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ABSTRACT

In this paper, we introduce a Hermite operational matrix collocation method for solving higher-order linear complex
differential equations in rectangular or elliptic domains. We show that based on a linear algebra theorem, the use of dif-
ferent polynomials such as Hermite, Bessel and Taylor in polynomial collocation methods for solving differential equa-
tions leads to an equal solution, and the difference in the numerical results arises from the difference in the coefficient

matrix of final linear systems of equations. Some numerical examples will also be given.
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Operational Matrix

1. Introduction

Complex differential equations and their solutions play
a major role in science and engineering. A physical

event can be modeled by complex differential equations.

Since a few of these equations cannot be solved explic-
itly, it is often necessary to resort to approximation and
numerical techniques. In recent years, the studies on
complex differential equations were developed very rap-
idly [1-6].

Since 1994, matrix polynomial collocation approaches
such as Taylor and Bessel matrix collocation methods
have been used by Sezer and colleagues [7-11] to solve
the complex linear differential equations.

The present work contains two main parts, in the first
part, we use Hermite matrix collocation method to find
the approximate solution of higher-order linear complex
differential equations of the following form.

Yrob(2) ¥ =g(2), (1)

which is a generalized case of the complex differential
equations given in [5,6], with themixed conditions

:;;z;:oarkf(k)(égj):ﬂr; r=0,1---,m-1 2)

in the following rectangular domain

"Corresponding author.
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D={z=x+iy,zec,a<x<b,c<y<d,ab,c,deR},
3)
or elliptic domain
D={z=x+iy,zec,x=acos(8),y =bsin(0),
0<f<2ma<x<-ab<y<-babeR+}
“)

In the second part, we will study the effect of using
different polynomial classes on the matrix polynomial
methods.

The outline of this paper is as follows. In Section 2, we
briefly introduce Hermite polynomial and describe de-
tails of using these polynomials in matrix polynomial
collocation method. Section 3 focuses on the comparison
of matrix collocation methods when different polynomi-
als are used. We present the results of numerical experi-
ments in Section 4. Finally, conclusions are drawn in
Section 5.

2. Hermite Matrix Polynomial Collocation
Method

In this section, we describe the matrix form of Hermite
polynomials and Hermite collocation Method for com-
plex differential equations. Our aim is to find an ap-
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proximate solution of (1) defined by a truncated Hermite
series form

fy(z)=3" aH,(z)=H(2)A, Q)
where H(z)=[H,(z) H,(2) Hy (z)] such that
H,(z),n=0,1---,N are the Hermite polynomials de-
fined by

Hy(2) =i (1) 2
" = j(n=2j1y  ~

59
(2n)!'r  Hy(2)
z™" = o ano(r—zr:)!Zn!';OS'z'gl’ (6)
and
ZZn+1 :(2n+1)!zr H2n+1(z) . <|Z|<1
M S0 (r—n)2n+prT T
(7

By using the expression (6) and (7) and taking
n=0,1L---,N we find the corrTesponding matrix relation
as follows Z(Z)T =M (H (Z)) ,

where N :g ifnisevenand N = nT_l if nis odd and
and A=[a a, a,]' . It is well known [12] that Z(z)=H(z)M", (8)
the relation between the powers z,, and Hermite poly- s N
nomials is where Z(z)=[1 z z 2" ], for odd N
(1 0 0 0 0]
0 1 0 0 0
2
1 0 1 0 0
2 4
M=o 3 0 1 0
4 8
! !
0 N! N! 0
2”['\'_1)!1! 2" (N_l—ljm
L 2 .
and for even N
o1 0 0 0 0 ]
0 1 0 0 0
2
1 0 1 0 0
2 4
M= 0 3 0 1 0
4 8
N! N! 0 N!
2 (ﬁj!m 2" (ﬁ—ljm 2" (o)N
L 2 2 .
Then, by taking into account (5), we obtain where
H (z):Z(z)(M’l )T and we can replace series (6) in 01 0 0
the matrix form 00 2 0
fy(2)=H(2)A=Z(z)(M") A. ©) BT =|: :
Furthermore, the relation between the matrix Z(z) 000 N
and its derivative Z") (z) is 000 0
z9(2)= z(2)8B", (10) And
Open Access JAMP
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0 0 0
GO
600

From the matrix Equation (10), we get the following
relations:

2 (2)=2""(2)B" =2(2)(8")".

By using relations (9) and (11), we have a recurrence
relation in what follows

(W (2)=2"()(m") A=z (2)(8) (M) A.

