Proposition 4.4. ( ) 0nHP Λ =  

Proof: lastly, we calculate the n-th homology group ( )
1

ker
Im

n
n

n

HP
π

π
+

∂
Λ =

∂
 

( ) ( ) ( )1
1 1

n n
n n n

π π
+∂ ∂

+ −Ω Λ →Ω Λ →Ω Λ  

Firstly, we calculate ker n
π∂ ,  

( ) ( )
( ) { }

( ) { } ( ) { }
( )( ) { }

1

1 1
1

1 2 1 3
1 2 3 4 1 3 2 4

1
1 1 2 2

:
ˆd d 1 d , d d

ˆ ˆd d d

1 d , d d d 1 d , d d

d 1 d , d d d

n n n

i j
n i j i

i j k n

j k n

n

n n
n n n n

x x F F F F

F F F

x x x x x x x x x

x x x x x x

π
−

+

≤ < < < ≤

+ +

− +
− −

∂ Ω Λ →Ω Λ

∧ ∧ − ∧ ∧ ∧

∧ ∧ ∧ ∧ ∧ ∧

= − ∧ ∧ ∧ ∧ + − ∧ ∧

∧ ∧ + + − ∧ ∧ ∧ ∧

∑


  

  



  

 

the image is:  

( ) { } ( ) { }
( ) { }
{ } { }

{ }

1 2 1 3
1 2 3 4 1 3 2 4

( 1)
1 1 2 2

1 2 3 4 1 3 2 4

1 1 2 2

1 d , d d d 1 d , d d d

1 d , d d d

d , d d d d , d d d

d , d d d

n n

n n
n n n

n n

n n n

x x x x x x x x x x

x x x x x

x x x x x x x x x x

x x x x x

+ +

− +
− −

− −

− ∧ ∧ ∧ ∧ + − ∧ ∧ ∧ ∧

+ + − ∧ ∧ ∧ ∧

= − ∧ ∧ ∧ ∧ + ∧ ∧ ∧ ∧

+ − ∧ ∧ ∧ ∧

 

 

 

 

 

( ) ( )
( )

12 1 2 2 1 3 4 13 1 3 3 1 2

4 1 1 1 1 2 2

d d d d d d d d

d d d d d d d
n

n n n n n n n n

x x x x x x x x x x x x

x x x x x x x x x

λ λ

λ − − − −

= − + ∧ ∧ ∧ ∧ + + ∧

∧ ∧ ∧ + − + ∧ ∧ ∧ ∧



  

 
We can easily see that this element can not be 0, that is ker 0n

π∂ = , so  

( )
1

ker
0

Im
n

n
n

HP
π

π
+

∂
Λ = =

∂  
The proof is completed. 
In conclusion, we have the homology group of Λ ( )iHP Λ  

( )
( )
( )

1 , 0

0, 1

⊕ ⊕ ⊕ =Λ = 
≥

 n
i

k kx kx i
HP

i
               (4) 
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5. Modular Derivation and Twisted Poisson  

In this part, we should calculate the Frobenius modular derivation and get the 
twisted Poisson structure. Firstly, we need get the Frobenius isomorphism and 
Frobenius pairing. 

5.1. Frobenius Isomorphism and Frobenius Pairing 

The Frobenius algebra Λ has dimension 2n, with basis  

{ } { }1 11 |1
ki i kx x i i n≤ < < <   . The dual space *Λ  has the basis  

{ } { }1

* *
11 |1

ki i kx x i i n≤ < < <   , satisfied 

( )

* :
1
0

i

i

j

x k
x
x j i

Λ→

≠





 

Frobenius isomorphism *:σ Λ→Λ  is given by 

( )
1 1 1, , , ,1 : .

n n ni i i i i ic x x cσ ∑
 

   

Choosing a basis { }1 2
1 2 1 20 , , , 1nii i

n nx x x i i i≤ ≤  . 

( )

*:
1 1 .

σ
σ

Λ→Λ



 

We can easily get the Frobenius paring is 

1 1
1 1

1, 1,
,

0, else
n n i iq pq p

n n

q p i
x x x x

+ = ∀
= 


 
 

5.2. Twisted Poisson Module 

Now we calculate the Modular derivation ( )iD x  

( ) { }
( ){ }( )

( )
*

1

1 * * * * *
1 1

1,

1 ,

1 .

σ σ

σ

−

−

=

=

= + + + +∑


 

i i D

i A

i i ij i j n n

D x x

x

k x k x x k x x

 

Compute it by each item 

( ){ }( ) ( ){ }1 , 1 1 ,1 0i ix xσ σ= =
                  

 (5) 

( ){ }( ) ( ){ }
( )( )

1 , 1 ,

1 0

σ σ

σ λ

=

= =

i j i j

ij i j

x x x x

x x                 
 (6) 

  

 ( ){ }( ) ( ){ }1 1 1 1ˆ ˆ1 , 1 , 0i j n i j nx x x x x x x xσ σ− −= =   

        
 (7) 

( ){ }( ) ( ){ }1 1ˆ ˆ1 , 1 ,i j n i j nx x x x x x x xσ σ=               (8) 

By the definition of ( )1σ , Equations (5)-(7) equal to 0. Then we discuss (8). 
when i j= ,  
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{ }
{ } { }

{ } { }
{ } { }

( ) ( )( )

1

2 3 1 1 3 2

1 2 2 1 1 2 2 1

1 2 1 3 2 1 2 1

1 2 1 2 1 1

ˆ,

ˆ ˆ, ,

ˆ ˆ, ,

ˆ ˆ, ,

.

i i n

i n i i n i

i i n i i i i n i i

i i i n i i i n i n

i i i i i n i i i i i n

x x x x

x x x x x x x x x x x x

x x x x x x x x x x x x x x

x x x x x x x x x x x x x x

x x xλ λ λ λ λ λ

− − + +

+ + + −

+ + −

= + +

+ +

+ + +

= + + + − + + +

 

    

   

    

   

 
We have  
( ){ }( ) ( ) ( )1 1 2 1 2 1ˆ1 , i i n i i i i i n i i i ix x x xσ λ λ λ λ λ λ+ + −= + + + − + + +     

( ){ } ( ) ( )( )*
* * *

1 2 1 2 1 11 , .i i i i i i n i i i i i nA
x x x xσ λ λ λ λ λ λ+ + −⇒ = + + + − + + + 

     

We can get  

( ) { }

( ) ( )( ){ }
( ) ( )( )

1 * * *
1 2 1 2 1 1

1 2 1 2 1

1,

ˆ

.

i i D

i i i i i n i i i i i n

i i i i i n i i i i i

D x x

x x x

x

σ λ λ λ λ λ λ

λ λ λ λ λ λ

−
+ + −

+ + −

=

= + + + − + + +

= + + + − + + +

   

