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Abstract 
This paper is devoted to the long time behavior of the solution to the initial boun-
dary value problems for a class of the Kirchhoff wave equations with nonlinear 

strongly damped terms: ( ) ( )1 21
1 | | .p q

tt t t tu u u u u u u u f xε α β φ− −− ∆ + + − ∇ ∆ = Fir- 

stly, in order to prove the smoothing effect of the solution, we make efficient use of 
the analytic property of the semigroup generated by the principal operator of the eq-
uation in the phase space. Then we obtain the regularity of the global attractor and 
construct the approximate inertial manifold of the equation. Finally, we prove that 
arbitrary trajectory of the Kirchhoff wave equations goes into a small neighbourhood 
of the approximate inertial manifold after large time. 
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1. Introduction 

It is well known that we are studying the long time behavior of the infinite dimensional 
dynamical systems of the nonlinear partial differential equations, and the concept of the 
inertial manifold plays an important role in this field. In 1985, G. Foias, G. R. Sell and 
R. Teman [1] first put forward the concept of the inertial manifold; it is an invariant fi-
nite dimensional Lipschitz manifold; it is exponentially attracting trajectory and con-
tains the global attractor. But to ensure that existing conditions are very harsh for iner-
tial manifolds (For instance, spectral interval condition), the existence of a large num-
ber of important partial differential equations is still not solved. Therefore, people na-
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turally think of using an approximate, smooth and easy to solve the manifolds to ap-
proximate the global attractor and inertial manifolds, which is the approximate inertial 
manifold. 

Approximate inertial manifolds are finite dimensional smooth manifolds, and each 
solution of the equation is in a finite time to its narrow field. In particular, the global 
attractor is also included in its neighbourhood. The existence of approximate inertial 
manifolds of a large number of dissipative partial differential equations has been stu-
died [2]-[7]. 

In this paper, we are concerned a class of the Kirchhoff wave equations with nonli-
near strongly damped terms referred to as follows:  

( ) ( )1 1 2
1 in ,p q

tt t t tu u u u u u u u f xε α β φ− − +− ∆ + + − ∇ ∆ = Ω×         (1.1) 

( ) ( ) ( ) ( )0 1,0 ; ,0 , ,tu x u x u x u x x= = ∈Ω                   (1.2) 

( ) ( ), 0, , 0, .u x t u x t x
∂Ω ∂Ω

= ∆ = ∈Ω                     (1.3) 

where Ω  is a bounded domain in N  with smooth boundary ∂Ω , and 1, ,ε α β  are 
positive constants, and the assumptions on ( )2uφ ∇  will be specified later. 

In [8], G. Kirchhoff firstly proposed the so called Kirchhoff string model in the study 
nonlinear vibration of an elastic string. Kirchhoff type wave equations have been stu-
died by many scholars (see [9] [10] [11]). In reference [12], the long time behavior of 
solutions for the initial value problems (1.1) - (1.3), the existence of global attractor 
corresponding to the semigroup operator ( )S t  and the dimension estimation of glo- 
bal attractor, have been researched. 

In [13], Dai Zhengde, Guo Boling, Lin Guoguang studied the fractal structure of at-
tractor for the generalized Kuramoto-Sivashinsky equations:  

( ) ( ) ( ) ( ) , 0, ,t xx xxx xxxx x xxu u u u f u u g u h x t x Rα β γ ϕ+ + + + + = + > ∈        (1.4) 

( ) ( )0,0 ,u x u x=                            (1.5) 

( ) ( ), , , 0, .u x D t u x D t t x R− = + > ∈                   (1.6) 

where 0, 0, 0Dα γ≥ > > . 
In [14], Li Yongsheng, Zhang Weiguo studied regularity and approximate of the at-

tractor for the strongly damped wave equation:  

( ) ( ) ( ) ( ), 0, 0,1 ,tt xxt xx tu u u h u u f u g x t xα β− − + + = > ∈             (1.7) 

( ) ( )0, 1, 0, 0,u t u t t= = ≥                          (1.8) 

( ) ( ) ( ) ( ) ( )0 1,0 , ,0 , 0,1 .tu x u x u x u x x= = ∈                  (1.9) 

where ,α β  are positive constants.  
Luo Hong, Pu Zhilin and Chen Guanggan [15] studied regularity of the attractor and 

approximate inertial manifold for strongly damped nonlinear wave equation:  

