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Abstract 
This paper mainly tends to utilize Razumikhin-type theorems to investigate p-th moment stability 
for a class of stochastic switching nonlinear systems with delay. Based on the Lyapunov-Razumik- 
hin methods, some sufficient conditions are derived to check the stability of stochastic switching 
nonlinear systems with delay. One numerical example is provided to demonstrate the effective-
ness of the results. 
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1. Introduction 
Stochastic switching system is an indispensable class of hybrid dynamical systems, which is composed of a 
family of stochastic subsystems and a rule that orchestrates the switching among them. Yet, there inevitably ex-
ists delay phenomenon in the practical systems like physics, biology and economic [1] [2]. So it is important for 
us to study stochastic switching systems with delay. Over the previous few decades, stochastic switching delay 
systems have received much attention due to their potential applications in many fields, such as the control of 
mechanical systems, automotive industry, chemical and electrical engineering [3] [4]. 

It is well-known that stability is the major issue of control theory. Lyapunov-Razumikhin technique has been 
a powerful and effective method for investigating stability. Razumikhin developed this technique to study the 
stability of deterministic systems with delay in [5] [6], then, Mao extended this technique to stochastic function-
al differential equations [7] and neutral stochastic functional differential equations [8] to investigate p-th mo-
ment exponential stability of this systems. Later, this technique was appropriately developed and extended to 
some other stochastic systems, such as hybrid stochastic delay interval systems [9] and impulsive stochastic de-
lay differential systems [10]. Recently, some researchers have introduced ψ -type function and extended the 
stability results to γψ  stability, including the exponentialstability as a special case in [11] [12]. In [13], the re-
searchers utilize multiple Lyapunov functions investigate the stability of stochastic switching nonlinear systems.  

To the best of our knowledge, there are no results based on the Razumikhin approach referring to the γψ  
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stability of stochastic switching nonlinear systems with delay. The main aim of this paper is to attempt to inves-
tigate p-th moment γψ  stability of stochastic switching delay nonlinear systems. By the aid of Lyapunov-Ra- 
zumikhin approach, we obtain the p-th moment γψ  stability of stochastic switching systems with delay in Sec-
tion 3. An example is presented to illustrate the main results in Section 4. Finally, the conclusions are given in 
Section 5. 

2. Preliminaries 
Consider a family of stochastic switching delay nonlinear systems described by  

( ) ( ) ( ) ( ) ( ) ( )
0

, ,t tt tdx t f t x dt g t x dw t

x
σ σ

ξ

 = +


=
                            (1) 

where ( ) [ )0: ,t t Nσ ∞ →  is the switching signal, let { }1 2 kt t t< < <   be a switching sequence and the ki - 
th subsystem is active at time interval [ )1,k kt t + , where kt  is the switching instant, ki N∈ , 0, 1, 2,k =  . 
System (1) is consisted with many stochastic subsystems ( ) ( ) ( ) ( ), ,i t i tdx t f t x dt g t x dw t= +  which are driven  
by switching signal ( )tσ . [ ]( )0

, 0 ;b n
FC Rξ τ∈ − , ( ){ } [ ]( ): 0 ,0 ; n

tx x t C Rθ τ θ τ= + − ≤ ≤ ∈ −  and τ  is finite,  
( )w t  is an m-dimensional independent standard Wiener process, and the underlying complete probability space 

is taken to be the quartet { }( ), , ,tF F PΩ  with a filtration tF  satisfied the usual conditions (i.e. it is increasing 
and right continuous while 0F  contains all P-null sets), functions [ ]( ): , 0 ; n nf R C R Rτ+ × − → , 

[ ]( )g : ,0 ; n n mR C R Rτ ×
+ × − →  are both measurable and let ( ), 0 0f t = , ( ), 0 0g t = , [ ]0 ,t t∈ ∞ . 

Definition 1. ( ) ( ) [ )( )1: , ;t t C Rψ ψ τ +∈ − +∞  is said to be ψ -type function, if it satisfies the following 
conditions: 

1) It is continuous, monotone decreasing and differentiable; 
2) ( )0 1ψ =  and ( ) 0tψ → , as t →∞ ; 
3) 1( ) ( ) ( ) 0t t tψ ψ ψ′= < ; 
4) for any , 0t s ≥ , ( ) ( ) ( )t s t sψ ψ ψ+ ≥ .  
Definition 2. For 0p > , stochastic switching delay nonlinear systems (1) is said to be p-th moment γψ  

stable, if there exist positive constants ,β γ  and function ( )ψ ⋅ , such that 

( )
( )

ln ,
lim sup .

ln

p

t

E x t
t
ξ

γ
ψ→∞

≤ −                                  (2) 

when 2p = , we say that it is γψ  stable in mean square, when ( ) tt eψ −= , we say that it is p-th moment ex-
ponential stable, when ( ) ( ) 11t tψ −= + , we say that it is p-th moment polynomial stable. 