 

 

(9)

 

Then we give the twisted Poisson module of Λ 

{ }
( ) ( )( ) ( )

( ) ( )( ) ( )
( )

1 1 2 1 1 1

1 1 1 1 2 1

,

,

,

0,

λ λ λ λ λ λ λ

λ λ λ λ λ λ λ

Λ

+ − + −

+ − + −

 + + − + + + + + + <

= + + + + + − + + + >


=


  

  

Di j

j j j n j j i j i j j j i j

j j j i j i j n j j j j i j

x x

x x i j

x x i j

i j  

(10) 

6. Twisted Poisson Homology 

In this part, we calculate the twisted Poisson homology after we get the new 
poisson module structure { }, Di jx x

Λ
. give a right Poisson module DΛ , we have 

the new canonical chain complex 

( ) ( )
( )

1

2 1 0

1

1 0 .

p pD p D p

D D

π π

π π π

−∂ ∂−
Λ Λ

∂ ∂ ∂
Λ Λ

→Λ ⊗ Ω Λ →Λ ⊗ Ω Λ →

→Λ ⊗ Ω Λ →Λ ⊗ Λ→

 

      (11) 

where 1p ≥ , ( ) ( )1: D p D p
p
π −

Λ Λ∂ Λ ⊗ Ω Λ →Λ ⊗ Ω Λ
 

is defined by:  

( )
( ) { } 

( ) { }  

1

1
1

1

1
1

d d

1 , d d d

1 d , d d d d .

D

p p

p
i

i i p
i

i j
i j i j p

i j p

m a a

m a a a a

m a a a a a a

π

−

Λ
=

+

≤ < ≤

∂ ⊗ ∧ ∧

= − ⊗ ∧ ∧

+ − ⊗ ∧ ∧ ∧

∑

∑



 

  

 

Then we calculate the twisted Poisson homology group and get some results. 

6.1. 0-th Twisted Poisson Homology 

( )
{ }1 1

1 1

0 0
1 1

:

d , .n n
D

i ii i
j n j j n jx x x x x x x x

π

Λ

∂ Ω Λ →Λ

∑     
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we will prove that we can find preimage in ( )1Ω Λ  for all elements when 1ki ≥  
1) The preimage of image with the length of 1 

( ) ( )( ) ( )
1 1 1 2 1

1 d , 1 .i i
i i n i i i i

x x i n
λ λ λ λ λ+ −

≤ ≤
+ + − + +



 

 

2) The preimage of image with the length of 2 

( ) ( ) ( )
1 1 1 1 1

1 d , .i j i j
j j j n j i j i j j j

x x x x i j
λ λ λ λ λ λ+ − + −

<
+ + − + + + + +



  

 

3) The preimage of image with the length of 3
 

( ) ( ) ( )
( )

1 1 1 1 1 1 1 1 1

1 d
2

, 1

i j p
pp pn p j p j p p p p i p i p p p

i j p

x x x

x x x i j p n

λ λ λ λ λ λ λ λ λ λ+ − + − − + −+ + − + + + + + − + + + + +

∀ ≤ < < ≤

    

  
...... 

4) The preimage of image with the length of n  

( ) ( )
1 2 1

1 2 1
2 1 1 2

d .n
n n n

n n n n n n

x x x x x x x x
λ λ λ λ

−
−

− −− + + − − + +


 

  

 

Hence, we can find preimage of the image ( )1 1mx x m n≤ ≤
 in ( )1Ω Λ , the 

preimage is 

( )( ) ( ) ( )
1 2 1

1
1 2 1 1 2

d .
1

m
m m

m m mn m m m m m m

x x x x x x
m λ λ λ λ λ λ

−

+ − −− + + − + + − − + +



 

   

 

But for the constant term k (with the length of 0), we can not find the prei-
mage. So we can get 0-th twisted homology group 

( ) 0
0

1

ker
, .

Im
DHP k

π

π

∂
Λ Λ = =

∂  

6.2. 1-th Twisted Poisson Homology 

( )

{ }1 1 2

1 1

0 0
1 1 2

1

:

d , .n n
D

n
i ii i i

j n j j n j
j

Cx x x x x x x x x

π

Λ
=

∂ Ω Λ →Λ

∑     

 

the mapping between the elements is  

{ } { }
{ }

2 1 2 3 11 2 1 2 2

2 1 21 2 1 2
1 1

3 11
1 1

1 2 2 1 1 2 2 1 2 3 1 1

, , 1 2 2 1 , , 1 2 2 1

, , 1 3 1 2 ,

d d d

, ,

,

n n n n n n

n n n n
D Dn n

n n
Dn

i i j j k k ki i j j k
n n n n n n n n

i i j ji i j j
i i n n n j j n n n

p p pp
p p n n p

Cx x x x x x x x x x x x x x x

k x x x x x k x x x x x

k x x x x x k

− − − −

− − −

−

− − − − −

− − − −Λ Λ

− Λ

+ + +

+ +

+

 



   

   

 { }3 12
, 2 3 1 1, .n n

Dn

p p pp
p n nx x x x x−

− Λ
+





 

We have n preimage, and each of them has the length of ( )1 1k k n≤ ≤ − , and 
the image has 1k +  in length. Similarly, we can calculate the image in each item 
like in part 3, we do not repeat. 

Because the Poisson structure of Λ is homogeneous. We can discuss the image 
of 1

π∂  by length.  
1) The preimage of image with the length of 1 
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( ) ( )( )1 1 1 1 1dij i j ij j j j j n j i j i j j j i jC x x C x xλ λ λ λ λ λ+ + − + −+ + − + + + +∑ ∑    

Let 1d kerij i jC x x π∈ ∂∑ , then  

( ) ( )( )1 1 1 1 1 0ij j j j j n j i j i j j j i jC x xλ λ λ λ λ λ+ + − + −+ + − + + + + =∑   . 

for i j∀ < , 
( )

( )
1 1 1 1 1

1 1 1 1 1

j j ji ji jn j j j
ij ji

j j j n j i j i j j j

C C
λ λ λ λ λ λ

λ λ λ λ λ λ
+ − + −

+ − + −

+ + + + + + − + +
= −

+ + − + + + + + +

   

   

. 

