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Abstract
Very recently Atash and Al-Gonah [1] derived two extension formulas for Lauricella’s function of
the second kind of several variables Féz”l) and Fézr). Now in this research paper we derive two

families of transformation formulas for the first kind of Lauricella’s function of several variables
F™* and F{" with the help of generalized Dixon’s theorem on the sum of the series ,F, (1)

obtained earlier by Lavoie et al. [2]. Some new and known results are also deduced as applications
of our main formulas.
Keywords
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1. Introduction

In 1994, Lavoie et al. [2], obtained the following generalization of the classical Dixon’s theorem for the series
F(1):
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where [x] denotes the greatest integer less than or equal to x and |x| denotes the usual absolute value of x.
The coefficients A ; and B;; are given respectively in [2]. When i= j=0, (1.1) reduces immediately to the
classical Dixon’s theorem [3], (see also [4])

_ 1"(1+1aj1‘(1+a—b)l‘(1+a—c)l"(l+1a—b—cj
a,b,c; 2 2
’ 2[1+a—b l+a—C'1}= 1 1 (1.2
’ ’ F(1+a)r(l+2a—bjl"(l+2a—c)l"(1+a—b—c)
{Re(a-2b-2c)>-2}.
We recall that the first kind of the Lauricella hypergeometric function of (2r +1) -variables Ff”l) is de-
fined as [5]:
FA(\ZHl)(a'b'bl’cl 'br!cr’d'd e1 'dr’er;xlxl’yl' ] r'yr)
_ i (a)m+(m1+nl)+~-»+(mr+nr) (b)m (bl)m1 (Cl)nl o (bf )mr (Cf )nr (13)
m,mg,ny,-,me,ne=0 (d )m (dl)m1 (el)n1 . (df )mr (el' )n,.
m!m!n! ml!n!
X[ o]+ %+ ]ye] <2,
where (a) isthe Pochhammer’s symbol defined by [5]
L ifn=0 (1.4)
(a), = a(a+l)(a+2)--(a+n-1), ifn=123,: '
When x =0, (1.3) reduces to the Lauricella function of 2r-variables F}\Z’)
F/gzr)(a,bl,Cl,"'abr:Cr;dl'el""’dr'er;X11 Yoo X yr)
_ i (a)(mﬁnl)Jr-»-Jr(m,mr) (bl)ml (Cl)n1 (bl’ )mr (Cr )nr ﬁﬁ . X;m'y_:" (15)
mg, My, Me,np=0 (dl)ml (el)nl (dr )mr (el’ )nr ml! nl! mr ' nr '
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X[+ Yo+ x|+ ]y <1

Clearly, we have Fﬁ(\z) =F, , where F, is Appell’s double hypergeometric function [5]

= (a),,,(b),(c), x y"

E o a _ R A 1.6
,(ab,c;d,exy) mZﬂ;(} (@) (), min (1.6)
Next, we recall that the generalized Lauricella function of several variables is defined as [5]:
A:B';---;B"
F T [Zl"”'zn]
c:D';---;D"
pgrsip® [ [0 0] [(0):9 T (6):6" ]
=F . 2,2, a.7)
C:D';-+;D [(c) " ,z//()J:[(d’) s ,[(d(”)) 5(n)];
00 Zml Zmn
= Q a .t
mlzmn:o (m-- ")mll m,"
where
’ . o
H(ai) P g(")lj[(b}) (bj ) o
j=1 ™ ) h0j " j=1 ] i-1 Mnd;
Q(my,--,m)=— = T (1.8)
' (n)
]‘J—:‘l[(cj)rrrl;//’j+~~+mnu/gn)lj:!:(dj)mlé'j J.:l(dj )mn(sg”)

the coefficients 9]('(), j:1,2~~-,A;¢J(k), j:1,2,--~,B(k); y/gk), j=1,2,---,C; 5}” ,1=1,2,--, D(k); for all
ke{l,2,--,n} arereal and positive; (a) abbreviates the array of A parameters; ai,u-,aA,(b(k)) abbreviates
the array of B") parameters bgk), j=1,2,--,B% forall ke {1,2,---,n} with similar interpretations for (c)
and (d(k)) kel,2,---,n; etcetera. Note that, when the coefficients in Equation (1.7) equal to 1, the genera-
lized Lauricella function (1.7) reduces to the following multivariable extension of the Kampé de Fériet function

[5]:
= pquyqn [21,“_, n] F pql,,qn (ap)(bél)),,(bé:)),

c e = A,
l:m,;--;m, brmym | () (dr, ?"‘?(dr(nn))? 1.9)
00 Zsl an
- Q 4 b
slzs:n:o S Los, !
where
P i Un ()
(), . I1(e), 1100,
Q(Sl""'sn)z I ™ ::1 . (110)
N LTI (g
16, Tie), - T1(e),
In our present investigation, we shall require the following results [5]:
(a),.,=(a), (a+m), (1.11)
I'(a+n)
— —1-2.... 1.12
(a), r(a) ' a=0,-1,-2, (1.12)
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F(%)F(1+a):2ar(%+%ajr(l+%aj (1.13)
(a), =2 (%a} (%a+%) (1.14)
r(a(;)”) _ (E:la)\) (1.15)
(2n)1=2% (%) n! (1.16)