( ) ( ) ( ) ( ) [ ), 0,1 , 0, ,tt xxt x x
u u u f u g x x tα σ− − + = ∈ ∈ ∞            (1.10) 

( ) ( )0 10 , 0 ,tu u u u= =                         (1.11) 
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( ) ( )0, 1, 0.u t u t= =                          (1.12) 

where α  is a positive constant.  
Wang Lei, Dang Jinbao and Lin Guoguang [16] also studied the approximate inertial 

manifolds of the fractional nonlinear Schrödinger equation:  

( ) ( ) , , 0,tiu u u u i u f x x tρα β δ+ −∆ + + = ∈Ω >              (1.13) 

( ) ( )0,0 , ,u x u x x= ∈Ω                         (1.14) 

( ) ( ), , , , 0.iu x Le t u x t x t+ = ∈Ω >                    (1.15) 

where ( ) ( ) ( )0, , 0, ,0,1,0, ,0 , 1, 2, ,n
iL e i nΩ = = =    is a standard orthogonal base,  

i is the imaginary unit. , 0, 0, 0
2
nα β ρ δ> > > > . 

Recently, Sufang Zhang, Jianwen Zhang [17] studied approximate inertial manifold 
of strongly damped wave equation:  

( ) ( ), ,tt t ttu u u u f u g x t Rα +− ∆ − ∆ − ∆ + = ∈Ω×              (1.16) 

( ) ( )0 1,0 , ,0 , ,tu x u u x u x= = ∈Ω                    (1.17) 

( ) ( ), 0, , .u x t x t R+= ∈∂Ω×                      (1.18) 

where Ω  is a bounded domain in N  with smooth boundary ∂Ω , 0α >  is a con-
stant, the function ( )2g L∈ Ω . 

There have many researches on approximate inertial manifolds for nonlinear wave 
equations (see [18]-[24]). In order to construct the approximate inertial manifolds for 
the initial boundary value problems, in the references [14] to [15], the regularity of the 
global attractor is studied, and then the approximate inertial manifold is constructed. In 
[18], Tian Lixin, Lin Yurui construct approximate inertial manifolds under spline 
wavelet basis in weakly damped forced KdV equation. In infinite-dimensional dynami-
cal systems, Kirchhoff type wave equation is a class of very important equation. How-
ever, the approximate inertial manifold and inertial manifold of the Kirchhoff wave 
equation with nonlinear strong damping term are rarely studied. Based on the current 
research situation of Kirchhoff wave equations, in this paper, we first study the regular-
ity of the global attractor for a class of the Kirchhoff wave equations with nonlinear 
strongly damped terms, and then construct its approximate inertial manifold. 

The paper is arranged as follows. In Section 2, we state some assumptions, notations 
and the main results are stated. In Section 3, through the estimation of solution smooth-
ness of higher order, then we obtain the regularity of the global attractor. In Section 4, 
by constructing a smooth manifold, namely the approximate inertial manifold, we ap-
proximate the global attractor for the problems (1.1) - (1.3). 

2. Statement of Some Assumptions, Notations and Main Results 

For convenience, we denote the norm and scalar product in ( )2L Ω  by .  and ( ).,. ; 
( )f f x= , ( )p pL L= Ω , ( )k kH H= Ω , ( )0 0

k kH H= Ω , 2L⋅ = ⋅ , pp L⋅ = ⋅ . 
Let ( )2E L= Ω , where NΩ ⊂   is a bounded domain, where the norm is defined 
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as . . A = −∆  is an unbounded positive definite self adjoint operator. Let  
( ) ( ) ( )2 1

0D A H H= Ω ∩ Ω , From reference [25], 1A−  is compact, ( )D A  is dense in E, 
so { } 1k k

E span ω ∞

=
= , where E is space by { }1 2, , , kω ω ω⋅⋅⋅ ⋅ ⋅ ⋅  as base generated.  

k k kAω λ ω= , where kλ , kω  are the eigenvalues and eigenvectors of A, 

1 2 30 , kλ λ λ λ< ≤ ≤ ≤ ⋅⋅⋅ → ∞ , 1,2,3,k = ⋅⋅⋅ . Then kω  consists of a set of standard or-
thogonal basis space E. 