Before giving the main results, let us introduce Ito  formula. For system (1), give any function  
( ) [ )( )1,2, , ;nV t x C R Rτ +∈ − +∞ ×  and define an operator ( ) [ ]( ), : , 0 ; nLV t R C R Rϕ τ+ × − →  described by 

( ) ( )( ) ( )( ) ( ) ( ) ( )( ) ( )1, , 0 , 0 , , , 0 ,
2

T
t x xxLV t V t V t f t tr g t V t g tϕ ϕ ϕ ϕ ϕ ϕ ϕ = + +    

where 

( ) ( ) ( ) ( ) ( ) ( ) ( )2

1

, , , ,
, , , , , , ,t x xx

n i j n n

V t x V t x V t x V t x
V t x V t x V t x

t x x x x
×

 ∂ ∂ ∂ ∂ 
= = =     ∂ ∂ ∂ ∂ ∂   

  

3. Main Results 
In this section, we shall establish Razumikhin-type theorems on the p-th moment γψ  stable for stochastic de-
lay nonlinear systems by using Razumikhin technique and Lyapunov functions. Before giving the efficient 
theorem, let us give some assumptions to the switching signal ( )tσ . 

Assumption 1. Switching signal ( )tσ  is right continuous and state-dependent. 
Assumption 2. At each switching instant ( ), 1, 2,kt k =  , the state trajectory is not jumped. 
Then, let us turn our attention to system (1) and give a sufficient result.  
Theorem 1. For stochastic switching delay nonlinear systems (1), if there exist a group of Lyapunov func-
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tions ( ) [ )( )1,2, , ;n
iV t x C R Rτ +∈ − ∞ ×  and positive constants , , , , , , 1i ip b b c c qµ > , such that 

( ),p p
i i ib x V t x c x≤ ≤                                   (3) 

( ) ( ) ( )( )1, , 0i iELV t t EV tϕ µψ ϕ≤                               (4) 

for all 0t ≥ , [ ], 0θ τ∈ −  and those [ ]( ), 0 ;
t

p n
FL Rϕ τ∈ −  satisfying  

( )( ) ( )( ), , 0i iEV t t qEV tθ ϕ θ ϕ+ + ≤                             (5) 

where ( )q µψ θ−≥ − .  
and at each switching instant ( ), 1, 2,kt k =  , 

( ) ( )( ) ( ) ( )( )
1 1 1, ,

k kk k k k kt tE V t x t d E V t x tσ σ+ + +
   ≤                           (6) 

where ( )10 k k kd t tγψ +≤ ≤ − .  
Then, for any initial [ ]( )0

, 0 ;b n
FC Rξ τ∈ − , there exists a solution ( ) ( ),x t x t ξ=  on [ )0 ,t ∞  to stochastic  

switching delay nonlinear system (1). Moreover, the system (1) is p-th moment γψ  stable and 

( ) ( ), , 0
p pcE x t t t

b
γξ ξ ψ≤ ≥ .                        (7) 

Proof. Fix the initial data [ ]( )0
, 0 ;b n

FC Rξ τ∈ −  arbitrarily and write ( ) ( ),x t x tξ =  simply. When µ  is  

replaced by γ , if we can prove (7) for all ( )0,γ µ∈ , then the desired result is obtained.  
Given switching signal ( )tσ  and instant t  for arbitrary, assume that kt  is the last switching instant be-

fore t , i.e. there is no switching occur on the interval [ ),kt t . 
Let ( )0,γ µ∈  be arbitrary, if we can prove 

( ) ( )p pbE x t c tγξ ψ≤  

we will complete this proof. By condition (6), this result follows from 

( ) ( ) ( ) ( ), p
t tEV t x c tγ

σ σ ξ ψ≤  

Let pi
i

i

c
b

ξ β= , we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), p
t t t t th t t EV t x c bγ

σ σ σ σ σψ ξ β−= ≤ =                       (8) 

By the continuity of ( ) ( )th tσ , it is obvious that  

( ) ( ) ( ) ( ) ( )( ) ( ) ( )0 0 0, 0t t t th EV x bγ
σ σ σ σψ β−= ≤ . 

