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Abstract

In this paper, we study the truncated polynomial algebra A in n variables, and
discuss the following four problems in detail: 1) Homology complex and ho-
mology group of Poisson algebra A; 2) Given a new Poisson bracket by calcu-
lation modular derivation of Frobenius Poisson algebra; 3) Calculate the
twisted homology group of Poisson algebra A; 4) Verify the theorem of
twisted Poincaré duality between twisted Poisson homology and Poisson Co-
homology.

Keywords

Poisson Algebra, Poisson (Co)homology, Twisted Poisson Module, Twisted
Poincaré Duality

1. Introduction

Poisson structures appear in a large variety of different contexts, ranging from
string theory, classical/quantum mechanics and differential geometry to abstract
algebra, algebraic geometry and representation theory. They play an important
role in Poisson geometry, in algebraic geometry and non-commutative. Poisson
cohomologies are important invariants of Poisson structures. The set of Casimir
elements of the Poisson structure is the 0-® cohomology; Poisson derivations
modulo Hamiltonian derivations are the 1-* cohomology. Poisson cohomology
appears as one considers deformations of Poisson algebras. Given a Poisson alge-
bra, we can get some vital information about the Poisson algebra structure from
calculate its Poisson (Co)homology.

C. Kassel started calculate the (Co)homology of linear Poisson structure (see
[1]). Luo ], Wang S.Q (see [2]) get the Twisted Poincare duality between Poisson
homology and Poisson cohomology in quadratic Poisson algebra. Roger C and
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Vanhaecke P (see [3]) do the research about the Poisson cohomology of the af-
fine plane. Pichereau calculate the Poisson homology in 3 dimension affine space
(see [4]). Tagne Pelap calculates the Poisson (Co)homology of polynomial alge-
bra with 3 variable in generalized Jacobian Poisson structure (see [5]). Foramlity
theorem has been proved by Kontsevich in 2003 (see [6]), and the results re-
vealed the importance Poisson algebra and its deformation quantization. In gen-
eral, it is very important to calculate Poisson cohomology from a given Poisson
structure. These researches mainly focused on the smooth algebra and the finite
dimension algebra.

The homology theorem of the singular algebra is few. Launois S and Richard L
[7] calculate the Poisson (Co)homology of truncated polynomial algebras in 2
variables, and established the twisted Poincaré duality between them. [8] and [9]
proofed this conclusion stands for all Frobenius Poisson algebra. In this paper,
we want to study infinite dimension situation: a truncated polynomial algebra

with n variables.

2. Main Results

In this paper, we let & is a number field. We consider the truncated polynomial
algebras in n variables A =k (XX, -, X )/<xixj —xjxi,xi2> with the Poisson
bracket

{xi,xj}:i,jxixj, Vi<i<j<n, 4 ek’

We get some mainly results. In part 4, we get the /-th homology group
HP,(A) of algebra A
HP, (A) =k ®kx, ®kx, ®---®kx,, HP(A)=0(i>1).

In part 5, we calculate Poisson modular derivation after we get the Frobenius

pairing
D(x)={Lx},
:g’l(((jﬂ+l+,11i+2+...+jfln)_(jii + 2, +"'+/7«.71i))xf"'>?i*"'><;)
= (i + Az oo A )= (A + oo+ Ay ) )%
then we can get the new Poisson module structure
(B )~ oy g by it (1<)
{xi,xj}AD = ((/11. J.A+---+}Lji_1Jr/ljm+---+}Ljn)—(/11j + Ay +--~+lj_1j))xixj,(i i)

0, (i=1])

\Y

In part 6, we get the twisted Poisson homology group and we get the results
HP, (A, A®)=k, HP,(A,A")=0
the elementsin HP, (A, AD) (1<m<n-1) withthelengthof 0~m in keroy.

In part 7, we check the twisted Poincaré duality between Poisson homology
and Poisson Cohomology P.D.:HP' (A,A);(HF’i (A,AD )) by calculating the
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Twisted Poisson cohomology.

3. Some Preliminary Definition and Proposition

Definition 1 [10]. A Poisson algebra is an &-vector space A equipped with two
multiplications (x,y)r> x-yand (x,y)+>{x,y} such that

1) (A-) isacommutative associative algebra over & with unit 1;

2) (A, { }) is a Lie algebra over F;

3) The two multiplications are compatible in the sense that

{x-y,z}=x-{y,z}+y-{x,z}.

where x, yand z are arbitrary elements of A. The Lie bracket {.,-} is then called
a Poisson bracket

Example 1. The commutative polynomial algebra in two variables S =k[x,y]

is a Poisson algebra for the bracket defined on the generators by

xy=1
or equivalently forany P,QeS
oP 0Q 0Q oP
{p,Q} :__Q__Q_.
OXx 0y OXx oy

More generally, for any n>1, S= k[x v Xy Yo yn] is a Poisson algebra

for the “symplectic” bracket defined on the generators by
%y} =85 {6y} ={¥.y;} =0, forall 1<i,j<n

or equivalently forany P,QeS

oP oQ 0Q oP
{p,Q}: __Q__Q_
i1 0% OY; 0% Oy,
We refer to this Poisson algebra as the Poisson-Weyl algebra, denoted by

Example 2. For any A€k, the commutative polynomial algebra S =k[x,y]

is a Poisson algebra for the “multiplicative” bracket defined on the generators by
{x,y}=Axy.

More generally, for any n>2 and for any nxn antisymmetric matrix
A=(4

ij
defined on the generators by

) with entries in & S =k[x,---,x,] isa Poisson algebra for the bracket

{xi,xj}zﬂv”.xixj forall 1<i<j<n.

We refer to this Poisson algebras as the Poisson-quantum plane and Pois-
son-quantum space respectively, denoted by P, (k) and P/ (k).

Definition 2 [11]. Let (A,{—, —}) be a Poisson algebra. A right A-module
(M,+,-) is called a right Poisson module over 4, if there is a bilinear map
{-.—},, :MxR— M such that
(M A= —}M ) is a right Lie-module over the Lie algebra (R, {- —}) ;

{

1)
2) {x-a,b},, ={x,b}, -a+x-{a,b} forany a,beR,xeM;
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3) {x,ab}, ={x,a}, -b+{xb}, -a forany abeR,xeM.

Left Poisson modules are defined similarly. In particular, any Poisson algebra
R is naturally a right and left Poisson module over itself

For a Poisson algebra A, the space A has a natural right (also, left) Poisson
module structure. Given two right Poisson modules (M . ,{—,—}M ) and
(N,~,{—, —}N) over A, a klinear map f:M — N is called a morphism of

Poisson modules if
f(m-a)=f(m)-a, f({ma},)={f(m)a} .
foreach meM and ae A. The following two properties on Poisson modules
are straightforward.
Proposition 1 [8]. Suppose that (M,-,{—, —}M
over A, Then the following actions define a left Poisson module structure on
M” = Hom, (M,k)

ea-a:M —k,(a-a)(m)=a(m-a).