We have
  

( ) ( )
( )

( )

12 1 1
1 1 1

2 1

1 1 1 1 1
1

1 1 1 1 1

1 1 1 1

1 1 1 1

d d ker

d d ker

d d

n
n n

n n n

j j ji ji jn j j j
i j j i

j j j n j i j i j j j

i i i i i i n
i n n i

n i n i n n n

x x x x

x x x x

x x x x

π

π

λ λ
λ λ

λ λ λ λ λ λ

λ λ λ λ λ λ

λ λ λ λ

λ λ λ λ

−

−

+ − + −

+ − + −

− + −

− + −

+ +
+ ∈ ∂

+ +

+ + + + + + − + +
+ ∈ ∂

+ + − + + + + + +

+ + − + +
+ ∈

+ + + + +







   

   



 

 

1ker π∂
 

We can see that the image 2 11 2
1 2 2 1 dn ni ii i

n n nx x x x x− −
− −

 and 21 2
1 2 2 1dn ni ii i

n n nx x x x x−
− −

 in 
( )2Ω Λ  has the same coefficient, it is conflict with our results. So the image 

with length 1 in 1ker π∂  can not find the preimage in ( )2Ω Λ . In the same time, 
the constant term k (with the length of 0) also can not find the preimage. So we 
can get 1-th twisted homology group. 

2) The preimage of image with the length of 2 

( ) ((
) )

1 1

1

d 2 2ijk i j k ijk k k k k n k ik

jk k j ik jk i j k

C x x x C

x x x

λ λ λ λ

λ λ λ λ

+ +

−

+ + − + +

+ + + − −

∑ ∑


  





 

Let 1d kerijk i j kC x x x π∈ ∂∑ , then 

( ) ( )( )1 1 12 2

0

λ λ λ λ λ λ λ λ+ + −+ + − + + + + + − −

=

∑
 

  ijk k k k k n k ik jk k j ik jk i j kC x x x
. 

for i j k∀ < < , that is 

( ) ( )( )
( ) ( )( )

1 1 1

1 1 1

2 2

2 2

k k k n k ik jk k k ik jk
jik ijk

k k k n k jk ik k k jk ik

C C
λ λ λ λ λ λ λ λ

λ λ λ λ λ λ λ λ

+ −

+ −

+ + − + + + + + − −
= −

+ + − + + + + + − −

 

  

 

  

. 

We have  

1 2 13 1 1
1 2 2 1 1

1 1

2 1 2 1
1 1 1 1 1

2 1

d d ker

d d ker

n
n n

n n n

n n n
n n n n

n n n

x x x x x x

x x x x x x

π

π

λ λ λ
λ λ

λ λ
λ λ

−

−

− − −
− −

−

+ +
+ ∈ ∂

+ +

+ +
− + ∈ ∂

+ +











 

Obviously, for i j k∀ < < , the preimage of this image is d dj i kx x x− ∧  under 
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the map 2
π∂ .  

3) Generally, the preimage of image with the length of ( )1 1m m n< < −  

( ) ((
) )

1 1 1 2 1

1 1 1 2

1 1 1

1 1

1 1

d

2 2

m m

m

m m

i i i i i i i j

i i i j j j j n j i j i j

j i j i i j ij i i i j

C x x x x x

C

x x x x

λ λ λ λ λ

λ λ λ λ

− −

−

−

+ +

− −

+ + − + + +

+ + + − − −

∑

∑







 

  

  

 

Let 
1 1 1 2 1 1d ker

m mi i i i i i i jC x x x x x π
− −

∈ ∂∑


 , then 

((
) )

1 1 1 2

1 1 1

1 1

1 1

2

0

m

m m

i i i j j j j n j i j i j

j i j i i j ij i i i j

C

x x x x

λ λ λ λ λ

λ λ λ λ

−

−

+ +

− −

+ + + + + +

+ + + − − − =

∑


 

 

  

  

We have, 

( )
( )

1 1

1

1 1

1

1 1 1 1
1

1 1 1 1

d

2
d ker

2

m

m

m

m

i i i j

i i i i n i i i i j i i ji
i i j i

j j j j n j j i j i i j ij

x x x x

x x x x π
λ λ λ λ λ λ λ

λ λ λ λ λ λ λ

−

−

+ + − −

+ + − −

+ + + + + − − −
+ ∈ ∂

+ + + + + − − −



  



  

 

for 1 1mi i i j−∀ < < < < , the preimage of this element is 
1 2 1

d d
mi i i i jx x x x x
−

− ∧
.  

4) The preimage of image with the length of 1n −  

( )( )( )1 1 1 1 1 11 1 1 1d 2n n n n n n n nC x x x C n x xλ λ λ λ− − −− − + + − − −∑ ∑    

 

Let 1 1 1 1d kern nC x x x π
− ∈ ∂∑  ,  

then 

( )( )( )
( )( )( )

1 1 11 1 1 1

1 1 1 1 1 1

2

2 0

n n n n n n

n n n n n n n

C n x x

C n x x

λ λ λ λ

λ λ λ λ

− −

− −

− − + + − − −

+ − − + + − − − =

  

  

.

 
We have 

1 2 1
2 3 1 1 2 1 1

12 13 1

1 1
1 1 1

12 1 1 1

d d ker

d d ker

n n n n
n n n

n

n jn kn n n
k n j k j n k j

j k n

x x x x x x x x

x x x x x x x x x x

π

π

λ λ λ
λ λ λ

λ λ λ λ
λ λ λ λ

−
−

−

+ + +
− + ∈ ∂

+ + +

+ + + + +
− + ∈ ∂

+ + + + +



 





  

 

   

  

 

for 1 j k n∀ ≤ < ≤ , the preimage of this element is 

1 2 1
2 3 1 1 2 3 1 1

12 13 1

1 2 1
1 1

2 3

d d d d

d d d d

n n n n
n n n n

n

k k n k
j k n j k j k n j k

j j j n

x x x x x x x x x x

x x x x x x x x x x x x

λ λ λ
λ λ λ

λ λ λ
λ λ λ

−
− −

−

+ + +
∧ − ∧

+ + +

+ + +
− ∧ − − ∧

+ + +



 







   

     



 

In conclusion, 2
π∂  is not surjection. So we have the 1-th homology group 
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( )
( ) ( )

( )

( )

12 1 1
1 1

2 1

21 2 1
2 2

1 3 1
1

1
2

1 1 1

1 1 1

1 1 1 1

1 1

d d

d d
ker

,
Im

d d

π

π

λ λ
λ λ
λ λ

λ λ λ

λ λ λ λ λ

λ λ λ λ λ

λ λ λ λ

λ λ

−

−

−

−

+ −

+ −

− + −

−

+ +
+

+ +
+ +

+
+ +

∂
Λ Λ = =

∂
+ + + + − + +

+
+ + − + + + +

+ + − + +

+ + +













  



  



 



n
n n

n n n

n
n n

n n n n
D

j j ji jn j j j
i j j i

j j j n j i j j j

i i i i i i n

n i n

k

x x x x

x x x x

HP

x x x x

1 1

d d
λ λ+ −

















 +
 + + 

i n n i
i n n n

x x x x

 