We present some assumptions and notations needed in the proof of our results as 
follows: 

(G1) From reference [12], we set some constants: 1 1 20, 0, 0, 0, 0Kε ε γ γ> > > > ≥ ,  

such that 2 0K ε− ≥ , ( ) ( )2 21
1

1

21 e
2

K tKu
K

εγ εε ε φ
ε γ

− − −
≤ ∇ ≤ − −  

. 

(G2) Let ( ) [ )( )1 0,s Cφ ∈ +∞ , and ( ) ( ) 00 0,sup s rφ φ′= ≤ , [ )0,s∀ ∈ +∞ . 
Theorem 2.1 From reference [12], due to (G1), (G2) hold, 
(i) Let ( ) ( )2f x L∈ Ω , then for each ( ) ( )2 1

0 0u H H∈ Ω ∩ Ω , ( )2
1u L∈ Ω , the prob-

lems (1.1)-(1.3) exist solution u, [ ) ( )( )0, ;bu C D A∈ +∞ ; 
[ )( ) ( )( )2 1

00, ; 0, ;t bu C E L T H∈ +∞ ∩ Ω , 0T∀ > . 
(ii) Let ( ) ( )1

0f x H∈ Ω , ( )S t  is the semigroup operator for the problems (1.1) - 
(1.3), then the semigroup ( )S t  exists a compact global attractor 0 . So we can find a 
compact connected invariant set B to absorb all the bounded sets on ( )D A E× .  

3. The Regularity of Global Attractor 

In order to obtain the regularity of global attractor, we need to give a higher order uni-
form a priori estimates for the solution. 

Let tv u= , then the problem (1.1) can be reduced to the following form:  

,tu v=                                (3.1) 

( ) ( )1 1 2
1 .p q

tv v v v u u u u f xε α β φ− −− ∆ + + − ∇ ∆ =            (3.2) 

Let  

( ) ( ) ( ) ( ) 2
2

11

0 0
, , , .

,

Iu
U FU D B D A

F u vuv φ ε

−      = Λ = = =      − ∇ ∆ − ∆     
    (3.3) 

where ( ) ( ) 1 1
1 , p qF u v f x v v u uα β− −= − − . 

Further, we rewrite the problems (1.1) - (1.3):  

( ) ( ) 0
0

1

d , 0 .
d

uU U F U U U
ut
 

+ Λ = = =  
 

                (3.4) 

From references [26] [27], Λ  is a linear dense closed operator on ( )D A E× , which 
is a sector operator and has a bounded inverse. Λ  generates an analytic semigroup on 
( )D A E× . 
Lemma 3.1 From references [14] [15], due to (G1), (G2) hold, let 

( ) ( )2 , , 0f L u x t
∂Ω

∈ Ω = , then  
Each ( ) ( )0 1,u u D A E∈ × , the solution to the problems (1.1) - (1.3) meet the follow-
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ing conditions: 

( ) ( )( ) ( )( ) ( ), 0, ; , 0, ; , 0,1 .t ttu u C D A u C Eθ θ θ∈ +∞ ∈ +∞ ∀ ∈            (3.5) 

And there exist 0 00, 0Kτ > >  such that the following inequalities are established:  

( ) ( ) ( )0 1 0, , .t ttD A
u t K u t R t K≤ ≤ ∀ ≥                   (3.6) 

where ( ) ( ) ( )2 1
0D A H H= Ω ∩ Ω , 0K  is independent of the initial value 0U . 

Proof. By the first conclusion (i) of theorem 2.1, when ( )0 1,u D A u E∈ ∈ , the solu-
tion u meet: [ ) ( )( )0, ;bu C D A∈ +∞ , [ ) ( )( )20, ;t bu C L∈ +∞ Ω , 

( )( )2 1
00, 0, ;tT u L T H∀ > ∈ Ω . By the second conclusion (ii) of theorem 2.1, there exist 

00, 0Rτ > > , when t τ> ,  

( ) 0 0, .tD Au R u R≤ ≤                         (3.7) 

Meanwhile, u∆  is uniformly bounded in E, [ )0,t∈ +∞ .  

( )( ) ( )( ) [ ) ( )( )
TT 1 1

10, , 0, 0, ;p q
bFU F u v f x v v u u C D A Eα β− −= = − − ∈ +∞ ×    (3.8) 

T h e n  ( ) [ ] ( )( ) ( )( )1 , 0, ; 0, ;p
bF u v C T D A E L T D A E∈ × → × ,  ( )1 , 0,1

1
p θ

θ
= ∈

−
.  