) is a right Poisson module

e{a-a}, Mok, {a-a},.(m)=a({ma},).

foreach ac A aeM”,meM . Similarly, a left Poisson module M yields a right
Poisson module M.

Proposition 2 [8]. Let (N,~,{—, —}N) be a right Poisson module over A and
M be a right A-module. Suppose that f:M — N is an isomorphism of
A-modules. Then there exists a right Poisson module structure on A given by:
{m,a}M = f’l({f (m),a}N). for each ae A, me M, such that fis an isomor-
phism of Poisson modules.

Definition 3 [2]. Let R be a Poisson algebra. In general, let Ql(R) be the
Kahler differential module of R and QP (R) be the p-th Kahler differential
forms. Given a right Poisson module A over the Poisson algebra R, there is a ca-

nonical chain complex
M ®, Q" (R)—2>M ®, Q" (R)—is...

—25M ®; ' (R)—2>M ®; R—250

(1

where for p>1, 9,:M ®; Q"(R)>M ®, Q"*(R) is defined as:
8,(m®da, A+ Ada,)

:Zp:(—l)i’l{m’ai}m ®da1/\...65i.../\dap
i=1

+ Y (-)”med{a,ardaA-da--da; - Ada

I<i<j<p

p*

It is easily check that &, is well defined, thatis 9,,0, =0.
The complex (1) is called the Poisson complex of R with values in A4, and for
p=0 its p-th homology is called the p-th Poisson homology of R with values in
M, denoted by HP,(R,M).
Definition 4 [2]. For any peN, #%P(M) be the p-fold polyderivations

from Rto M. There is also a canonical cochain complex
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0——M LO);#(M)L)ML%“(M) o)

L)%p'ﬂ(lvl)—)...
where 6P : %P (M)—> x£P*(M) isdefinedas F>5°(F) with
§P(F)(ai/\...,\ap+l)

It is easily check that 0 is well defined, thatis &°5°*=0.

The complex (2) is called the Poisson cochain complex of R with values in A,
and for p>0 its p-th cohomology is called the p-th Poisson cohomology of R
with values in A, denoted by HPP (R, M )

The elements in ker " are called Poisson derivations, and the elements in

Im&° are called Hamiltonian derivations which are of the form {m,—} , for

M
meM .

Definition 5 [8]. A finite dimensional k-algebra R is frobenius if satisfied: as
left Rmodule, R=R", where R"=Hom, (Rk).

Definition 6 [8]. Let A be a Frobenius Poisson algebra with defining bilinear
form (- —). Define a map D:A— A via D(a)={La},, for vaeA. We
call Dthe modular derivation

Proposition 3 [2]. Let De %l(R) be a Poisson derivation, and A be a right

Poisson R-module. Define a new bilinear map {-,—} - :MxR—>M as

{m,a}MD :={m,a}M +m-D(a).

Then the R-module M with {—,—}MD is a right Poisson R-module, which is
called the twisted Poisson module of M twisted by the Poisson derivation D, de-
noted by MP.

Lemma 1 [11]. Let S be a Frobenius Poisson algebra. Then, for all ie N, we

have:

P.D.:HP'(A A)=(HP (A A))

4. Homology Group

Before we calculate the homology, it is necessary to write the homology complex
first. We give the basis in linear space in every point of the complex. Obviously,
Q°(A)=A. Q'(A)=Cdx, ®C,dx, ®---@C.dx, C,=xx?--X" i =0 and
i, =0 or I, for i,=0_  O'(A)=@Cx-xrdx;, i;=0,0<i, i <1, and
Cek.

dx? =0, Q°(A)=@Cx: - xhdx; Adx,, j<k,i; =i =0,0<i, i, <LCek.

n =

Similarly, we can get

Q°(A) =@Cx{ ---xdx, Adx, AdX, p<q<r,
i i =0,0<i, i <1 Cek;
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Q' (A)=@Cx - xrdx, Adx, AdX, AdX, p<g<r<s,
i, =i, =i, =i;=0,0<i,-,i, <1, Cek;
Q”(A)szXl/\---/\an,Cek;
Q"(A)=0(m>n).
So we can get the Poisson complex

oF

0 (A) o0 (A) o0y (A) o0, (4) ()

—Z 50, (A)—L>A—20

Then we calculate the Poisson homology group and get some results.

Proposition 4.1. HP,(A)=k ®kx, @ kx, ®--- @ kx,
Proof:

o0 (A) > A

Zn:Cxlil...x?...xri1ndxj HZH‘,C{X}X;Q---X?-nxin X }

n ' Nj
= =
With the definition of Poisson bracke, we can write

{Xi1 X |10 <<y < n} as the results of image {Xl'1 --~X9-~-Xi”,X-}. Next, we
i TR R
will prove that, when i, >2, we can find preimage in (,(A) for all elements
1) The preimage of image with the length of 2
1 1 1 .
—xdx; > —{x.,x.} =—2;%X; =%X;,(i<]).
(| ir U 177
A Aj A

2) The preimage of image with the length of 3

X X;dX,, H;{Xixj,xp}
Aip + 4 A+ 4

ip ip

1 - .
B ﬂ'lp +ﬂ’jp (Xi {Xj,Xp}_{—Xj {Xi’xp})z XiXJ'XP’(I <J< p)'

3) The preimage of image with the length of n
1
A + Ao+ + Aoy
1
H
A+ Ao+ 4 A gy

4) Generally, The preimage of image with the length of m(1<m<n)

X, Xp X 10X

n

{X1X2"'Xn71,Xn}l—)X1X2'”Xn.

1 1

% X dX »—>—{xi X% }

ﬂ’llim +'”+ﬂ’|m71im m-1 m ﬂ’ﬁim +“.+/’L h m-1 m
1

=X 1% X X e X X e XX
h 12 Im-1’ " Im Im-1 h Im2""Im

et .

him m-1lm

=X X .
T

Im

im-1im

we can find preimage in Q, (A) for all elements
Hence, we can find preimage of the image in Q,(A) when image length i,

satisfied i, > 2. However, we can not find the preimage of image with the length
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of 1inQ, (A).
So we can get 0-th homology group
HP, (A)=Kker o /Imo] =k ®kx, ®kx, ®--- @ kx, .
The proof is completed.
Proposition 4.2. HP (A)=0
Proof:

Q,(A)—250, (A)—Z>A

Firstly, we calculate ker oy
7 (A)>A
n R 0 R n R R 0 R
hooox%.x! byl oxY.0x!
ZCX1 Xj - xrdx; |—>ZC{X1 Xg - X] xn",xj}
j=1 j=1
the mapping between the elements is
it i in_2 yin- Iyl In-2 y b Py P Pn-1 y P
XX e Xe Xn”jan FXEX XX dxn—l e XX e X Xn"dXZ
G2 5/ Un1 4 G
+ X2 %52 - XX dxg
> K, D X f kg D X f s

Py Pn-1y P 02 v Gn-1 4
+kp1v“vpn {Xl ”'Xnﬂllxnn'X2}+kqlv'“,qn {XZZ X33 "'XnilanHV)(l}

We have n preimage, each of them has the length of k(1<k <n-1). The im-
age has k+1 in length, then we calculate the image in each item.