6.3. 2-th Twisted Poisson Homology 

( ) ( )
{ }

{ } { }

1 2 1

1 1
D

2 2 1

1 2 1
1

1 1

:
d d , d

, d d ,

π

Λ
≤ < ≤

Λ

∂ Ω Λ →Ω Λ

∧

− −

∑   

 

n n
D

n n

i ii i i
n j k n j k

j k n
i ii i
n k j n j k

Cx x x x x x x x x

x x x x x x x x  

That is 
1 2

2 3 11 2 1 2

3 14
2

1 2
1

1 1 2 2 1 2 1 2 3 1 2

3 4 1 1 2

d d

d d d d
d d

− − −

−

≤ < ≤

− − − − −

−

∧

= ∧ + ∧
+ + ∧

∑ 

 

 

n

n n n

n n

n

ii i
n j k

j k n
i i ii i i i
n n n n n n n

i i ii
n nc

Cx x x x x

C x x x x x C x x x x x x
C x x x x x x

 
we calculate the image in each item 

The first term 

{ }
{ } { }

{ } { }

2 21 2 1

2 21 1

3 2 1 3 2 12 1 1 2

3 21 2

1 2 2 1 1 2 1

1 2 1 1 2 1

2 3 2 1 1 1 1 3 2 1 2 1

1 2 3 2

d d , d

, d d ,

, ,

,

− −

− −

− − − −

− −

− − − − Λ

− − − −Λ

− − − − − −Λ Λ

− −

∧

− −

= +

+ +

  

 

 

 

n n
D

n n
D

n n n n
D D

n n

i ii i i
n n n n n n

i ii i
n n n n n n

i i i i i ii i i i
n n n n n n

i ii i
n n

x x x x x x x x x

x x x x x x x x

x x x x x x x x x x x x

x x x x x{ } { }3 22 1
1 2 3 2 1 ,−
− − ΛΛ

− 

n
DD

i ii i
n n nx x x x x

 

{ } { }
{ }

( )( )

3 2 3 1 21 2 1 2

21

2 1 21 2 1 2

1 3 2 2 1 2 3 1 2

1 2 1

1 2 1 1 2 2 1 1 2 2 1

, ,

d ,

d d

n n n n
D D

n

n n n n

i i i i ii i i i
n n n n n n

ii
n n n

i i i ii i i i
n n n n n n n n n n n n

x x x x x x x x x x x

x x x x

x x x x x x x x x xλ λ λ

− − − −

−

− − −

− − − −Λ Λ

− −

− − − − − −

+ + +

−

= − + + +

  



 

 
...... 

The 2
nC -th term 

{ }
{ } { }

{ } { }
{ } { }

3 34

3 3

5 1 3 3 5 14 4

3 1 5 1 34 4

3 4 1 2 3 1 2

3 2 1 3 1 2

4 5 1 3 1 3 5 1 4 1

3 4 1 1 4 5 1 3 2

d d , d

, d d ,

, ,

, ,

n n
D

n n
D

n n n n
DD

n n n n
D D

i i i ii
n n

i i i i
n n

i i i i i i i ii i
n n n n

i i i i i i ii i
n n n n

x x x x x x x x x

x x x x x x x x

x x x x x x x x x x x x

x x x x x x x x x x x

− −

− −

Λ

Λ

− − ΛΛ

− −Λ Λ

∧

− −

= +

+ + −
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{ } { }
{ }

( )( )

3 5 1 3 14 4

3

2 1 21 2 1 2

3 5 1 4 2 3 4 1 2

3 1 2

1 2 1 1 2 2 1 1 2 2 1

, ,

d ,

d dλ λ λ

− −

− − −

− −Λ Λ

− − − − −

+ + +

−

= − + + +

  



 

n n n n
D D

n

n n n n

i i i i i i ii i
n n n n

i i
n

i i i ii i i i
n n n n n n n n n n

x x x x x x x x x x x

x x x x
x x x x x x x x x x

 
Next, For every element in ( )2Ω Λ , we try to find the preimage in ( )3Ω Λ . 

( ) ( )

{ } { }
{ } { }

{ } { }

1 2

1 1

1 1

1 1

3 3 2

1 2
1

1 1

1 1

1 1

:
d d d

, d d , d d

, d d d , d

d , d d , d

π

≤ < < ≤

Λ Λ

Λ

∂ Ω Λ →Ω Λ

∧ ∧

∧ − ∧

+ ∧ − ∧

+ ∧ − ∧

∑ 

  

 

 

n

n n
D D

n n
D

n n

ii i
n p q r

p q r n
i ii i
n p q r n q p r

i ii i
n r p q n p q r

i ii i
n p r q n q r p

x x x x x x

x x x x x x x x x x

x x x x x x x x x x

x x x x x x x x x x
 

We just take one item for example 

{ } { }
{ } { }

{ } { }

1 2

3 31 1

3 31 1

31 1

1 2
1

1 3 2 1 1 3 1 2

1 3 1 2 1 3 2 1

1 3 2 1 1 1

d d d

, d d , d d

, d d d , d

d , d d , d

− −

− −

−

≤ < < ≤

− − − − − −Λ Λ

− − − − − −Λ

− − − −

∧ ∧

∧ − ∧

+ ∧ − ∧

+ ∧ − ∧

∑ 

  

 

 

n

n n
D D

n n
D

n n

ii i
n p q r

p q r n
i ii i
n n n n n n n n

i ii i
n n n n n n n n

i ii i
n n n n n n n

x x x x x x

x x x x x x x x x x

x x x x x x x x x x

x x x x x x x x x

( ) 31

2

1 1 2 2 2 2 3 3 2 1 3 1d dλ λ λ −

−

− − − − − − −= + + + ∧ 

n

n
ii

n n n n n n n n

x
i i i x x x x

 

( )
( )

( )
( )

31

31

31

31

1

1 1 1 2 2 1 3 3 1 1 3 2

1 1 3 3 1 3 1 2

2 1 1 3 2 1 2 1

2 1 3 2 1 2 1

1 1

d d

d d

d d d d
d d d d

λ λ λ

λ λ

λ

λ

λ

−

−

−

−

− − − − − − −

− − − − −

− − − − − − −

− − − − − −

−

− + + + ∧

+ + + ∧

− ∧ + ∧

+ ∧ + ∧

−

 

 







n

n

n

n

ii
n n n n n n n n

ii
n n n n n n n

ii
n n n n n n n n n

ii
n n n n n n n n n

i
n n

i i i x x x x

i i x x x x

x x x x x x x x
x x x x x x x x
x x ( )1 2 1 2d d d d− − − −∧ + ∧ni

n n n n n n nx x x x x x

 

 

Similarly, because the Poisson structure of Λ is homogeneous. We can discuss 
the image of 2

π∂  by length.  
1) The preimage of image with the length of 1 

( ) ( )( )(
( ) ( )( ) )