Based on the reference [27], the analytic properties of the semigroups generated by Λ  
and the Equation (3.4), immediately get 00 t T∀ < < , the solution 
( ) [ ] ( )( )0 , ;U C t T D A Eθ⋅ ∈ × , furthermore, for the non-homogeneous term ( )1 ,F u v  

in the Equation (3.4), ( ) [ ] ( )( )1 0, , ;F u v C t T D A Eθ∈ × , then ( ) ( ] ( )( )0 , ;U C t T Dθ⋅ ∈ Λ , 
( ) ( ) ( ) ( )( )0, , ;tU U C t T D A Eθ⋅ Λ ⋅ ∈ × , due to 0,T t  are arbitrary, 
( ) ( ) ( )( )0, ;U C Dθ⋅ ∈ +∞ Λ , ( ) ( ) ( )( )0, ;tU C D A Eθ⋅ ∈ +∞ × . 
Since ( ) ( ) ( ) ( ), tU D U D A Eτ τ∈ Λ ∈ × , we are now considering ( ), tUτ τ , respec-

tively, as the initial time, initial value. Next, we consider the equation about 
( )T,t tU v v= = ,  

( ) ( ) ( )( )T
1 10, .p q

t t t t
F U v v u uα β− −+ Λ = = − −              (3.9) 

then  

( )( ) ( ) ( )2 1 1
1 0,p q

tt t
t tt

v v u u v v u uε φ α β− −− ∆ − ∇ ∆ + + =          (3.10) 

( ) ( ) ( ), , ,tv x u x D Aτ τ= ∈                      (3.11) 

( ) ( ), , ,t ttv x u x Eτ τ= ∈                       (3.12) 

( ) ( ), 0, , 0, , .v x t v x t x t τ
∂Ω ∂Ω

= ∆ = ∈Ω ≥                 (3.13) 

Next, we multiply tv vε+  with both sides of the equation (3.10) and integrate over 
Ω  to obtain  

( ) ( )2 21 d d, d .
2 d dtt t t t tv v v v v v x v

t t
ε ε ε

Ω
+ = + ⋅ −∫            (3.14) 

( ) 2 21
1 1

d, .
2 dt t tv v v v v

t
ε ε

ε ε ε− ∆ + = ∇ + ∇               (3.15) 



C. F. Ai et al. 
 

223 

( )( )( )
( )( )( ) ( )( )( )

2

2 2

,

, ,

t
t

t
t t

u u v v

u u v u u v

φ ε

φ φ ε

− ∇ ∆ +

= − ∇ ∆ + − ∇ ∆
              (3.16) 

where from the hypothesis (G2),  

( )( )( )
( ) ( ) ( )

( )

2

2 2 2 2 2

22 2 2 20 0 0

,

d 1 1= d
d 2 2
d 1 .

2 2 d 2 2

t
t

t
t t

t

u u v

u uv x u v u v
t

r r r
u v u v v

t

φ

φ φ φ

φ

Ω

− ∇ ∆

 − ∇ ∆ + ∇ ∇ − ∇ ⋅ ∇  
 ≥ − ∇ − ∇ + ∇ ∇ − ∇  

∫       (3.17) 

( )( )( )
( ) ( ) ( )

2

2 2 2

2 2 220 0
1

,

,

.
2 2

t

t

u u v

u u v u v

r r
u v v

φ ε

εφ εφ

ε ε
ε ε

− ∇ ∆

= − ∇ ⋅ ∆ + ∇ ∇

≥ − ∇ − ∇ + ∇

                (3.18) 

( )( ) ( )( ) ( )( )1 1 1, , , .p p p
t t

t t t
v v v v v v v v v vα ε α αε− − −+ = +          (3.19) 

( )( ) ( )

( )

( )

1
1 1 2 2

3
1 2 2

1 1

1 2

, d d

1d 2 d
2

d 1 d

d .

p
p p

t t t t
t

t

p
p

t t t t

p p
t t t t

p
t

v v v v v v x v vv x

pv v v x v vv vv x

v v v x p v v v x

p v v x

α

α α

α α

α

−
− −

Ω Ω

−
−

Ω Ω

− −

Ω Ω

−

Ω

 
= +  

 

 −
= +  

 

= + −

=

∫ ∫

∫ ∫

∫ ∫
∫

       (3.20) 

( )( ) ( )1 1 1d, d d .
d

p p p
t

t
v v v v vv x v vv x

t
αε αε αε− − −

Ω Ω
= −∫ ∫           (3.21) 

where ( ) ( )
1 1

1 2 22 2
2d d dp p p

t t tpv vv x v x v x v vαε αε αε−

Ω Ω Ω
≤ ⋅ =∫ ∫ ∫ . 