We claim that (8) holds for all 0t ≥ .  
In order to do so, we first prove that  

( ) ( ) ( ) [ )
1 1 1, , 0,p
tEV t x c t t tγ

σ ξ ψ≤ ∈  

That is  

( ) ( ) ( ) ( ) ( ) [ )
1 1 1 1 1, , 0,t th t t EV t x b t tγ

σ σψ β−= ≤ ∈                        (9) 

This can be verified by a contradiction, suppose that inequality (9) is not right, then by the continuity of  

( ) ( )1t
h tσ , there exists a smallest * 0t ≥  such that for ( ) ( )1

*
1 10, , tt t h t cσ β ∀ ∈ ≤   and ( ) ( )1

*
1 1th t cσ β=  as well  

as ( ) ( ) ( ) ( )1 1

* *
t th t h tσ σδ+ >  for all sufficiently small δ , then for [ ], 0θ τ∀ ∈ − , if * 0t θ+ <  and  

[ ]* , 0t θ τ+ ∈ − , by condition (3), we have  
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( ) ( )( ) ( )
( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( )( )

1

1 1

1 1

* * *
1 1 1 1

* * * * *

* * * *

,

, ,

, ,

p p
t

t t

t t

EV t x t c t c b

t EV t x t EV t x t

EV t x t qEV t x t

σ

γ γ
σ σ

µ
σ σ

θ θ ξ θ ξ β

ψ ψ θ

ψ θ

− −

−

+ + ≤ + ≤ =

= ≤ −

≤ − ≤

        (10) 

if * 0t θ+ ≥ , then ( ) ( )1

*
1 1th t bσ θ β+ ≤  since * *0,t tθ  + ∈   , we, therefore, obtain  

( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( )( )

1 1

1 1

1 1

* * * * *
1 1

* * * * * *

* * * *

,

= , ,

, ,

t t

t t

t t

EV t x t t h t t b

t t EV t x t EV t x t

EV t x t qEV t x t

γ γ
σ σ

γ γ γ
σ σ

µ
σ σ

θ θ ψ θ θ ψ θ β

ψ θ ψ ψ θ

ψ θ

− −

−

+ + ≤ + + ≤ +

+ ≤ −

≤ − ≤

            (11) 

Therefore, for [ ], 0θ τ∀ ∈ − , we have  

( ) ( )( ) ( ) ( )( )1 1

* * * *, ,t tEV t x t qEV t x tσ σθ θ+ + ≤  

By condition (4), we can obtain 

( ) ( ) ( ) ( ) ( )( )*1 1

* * * *
1, ,t tt

ELV t x t EV t x tσ σµψ≤  

By the continuity of ( ) ( )
1

,tV t xσ , for all sufficiently small δ , when * *,t t t δ ∈ +  , we have 

( ) ( ) ( ) ( ) ( )( )
1 11, ,t tELV t t EV t x tσ σϕ µψ≤  

By the Ito  formula and continuity of ( ) ( )1t
h tσ , for all sufficiently small δ , we can obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )
*

*1 1 1 1

* *
1, ,

t
tt t t tt

h t h t t ELV t x t EV t x t dt
δ γ

σ σ σ σδ ψ γψ
+ −+ − = −∫  

By condition (4) 

( ) ( ) ( ) ( )1 1

* * 0t th t h tσ σδ+ − ≤  

which is a contradiction. Hence, inequality (9) holds for all 0t ≥ , and inequality (8) is right for 1k = .  
Now, let { }max ic c= . We assume that inequality (8) holds for ( )1, 2, , , , 1k m m N m= ∈ ≥ , i.e.  