1 1 1

1 1 1

d d

2 2 d

2 2 d

λ λ λ λ λ λ λ

λ λ λ λ λ λ

+ −

+ −

∧

+ + − + + + + − −

− + + − + + + − −

∑
∑

  

   

 

  

pq i p q

pq p p pn p ip p p ip pq i p q

q q qn q q q iq pq i q p

C x x x

C x x x

x x x

 

Let 2d d kerpq i p qC x x x π∧ ∈ ∂∑ , then 

( ) ( )( )(
( ) ( )( ) )

1 1 1

1 1 1

2 2 d

2 2 d 0

pq p p pn p ip p p ip pq i p q

q q qn q q q iq pq i q p

C x x x

x x x

λ λ λ λ λ λ λ

λ λ λ λ λ λ

+ −

+ −

+ + − + + + + − −

− + + − + + + − − =

∑
  

  

 

  

  

Then for i p q∀ < < , 
 

( ) ( )( )(
( ) ( )( ) )
( ) ( )( )(

1 1 1

1 1 1

1 1 1

2 2 d

2 2 d

2 2 d

pq p p pn p ip p p ip pq i p q

q q qn q q q iq pq i q p

iq i i in i pi i i pi iq p i q

C x x x

x x x

C x x x

λ λ λ λ λ λ λ

λ λ λ λ λ λ

λ λ λ λ λ λ λ

+ −

+ −

+ −

+ + − + + + + − −

− + + − + + + − −

+ + − + + + + − −
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( ) ( )( ) )
( ) ( )( )(

( ) ( )( ) )

1 1 1

1 1 1

1 1 1

2 2 d

2 2 d

2 2 d 0

q q qn q q q iq iq p q i

ip p p pn p ip p p ip pi q p i

i i in i i i qi pi q i p

x x x

C x x x

x x x

λ λ λ λ λ λ

λ λ λ λ λ λ λ

λ λ λ λ λ λ

+ −

+ −

+ −

− + + − + + + − −

+ + − + + + + − −

− + + − + + + − − =

 

  

  

  

 

  

 

That is 

( )
( )

1 1 1 1 1

1 1 1 1 1

j j ji ji jn j j j
ij ji

j j j n j i j i j j j

C C
λ λ λ λ λ λ

λ λ λ λ λ λ
+ − + −

+ − + −

+ + + + + + − + +
= −

+ + − + + + + + +

   

   

. 

we have
 

1 1
1 2 1 2 2 1 2

1 21

2

11 1
1 1 1 1 1 1 2

1 11

d d d d d d ker

d d d d d d ker

d d d d d d ker

n n n
n n n

n

iq pq
i p q q i p p i q

qi pi

n n n
n n n n n n

n n

x x x x x x x x x

x x x x x x x x x

x x x x x x x x x

π

π

π

λ λ
λ λ

λ λ
λ λ

λ λ
λ λ

−

− −
− − −

−

+ +
∧ − ∧ + ∧ ∈ ∂

+ +

+ +
∧ − ∧ + ∧ ∈ ∂

+ +

+ +
∧ − ∧ + ∧ ∈ ∂

+ +

















 2) The preimage of image with the length of 2 

( ) ( )( )(
( ) ( )( ) )

1 1 1

1 1 1

d d

2 2 d

2 2 d

pq i j p q

pq p p pn p p p ip jp pq i j p q

q q qn q q q iq pq jp i j q p

C x x x x

C x x x x

x x x x

λ λ λ λ λ λ λ

λ λ λ λ λ λ λ

+ −

+ −

∧

+ + − + + − − −

− + + − + + − − −

∑
∑

  

  

  

 

 

Let 2d d kerpq i j p qC x x x x π∧ ∈ ∂∑ , then 

( ) ( )( )(
( ) ( )( ) )

1 1 1

1 1 1

2 2 d

2 2 d 0

pq p p pn p p p ip jp pq i j p q

q q qn q q q iq pq jp i j q p

C x x x x

x x x x

λ λ λ λ λ λ λ

λ λ λ λ λ λ λ

+ −

+ −

+ + − + + − − −

− + + − + + − − − =

∑
  

 

  

 

 

for i j p q∀ < < < ,  

( ) ( )( )
( ) ( )( )

1 1 1

1 1 1

2 2

2 2 0

ijk k k k n k ik jk k k ik jk

jik k k k n k jk ik k k jk ik

C

C

λ λ λ λ λ λ λ λ

λ λ λ λ λ λ λ λ

+ −

+ −

+ + − + + + + + − −

+ + − + + + + + − − =

 

  

 

  

 

that is 

( ) ( )( )
( ) ( )( )

1 1 1

1 1 1

2 2

2 2

k k k n k ik jk k k ik jk
jik ijk

k k k n k jk ik k k jk ik

C C
λ λ λ λ λ λ λ λ

λ λ λ λ λ λ λ λ

+ −

+ −

+ + − + + + + + − −
= −

+ + − + + + + + − −

 

  

 

  

 

We have 

31 1 42
3 4 1 2 3 1 4 2 3 2 4 1 2

34 41 4

2

d d d d d d ker

d d d d d d ker

n

n

iq nq pr
i p q r i q p r i r p q

ip pq pn

x x x x x x x x x x x x

x x x x x x x x x x x x

π

π

λ λ λ
λ λ λ

λ λ λ
λ λ λ

+ + −
∧ − ∧ + ∧ ∈ ∂

− + +

+ + −
∧ − ∧ + ∧ ∈ ∂

− + +
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We can see that the image 3 21 2
1 2 3 2 1d dn ni ii i

n n n nx x x x x x− −
− − − ∧

 and must have the same 
coefficient, it is conflict with our results. So the image with length 1 and 2 in 

2ker π∂  can not find the preimage in ( )3Ω Λ . In the same time, the constant 
term k (with the length of 0) also can not find the preimage. Now we discuss the 
elements in 2ker π∂  when the length ≥ 3, we will prove that we can get the prei-
mage in ( )3Ω Λ  

3) The preimage of image with the length of 3 

( )((
( ) )
( ) ( )( ) )

1

1 1

1 1 1

d d 2

2 d

2 2 d

λ λ

λ λ λ λ λ λ

λ λ λ λ λ λ λ λ

+

−

+ −

∧ + +

− + + − − − −

− + + − + + − − − −

∑ ∑ 

   



   

 

pqr i j r p q pq p p pn

p p p ip jp pq rq i j p q

q q qn q q q iq pq jp rp i j q p

C x x x x x C

x x x x

x x x x

 

Let 2d d d kerpqr i j p q rC x x x x x π∧ ∧ ∈ ∂∑ , then 

( ) ( )( )(
( ) ( )( ) )

1 1 1

1 1 1

2 2 d

2 2 d 0

λ λ λ λ λ λ λ λ

λ λ λ λ λ λ λ λ

+ −

+ −

+ + − + + − − − −

− + + − + + − − − − =

∑
   

 