By using Gagliardo-Nirenberg’s embedding inequality, Hölder’s inequality:  
( ) ( )

( ) ( )

( )

1 2 1
2 212

2 1 2 12
1

2 2 22
1 2 2

3 2

2 2

, ,
2 4 4

p n p p n
p

t tp

p n p p n
t

t

v v C v v v

C v v v

C v C v C v
C C

αε
αε

αε
α ε

αε αε

− − −

− − −

≤ ∇

∇
≤ +

∇
≤ + + +

           (3.22) 

Similar to the relation (3.20):  

( )( )1 1 1 2, d d .q q q
t t

t
u u v v q u vv x q u v xβ ε β β ε− − −

Ω Ω
+ = +∫ ∫           (3.23) 

By using Hölder’s inequality, Young’s inequality and Sobolev’s embedding inequa-
lity:  
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22
1 1 1d d d .

2 2
q q q t

t t

vv
q u vv x q u v v x q u xβ β β− − −

Ω Ω Ω

 
 ≤ ≤ +
 
 

∫ ∫ ∫        (3.24) 

( )( ) ( ) ( )

1 1
2 4 21 2 1 12 2

2 1 4
d d d .

2 2 2
q q q

t t tq

q q qu v x u x v x u vβ β β− − −

−Ω Ω Ω
≤ =∫ ∫ ∫     (3.25) 

( )

( ) ( ) ( )2 4 1 2
1

4 442 1 ;
n q q n q

q
qu C u u

− − − −
−

−
≤ ∆                     (3.26) 

( )
2 242 22 25 6 2 54

2

, .
2 2

n n
t t

t t t

v v
v C v v C C

ε
ε

ε

− ∇
≤ ∇ ≤ + +             (3.27) 

In reference [12], ,u u∆  are bounded by a priori estimates.  

( ) ( )
2 2

21 2
7 4 62 1 4

2

, , .
2 2

q t t
tq

v v
u v C C u u C

ε
ε

−

− ∞ ∞

 ∇
 ≤ ∆ + +
 
 

           (3.28) 

So we get:  

( )( ) 21 1 2 7 2

27
7 6

2

, d
2 2

.
2

q q
t t

t

t

qCqu u v v q u v x v

qC
v qC C

β εββ ε β ε

β
β

ε

− −

Ω

 + ≥ − − ∇ 
 

− −

∫
        (3.29) 

From above, we have 

( )2 2 1 2 221
1

1 1d d .
2 2 2

p
t tv vv x v v v x u vεε

ε αε φ−

Ω Ω
Φ = + + ∇ + + ∇ ∇∫ ∫      (3.30) 

( ) ( )
( ) ( ) ( )

2 2 2 2 2
1 1

2 2 2 1 2

1 1 12

1d
2

, d

d d d .

t t t
t t

p
t

t
q p q

t t

v v u uv x u v

u u v u v p v v x

q u v x v vv x q u vv x

ε ε φ φ

εφ εφ α

β ε αε β

Ω

−

Ω

− − −

Ω Ω Ω

Ψ = ∇ − − ∇ ∆ − ∇ ⋅ ∇

− ∇ ∆ + ∇ ∇ +

+ − +

∫

∫

∫ ∫ ∫

        (3.31) 

Taking 1 0κ > , then  

( )

2 2 22 2 20 0 0 0
1 1 1 1

2 22 2 2
22 2 2 220 1

1

2
2 2 17 2 7

3 7 6
2

2 2 2
11 1 1 1 12

1

2 2 2 2

2 2 4 4

2 2 2

d .
2 2 2 2

t t t

t

t
t t

p

r r r r
v v u v v u

C v C vr Cv v v

vqC qC
C v v qC C

v v v
v v x

K

ε
κ ε ε

ε α ε
ε ε

κβ ε β
β

ε

κ ε κ ε ε κ γ
κ αε

ε
−

Ω

Ψ − Φ ≥ ∇ − − ∆ − − ∇ − ∇

∇
− ∇ + ∇ − − −

− − ∇ − − −

∇ ∇
− − − −

−∫

    (3.32) 