(12)

For the collocation points z =z, , the matrix relation
(12) becomes

£ (qu): Z(qu)(BT)k (M ’1)T A; p,q=0,1,---,N.

(13)
For p=0,1,---,N one can write the relation (13) in
the following form

) a)=2 (2 )(37) (47 A
02)=2(2.)(6) () A

9 (2)=2 (2 ) (87) (M7

or briefly
£ (2q)
f(k)(z)
() _| 'no {4 -
f, = : 1 q=0,1,---,N, (14)
£ (24
where
Z(ZOq) 120, Zy o Zog
2 N
zZ,= Z(.Zlq :1 Zl:q Z{q Zl‘q
) 2 N
Z(ZNq) UoZy Zyg o Zng

Moreover, substituting the collocation points into Eg-
uation (3), we have

Open Access

m k
Zk:() F)k (qu) fl\(l )(qu): g(qu); poq =0,1,"', N
(15)
By means of the expressions (13) and (14), we acquire
the fundamental matrix equation

Z::OZS:O quZq (BT )k (M B )T A= Z;\‘:()Gq (16)

In which

P (z0) O 0
qu 0 pk (:Zlq) O
0 0 Py (qu )

T . .
and G, :gg(zoq),g(zlq),---,g(qu)) . With the aid of
relation (12), we can obtain the corresponding matrix
form due to the condition (4) as follows

m k _\T
Zk:onzo[arkz(gj )](BT) (M 1)
A=[4];r=0,1---,m—1,

where Z((fj):<1 & & 5}“).
Briefly, the system of the matrix Equation (17) can be
written in the matrix form

UA=[4]or [u;4], (18)

(17)

where
k T
Z::OZi:o[aka (§J )](BT) (M 71)
:[urO url urN]; r:0717'“9m_19
We can write Equation (16) in the form
WA=G 19)

such that W = [Wst] = Z:‘:OZ';:O RZ, (BT )k (M 1 )T;
s,t=0,1,---,N, and

9
N g9

G = quOGq = El s
In

where G is defined in (16). The augmented matrix of
Equation (19) becomes

[W;G]=[w,;0,]; s,t=0,1---,N. (20)

The augmented matrix of Equation (18) corresponds to
U4 ]=[u, uy, Un 34 |, where Uy is defined in
(13).

Consequently, to find the unknown Hermite coeffi-
cients an, n=0,1,---,N related to approximate solution
of the problem consisting of Equation (3) and condition
(4), we replace the matrices (20) by the last m rows of
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the augmented matrix (19). Hence, we have a new aug-
mented matrix W A=G", where

(w6’
Woo Wo, Woa Won 9
WIO Wll W12 WlN gl
W20 W21 W22 WZN gZ

_ WN—mO WN—ml WN—mz WN—mN gN—m
uOO uOl u02 uON ﬂ’O
ulO ull u12 ulN X’l
u2() u2] u22 uZN A‘Z

L um—lO um—l] um—12 um—lN /’Lm—l _

@n
If det (W) # 0 then we can write A= (W*)f1 G'. The
unknown Hermite coefficients matrix A, is determined by
solving this linear system and a,,a,,---,a, are sub-
stituted in Equation (3). Thus, we obtain the Hermite
polynomial solution f, (z)= 22‘: aH,(2).
3. Comparison of Matrix Polynomial
Collocation Methods

Theorem3.1. Let B={p, }:(:0 be a base for vector space
S, then every member S € S has a unique representation
in the form of linear combination of these vectors.

Proof. [13].

Based on the above theorem, if the bases of approxi-
mate space in collocation methods are chosen from com-
plex polynomials up to degree N, using different bases or
choosing of different complex polynomial classes as the

base has no effect on the approximate solution, theoretic-
N

cally. This means that if {gon(z)}::() and {(Dr:(z)}n:o be
two different bases according to the uniqueness repre-

sentation, then approximate solution of (1) can be written

fi (Z) = z:‘:oan% (Z) = zszoaé% (Z)

For this reason when we use different polynomials
(such as Taylor, Bessel, Hermite, etc.) in polynomial
Collocation methods one expects the equal results ob-
tained.

In the numerical implementation, to determine coef-
ficients an, n=0,1,---,N in (5), we should solve a sys-
tem of equations in the form of WF = G and properties of
matrix W is directly depended on choosing the base. So
different bases result different matrix W with different
properties. Some of these properties such as condition
number has the direct influence on solution’s accuracy.
In addition CPU time for solving these systems differs

Open Access

for different bases. Hence, different polynomial bases
can cause solutions with different accuracy.