( ) ( ) ( ) [ )1, , , , 1, 2, ,
k

p
k k ktEV t x c t t t t k mγ

σ ξ ψ −≤ ∈ =                     (12) 

That is 

( ) ( ) ( ) ( ) ( ) ( ) ( ) [ )1, , , , 1, 2, ,
k k k k k kt t t th t t EV t x b t t t k mγ

σ σ σ σψ β−
−= ≤ ∈ =              (13) 

We will prove that  

( ) ( ) ( ) ( ) ( ) ( ) ( ) [ )
11 1 1 1 1, , ,

mm m m mt m mt t t th t t EV t x b t t tγ
σ σ σ σψ β

++ + + +

−
+= ≤ ∈               (14) 

Suppose that inequality (14) is not right,  
By condition (6) and inequality (12), we have 

( ) ( )( ) ( ) ( )( ) ( ) ( ) ( ) ( )
1 1 1 1 1, ,

m m

p p p
m m m m m m m m m m mt tEV t x t d EV t x t d c t t c t t c tγ γ γ γ

σ σ ξ ψ ψ ξ ψ ξ ψ
+ + + + +≤ ≤ ≤ − ≤   (15) 

That is  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 11 ,
m m m m m

p
mt t t t th t t EV t x c bγ

σ σ σ σ σψ ξ β
+ + + + +

−
+= ≤ =  

Then by the continuity of ( ) ( )1mt
h tσ +

, there exists a smallest ( )*
1,m mt t t +∈  such that for *,mt t t ∀ ∈   ,  

( ) ( ) ( ) ( )1 1 1m m mt t th t bσ σ σβ+ + +
≤  and ( ) ( ) ( ) ( )1 1 1

*
m m mt t th t bσ σ σβ+ + +

=  as well as ( ) ( ) ( ) ( )1 1

* *
m mt th t h tσ σδ
+ +

+ >  for all suffi-  

ciently small δ , then for [ ], 0θ τ∀ ∈ − , if *
mt tθ+ < , then from (15), we have  
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( ) ( )( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( )( )

1 1 1 1

1 1 1

1 1

* * * *

* * * * * * * *

* * * *

,

, ,

, ,

m m m m

m m m

m m

p
t t t t

t t t

t t

EV t x t c t b t

h t t t EV t x t t EV t x t

EV t x t qEV t x t

γ γ
σ σ σ σ

γ γ γ γ
σ σ σ

µ
σ σ

θ θ ξ ψ θ β ψ θ

ψ θ ψ ψ θ ψ θ

ψ θ

+ + + +

+ + +

+ +

− −

−

+ + ≤ + = +

= + = + ≤ −

≤ − ≤

   (16) 

if *
mt tθ+ ≥ , then ( ) ( ) ( ) ( )1 1 1

*
m m mt t th t bσ σ σθ β
+ + +

+ ≤  since * *,mt t tθ  + ∈   , we, therefore, obtain  

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( )( )

1 1 1 1

1 1 1

1 1

* * * * *

* * * * * * * *

* * * *

,

, ,

, ,

m m m m

m m m

m m

t t t t

t t t

t t

EV t x t t h t t b

t h t t t EV t x t EV t x t

EV t x t qEV t x t

γ γ
σ σ σ σ

γ γ γ γ
σ σ σ

µ
σ σ

θ θ ψ θ θ ψ θ β

ψ θ ψ θ ψ ψ θ

ψ θ

+ + + +

+ + +

+ +

− −

−

+ + ≤ + + ≤ +

= + ≤ + ≤ −

≤ − ≤

   (17) 

Therefore, for [ ], 0θ τ∀ ∈ − , we have  

( ) ( )( ) ( ) ( )( )1 1

* * * *, ,
m mt tEV t x t qEV t x tσ σθ θ
+ +

+ + ≤  

By condition (4), we can obtain 

( ) ( ) ( ) ( ) ( )( )*1 1

* * * *
1, ,

m mt tt
ELV t x t EV t x tσ σµψ

+ +
≤  

By the continuity of ( ) ( )
1

,
mt

V t xσ +
, for all sufficiently small δ , when * *,t t t δ ∈ +  , we have 

( ) ( ) ( ) ( ) ( )( )
1 11, ,

m mt tELV t t EV t x tσ σϕ µψ
+ +

≤  

By the Ito  formula and continuity of ( ) ( )1mt
h tσ +

, for all sufficiently small δ , we can obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )
*

*1 1 1 1

* *
1, ,

m m m m

t
tt t t tt

h t h t t ELV t x t EV t x t dt
δ γ

σ σ σ σδ ψ γψ
+ + + +

+ −+ − = −∫  

By condition (4) 

( ) ( ) ( ) ( )1 1

* * 0
m mt th t h tσ σδ
+ +

+ − ≤  

which is a contradiction. Hence, inequality (14) holds for all 0t ≥ .  
Therefore, by mathematical induction we obtain (8) holds for all k N∈ . 
Then, [ ], 0θ τ∀ ∈ − , we have  

( ) ( )

( )
( ), k

k

p pt

t

c
E x t t

b
σ γ

σ

ξ ξ ψ≤ . 