   

 

pq p p pn p p p ip jp pq rq i j p q

q q qn q q q iq pq jp rp i j q p

C x x x x

x x x x
 

We have 

31 1 42
3 4 5 1 2 3 5 1 4 2 3 5 2 4 1 2

34 41 2

2

d d d d d d ker

d d d d d d ker

π

π

λ λ λ
λ λ λ

λ λ λ
λ λ λ

+ + −
∧ − ∧ + ∧ ∈ ∂

− + +

+ + −
∧ − ∧ + ∧ ∈ ∂

− + +











n

n

iq nq pr
i p j q r i q j p r i j r p q

ip pq nr

x x x x x x x x x x x x x x x

x x x x x x x x x x x x x x x

 

Obviously, for i j k∀ < < , the preimage of this image is  

5 1 2 4d d d

d d dj q r p

x x x x

x x x x

− ∧ ∧

− ∧ ∧


 
under the 2

π∂ .  
4) The preimage of image with the length of 2n −  

( )( )( )(
( )( )( ) )

1 1 -2 1

1 1 11 1 1 1 1

1 -1 11 1 -1 1 -1 1 1

d d

2 d

2 d

λ λ λ λ

λ λ λ λ

− −

− − −

−

∧

− − + + − − −

+ − − + + − − −

∑

∑



   

  

n n n n n

n n n n n n n

n n n n n

C x x x x

C n x x x

n x x x

 

Let 1 1 -2 -1 1d d kern n n n nC x x x x π
− ∧ ∈ ∂∑  , then 

( )( )( )(
( )( )( ) )
1 1 11 1 1 1 1

1 -1 11 1 -1 1 -1 1 1

2 d

2 d 0

λ λ λ λ

λ λ λ λ

− − −

−

− − + + − − −

+ − − + + − − − =

∑   

  

n n n n n n n

n n n n n

C n x x x

n x x x
 

 
We have 
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12 32 2
1 2 3 1 2 2 3 1 1 3 4 1 2

21 31 1

13 23 3
1 2 3 1 3 2 3 1 1 2 4 1 3

21 31 1

1 1 2 1 1
1 2 3 2

21 31 1

d d d d d d

d d d d d d

d

λ λ λ
λ λ λ

λ λ λ
λ λ λ

λ λ λ
λ λ λ

− −

− −

− − −
−

+ + +
∧ − ∧ + ∧

+ + +

+ + +
∧ − ∧ + ∧

+ + +

+ + +

+ + +





  







  











n
n n n n n

n

n
n n n n n

n

n n n n
n

n

x x x x x x x x x x x x x x x x

x x x x x x x x x x x x x x x x

x x x x x 1

2 3 1 1 2 4 1 1

d

d d d d

−

− −

∧

− ∧ + ∧ 

n n

n n n n

x

x x x x x x x x x x
 

Obviously, the preimage of this image is  

3 4 1 1 2

2 4 1 1 3

2 3 2 1 1

d d d
d d d

d d d

n n

n n

n n n

x x x x x x
x x x x x x

x x x x x x

−

−

− −

∧ ∧

∧ ∧

∧ ∧







  

under the 2
π∂ .  

In conclusion, 2
π∂  is not surjection. So we have the 2-th twisted homology 

group 

( ) 2
2

3

1 1
1 2 1 2 2 1

1 21

11 1
1 1 1 1 1 1

1 11

ker
,

Im

d d d d d d

d d d d d d length o

d d d d d d

π

π

λ λ
λ λ

λ λ
λ λ

λ λ
λ λ

−

− −
− − −

−

∂
Λ Λ =

∂

+ +
∧ − ∧ + ∧ + + 



+ + ∧ − ∧ + ∧ 

+ + 

= + + ∧ − ∧ + ∧
+ + 

















D

n n n
n n n

n

iq pq
i p q q i p p i q

qi pi

n n n
n n n n n n

n n

HP

k

x x x x x x x x x

x x x x x x x x x

x x x x x x x x x

31 1 42
3 4 1 2 3 1 4 2 3 2 4 1

34 41 4

f 1

d d d d d d

length of 2

d d d d d d

λ λ λ
λ λ λ

λ λ λ
λ λ λ

















 + + − ∧ − ∧ + ∧  − + +   
 
 + + − ∧ − ∧ + ∧ − + + 











n

n

iq nq pr
i p q r i q p r i r p q

ip pq pn

x x x x x x x x x x x x

x x x x x x x x x x x x

 

In general situation, for 1 1m n≤ ≤ − , the m-th twisted homology  

( ), D
mHP Λ Λ  has the elements in ker m

π∂  with length of 0 ~ m .  

6.4. n-th Twisted Poisson Homology 

( ) ( ) ( )1
1 1

n n
n n n

π π
+∂ ∂

+ −Ω Λ →Ω Λ →Ω Λ  
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( ) ( )
( ) { }

( ) { }
( ) { }
( ) { }

1

1 1
1

1 2
1 2 3 4

1 3
1 3 2 4

( 1)
1 1 2 2

:
ˆ ˆd d 1 d , d d d

ˆd d 1 d , d d d

1 d , d d d

1 d , d d d

n n n

i j
n i j i j

i j k n

k n n

n

n n
n n n

C x x F F F F F

F F x x x x x

x x x x x

x x x x x

π
−

+

≤ < < < ≤

+

+

− +
− −

∂ Ω Λ →Ω Λ

∧ ∧ − ∧ ∧ ∧ ∧ ∧

∧ ∧ ∧ ∧ = − ∧ ∧ ∧ ∧

+ − ∧ ∧ ∧ ∧ +

+ − ∧ ∧ ∧ ∧

∑


   

  

 



 
We calculate the Poisson bracket 

( ) { }
( ) { }
( ) { }

{ } { }
{ }

1 2
1 2 3 4

1 3
1 3 2 4

( 1)
1 1 2 2

1 2 3 4 1 3 2 4

1 1 2 2

1 d , d d d

1 d , d d d

1 d , d d d

d , d d d d , d d d

d , d d d

n

n

n n
n n n

n n

n n n

x x x x x

x x x x x

x x x x x

x x x x x x x x x x

x x x x x

+

+

− +
− −

− −

− ∧ ∧ ∧ ∧

+ − ∧ ∧ ∧ ∧ +

+ − ∧ ∧ ∧ ∧

= − ∧ ∧ ∧ ∧ + ∧ ∧ ∧ ∧

+ − ∧ ∧ ∧ ∧



 



 

 

 

( )
( )

( )