Our experiences show that when we use different po-
lynomial classes in matrix polynomial collocation meth-
ods, there is negligible difference among approximated
solutions. In Section 4, we compare this matter for sev-
eral examples by using Taylor, Bessel and Hermite po-
lynomials.

4. Numerical Examples

Several numerical examples are studied in this section to
illustrate the accuracy and efficiently properties of Taylor,
Bessel and Hermite collocation method. In this paper,
collocation points in the rectangular domain (3) are de-
fined by z,, =X, +iy,, such that

b-a d-c
X, =a+T P, Y, :C+Tq,as X, <b,

c< yq < d’ pP,g= 0,1,"', N
and in the elliptic domain (4) are defined by

Zpg = Xpq T 1pq :(qu’ypq)e D,

a 0
qu :N pCOSWq,
b . 6
ypq :W psulﬁqs

such that p,q=0,1,---,N; 0<q<2mn,
Zyq = 259 = (0,0) .

Examples show that the difference among collocation
methods based on these polynomials is negligible. All of
them are performed on a computer using programs writ-
ten in MATLAB 2011a. In this regard, we have reported
in the Tables the value of absolute error function
ev(2)= | f(N)-fy (Z)| at the selected points of the
domain.

4.1. Example 1

As the first example, [10], we consider the linear second
order complex differential equation

(l—zz)f”(z)—zzf'(z)+6f(z)
=(22+5)cos(z)+22sin(z),
with f(0)= % £(0) = 0 and exact solution
f(z)= %Zz —%+ cos(z) on elliptic domain with
azl,b:% and @=n. Absolute errors are listed in

Table 1.

JAMP



M. BAGHERPOORFARD, F. A. GHASSABZADE

62

00—2¥¥6T0vL86LTIYTO0
00—-26¥£S6¥65€916200°0
00—TCSSTETYL861000°0
00—°869¥CCST$¥00000°0
00—°LISTL8TITEO0000°0
00—2608%6¥C12991000°0
00—26L¥961L09€9¥C00°0
00—°9T86CEISEYYEITO0

00—-91+06S0LEYITLYTO0
00—-9618€90C108C6¢00°0
00—2668CLITEI661000°0
00—-°809LT6¢SS¥00000°0
00—2€888CS8CCE00000°0
00—20L86¥¥£56991000°0
00—-90S155696¥ELFT00°0
00—2¥9¥CTELOEBITYITO0

00—-9T¥S6¥0LEYITLYTO0
00—-911+290T108C6C00°0
00—2198CLITEI661000°0
00—-999¥LT6TSS¥00000°0
00—29L68CS8CCE00000°0
00—2€8105¥E£56991000°0
00—-9119¥$696¥€LFT00°0
00—25099CL6E8ITYIT00

00—-908+559TSEBLY8Y0"0
00—°TSYLO8YL8S8YLO0 0
00—2¥689168¥6¥99000°0
00—-9SL186£0S8120000°0
00—261¥1¥9€¥0¥10000°0
00—2C91¥L0¥L0S95000°0
00—-96€£1666866%71£900°0
00—29CLO0TLET8SSTF0°0

00—-998081€8958L¥810°0
00—9TFLLIITT6S8YLOO 0
00—26L9¥£1£56¥99000°0
00—°LS05908%8120000°0
00—2EFTE6ILEOYTI0000°0
00—26¥C6E1£L0S95000°0
00—-9S0ETLILEOSTE900°0
00—2166TELEEYBSSTFO'0

00—2€0ET1€89S8LY8T0°0
00—°858999CC658L00°0
00—29L9¥E1£56¥99000°0
00—29515908+8120000°0
00—8¥EE61LEOYT0000°0
00—2T9T6£1€L0S95000°0
00—9€TSILILEOSTES00°0
00—°¥SLITLEEYBSSIYO0

10002°0 + 000T°0
100S1°0 + 00S1°0
10001°0 +0001°0
10050°0 + 00500
10050°0 — 0050°0—
10001°0 — 0001°0—
100$1°0 — 005 1°0—
10002°0 — 000T°0—