( ) ( ) ( )

( )

1 1 2 21 12 2 2 2 282 1

2 2

9 9 10 8 9

d

, .
2 2

np p npp p
pv v x v C v v

v v
C C C C C

+ −
− +

+Ω

 
≤ Ω ≤ Ω ∇ 

 

∇
≤ + +

∫
          (3.33) 

At last, we get:  



C. F. Ai et al. 
 

225 

( )

2 2 2
2 27 2 0 71 1 1

1 1 1 1
2

22 0 0 9 11 1 2 1 1
1

29 12 1

2 2 2 2 2 2

2 2 2 2 4 2 2

.
4 2 2

t t
C q r C qCv v

r r C C v
K

CC v C

β ε βα ε κ κ ε
κ ε ε

ε

ε κ αεκ ε ε κ γ
ε ε

ε

κ αεκ ε

  Ψ − Φ ≥ − ∇ − + + + + +  
   

 
+ − − − − − − ∇  − 

 − + + − 
 

  (3.34) 

Let 7 2
1 1 2

C q
m

β ε
ε= − ; 

2 2 2
0 71 1 1

2
22 2 2 2 2

r C qCm
βα ε κ κ ε

ε
ε

= + + + + + ; 

( )
2 0 0 9 11 1 2 1 1

3 1 2 2 2 2 4 2 2
r r C Cm

K
ε κ αεκ ε ε κ γ

ε ε
ε

= − − − − − −
−

; 

9 12 1
4 4 2 2

CCm
κ αεκ ε

= + + . 

By using Poincaré’s inequality, we get  

( ) ( )2 2
1 1 1 1 1 2 1 3 4 .tm m v m m v Cκ λ λΨ − Φ ≥ − ∇ + − −              (3.35) 

We take proper 1 2 1 1 0, , , , , , ,rε ε ε γ κ α β , such that:  

1 1 2

1 3 4

0
0.

m m
m m

λ
λ

− ≥
 − ≥

 

Then  

1 1 1 .CκΨ − Φ ≥ −                         (3.36) 

From the relation (3.36), we can get  

( ) ( )1 1 1
d , .
d

t t C t
t

κ τΦ + Φ ≤ ≥                     (3.37) 

By using Gronwall’s inequality, we obtain:  

( ) ( ) ( ) ( )( )1 1
1 1

1

e 1 e , .t tCt tκ τ κ ττ τ
κ

− − − −Φ ≤ Φ + − ≥              (3.38) 

Taking 0τ τ , such that ( ) ( )1
1 e 1tκ ττ − −Φ ≤ , then  

( )1 0
1

1 , .Ct t τ
κ

Φ ≤ + ∀ ≥                       (3.39) 

where  

( )
( )

( ) ( )

2 2 1 2 221
1

2 2 1 2 221

2 21 1 9 1 9

1

1 1d d
2 2 2
1 1d d
2 2 2

21
.

2 2

p
t t

p
t t

t

v vv x v v v x u v

v vv x v v v x u v

C C Cv v

εε
ε αε φ

εε
ε αε φ

µ ε ε µ αε ε αεε
κ

−

Ω Ω

−

Ω Ω

Φ = + + ∇ + + ∇ ∇

≥ + + ∇ + + ∇ ∇

− − −−
≥ + −

∫ ∫

∫ ∫     (3.40) 

Meanwhile, we once again take proper 1 1, , ,ε ε µ α , such that:  



C. F. Ai et al. 
 

226 

1 1 9 1 9

1 0
2 0.C C

ε
µ ε ε µ αε ε αε
− >

 − − − >
 

So there are 0 00, 0Kτ > > , which make the following inequalities:  

( ) ( ) ( )0 0 0, , .t ttD A
u t K u t K t τ≤ ≤ ∀ ≥                  (3.41) 

where ( ) ( ) ( )2 1
0D A H H= Ω ∩ Ω , 0K  is independent of the initial value 0U .  