The first term:
Ki i {xiilxiz2 D }= Ki i (ilﬂﬂm +iyd,, +~~-+in71/1n71n)x1‘1x‘22 XX ob-

n-2"n-1'"n
viously, image has the different form with different value in
[ PP Y (05 [FRET gl). Now we discuss all the situation about the first

item in Table 1.
Iyl in-2 v
khv"'vjn {Xil XZZ T XHEZZ Xnn ' Xn—l}
_ H H i fyi i
- I(kl,-n,kn (Jlﬂln—l + Jzﬁz ngteot Jnﬁn n—l) Xl1 X22 XXy

Similarly, we discuss all the situation about the second item in Table 2.

The second item:

The (n-1)-th item:
Pn-1y Pn — Pn-1y Pn

kpl,,..,pn {lel o Xn—llxn ) Xz} = kph..,pn ( plﬂlz + p3ﬂ,32 L pnﬂ’n 2 ) lelxz o Xn—llxn

The n-th item:

9 U1 G - q Un1y 0

ququ {XZZ XX X1} - I(ql,m.qn (qZ;LZl + 0y 00+ qninl) X Xo? oo X X"

Similarly, we can discuss all the situation about the (n-1)-th, n-th item.

Because the Poisson structure of A is homogeneous. We can discuss the image

of o7 by length.
1) The preimage of image with the length of 1

D Cyxdx; > > CiAi XX,
Let ZCinide ekerodr, then ' Cy4;xx; =0. we can get (Cij —Cji)ilj =0
for Vi< j,thatis C; =Cj.wehave

DOI: 10.4236/jamp.2018.63048 536 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2018.63048

M.Y. Wang

Table 1. This table shows different form in image with the different value in i,,i,,---,i

n-1*
Image length value Denoted by image
il =1 iz = i3 == in—l =0 i1,0‘0.--v,0 Alnxlxn
IZ :1’ il = I3 = = IH*I = 0 iU,LU.--v,O AZHXZXI'!
2
iy =Li =i, =-=i_,=0 1001 AoinXosXe
ip=i,=1i,=--=i,=0 i1,1,o, -0 (ﬂin + A )Xlxzxn
i1:i3:1'i2:”':in1:0 i1,u,1‘-,o (jin+j’3n)xlxﬁxn
3
in—z =, = 1 i1 ==l = 0 iu‘o,-v-‘n (/ln—Zn + j'n—ln ) Xp 2 X0 X,
L= 0, iz === in—l =1 i0‘1.1,» i (ﬂ'Zn ot Ao, ) )21Xz XX,
i, =0,i =ij=--=i_ =1 i1,o.1,~,1 (/‘lm +"'+ﬂn4n)x1)22 XX,
n-1
infl =0, il = iz ==, =1 i1,1,1‘~»,o (ﬂ‘m +...+ﬂ’n72n)xl”’xn72)?nflxn
n i1:i2:"':inz:in1:1 i1.1,---‘1‘1 (ﬂ1n+"'+ﬂn—1n)xl'"xn

Table 2. This table shows different form in image with the different valuein j,, j,, -+, j

Image length value Denoted by image
j1 =1 jz == jn 2 = jn =0 jl‘O,D‘-- 0 A XXy
jz =1 j1:”':jn2:jn:0 jD‘i,D‘--‘O A1 XXy
2
jn =1 jl == jn-z =0 jo‘n‘ 10 /1nn X0 1 X,
j1 = jz =1 j3 == jn =0 jm,o,--v,o (ﬂin 1 +ﬂ“zn 1)X1X2Xn 1
3 j1 = jz =1 j3 == jn =0 j1‘0‘1,--v,o (ﬂln 1 +ﬂ'3n 1)X1X3Xn 1
jn 2= jn =1 j1 == jn 3= 0 jo‘o‘.‘m (Anfz w t A nfl)Xn—Zanlxn
j1 :O! jz = ja == jn =1 j0,1‘1‘.-‘1 (ﬂ'znfl+.“+ﬁ'nn—l))21X2.“Xn71Xn
jz :O! j1: ja == jn =1 jLO‘L--‘l (ﬂin—l+.“+]’nn71)xl£2.uxn—lxn
n-1
jn:O’ j1:j2:'":jn2:1 j1‘1‘1‘.‘o (ﬂln—l+“.+j'n72n—l)xlxz.“Xn—l)’in
1 j1:j2:“':jnz:jn =1 j1‘1‘-.‘1,1 (j'ln71+.“+j'nn—l)xlu‘xn

X,dx, + x,dx, € ker o7

x,dx, + X, dx, € ker o7
X,0%; + X,0x, € ker o7

T
X,,dX, + X,dx,_; € ker o7
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Obviously, for Vi< j, the preimage of xdx; +x;dx is idxi Adx; under

ij
the map o7 .
2) The preimage of image with the length of 2

2 CexiX;dx, > D Cp (A + Ay ) XXX,

Let > CyxXxdx, ckeroy , then ZCijk(ﬂﬁk+ljk)Xixjxk:O. we can get

A2y

Cii (i + A5 )+ Cya (45 + 44 ) =0 for Vi< j<k, thatis Cy =——Cy.
Ay +;ij
we have:
A= I 2y x,dx, + X, X,dx, € kerof
A+ Ao

nln ﬂinl

A X X, 0X, + X X,dX,_, € keror
n n-1n

Obviously, for Vi< j<k , the preimage of
ik T A
—x;dx Adx, under the map o7 .
3) Generally, the preimage of image with the length of m(1<m<n-1)

Zcil“‘im—lixil “.XimAXidXJ = zchwimql (ﬂ’ ot Ay ) : X X

W j 'm1 17
Let »'C, , % % Xdx; ekerof, then

> Chii (A +o 2 ) % % %X, =0,

|1|J

we have:
—(ﬂ,.+/1.+-~-+ﬂ, .+/1.)x. X, % %X
(/1 + A, A +ﬂ,) % X;dx e kerop

2] (] |2
Obviously, under the map &5, for Vi< j, the preimage of

—(ﬂ,hi+ﬂ,li+---+/1, i+/1..)x.x. s X X dX
2 m-1 1L ] L R
is —x %, ---x  dx AdX;.