12 1 2 2 1 3 4

13 1 3 3 1 2 4

1 1 1 1 2 2

d d d d d

d d d d d

d d d d d

n

n

n n n n n n n

x x x x x x x

x x x x x x x

x x x x x x x

λ

λ

λ − − − −

= − + ∧ ∧ ∧

+ + ∧ ∧ ∧

+ − + ∧ ∧ ∧





 

 We can easily see that this element can not be 0, that is ker 0n
π∂ = , so  

( )
1

ker
, 0

Im
D n

n
n

HP
π

π
+

∂
Λ Λ = =

∂
 

7. Twisted Poincaré Duality between Poisson Homology and 
Cohomology 

In this part, we will check the Twisted Poincaré duality between Poisson homol-
ogy and cohomology, that is for i N∈ , we have 

( ) ( )( )*. . : , ,i
i DP D HP A A HP A A≅  

Next, we need to calculate the cohomology group. 
obviously, for all ,i j , the equation established 

{ }
( )

1

11

1

1 1 1 1 1 1 1 1

,

.

k n

k n

i ii
k n k

i ii
k k k k k k k nk n k n

x x x x

i i i i x x xλ λ λ λ +
− − + + += + + + + +

 

         
 (12) 

For every p N∈ , p-fold polyderivations from Λ to Λ, denoted ( )pχ Λ , 
( ) ( ),i iHomχ Λ = Ω Λ . recall the canonical cochain complex 

( ) ( ) ( )0 1 11 10
k kk kδ δ δ δχ χ χ
− +→Λ→ Λ → → Λ → Λ →   

For every kP χ∈  and 0 , , kf f ∈Λ . 1: k k
kδ χ χ +→  is defined by 

( )( ) ( ) ( ){ }
( ) { }( )

0 0
0

0
0

, , 1 , , , , ,

1 , , , , , , ,

k ip
k i i k

i
i j

i j i j k
i j k

P f f f P f f f

P f f f f f f

δ
=

+

≤ < ≤

= −

+ −

∑

∑



  

 

  

 

obviously, ( ) 1k
k Pδ χ +∈  and 1 0k kδ δ+ = .  
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Let 1
1 1

n
n

ii
i i nC x xλ = ∈Λ∑


 , and assume it satisfies 

{ } { } ( )1
1 1, , 0 1, , .n

n

ii
k i i n kx C x x x k nλ = = =∑



   

Then Equation (12) lead successively to 
For 1ki ≠  and 1 2 1 1 0k k ni i i i i− += = = = = = ≠  , we have 

1
0

ni iC =


. 
Hence, we can get the Proposition 7.1. 
Proposition 7.1. ( )0HP CΛ = . 
Proof: for every 1d χ∈ , d is uniquely determined by the values of 

( ) 11 2
1

1
1 1 2 1

n n
n

i ii i
i i n nd x C x x x x−

−= ∑


 ,  

( ) 11 2
1

2
2 1 2 1

n n
n

i ii i
i i n nd x C x x x x−

−= ∑


 ,  

  

( ) 11 2
1

1
1 1 2 1

n n
n

i ii in
n i i n nd x C x x x x−−
− −= ∑



 ,  

( ) 11 2
1 1 2 1

n n
n

i ii in
n i i n nd x C x x x x−

−= ∑


 . 

Moreover, d must satisfy the relations ( ) ( ) ( )2 2 2
1 2 0nd x d x d x= = = = , since d 

is a derivation, so we have ( ) ( ) ( )1 1 2 2 0n nx d x x d x x d x= = = =
.  

So we have the that for 1, , ji i∀ 
, 

2 1 1 1

1 2
0 0 0 0

n n n

n
i i i i i iC C C

−
= = = =

  

 . Hence 

the space ( )1 ,Derχ = Λ Λ  has basis { } { } { }1 1 1

1 2
n n n

n
i i i i i id d d
  

  , where 

1) for 11 2i≤ < , 2 30 , , , 2ni i i≤ < , the derivation 
1

1
ni id



is defined by 
( ) ( ) ( ) ( ) ( )1 2
1 1

1 1
1 1 2 and 0 when 1 ;n

n n

ii i
i i n i i kd x x x x d x k= = ≠
 

   

2) for 21 2i≤ < , 1 30 , , , 2ni i i≤ < , the derivation 
1

2
ni id



 is defined by 
( ) ( ) ( ) ( ) ( )1 2
1 1

2 2
2 1 2 and 0 when 2 ;n

n n

ii i
i i n i i kd x x x x d x k= = ≠
 

  

...... 

(n) for 1 2ni≤ < , 1 2 10 , , , 2ni i i −≤ < , the derivation 
1 n

n
i id


 is defined by 
( ) ( ) ( ) ( ) ( )1 2
1 11 2 and 0 when ;n

n n

n nii i
i i n n i i kd x x x x d x k n= = ≠
 

  

In particular, ( )1dim 2nnχ = ⋅ . Let 
( ) ( ) ( ) ( ) ( ) ( )
1 1 1 1 1 11 2

1 1 2 2 1
0 0 0n n n n n nn

n n
i i i i i i i i i i i ii i id d d dα α α χ

≠ ≠ ≠
= + + + ∈∑ ∑ ∑

     

  

1kerd δ∈  if and only if d satisfied:  

{ }( ) ( ){ } ( ){ }1 1 1ˆ ˆ ˆ, , , .k k n k k n k k nd x x x x d x x x x x d x x x= +        (13) 

In Equation (13), we have:  

{ }( )
( ) ( ) ( ) ( )( )1 2 1 2 1 2

1 1 1

1

1 21 11 1 1 1
1 2 1 2 1 2

ˆ,

1 n n n
n n n

k k n

ni i ii i i i i i
i i n i i n i i n

LHS d x x x x

n x x x x x x x x xα α α+ ++ + + +

=

= − + + +
  

 

   

 

( ){ } ( ){ }
{ } ( ){ }
( )

( ) ( ){ }

1

1

1 1

1 1 1

11
12 1 23 2 1 1

2 1 1 1

ˆ ˆ, ,

ˆ ˆ, ,

,

n

k n

k k n k k n

ii
n k n k k n

i ii
n n n n k n

k n n n

RHS d x x x x x d x x x

x x x x x x d x x x

x x x

x x x d x x x d x

λ λ λ λ λ ++
−

−

= +

= +

= + + + + + + +

+ + +
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( )
( ) ( ){ }

1

1 2 1 2
1 1

11
12 1 23 2 1 1

1 11 1 1
1 2 1 2,

k n

n n
n n

i ii
n n n n k n

ni ii i i i
k i i n i i n

x x x

x x x x x x x

λ λ λ λ λ

α α

++
−

++ + +

= + + + + + + +

+ + +
 

    

  

 

From the coefficient of 1 2
1 2

nii i
nx x x

 we can get for 10 , , 1ni i∀ ≤ ≤ , we have 

( )( ) ( )

( )( ) ( )

( )( ) ( )

( )( ) ( )

1

1

1

1

1

1
12 13 1

2
21 23 2

1
11 12 1

1 2 1

ker

2

2

2

2 0

n

n

n

n

n i i

n i i

n
n n n n i i

n
n n n n i i

d

n

n

n

n

δ

λ λ λ α

λ λ λ α

λ λ λ α

λ λ λ α

−
− − −

−

∈

⇔ − − + + +

+ − − + + +

+ + − − + + +

+ − − + + + =













 



 

The proof is completed.