That is  

( ) ( ), , 0
p pcE x t t t

b
γξ ξ ψ≤ ≥ . 

Thus, the system (1) is p-th moment γψ  stable. 

4. Example 
In this section, a numerical example is given to illustrate the effectiveness of the main results established in Sec-
tion 3 as follows. 

Consider a family of stochastic switching delay nonlinear systems 

( ) ( ) ( ) ( ) ( ) ( ), , , 0t tt tdx t f t x dt g t x dw t tσ σ= + ≥  

where ( ) [ ) { }0: , 1, 2t tσ ∞ →  is switching signal. Let { }1 2 kt t t< < < <   be a switching sequence and the 
ki  th subsystem is active at time interval [ )1,k kt t + , where kt  is switching instant, 0,1, 2,k =   and { }1, 2ki ∈ . 
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We choose 0.15kd = , 1 0.5k kt t s+ − = , 0.1τ = , 1.6q = , ( ) , 0
1

tet t
t

ψ
−

= ≥
+

, then, ( )0 1ψ = , ( ) 0ψ ∞ = , 

( )
( )2

2
1

ttt e
t

ψ −+′ = −
+

, ( )1
11

1
t

t
ψ  = − + + 

, ( )12 1tψ− ≤ ≤ − . 

When ( ) 1tσ = , we choose ( ) ( ) ( ) ( )1 , 3 sgn 0.625 0.1f t x x t x t x t= − − + −  and ( ) ( )1 , 2g t x x t=  for the 
first subsystem; when ( ) 2tσ = , we choose ( ) ( )2 , 7 0.625 0.1f t x x x t= − + −  and ( ) ( )2 , 5 0.1g t x x t= −  for 
the second subsystem. 

For the first subsystem, we choose ( ) 2
1 , 8V t x x= , then 2 2

1( , ) 8x V t x x≤ ≤ . If 0x ≠ , we have 

( ) ( ) ( ) ( )( ) ( )( )
( ) ( ) ( ) ( ) ( )

2

1

2 2
1 1 1

1, 16 3 sgn 0.625 0.1 16 2
2

48 10 4 , 2 ,

tELV t x E x x t x t x t x t

E x t qE x t EV t x t EV t xψ

 = − − + − + ⋅ ⋅  

≤ − + = − ≤

 

If 0x = , then ( ) ( )1 1, 0, , 0V t x ELV t x= = . 

For the second subsystem, we choose ( ) 2
2 ,V t x x= , then 2 2

2
1 ( , )
2

x V t x x≤ ≤ . If 0x ≠ , we have 

( ) ( )( ) ( )( )
( ) ( ) ( ) ( ) ( )

2

2

2 2
2 1 2

, 2 7 0.625 0.1 5 0.1

14 6.25 4 , 2 ,

tELV t x E x x x t x t

E x t qE x t EV t x t EV t xψ

 = ⋅ − + − + −  

≤ − + = − ≤
 

If 0x = , then ( ) ( )2 2, 0, , 0V t x ELV t x= = . 
By Theorem 1, we can choose 2, 2p γ= = , then ( ) ( ) ( )1, ,i t iELV t x t EV t xγψ≤ , 1, 2i = , which means that 

the conditions of Theorem 1 are satisfied. So the stochastic switching delay nonlinear systems are p-th moment 
γψ  stability. The switching signal and the state trajectory are presented in Figure 1 and Figure 2, respectively. 
Remark. In the example, a stochastic switching delay nonlinear system is constructed to show the efficiency 

of the results. Figure 1 describes switching signal changes over the time. Figure 2 depicts state trajectory 
changes over the time, the blue line describes the systems with delay and the red describes the systems without 
delay. 

5. Conclusion 
In this paper, p-th moment γψ  stability has been investigated for stochastic switching nonlinear systems with 
delay. Some sufficient conditions have been derived to check the stability criteria by using the Lyapunov-Ra- 

 

 
Figure 1. Switching signal of the stochastic switching systems with delay. 
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Figure 2. The trajectory of the stochastic switching delay systems’ state. 
 
zumikhin methods. A numerical example is provided to verify the effectiveness of the main results. Our future 
research will focus on γψ  stability of neutral stochastic switched nonlinear systems and γψ  stability of im-
pulsive stochastic switched delay nonlinear systems.  
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