b2

(ﬂ, +A . +- +/7, +/?,)

i X, X0

WX,
(4)The preimage of image with the length of n-1

ZCL..R...nXl”')A(k "'Xndxk [EEN zcl---li---n (ﬂlk +"'+ﬂ'nk)xi"'xk ...Xn
Let D C . XX --Xdx ekerof, then

LKoo
ZCL..;;...n (gik +"'+;l'nk)xl"'xk X, =0.
we have:
+A4,,++ A
Fan * Ao D20 XXy o X X, + X, X, -+ X, 0X € kerd?
/112+ﬂi3+“'+ﬂln

/,Lln +”'ﬂ’jn +”'+ﬂ'kn +.ot+ A

n-1n

2124_...]1]_ +...+j1k +'”+ﬁ’ln

Xp o Xy o Xy AX % oo X - X 0% € kerop

“Miyxd d
XX;A%, +X; X dX;

is
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Obviously, under the map 67, for V1< j<k <n, the preimage of
(ﬂ’ln +"'ljn +"'+ﬂ'kn +”'+ﬂ“n—1n)xl'”y(k '”Xndxk

+(ﬂ'12+”‘ﬂ'lj +...+ﬂik +"'+j1n)xl"'xj '”Xndxj

_Xlxz...)?j...)?k...xndxj /\dxk .

is

In conclusion, &7 is surjection. So we have the 1-th homology group

ker o7
HR(A)= |ma’1’ =0
2

The proof is completed.

Now, we write the general condition in Proposition 4.3, the process of proof is
similar with Proposition 4.2.

Proposition 4.3. HP,(A)=0,p(1<p<n).

Proposition 4.4. HP,(A)=0
_ keroy

- T
|man+l

Proof: lastly, we calculate the n-th homology group HP, (A)

Qn+l(A)L)Qn (A> a ; Qn—l(A)
Firstly, we calculate kero?,
o7 :Q, (M) > Q4 (A)
A Aendx > (<1)d{F, F}AdR A AdR

irhj
I<i< j<-<k<n

/\--~/\d|£j /\---/\dlfk A+ AdF,

= (=) d{x, X,V Adx, AdX, A AdX + (=1 d X, x Y AdX, A dX
Xl 2 3 4 n Xl 3 2 4

A AdX +---+(—1)(n71)+n d{XM,Xr]}/\dxi/\dX2 A AOX S,

the image is:
(1) d{x, %} Adx Adx, A A, +(=1) d{x, %} AdX, A DX, A=A DX,
ot (21) "X X A dX A, A AdX
=—d{X, %} Adxg AdX, A AdX +d{X, X AKX, AdX, A AdX,
4o =0 {X g X f A A X, A AdX
==, (%,0X, + X,0% ) A dXg A OXy A=+ A AX + Ay (X, 8% + Xy0X ) A X,

AOXy A A X o= A (XX + XX ) Adx AdX, Ao AdX,

We can easily see that this element can not be 0, thatis kero7 =0, so

ker oy
HPn (A) :W = 0

n+l

The proof is completed.
In conclusion, we have the homology group of A HPR (A)

HP(A):{k(Jakxl@---@kxn, (i=0)

‘ 0, (i>1) )
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5. Modular Derivation and Twisted Poisson

In this part, we should calculate the Frobenius modular derivation and get the
twisted Poisson structure. Firstly, we need get the Frobenius isomorphism and

Frobenius pairing.

5.1. Frobenius Isomorphism and Frobenius Pairing

The Frobenius algebra A has dimension 2, with basis

By {Xi1 e |10 <<l < n} . The dual space A" has the basis

{LHU{x % [1<i; <+ <i, <n}, satisfied

h

% A —>k
X =1
X; > 0(j=i)

Frobenius isomorphism o:A — A" is given by
o(1): Zcil,m,in XX 6 i -

Oﬁhgpugﬁq.

Choosing a basis {Xlilxiz2 ce X
oA N
1o ().

We can easily get the Frobenius paring is

1L qg+p=,Vi
Gy xProoxPr) = ' !
<X1 notom > {0, else

5.2. Twisted Poisson Module

Now we calculate the Modular derivation D (xi )
D(x)={1, xi}D
=c™* ({O'(l),Xi}A*)
=0 (14K + RO ek X))

i N

Compute it by each item

(o (1) %} (W)= (1) 3,2} =0 ®
{e(D).x} (%)= @){x.x} ©
= (1)(4%x;)=0
{a(l),xi}(xl--»”(j--~xn71)=a(1){xi,x1--->2j---xnfl}zo (7)
{o (0} (xR %, ) = o (D)X %y %, | (®)
By the definition of o-(l) Equations (5)-(7) equal to 0. Then we discuss (8).

when i=j,
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x>

X

~—

Xy
i...Xn{Xi,X1}+X1X3...)2i...Xn{xilxz}_{_...
{Xi'Xi+1}
XX e KK Xia X 1K X f e XX Xy 10X )
=((ﬂ“|i+l+ﬂ’|i+2+“'+ﬂ“|n)_(ﬂli + Ay +"'+ﬂ"|—1i))xi"'xi"'xn'
We have
{O-(l)'xi}(xl'“)zi'uxn):( |i+1+ﬂ1i+2+"'+/7ﬁn)_(ﬂ1i + A +“'+ﬂ’|—li)
:{0(1)')9},\* :((ﬂ’li+1+/’l’|i+2+"'+/1’|n>_(ﬂ’li + Ay +"'+ﬂ’|—1i))xf"'xi Xy

<

X<
x>

ir M
X2 3...

XX XK X D X f XX KX X,
..Xi.

We can get
D(x)={Lx},
=0 ((Arat A+ + A~ (B + 2 A ) KR 9)
= (it Ao oo+ A )= (A Ao oot A ) )%
Then we give the twisted Poisson module of A
{Xi'xj}Ao
((/ljj+1+--~+/1jn)—(ﬂlj+ﬂzj+--~+ﬂ171j+ﬂ,,+lj+---+/11.71j))xixj,(i
= ((/11.M+---+/1ji_1+/1ji+1+-.-+zjn)—(zlj+),2j+---+,1j_1j))xixj,(i>j
0, (i=1)

A

) (10)
)

6. Twisted Poisson Homology

In this part, we calculate the twisted Poisson homology after we get the new
poisson module structure {Xi X }AD . give a right Poisson module A°, we have
the new canonical chain complex

AP ®, QP (A)—E5 A% ®, QP (A) s an

—Z 5N ®, Q'(A)—E5 A" ®, A—E0.
where p>1, 07:A°®, QP(A)—>A° ®, QP*(A) is defined by:

o7 (m®da, A+ nda,)
p

p i .
:IZ(_].) 1{m’ai}AD ®da1/\-..dai.../\da

=1
+ Y (-1)"m®d{a.a;} ada, A--da,-da; - Ada

Ki<j<p

.
Then we calculate the twisted Poisson homology group and get some results.