IO [ossog Jo[Ae], IO [essog 10[Ae],
SI="N €1 ="N VA
*z didwrexy Jo N SNOLIBA 10J SI0.LI3 3)n[osqe 3y} Jo uostieduro)) *z [qe],
60—218C1€L091000000°0 L0—29$€L6890000000°0 L0—2S12090L¥0000000°0 €0—20LYETE661990000°0 £0—20LYETE661990000°0 €0—9ILYETE661990000°0 10620°0 +00S0°0
60—2159£96581000000°0 LO—21T9%£SF¥0000000°0 L0—2LOTET89L0000000°0 €0—18T9S1€11260000°0 €0—-918T9S1E11T60000°0 €0—-918T9S1€11260000°0 18LT0°0 +9550°0
60—201¥08C$TC000000°0 LO—2€6¥$8EFL0000000°0 LO—2€¥19686C1000000°0 €0—98YLI1SLI6TEI000°0 €0—26¥L91SL96TE1000°0 €0—96¥L91SL96TE1000°0 IE1€0°0 + ST90°0
60—°L6CTTS96C000000°0 L0—SCT68LT0LETO00000°0 L0—9TE6¥86CC000000°0 €0—2€56Cr68L0T0T000°0 €0—2€S6C¥68L0T0C000°0 £0—2€S6Cr68L0T0C000°0 ILS€0°0 + ¥1L0°0
60—2€6¥8L6LLY000000°0 L0—2€66195562000000°0 L0—-920059¥9CS000000°0 €0—9C0r11€61€0€€000°0 €0—9C0FITE61€0EE000°0 €0—920r11€61€0€€000°0 ILT¥0°0 + €€80°0

60—968EYLYLL0O00000 0
60—97LS695796100000°0
60—-9TELL8Y086010000°0
60—°0¥S01€6L1LCT000°0
60—9CYOLSSLEEOTIYIT O

L0—2908€TESLLOO0000 0
LO—9SYET6196L200000°0
LO—S1¥TS00SEELT0000°0
LO—998ESTLIBISTEN00'0
LO—R8SYLYTYLS8SYYY1'0

LO—20€6SL186£100000°0
LO—2€1€870660500000°0
LO—26€9¢81L61C£0000°0
LO—9ESTI6SL16CT9000°0
L0—2081€£5780901206C°0

€0—2L98Y01TSTS6S000°0
€0—21CSSY8LTOTYTI00°0
€0—2T80TS6¥T081€€00°0
€0—9SLS6TS6VLOTITI00
€0—68SSE6TTBTLINSTO

€0—2L98Y01TSTS65000°0
€0—-91TSSH8LTOTYTI000
€0—9€80TS6¥T081£€00°0
€0—9GLS6TS6VLOTIFI00
€0—9LTOSEO6TTBTLINSTO

€0—°898+017STS6S000°0
€0—2ETSSY8LTOTYTI00°0
€0—2980CS6¥C081€€00°0
€0—9LLS6TSO6VLOTITI00
€0—289¥SE€6CT8TLINST O

100S0°0 +0001°0
16290°0 + 0STI'0
1€€80°0 + L991°0
10621°0 + 00ST°0
100ST°0 + 00050

WY

[ossog

FURCAR

UK

[ossog

J0[Ae],

91 ="N

S="N

*1 opdwrex;y Jo N SNOLIEA 10§ SI0.LId An[osqe 3y} Jo uosLreduwro)) | d[qe],

JAMP

Open Access



63

M. BAGHERPOORFARD, F. A. GHASSABZADE

€0—2001TEIE61S98ETE0 €0—9¥F686L161598ETE0 €0—-919¥856T61598€TE0 00—2¥TTISHI199€LY6S0°0 00—21TTISFI99€LY6S0°0 00—9ETTISHI99ELY6S0°0 '0+0'1
€0—20¥0T8TSS610¥010°0 £0—-98€9€9CSS610¥010°0 €0-9CITSLTSS6Y0¥010°0 00—2$5TSS099L0T6000°0 00—°$5TSS099L0T6000°0 00—°$STSS099L0T6000°0 1IT0-10
€0—2€6EY6C61¥071900°0 €0—-91SL08C61¥0¥1900°0 €0-951206261¥0¥1900°0 00—2¥5S6T965T9£S000°0 00—2¥$$6T965T9£S000°0 00—°%$S6T965T9£S000°0 'o-10
€0—2Er1¥6261¥071900°0 €0-9LS008C61¥0¥1900°0 £0-9€9006261¥0¥1900°0 00—2¥5S6T965T9£S000°0 00—2¥$$6T965T9£S000°0 00—°%$S6T965T9£S000°0 0+ 10