2. Main Result

In this section, the following transformation formula will be established:
Theorem 2.1. For i={-3,-2,-1,0,1,2; j=0,1,2,3}, the following formula for Lauricella’s function Ff”l)

holds true:
F (a,b,by by, b, —i,b,5€,6,, 0+ e, €y €y i X, X, =X,y X,y =X, )
_ O > ( )m+2m1+ —+2my (b)m (bl_i)Zml”.(br_i)Zm melzml Zmr
TEE T (0 (6 (60), MM (2m, )
< Hy (B §.2m ) (A A (B, Gy, J,2m,) + BB, (b, Gy 0, ,2m, )b
H, (b..c,.i, j,2m ){A/A (b.c,.i, j,2m )+ BB, (b,.c, i, j,2m, )} +--- (2.1)

(a)m+2ml+l+m+2mr+l (b)m (bl - i)2m1+l a (bl' I)Zm +1 melzmﬁl ’ X"Zmrﬂ

IR Z (@), (@) (S0 ), oo (2, +1)1--(2m, + 1)1

m=0 my=0 m,=0

Hy (o, i, o 2m +1){ A"} A (b, ¢, §,2m; +1) + B/ B, (by,C, i, j, 2m, +1)}x--
H, (b..c,.i, j.2m, +1){ A"/A (b,.c i, j,2m, +1)+B/;B, (b,.c.i, j,2m, +1)}

where

H, (b,,c,,i, j,m,)=22"" I (1-b +i-m)(c, +i+j)

1., 1. 1. . . .
b -=fi|-Zi|l|1-¢c,—m -= (2.2)
) (r 2||| zlj ( c, —m, 2(I+j+|l+j|))
(b )T (1-c,—m,)I(2c, ~1+i+ j+m)I(c, —b +i+j)
F(;m,+cr—;+[l+é+lDF($mr—br+cr+i4{12+1D
Ar(br' r!lljlmr): 1 1 1 | (23)
(&I Jr{r-n-2n 1]
2 2 2 2
F(;m,+cr+ IZDF(;mr—br+cr+;+i+BD
(br’ r’lljlmr): 1 1 1 1 (2.9)
F[—m,jr[—m,—br++[D
2 2 2
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The coefficients A/, and B/, can be obtained from the tables of A;; and B;; given in [2] by replacing a and ¢

by —2m, and 1—6 aIso the coefficients A’; and B, can be obtained from the same tables of A;;
and B;; by replacing aand c by -2m, -1 and —c, —2mr respectively.
Proofs.
In order to prove the Theorem 2.1, let us first prove the following result:
F,(ab,c;d,ex,—x)= Y Msﬁ mbi-d-m, (2.5)
m,n=0 (d)mm' 1-b-m,d;

To prove (2.5), denoting the left hand side of (2.5) by I, expanding F, (x,—x) in a power series as in (1.6) and
using the result [5]:

we have

227 (d)(e), (m—n)n!

Now, using the elementary identities [5]

(a)m*”:(l—a—m)n'0<n<m
m—nl—(_l)nml <n<m
(m-mt===5= 0snsm,

we have

1=y Mgp{_m’b’l_d_m; 1}

m,n=0 (d)mm 1—b—m,d;

This completes the proof of (2.5).
Proof of Theorem 2.1. Denoting the left hand side of (2.1) by S, expanding F,ﬁz”l) in a power series as in
(1.3), adjusting the parameters, using the results (1.11) and (2.5) and by repeating this procedure r-times, we

have
ae & @ (), (=) (o =) X ><1
S—%E{) mzo () ( )m1 (c,)mrm'ml
x (b, i, j,my)x-x £ (b,c i, j,my)
where

-m.,b.,1-c. —m

r'Mrs

f.(b.c.i,j,m)=F,

rrs

1-b +i—-m,,c +i+j;
Now, separating into even and odd powers of (xi ,i=1---,r) by using the elementary identity [5]

0

S A(N)= A(2n)+ > A(2n+1),

n=0 =0 n=0

>

we have
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Finally, if we use the result (1.1), then we obtain the right hand side of the Theorem 2.1. This completes the
proof of the Theorem 2.1.