6.1. 0-th Twisted Poisson Homology

o (A) > A

i 0 i i ° i
ZXf'“Xj ~~-Xn“dX,- I—>{X11---Xj "'Xnn’XJ}AD'
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we will prove that we can find preimage in Q, (A) for all elements when i >1
1) The preimage of image with the length of 1

(Ao A ) = (A + Ao+ A1)

2) The preimage of image with the length of 2

1
(ﬂ’jj+l+”'+ﬂ‘jn)_(ilj+”'+ﬂ’|—lj+2’|+lj+ +ﬂ’jlj)

dx, - x,(1<i<n).

xdx; - xx; (i< j).

3) The preimage of image with the length of 3
1
+---+/1pn)—(/11p oot Ay + A4 +---+/lp71p)—(ﬂlp tot A, t A

i+lp

2(/1 XX dx,,

XXX, (V1<i< j<p<n)

pp+L +"'+Ap4p)

4) The preimage of image with the length of n

XX X

_(AZn+'”+ﬂ’n—ln)_'”_(iln+”'+ﬂ“n—2n)

Hence, we can find preimage of the image x,---x,(1<m<n) in Q (A), the

dx, = XX, -+ X, 4 X, -

preimage is

XXy X
(m_l)<ﬁ’mm+l+“'+ﬂ‘mn)_(]”2m+'“+/1m—1m)_'“_(/1lm+"'+ﬂm—2m)

But for the constant term 4 (with the length of 0), we can not find the prei-

ax, > X X,

mage. So we can get 0-th twisted homology group

ker o,
Imoy

=k.

HP, (A, A”) =

6.2. 1-th Twisted Poisson Homology
r O (A) > A

ZCxl'l---x?---x'n”dxj +—>{x1'1x'22-- XX }

n o

the mapping between the elements is

x{lxiz--'x‘nnfzzx,‘]“*lldx XX XX e XE2XEE - XX

n-2 *n
i ' i iyl 2yl
{Xi XZ2 R 22Xnn11' Xn} + I(jl,m,jn {X11X22 ”'XnEZZ X" Xn—l}AD T

P Pn— P2y P Pty P
+ kp1,-~~.pn {Xl X3’ "'anllxn"vxz}AD kp1,~-~,pn +{X22X33 "'anllxnnvxl}AD

We have n preimage, and each of them has the length of k(1<k <n-1), and
the image has k+1 in length. Similarly, we can calculate the image in each item
like in part 3, we do not repeat.

Because the Poisson structure of A is homogeneous. We can discuss the image
of 67 by length.

1) The preimage of image with the length of 1
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D .Cixdx; > >"Cy ((/Ij A J.m)—(ﬂlj et Ay Ay +/1Hj))xixj
Let » C;xdx; ekerdy, then

ij

yc, ((/1j it A )= (A ot A+ A +/1Hj))xixj =0.

Aiig ot g+t g o+ A, (A o+ A
for Vi<j, C; U - e d </11] ]lj) =-C;.
/’i’jj+l+'”+/1jn_(ﬂ1j+”'+ﬂi—1j+”‘+2’|+1j+”'+lj—1j)
We have
R
et x,dx,, + x,dx, e ker o7
A’Zn+”'+/1n—ln

(/1]. j+1+--~+/1jH+~~-+/lji+1+--~+/1jn)—(ﬂlj +---+/1Hj)
4 j+1+"‘+/1;n—(/11j toot Ay et A

x.dx. + x.dx. e kero”
+"‘+1j,lj)l ] IR 1

i+l j
(At )= Aia o+ A
ﬂ’ln+'“+ﬂ’|—ln+“'+ﬂ’

i+ln

X;dx, + x,dx;  ker o7

+ ﬂ’n—ln

We can see that the image xix?---x"2x"dx, and xIx2---x"2xtdx, , in
Q, (A) has the same coefficient, it is conflict with our results. So the image
with length 1in kerd7 can not find the preimage in €, (A). In the same time,
the constant term & (with the length of 0) also can not find the preimage. So we
can get 1-th twisted homology group.

2) The preimage of image with the length of 2
Zcijkxixjdxk = Zcijk (Z(Ak k+1 +"’+ﬂ'kk+n)_2<j1k +”'+i|k
A et A )= —ljk)xixjxk

Let ) CyXx,dx, keroy, then
ij +: + k+n k ik jk -1j ik jk ik
ch(z(/1,kkl ot Aen )= 2 A o Ry Ayt Ay )= Ay =2 )xxx‘
=0

for Vi< j<k,thatis
(Z(lkk+l+'”+ﬂkn)_2(ﬂ1k ot Ay +j’jk +"'+ﬂ'k—lk)_ﬂik _ﬂ’jk)c
Ay =4

jik = — i
(Z(Akk+l+'“+lkn)_2(ﬂlk +ok Ay + Ay +"'+ﬂ1<—1k) k)
We have
+ ...+
et At A X %,dx, + X,x,dx, € ker o7
ﬂln +'“+ﬂ“n—ln

_/’I'Zn—l+“'+ln—2n—1
12n+'“+ﬂ’n—1n

Obviously, for Vi< j<k, the preimage of this image is —x;dx; Adx, under

X X 0X, + X X, dx,_, € ker o
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the map 0, .
3) Generally, the preimage of image with the length of m(1<m<n-1)

Z Cil”‘imfl iXi1 Xiz o Xim—l X de
= zcilu.im,li (2(/11 it A j+n)_2(ﬂlj +"‘+i|1j +j121

ot Ay F A )= Ay A

1 J 'J')Xh'“X %X

im1 17

Let zcilmim,lixil X, X Xide e ker o7 , then

Im

zcil”'imfﬂ(z(lj j+l++/1] j+n +21J ++j: f +/:£

W] 2]

+ot A +ﬂj—1i)_ﬂ1

hj (R |

'“_Z’U)Xil'nx' XxX. =0

We have,
X, % XX
2(2’|i+1+“'+2’|i+n21i ot A +2’|—1j)_ﬂ’|1i - =

+ X % X;dx e kerof
22 ju et Ay ey ot Ay, + A ) A

Wi ij

for Vi <---<i,, <i< ], the preimage of this element is —x x

W X, X O A dX;

4) The preimage of image with the length of n-1
chxl"'xn—ldxn = ch(_(n_z)(ﬂln +'“+/1n—11)_ﬂ1n _“'_ﬂ’n—ln)xl"'xn