Lemma 3.2 From references [14] [15], due to (G1), (G2) hold, let ( )0 0f = ,  
( ) ( ) ( )2 1

0f D A H H∈ = Ω ∩ Ω , then ( ) ( )0 1,u u D A E∀ ∈ × , the solution to the prob-
lems (1.1) (1.3) meet the following conditions: 

( ) ( )( ) ( ) ( )( ) ( )2, 0, ; , 0, ; , 0,1 .t ttu u C D A u C D Aθ θ θ∈ +∞ ∈ +∞ ∀ ∈       (3.42) 

And there exist 1 0τ > , 1 0K >  such that the following inequalities are established:  

( ) ( ) ( ) ( )2 21 1 1, , .tD A D A
u t K u t K t τ≤ ≤ ∀ ≥                 (3.43) 

Proof. Take proper T, such that 00 t T∀ < < , ( ) ( )0U t D A∈ , we are now consider-
ing the Equation (3.9), assume (G1), (G2) hold, ( )f D A∈ , [ ] ( )( )0, , ;tu u C t T D Aθ∈ , 

[ ]( )0 , ;ttu C t T Eθ∈ , the nonlinear term ( )( ) [ ] ( )( )0 , ;
t

F U t C t T D A Eθ∈ × . Based on 
the reference [27], the solution to the Equation (3.9): 
( ) ( ) ( ) [ ] ( )( )0, , , ;t C t T D A Eθ⋅ ⋅ Λ ⋅ ∈ ×   . From (3.4), we get  
( ) [ ] ( )( )2

0 , ;U C t T Dθ⋅ ∈ Λ , due to 0,T t  are arbitrary, ( ) ( ) ( )( )20, ;U C Dθ⋅ ∈ +∞ Λ ,  
( ) ( ) ( )( )0, ;tU C Dθ⋅ ∈ +∞ Λ , and then we can get ( ) ( )( )2, 0, ;tu u C D Aθ∈ +∞ ,  

( ) ( )( )0, ;ttu C D Aθ∈ +∞ , ( )0,1θ∀ ∈ . 

Similar to lemma (3.1), we are now considering ( )0 0, tUτ τ , respectively, as the ini-
tial time, initial value. Next, and once again, we consider the Equations (3.9) - (3.13), 
multiplying tv vε−∆ − ∆  with both sides of the equation (3.10) and integrating over Ω  
to obtain  

( ) ( )2 21 d d, d .
2 d dtt t t t tv v v v v v x v

t t
ε ε ε

Ω
−∆ − ∆ = ∇ + ∇ ⋅∇ − ∇∫         (3.44) 

( ) 2 21
1 1

d, .
2 dt t tv v v v v

t
ε ε

ε ε ε− ∆ −∆ − ∆ = ∆ + ∆               (3.45) 

( )( )( )
( )( )( ) ( )( )( )

2

2 2

,

, ,

t
t

t
t t

u u v v

u u v u u v

φ ε

φ φ ε

− ∇ ∆ −∆ − ∆

= − ∇ ∆ −∆ + − ∇ ∆ − ∆
           (3.46) 

where from the hypothesis (G2),  

( )( )( )
( )( ) ( ) ( ) ( )( )

( )

2

2 2 2 2 2

22 2 2 20 0 0

,

1 d 1,
2 d 2

1 d .
2 2 2 d 2

t
t

t
t t

t

u u v

u u v u v u v
t

r r r
u v u v v

t

φ

φ φ φ

φ

− ∇ ∆ −∆

 = ∇ ∆ ∆ + ∇ ∆ − ∇ ∆  

 ≥ − ∆ − ∆ + ∇ ∆ − ∆  
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( )( )( )
( )( ) ( ) ( )

2

2 2 2

2 2 220 0
1

,

,

.
2 2

t

t

u u v

u u v u v

r r
u v v

φ ε

φ ε εφ

ε ε
ε ε

− ∇ ∆ − ∆

= ∇ ∆ ∆ + ∇ ∆

≥ − ∆ − ∆ + ∆

 

Similar to lemma 3.1  

( )( )
( )( ) ( )( )

1

1 1

1 1

,

, ,

d d

p
t

t

p p
t

t t

p p
t t t

v v v v

v v v v v v

p v v v x p v v v x

α ε

α α ε

α α ε

−

− −

− −

Ω Ω

−∆ − ∆

= −∆ + − ∆

= − ∆ − ∆∫ ∫

               (3.47) 

( )( )
( )( ) ( )( )

1

1 1

1 1

,

, ,

d d .