Remark. Taking x =0 in (2.1), we deduce the following formulas:

Corollary 2.1. For i={-3-2,-1,0,1,2; j=0,1,2,3}, the following formula for Lauricella’s function Ff\zr)
holds true:

FA(ZF)(a:bl_i,bl,--.,br I r’C.L C1+|+J, [ r,Cr-i-i-i-j;X:U—Xl’...,Xr,_Xr)
N > ( )zml+~-+2m (bl_i)Zml"'(br_i)Zm Xlzml”'szm'
B

=0 (€, *+ (G0 )y, (2)1---(2m, )!
xHy (b, 0, §,2m) (A A (b, i, j,2m,) + B, Bl(bl’cl’i'j’zml)}x'“
xH, (b,,c,.i, j,2m ){A'; A (b,,c i, j,2m )+ B B, (b, .c,,i, j,2m, )} +-- (2.6)
( )2m1+1+~--+2m,+1(bl_i)zrnﬁl.“(br )Zm +1 X12ml+1 ’ 2mr+1

+ZZ

= (C0) gz (€ Doy (2My +2)1-+(2m, +1)
XHl(bl,Cl,i,j,2ny+1){A’fjA(q,q,i, j.2m, +1)+ B/ By (by,C, i, j,2m, +1)} -
H, (b.c..i,j,2m +1){A"}A (b,.c i, j,2m +1)+ BB, (b,.ci, j,2m, +1)}

3. Applications

1) In (2 1) if we take r = 1, then we get a known extension formulas [6] for Lauricella’s function of three va-
riables F.” (a,b,b, —i,b;;c,c, ¢ +i+ j;x,%,~x) for i={-3-2-101,2;j=0123}.

2) In(2 1), if we take i=j=0, we have
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[ r'br C.C,Ce GG X X, _Xl’""xr’_xr)

( )m+2ml+---+2mr (b)m (bl)zm1 (b ) melzml 2m,,
R el miam,i-(zm, )
XHl(bl’cl’Zml)Ai(bllclxzml)X """ (br,cr,2m )Ar(br,cr,2m )
(a)rn4r2m1+~-~+2mr (b)m (bl)zm1 (br )Zmr x" Xizml '"Xr
m=0m=0  m=0 (C)m (Cl)Zml”'(Cf )Zm, m'(2ml)|(2mr)l

22mir(cl)r(l—b1—2m1)r(°1‘b1+ml)r(;)
r(cl—bl)F(Cﬁml)F(l‘bl‘ml)r(;_mlj
2°™I'(c, )T(1-b, —2m, )I(c, ~b, + mr)F@j

[ (c, —b,)T'(c, +m, )[(1=b, —mr)FG—mrj '

F’£2r+l) (a,b,bl,bl

X

X

(3.1)

Now, in (3.1) if we use the results (1.12)-(1.16) and simplify, we obtain the following transformation formula:

2r+1 (abb1 b1 Y r’ r,C,Cl ¢+, C.,C X )(l,_xl’...,xr,_xr)

1:1;2;5--+; 2| (a:1,2,++,2) :(b:1); (b :2).(6,-5,:1) ;

- F0:1;3;---; 3 ———- :(c:l);(cl:l),(%c1 :lj,(%cl +%:1j;

”; 1 1 1 ;Xﬁ...x_r
(e i1), e L] Se 2L T4 T4
2 2 2

which for ¢, =2b,c, =2b,,---,c, =2b, , reduces to
F™ (a,b,by, by, -, by, b,;€, 20, 2b;, -+, 2b,, 25 X, X, =%, -+, X, =X, )

_p it (a:1,2,--,2):(b:1); (5::1) (b :1)

3) Similarly, in (2.6), if we take i= j =0, we have
F(Zr (abl bl o f’ r'Cl Cl’ C r r'Xl’ X:ll ] ra Xr)

2:2:.0: 2 1a,la+l: b, ¢~y R b€ =B 2 2
:F033 2 l lc +1""'C lc EC +1'X1’“"Xr
o - QR aty et G Ty

which is a generalization of a known result of Bailey [7]

2

NI—‘

1
Folabbic,cix, —x]=, [Za a+ b -hie, c1
Further, in (3.4) if we take ¢, =2b,,c, =2b,,---,c, =2b, , then we get

Zf (a blbl ] r' r’2b1 2bl 2br’2br'X1’ Xy Xy Xr)

2:1;- 11 L 1 by I b, ; ]

-F
0:2;-; 2

_a _a ' 2 XZ
2b1 b1+— 2b,,br+%;xl’ n

INJES

01,2552 ———- 1(011):(2b1:1),(b1+%:1j;~-;(2br :1),[br +%:1j;x'

- X |-

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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4. Conclusion

We conclude our present investigation by remarking that the main results established in this paper can be ap-
plied to obtain a large number of transformation formulas for the first kind of Lauricella’s function of several
variables F,ﬁ”). Further, in the formulas (2.1) and (2.6), if we take ¢, =2b,c, =2b,,---,c, =2b,, then we can
obtain two new families of transformation formulas for Lauricella’s functions of several variables

F& (a,b,b —i,by, b, —i,b 5,20, 28 +i+ -, 2D, ,2b, i+ % X, =X, X, =X, )
and
F2 (@b, —i,by, b, —i,b, ;28,20 +i+ j,-, 20,20 +i+ X, =%, %, =X, )
for {i=-3-2,-101,2;j=0,123}.
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