Let D Cx X, ,dx, €keroy,

then
Cl(_(n_z)(ﬂ'ln+'“+ln—1l)_j'ln_“'_/ln—ln)xln'xn
+Cn(_(n_z)(ﬂ’nl+'”+A’ln—1)_ﬂ’n1_”'_ﬂ’n—ln)xl"'xn:O
We have
)
LV R ST, XoXg -+ X, X, + X X, -+ X, dX, € kerdf
App + gy ++ Ay,

j’ln+"'ﬂ’jn +'"+ﬂ'kn +'"+ﬂ'n—1n
ﬂlz+'“ﬂlj +...+j1k +...+j1n

Xy oo Ko X X OX A+ X X oo X X dX; € Keroy

for V1< j<k<n, the preimage of this element is

A+ Aoy +o0+ 4,
n n n-1n
Xy Xg oo+ X, ,0X, AdX, — Xy Xg o+ X, 0% A dX

A+ g+t A, : "

A Ao+ Ay 3
A+t g+t 5,

_Xl'“X'“'Xk'“Xnde /\dxk —

i ”X"”Xk“'xndxj/\dxk

J

In conclusion, &7 is not surjection. So we have the 1-th homology group
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kero;

HR (A,A%) = Imor
2

k
+...+
—/112 A X dx, + X, dx,
A’Zn +'”+ln—1n
/'{’21+'“+ﬂ’2n—1

X,dX. + X, dX,

)Zln +23n'“+2’n—ln

(ﬂjj+l+-~-+/fji+---+/1j) (/11J+ A )

X dx; + x;dx;
Ajjatt 4, —(ﬂ,lj +---+/7,,j +oot Ay )
(At A) = A oot A
xdx, + X, dx;
A’ln +'”+ﬂ’|—ln +- +/1'|+1n +/1n—1n

6.3. 2-th Twisted Poisson Homology

270, (A) >, (A)

> Oxxz - xhdx /\kaI—>{ i '},\D dx,
1< j<k<n
—{xl'1~--x } dx; — S X { }
That is
> Cxtxg e xndx; Adx,
1< j<k<n
=C X X7 -+ X2dX, . AdX, +CoX X2 - XXX, AdX,

i5 g
+-~-+CC§X3 X4

XXX A dX,

n-1"n

we calculate the image in each item

The first term

o

_{Xil Xrl1n§'xn} Ddxn—l_ g

PR
=X2X5 X

in-
n—

o (]

1
_Xl Xnnzzd{

= _(ln nat /1n

The C?-thterm

I3 yia
X3

i i
—{X33 "'Xnn’

xm2dx, , Adx, F> {xl'1

n-2 +lnnl)(xilx

xindx, A dx, >

. Xri1n:§ ' Xn—l}AD dxn

xr2d{X, y, X, }

XEX X X
B
XXX %)

11 %}

XEZXIEAX, +XEXE - XXX, )

n2n

D6 o dx,
XZ}AD dx, — X3 - xnd { X, X, }

= XzilA Xi55 Xri]rl—ll)(:]n {X:i,f', Xl} R + X;S Xi55 een Xri1n:11X:1n {XLA , Xl}AD

e XEXE {x'" xi} — XS -y {x'3 xz}AD
DOI: 10.4236/jamp.2018.63048 545 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2018.63048

M.Y. Wang

+X;3X;5 ...Xri]n_—ixri]n {XLA’XZ}AD et X;?’X‘i{‘ ...X:]n_—i {X:]H'XZ}AD
i i
—X33 ...Xnﬂd{xllxz}

_ iy i i 2 win iy i i
- _(ﬂ’ln +ﬂ'2n +ﬂ’n—1n)(xllxzz ”'Xnn—éxnn—idxn +X11X22 X ZX”an_l)

n-2"n
Next, For every element in 3, (A), we try to find the preimage in Q;(A).
03 :Q5(A) > Q,(A)
D XEXF e xrdx, Adx, Adx,

1<p<qg<r<n

|—>{X1i1"'X:1":Xp}AD dx, A dx, —{Xlii...x:]",Xq}AD dx, Adx,
+{X1il...x;n,xr}AD dXp /\qu —Xiil"'X:]nd{Xp’XQ}/\er
+X1il_,.xri]nd{xp,xr}Adxq _xlil...x::d{xq,xr}/\dxp

We just take one item for example

iy i i
D XEXZ e xdx ) Adx, AdX,

1<p<qg<r<n

i [ i [N
g {Xl o Xnn—g ’ Xn—Z}AD an—l A an - {Xll o Xnn—g ’ Xn—l}AD an—Z A an

i [ i in_:
+{X1 "'Xnn—g Xy }AD dxn—l A an—z - Xil Xnn—gd {Xn—Z' Xn—l} A dxn
gt X3 Xy, X f A X, =X XA (X, X A,

H H H i i
= (Ilﬂl n-2 + IZAZ n-2 teeet In—:iﬂ’n—3 n-2 ) Xl1 e Xnn—gdxn—l A dXn

- (ilﬂ'ln—l ML R NPV n—l) Xt e XX, AdX,
+ (il/lln Tt in—3ﬂ'n—3 n ) Xlll o Xrl1n::33dxn—1 A dxn—z
- An—z n-1 Lo Xrl1n:§ (Xn—zdxn—l A CIXn + Xndxn—z A dxn—l)
+ Ay X X3 (X, 0X, AdX, L + X, 0X, AdX, )
- ﬂn—ln Xli1 o Xliwn (Xn—ldxn N an—Z + Xndxn—l N an—z )
Similarly, because the Poisson structure of A is homogeneous. We can discuss
the image of o] by length.
1) The preimage of image with the length of 1
D Coxdx, Adx,

»—>ZCpq((2(,1pp+1+---+/1pn)—2(z1p+---+i,p+---+/1p_1p)—i.p—ipq)xixpdxq
—(2(/1qw+---+/1qn)—2(ﬂm+---+---+/1q71q)—i,q—ipq)xiquxp)

Let » C,,xdx, ndx, ekerd;, then
ZCpq((2(/1pp+1+---+ﬂpn)—2(ﬂlp+---+ilp+---+/1p_1p)—ﬂ;p—/f )xix dx
—(2(/1qq+1+---+zqn)—2(zm+---+---+/1q,lq)—z",,q—ipq)x. 0

Then for Vi<p<q,
Coa(2(Fp po 4 Agn ) =2 (g 04 A e Ay ) = By = g KX, 0X
—(2(/1qq+1+---+/1qn)—2(ﬂ1q oot A g ) = Ag —/qu)xi )

quxp
Coo(2 v o4 A ) =2y o A o ) = o = o) X0,

pi
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Cip((Z( ppet o A ) 2( TR N
—2(4

That is

c Ajjat ot it A+t 4, (ﬂij+ +/ljlj) _c
ij = ji
"2 it +/1 (/11].+---+/1HJ+ +/1H1J+ +/1Jlj) !