0 0 0 0 0 0 100+00
€0—€E1LBYBLINITS000 €0—9€LO9LYBLIOITSO00 €01 10¥8¥8LI0ITS000 00—20T9009L9995¥000°0 00—20T9009L9995¥000°0 00-20T9009L9995¥000°0 0+ 10-
€0—98TELBYBLINITS000 €0—99S99L¥8LI0ITS000 €0—9€91¥8¥8LI0ITSO00 00—20T9009L9995¥000°0 00—20T9009L9995¥000°0 00-20T9009L9995¥000°0 '0o-10-
€0—20€06SE1¥100+7110°0 €0-9TTOSECTYI00V 11070 €0-_FIEISEIYI00rIT10°0 00—2€9€1€¥TTOF00100°0 00—2€9€1€¥TTOF00100°0 00—°€9€1€¥TTOF00100°0 170+ 10—
€0—9C0SITIBEBBSEYLIO €0—9LLIYILLEBBSEYLIO £0—9908676LEBBSEVLI 0 00—21¥680€569919L10°0 00—21¥680€569919L10°0 00—1#680€S69919L10°0 01-01-

AIULIOH [ossog Jo[ke], LY [essog Jo[Ae],
(wp 6="N (wp) ¢ =°N A
+¢ 9[durexy Jo N SNOLIBA 10§ S.I0.LI9 )N[osqe 3y) Jo uosLieduwo)) *f d[qe],

00—285661¥¥796£€100°0 00—2¥TEIIFPF96£€100°0 00—°CIL8I¥PFI6£E100°0 00—206L9S6SISTLYO01°0 00—298L9S6SISTLYI01°0 00—2€6CS0¥1CC01CS00°0 10+0'1
00—280€ETHE]TT10000°0 00—98LTETHESTTT0000°0 00—200€€THEBTTT0000°0 00—215S1T99TS1L6000°0 00—°1SS1T99TS1L6000°0 00—298L9S6SISTLYO01°0 IT0-10
00—29LEYSFI¥$000000°0 00—2ELEYSHIFS000000°0 00—29LEYSHI¥S000000°0 00—2€086¥L8¥TS¥0000°0 00—°2086¥L8¥CS¥0000°0 00—215S1299CS1L6000°0 '0-10
00—°8LEYSHI¥S000000°0 00—-98LEYSHI¥S000000°0 00—9LLEYSFI¥S000000°0 00—2€086¥L8¥TS¥0000°0 00—-°C086¥L8%TS¥0000°0 00—2T086¥L8¥TS¥0000°0 °0+1°0

0 00 0 0 0 0 100+ 00
00—20L¥T8T96£000000°0 00—°0L¥T8TI6£000000°0 00—269¥78796£000000°0 00—2¥T668TEF0S£0000°0 00—°¥T668CEF0SE£0000°0 00—2¥T668TEF0S£0000°0 o+ 10—
00—-°89¥C8C96£000000°0 00—-259¥T8C96£000000°0 00—-°89¥C8796£000000°0 00—2¥C668CE¥0$£0000°0 00—-°%C668CEF0S£0000°0 00—2¥C668CEF0$€0000°0 mo-10-
00—2T618€L960900000°0 00—°8L18€L960900000°0 00—20618£L960900000°0 00—2€TILIETEFSES000°0 00—_CTIIL8ETEYSESO00°0 00—_CIIL8ETEYSES000°0 70+ 10—
00—-288L80T8E¥¥00000°0 00—-26956078€¥¥00000°0 00—°¥1160T8EFF00000°0 00—2€6TS0¥1TTOITS00°0 00-9T6TS0¥12T01TS00°0 00—°T6TS0¥1TTO1TS00°0 01-01-

ANUIOH [ossag Io[Ae], MUY [ossag 10[Ae ],
(1299 6 =°N (1899) ¢ =°N z

+¢ opdwrexy Jo N SNOLIEA 10§ SIO.LI d)njosqe d3y) jo uostredwo)) ¢ dAqe L,

JAMP

Open Access



64 M. BAGHERPOORFARD, F. A. GHASSABZADE

4.2. Example 2

In this example, [10], we consider the third order linear
complex differential equation

fw(z)_ f/(z)
+(-8e” —12¢* ~30¢* ~19¢"* —9¢™ )  (2) =0,

with the condition f (0)=¢”, f'(0)=3¢’,
f7(0)=14¢’ and exact solution f(z)=e* +¢’ in el-

liptic domain with a=1, b:%and 6@ =mn. Absolute

errors of the obtain solutions are given in Table 2.

4.3. Example 3

The last example, [11] is the second order complex dif-
ferential equation

f7(z)+1zf (z) =¢" +z¢*,

with the initial conditions f(0)=1, f'(0)=1. The
exact solution is f (z)=e” on rectangular domain with
a=-1,b=1,c=-1,d=1. Absolute errors are listed in
Tables 3 and 4.

5. Conclusion

In this article, approximate solutions which can be ob-
tained by different polynomial collocation methods have
been compared. Our experiments show that using differ-
ent polynomials cannot significantly affect the numerical
solutions and the results are similar to each other.
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