 
 

Proposition 7.2. ( ) ( ) ( ) ( )1 21
1,1, ,0 0,1,1, ,0 0,0, ,1,1

nHP C Cd Cd CdΛ = ⊕ ⊕ ⊕ ⊕
  

 . 
Proof: let  
{ }( ) ( ){ } ( ){ }1 1 1 1ˆ ˆ ˆ, , , kerk k n k k n k k nd x x x x d x x x x x d x x x δ= + ∈      .  
Set ( ) 1

12 3

1
1, , , 0: n

nn

ii
i i ni i i x xλ α

≠
= ∈Λ∑





 , from Equation (12) we can get  

{ }1 ,d d λ= + −  is a Poisson derivation and satisfied ( ) ( ) 1
11

1
1 1 ,0 0 10

i
iid x xα

≥
=∑



. 

From Equation (13) we can get that for all 1 0i ≠ , we have ( )
1

1
,0 0iα 

. That is 

( ) ( )
1

1
1 1 ,0 0 1id x xα=



. Similarly, 

Let ( ) ( ) ( )1
1 11

1 11
2 2 ,0 0 1 ,0 00 0

n

n

n ii
i i ni id x x xα α

= =
= + +∑ ∑

 

 . 

Let a new set 
( ) ( )1 1
1 11 2

1 11 1
1 10 0: n n

n n

i ii i
i i n i i ni iu x x x xα α

= =
= + + ∈Λ∑ ∑

 

   .  

( ) ( ) ( ) { }2 2 1 1 ,n nd x d x d x u= + + − −
, so we have 

( ) ( ) ( )
1 1

1 2
2 2 1,0, ,0 0,0, ,1n ni i i id x d dα α= + +

   

 . 

That is the image of ( ) ( ) ( )1 2
1,1, ,0 0,1,1, ,0 0,0, ,1,1

nCd Cd Cd⊕ ⊕ ⊕
  

  in ( )1HP Λ . 
The proof is completed. 
Similarly, we can calculate the m-th cohomology ( )mHP Λ .  
From the propostion 7.1 and propostion 7.2 we can easily get that the demen-

sion of m-th cohomology group ( )mHP Λ  equal to the demension of m-th 
Twisted Poisson homology, ( ), D

mHP Λ Λ , we check the twisted Poincaréduality 
between them.

 
8. Conclusion 

In this paper, we successfully calculate the i-th homology group of the algebra 
2

1 2, , , ,n i j j i ik x x x x x x x xΛ = −  in part 4. In part 5, after getting Frobenius 
pairing, we calculate the modular derivation and then have the twisted Poisson 
module structure. Furthermore, we calculate the twisted Poisson homology 
group in part 6. Lastly, we verified the twisted Poincaré duality between Poisson 
homology and Poisson Cohomology through the cohomology group of Λ in part 
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7. In future studies, we will discuss whether all these conclusions hold up for 
general algebra. 

References 
[1] Kassel, C. (1988) L’homologie cyclique des algebras enveloppantes. Inventiones 

Mathematicae, 91, 221-251. https://doi.org/10.1007/BF01389366 

[2] Luo, J., Wang, S.Q. and Wu, Q.S. (2015) Twisted Poincare Duality between Poisson 
Homology and Poisson Cohomology. Algebra, 442, 484-505. 

[3] Roger, C. and Vanhaecke, P. (2002) Poisson Cohomology of the Affine Plane. Jour-
nal of Algebra, 251, 448-460. https://doi.org/10.1006/jabr.2002.9147 

[4] Pichereau, A. (2006) Poisson (Co)homology and Isolated Singularities. Journal of 
Algebra, 299, 747-777. https://doi.org/10.1016/j.jalgebra.2005.10.029 

[5] Tagne Pelap, S.R. (2009) On the Hochschild Homology of Elliptic Sklyanin Alge-
bras. Letters in Mathematical Physics, 87, 267-281.  
https://doi.org/10.1007/s11005-009-0307-6 

[6] Kontsevich, K. (2003) Deformation Quantization of Poisson Manifolds. Letters in 
Mathematical Physics, 66, 157-216.  
https://doi.org/10.1023/B:MATH.0000027508.00421.bf 

[7] Launois, S. and Richard, L. (2009) Poisson (Co)homology of Turncated Quadratic 
Polynomial Algebras in Two Variables. Comptes Rendus de l'Académie des Sciences 
—Series I—Mathematics, 347, 133-138. 

[8] Zhu, C., Van, F. and Zhang, Y.H. (2014) On (Co)homology of Frobenius Poisson 
Algebras. K-Theory, 14, 371-386. https://doi.org/10.1017/is014007026jkt276 

[9] Brylinski, J.L. (1988) A Differential Complex for Poisson Manifolds. Differential 
Geom, 28, 93-114. 

[10] Camille, L.G., Anne, P. and Pol, V. (2012) Poisson Structures. Springer-Verlag, Ber-
lin, 4-71. 

[11] Wang, S.Q., Wu, Q.S., Zhou, G.D., et al. (2008) The Modular Derivation of Frobe-
nius Poisson Algebra and Batalin-Vilkovisky Structures, preprint. 

 
 

https://doi.org/10.4236/jamp.2018.63048
https://doi.org/10.1007/BF01389366
https://doi.org/10.1006/jabr.2002.9147
https://doi.org/10.1016/j.jalgebra.2005.10.029
https://doi.org/10.1007/s11005-009-0307-6
https://doi.org/10.1023/B:MATH.0000027508.00421.bf
https://doi.org/10.1017/is014007026jkt276

	Poisson (Co)homology of a Class of Frobenius Poisson Algbras
	Abstract
	Keywords
	1. Introduction
	2. Main Results
	3. Some Preliminary Definition and Proposition
	4. Homology Group
	5. Modular Derivation and Twisted Poisson 
	5.1. Frobenius Isomorphism and Frobenius Pairing
	5.2. Twisted Poisson Module

	6. Twisted Poisson Homology
	6.1. 0-th Twisted Poisson Homology
	6.2. 1-th Twisted Poisson Homology
	6.3. 2-th Twisted Poisson Homology
	6.4. n-th Twisted Poisson Homology

	7. Twisted Poincaré Duality between Poisson Homology and Cohomology
	8. Conclusion
	References