we have
Jag 04 D :
————=hxdx, AdX, — X, 0% A dX, + X,dx, Adx, € kerd
ﬂnl"' +/121 Xl 2 n Xl 2 2 Xi n 2
Ag Tt 4,
—xdx /\dx =X, dx; /\dx +X, dx; /\dx € kero;
/1 +- +/1

ﬂ’n—ll +oot ﬂ“n—ln

X,dx, 4 Adx, — X dx, AdX,; + X, 0% Adx, €kerd;
Ay o4 Aoy

2) The preimage of image with the length of 2
DCooxx;dx, Adx,

H;cqu((z(z e A ) = 2( Ay ot A1y )= By = Ay Ay ) XXX,

~(2(Agqu+ A ) =2 Ay +0+ Agag)— g = 4 )xxxdx)

Let » C,xX;dx, ndx, €kerd;, then

yc,, ((2(,1p p+1+---+/1pn)—2(21p+---+/1p71p)—ﬂ,,p—ijp—/fp )xixpx, 0,

~(2(Agquat A ) =2 Aag oo+ g g~ g = A )xxxdx) 0
for Vi<j<p<q,

uk( (ﬂkk+1+ +/1k ) Z(Ak+'”+i|k+ijk+”'+ﬂk—lk)_ﬂ1k_ﬂ‘jk)
jlk( (Akk+l+ +ﬂ'k) 2(/11k+"'+ijk+ﬂ;k+“'+ﬂk4k)_’1jk—ﬂf.k):0

that is
C. :_(2(/11““1-i_m—i_ﬂ‘”‘)_z(ﬂ'lk ot Ay +j“jk +”'+ﬂ”k—lk)_;{’lk _ﬂjk)C..
g (2(/1“”4_”'4_/1‘(”)_2(2“ e Ayt +"'+lk—lk)_ﬂ~jk _ﬂv.k) "
We have

Ao+ 4 Aoy = Ay

4_A4l+'”+l4n

XX, A%, A OX, — XX, dX, A dX, + X X,0%, A dX; € ker 07

g+t Aog = Ao .
xx dx AdX, = XX, dx AdX, +xxdx /\dx e kero;
/1 /1 +- +/1
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We can see that the image xx2---x"2x"2dx, , Adx, and must have the same
coefficient, it is conflict with our results. So the image with length 1 and 2 in
kero; can not find the preimage in Q,(A). In the same time, the constant
term & (with the length of 0) also can not find the preimage. Now we discuss the
elements in kerd; when the length > 3, we will prove that we can get the prei-
mage in Q,(A)

3) The preimage of image with the length of 3

D Coar XXX dx, Adx, > D> C, ((Z(AP p+1+"'+’1pn)

=2y oA Ay gy )=y = Ay = Aoy — )xx X, dx,

LR I

~(2(Agqu+ e+ A ) = 2( g+ 4

qq+ q-1q

) A=A —A /T)xxxdx)

1q ] p

Let ) C,.XXdx, Adx, Adx ekerd;, then

ZCpq((2(ﬂpp+l+---+lpn)—2(ﬁip+---+/1p71p)—i,p—/fjp—ipq s )xlxjxpdx
_(Z(Aqm1+..-+,1qn)—2(ﬂ1q+ + g1q )= g = Ao = Ajp = )x,xjqux) 0
We have

et A, —
Ay M2 XX, Xg Xy A OX, — X X5 X, X, A X, + X X5 X,0X, A dX, € ker o
Aag = Ay +++2+ A

g *

vy

xx xdx AdX, —xxxdx AdX, +xxxdx /\dx € kero;

i

+ A
+o ﬂ
Obviously, for Vi< j<k, the preimage of this image is
—Xs0x, A dX, AdX,
—X;dx, AdX, AdX,

under the 07 .
4) The preimage of image with the length of n-2

D CotnXy o X p0X y AdX,
HZQ((—(“—Z)(%H+"'+/7~n_11)-/?1n-"'—ln_ln)xl"'xn_ldxn
+(—(“—2)(/71.1n+“'+/711)—/71n.1—'“—%n.l)xl“'xndxnfl)

Let 3 Cpyo¥ -+ X, 0,5 AdX, € kerd7, then
FCy((—(n=2)(Aag +oe+ Ay )= Aoy == X X, 1,
(H12) s 5 ) = s i85, 0

We have
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Ap + A+ Ay
121"‘131"'"""/%1

Az + A+ + 4
3 3 3 g

T2 X Xy Xy oo X OXg A X — Xy X5+ Xy OX A DX, + XX, -+ X, 0% A OXg
A+ Ay 40+ Ay

X Xy Xg oo X A%, A X, — X, Xg -+ X, A% A DX, + XX, - X, A%, A dX,

j'ln—l—i_j“Zn—:L+“'+ﬂ’nn—1
Apg + Agy +- 4 Ay

— Xy Xg e Xy OX AOX, + X, X, oo X AX ADX,

X Ko Xy e Xn—zdxn—l A dXn

Obviously, the preimage of this image is
XgXg -+ X4 0% A OX, A DX,
Xy Xy e X 0% A dXy A DX,

XpXg -+ Xy OX A OX, 4 AdX,
under the 07 .
In conclusion, &5 is not surjection. So we have the 2-th twisted homology
group
_keroj
Imo;

HP, (A, A°)

k

Mxldxz A X, — X, 0%, A dX, +X,d% A dX,
Ao+ Ay

ﬂ’lq +...+/’qu
XX, Adx, —x,dx; Adx, +X,dX AdX, length of 1

A Tt Ay

/1 _ ++A ~
T A A X A+ A

+o+ A, -4
jz e 1 N }:] XX, 0%, A dX, — XXX, A dX, + XX, A%, A dX,

length of 2
ﬂ’lq + .-

ﬂ’lp_ﬂ’

e Ty dx ad dx. Ad dx. Ad
= X X 0%, A dx, =X X,0X, AdX, + XX dx, Adx,
pq

+ /Ipn

In general situation, for 1<m<n-1, the m-th twisted homology
HP, (A, AD) has the elements in Kkero; with lengthof 0~m.

6.4. n-th Twisted Poisson Homology

Q. (A)—2150 (A) 250, (A)
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o7:0,(A) > Q4 (A)
Cdx, A---AdX, > Z (—1)i+jd{F F-}/\dFl/\.../\dFAi/\-../\dﬁ.

