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Commons Attribution International . . .
License (CC BY 4.0). In 1975, Kramosil and Michalek [1] first introduced the concept of a fuzzy me-

http://creativecommons.org/licenses/by/4.0/ tric space. In 1994, George and Veeramani [2] slightly modified the concept of

fuzzy metric space introduced by Kramosil and Michalek, defined a Hausdorff

topology and proved some known results. In 1969, Rheinboldt [3] initiated the

study of iterated contraction. The concept of iterated contraction proves to be
very useful in the study of certain iterative process and has wide applicability in
metric spaces. In this paper we introduce the notion of fuzzy iterated contraction
maps in fuzzy metric spaces and establish some fixed point theorems for fuzzy

iterated contraction maps in fuzzy metric spaces.

2. Preliminaries

Definition 2.1 ([2]). A fuzzy metric space is an ordered triple (X M ,*) such
that X'is a (nonempty) set, * is a continuous #norm and A is a fuzzy set on
X x X x(0,0) satisfying the following conditions, for all X,y,ze X, s,t>0:

(FM-1) M(x,y,t)>0;

(FM-2) M (x,y,t)=1 ifand onlyif x=y;

(FM-3) M (X, y,t)=M(y,xt);

(FM-4) M (x,y,t)*M(X,z,t+s);
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(FM-5) M (x,y,®):(0,00) —(0,1) is continuous.
Definition 2.2 ([2]). Amap T:X — X, satisfying M (TX,Ty,t) >M (X, y,%j R

forall x,ye X,t>0,0<k <1, is called a contraction map.

3. Main Results

In this part, we firstly give a notion of the fuzzy iterated contraction map in a
fuzzy metric space, then we prove some fixed point theorems for fuzzy iterated
maps under different settings.

Definition 3.1 If (X M ,*) is a fuzzy metric space such that

M (Tx,sz,t)z M (X,Tx,%j for all xe X,t>0,0<k <1, then Tis said to be a

fuzzy iterated contraction map.

Remark 3.1 A fuzzy contraction map is continuous and is a fuzzy iterated
contraction. A fuzzy contraction map has a unique fixed point. However, a fuzzy
iterated contraction map may have more than one fixed point.

Let (X,d) be a metric space, Define x*y=xy and d(x,y)=|x—y| for
all x,yeX and t>0,

M(x,y,t)= m
then (X,M,*) is afuzzy metric space.

If T:[-1/2,1/2]>[-1/2,3/2] is given by Tx=x, then T'is a fuzzy iterated
contraction but not a fuzzy contraction map.

The following is a fixed point theorem for fuzzy iterated contraction map.

Theorem 3.1 If T:X — X is a continuous fuzzy iterated contractive map
and the sequence of iterates {x,} in fuzzy metric space (X,M,*), defined by

X,y =TX,,n=12,--- for Xe X, has a subsequence converging to ye X, then
y =Ty, that is, 7T'has a fixed point.

Proof: The sequence {M (X1 X, ,t)} is a nondecreasing sequence of reals. It
is bounded above by 1, and therefore has a limit. Since the subsequence con-
verges to y and 7 is continuous on X, so T (Xni ) converges to Ty and
T? (Xna) convergesto T?y.

Thus M (y,Ty,t)=limM ( oo X ) limM ( |+1’X”i+2't): M (Ty,sz,t)

then
12M(Ty,T2y,t)2M(y,Ty,a
JAT
e
( ij vneN,O0<k<1

when n—>00,M(y,Ty,kt—nj—>l, therefore M(y,Ty,%jzl that is to say

IV

IV
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Ty=y.

We give the following example to show that if 7'is a fuzzy iterated contraction
that is not continuous, then 7'may not have a fixed point.

A continuous map 7 that is not a fuzzy iterated contraction may not have a
fixed point.

Note 3.1 If 7'is not contraction but some powers of 7'is contraction, then 7’
has a unique fixed point on a complete metric space.

Proof: If xis a fixed point of k powers of 7, thus T* (X) =X,

T (Tk (X)) =T(x), then T* (T (X)) =T(x),since T* has a unique fixed point.
Consequently T(x)=x.

Note 3.2 Continuity of a fuzzy iterated contraction is sufficient but not neces-
sary.

As stated in Note 3.1 that if 7"is not contraction still 7" may have a unique
fixed point when some powers of 7'is a fuzzy contraction map. The same is true
for fuzzy iterated contraction map.

Theorem 3.2 Let T:X — X be a fuzzy iterated contraction map on a com-

plete metric space X. If for some power of 7;say T' is a fuzzy iterated contraction,

that is, M (T'X,(T')2 X,t)z M (X,Trx,%j and T' is continuous at y; where

: n
y=Ilim (T r) X, for any arbitrary X € X . Then 7T"has a fixed point.
Proof: Since T'is a fuzzy iterated contraction that is continuous at y;

M (T'x,(T')Z,t)z M (x,T'x,a,0<k<1
M((T“)” x(T7)" x,t)

=] M ((Tr)mx'(Tr)i X,njm],Vrbm, nmeN

\%
.z: g

©

therefore {(T ' )n }

is a Cauchy sequence in X and X is a complete metric
n=1

space. Thus Jye X,st.y= lﬁl}, (Tr )n X, and T' is continuous, consequently
. n . n+l
Tr(y):!]mTr((Tr) x):ml(T’) X=Y.

It is easy to show that d(y,fy)<k'd(y,fy). Since k"<1, therefore
d(y, fy)=0 and hence fhas a fixed point.

We give the following example to illustrate the theorem.

Note 3.3 If T'is not a fuzzy iterated contraction in Theorem 3.2, but T' isa
fuzzy iterated contraction with T"y =y, then T'has a fixed point.

Theorem 3.3 If T:X — X is a fuzzy iterated contraction map, and X is a
complete metric space, then the sequence of iterates X, convergesto ye X.
In case, T'is continuous at y; then Yy =Ty, thatis, 7has a fixed point.

Proof: Let X ,=Tx,n=12;x€X. It is easy to show that {x,} is a
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Cauchy sequence, since 7'is a fuzzy iterated contraction. The Cauchy sequence
{xn} converges to Y € X, since Xis a complete metric space. Moreover, if T'is
continuous at y; then X, =Tx, convergesto Ty.Itfollowsthat y=Ty.

Note 3.3 A continuous iterated contraction map on a complete metric space
has a unique fixed point. If an iterated contraction map is not continuous, it may

have more than one fixed point.
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