(L i
I<i< j<---<k<n

/\---/\dlfk A AdR :(—1)1+2d{X1,X2}/\dX3/\dx4/\---/\dxn

(1) d %, X} AdX, AdX A ADX, +o
(1) " {x, 4, %, ) Al Al A AdX
We calculate the Poisson bracket
(<1)"*d{x, %} Adx; Adx, A AdX,
(1) d {x, X} Adx, AdX, Ao AdX, +o
(=) d X X F A A X, A AdX
=—d{X, X, } AdXg AlX, Ao AdX, +d{X, X} AdX, AdX, A AdX,
Ho =X X f A A A AdX
==y, (X, 0%, + X0 ) dXg AdX, A--- A X
+ A3 (X,0X + XX, )X, AdX, A- A X

+oe = Ay (Xg0X, + x,0x ) dxg Adx, A AdX,,

We can easily see that this element can not be 0, thatis kero7 =0, so

HP, (A,AD)z—::;af =0

n+l

7. Twisted Poincaré Duality between Poisson Homology and
Cohomology

In this part, we will check the Twisted Poincaré duality between Poisson homol-

ogy and cohomology, that is for ie N, we have
P.D.:HP (A A)=(HP (A A))
Next, we need to calculate the cohomology group.
obviously, for all i, j, the equation established
{Xlil C X "-X:]",Xk}
= (Auely ++F Aadr + A+ Ao )X XX

For every peN, p-fold polyderivations from A to A, denoted " (A),

(12)

#'(A)=Hom (Qi , A). recall the canonical cochain complex
0—>Ai>%l(A)i>mL%k (A)Lk)%k”(A)—»u

Forevery Pex* and fj,---,f, eA. & : " —> %" is defined by

5P (P)(fo-, fk)=zk:(_1)i{fi,P(f0,..., fo fk)}

i=0

_ (_1)”jp({fi, fj}7 foreee, Foee, o, fk)

0<i<j<k

obviously, &, (P)e#"" and &0, =0.
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Let 1=C, , X2 X" € A, and assume it satisfies
{ﬂ,,Xk} {Z:CI1 iy b Xn",Xk}z (k:l,...,n)_
Then Equation (12) lead successively to
For i #1 and i =i,=-=i_ =i, =--=i,#0,wehave C_; =0.
Hence, we can get the Proposition 7.1.
Proposition 7.1. HP°(A)=C.

Proof: for every d €', dis uniquely determined by the values of
d(%) = 2 Cpus XX -+ XX
d(%)=20C 4 X X5 XX

d(X,,)= ZCa"f.la XEX2 - oo Xind i

n-1"n 2
( ) ZC I1)('22 :\n—fXI:n X
Moreover, d must satisfy the relations d (xf) =d (XZZ) =...=d (Xf) =0, since d
is a derivation, so we have x,d(x,)=x,d(X,)="---=x,d (X )—
So we have the that for Vi,---,ij, Cy, , =CJ,, =--=C], ,=0. Hence

the space 2= Der(A,A) has basis {d;min } U{ i } U---u {d;“in} , where
1) for 1<ij <2, 0<iy, iy, -+,i, <2, the derivation d; , is defined by
d, (%) =xxg - xr and d, (x)=0(whenk =1);
2) for 1<i,<2, 0<i,liy, -1, <2, the derivation dif“in is defined by
d?, (x)=xixgxo and d?, (x)=0(whenk = 2);
(m) for 1<i, <2, 0<i,i,, iy, <2, the derivation d; ; is defined by
di(l,”,),in (%,)=xgxz -+ x" and di(l,”,),in (%)=0(whenk #n);
In particular, dim(%l) =n-2". Let
d = Zipﬂ) a'(ll)'nd‘(ll)ln + ZiZ;tO a|(12)lndl(12)ln +e-t Zin#) ai(:‘).in d|5n)|l_I € %1
d e ker, if and only if dsatisfied:
d ({Xk'xl“'),ik ...Xn})z{d (Xk)'xl'“)zk '“Xn}+{xk’d (Xl...)'{k “'Xn)}' (13)
In Equation (13), we have:

LHS =d ({X., % %, })

=(n-1)(0!l1 . X1X|2+1 . |n+l+a( ) X|1+1X|22 X|n+1+ +05|1 . X11+1 I2+1"'Xi")

{d(x --Xn}+{xk,d(xl--->“<k---Xn)}

{x XX R X {0 d (g R )

(/?1+ o Ay F Ay o Ay e A )xli“l---x,i(k---x,iﬁ+l
X0 X X0 (X)) o X X pd (%)}

RHS =
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=(ﬁ’12+"'+/11n+/123+”'+12n+'”+ﬂ’n—ln)xii1+1”'xli<k ...)(in"+1

(1) i yip#l in+l (n) htly i+l i
+{Xk,0.’-minX1X22 ED & +---+ai1minxll XZZ XD &

h

From the coefficient of x/'x%---x" we can get for VO<i,--,i, <1, we have

d e ker g, h
(-2 (A Aot d )l
+(n—2—(ﬁ,21+ﬂ,23+-~-+22n))ai(1??in

R LE R PREY NPERR Y N ) i

i

(=2 (A Ay + o+ Ay ) )i, =0

i
The proof is completed.
Proposition 7.2. HP'(A)=C®Cd}) j®cd?  @--ecd) ..
Proof: let
d({X0 X R X ) ={d (%) X R x 4+ {6, d (0 -+ K - x, )} e ker &,

Set A= Ziz b ¢oai(;-)-in X! ---X" € A, from Equation (12) we can get

d,=d+{4,~} is a Poisson derivation and satisfied d (% )=) oz(l)moxlil .

>0 ",
From Equation (13) we can get that for all i #0, we have aa(f,%mo- That is
d, (%)=} 0%, . Similarly,

1 1 i 1 n in
Let d,(x,)= Zil:oai(l,())moxill +”'+Zin:0 ai(l,o)---oxé .
Let a new set

u :=Zi1:01aif?‘inxli1 ce X +Zi2:olai(f?,inxl‘1 X4 e AL
d,(x,)=d;(x)+--+d,(x,)—{u,—}, so we have

d, (%) =al; dig.o+ e dyg.s.

by

That is the image of Cdl(’ll)vmy0 @ Cdéyzl?lvmyo RN Cdéf}}’mm in HP'(A).

The proof is completed.

Similarly, we can calculate the m-th cohomology HP™(A).

From the propostion 7.1 and propostion 7.2 we can easily get that the demen-
sion of m-th cohomology group HP" (A) equal to the demension of m-th
Twisted Poisson homology, HP, (A,AD ) , we check the twisted Poincaréduality

between them.

8. Conclusion

In this paper, we successfully calculate the ith homology group of the algebra
A= k(xl, Xoye ey X >/<Xixj = XX, Xi2> in part 4. In part 5, after getting Frobenius
pairing, we calculate the modular derivation and then have the twisted Poisson
module structure. Furthermore, we calculate the twisted Poisson homology
group in part 6. Lastly, we verified the twisted Poincaré duality between Poisson

homology and Poisson Cohomology through the cohomology group of A in part
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7. In future studies, we will discuss whether all these conclusions hold up for

general algebra.
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