q
t

t

q q
t

t t

q q
t

u u v v

u u v u u v

q u v v x q u v v x

β ε

β β ε

β β ε

−

− −

− −

Ω Ω

−∆ − ∆

= −∆ + − ∆

= − ∆ − ∆∫ ∫

               (3.48) 

By using Hölder’s inequality, Young’s inequality and Sobolev’s embedding inequality:  

( )( ) ( )
( )

( )( ) ( ) ( ) ( )
( )
( )

1

1 1
22 1 2 2

22 1

1 1 1 1
2 4 24 1 2 2 2 2

22 1

4 1 4

d

d d

d d
2 2

d d d d
2 2

.
2 2

p
t t

p
t t t

p
t t t

p
t t t

p
t t tp

p v v v x

p v v x v v x

p pv v x v v x

p pv x v x v x v x

p pv v v v

α

α

α α

α α

α α

−

Ω

−

Ω Ω

−

Ω Ω

−

Ω Ω Ω Ω

−

−

∆

≤ ∆ ∆

≤ ∆ + ∆

≤ ∆ + ∆

= ∆ + ∆

∫

∫ ∫

∫ ∫

∫ ∫ ∫ ∫

 

( )
( )

( )
( )

( )

2 1

4 1 )

2 3
41

22
0

2 1 0

2

2

, , ,
8 4

p
tp

p n

t

t

p v v

p C v v v

p vr v
C C p r

α

α

α
α

−

−

−

∞

∆

≤ ∆ ∆

∆∆
≤ + +

 

( )

( )

2

4

2
3

2
21

4 3 1

2

4 4

, , , .
8 4

t t

n
t t t

t
t

p v v

p pC v v v

v pC C p v

α

α α

ε αα ε

∞

∆

≤ ∇ + ∆

∇
≤ + + ∆

 

( ) ( )

1

2 22
10

2 1 0 4 3 1

d

, , , , , ,
8 2 8

p
t t

t t

p v v v x

p v vr v
C C p r C C p

α

α ε
α α ε

−

Ω
∆

∆ ∇∆
≤ + + + +

∫
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Through similar methods above  

( )
( )

( )

( ) ( )

1

2 3
2

45 6

22
2 10

7 5 0 8 6 1

d

2 4 4

, , , , , , , ,
4 4 8

p
t

p n
n

t t

t

p v v v x

p p pC v v v C v v v

vr v pC C p r v C C p

α ε

α ε α ε α ε

εα εα ε α ε ε

−

Ω

−

∞ ∞

∆

≤ ∆ ∆ + ∇ + ∆

∇∆
≤ + + ∆ + +

∫

 

( )
( )

( )

( ) ( )

1

2 3
2 2

29 10

2
22 0

11 9 12 10 0

d

4 4 4 4

, , , , , .
8 2 8

q
t

q n
n

t t

t

q u v v x

q q q qC u u v C v v v

r vq qu C C q v C C q r

β

β β β β

β ββ β

−

Ω

−

∞ ∞

∆

≤ ∆ + ∆ + ∇ + ∆

∇
≤ ∆ + + ∆ + +

∫

 

( )
( )

( )

( ) ( )

1

2 3
2 2

213 14

2
2 2 0

15 13 16 14 0

d

4 4 4 4

, , , , , , , .
8 2 8

q

q n
n

q u v v x

q q q qC u u v C v v v

r vq qu C C q v C C q r

β ε

β ε β ε β ε β ε

β ε β εβ ε β ε

−

Ω

−

∞ ∞

∆

≤ ∆ + ∆ + ∇ + ∆

∇
≤ ∆ + + ∆ + +

∫

 

From above, we have 

( )2 2 2 21
2

1 1d .
2 2 2t tv v v x v u vεε

ε φ
Ω

Φ = ∇ + ∇ ∇ + ∆ + ∇ ∆∫           (3.49) 

( ) ( )
( ) ( ) ( )

2 2 2 2 2
2 1

2 2 2 1

1 1 1

1d
2

, d

d d d .

t t t
t t

q

t

q p p
t t t t

v v u u v x u v

u u v u v q u v v x

q u v v x p v v v x p v v v x

ε ε φ φ

εφ εφ β ε

β α α ε

Ω

−

Ω

− − −

Ω Ω Ω

Ψ = ∆ − ∇ + ∇ ∆ ∆ − ∇ ⋅ ∆

+ ∇ ∆ ∆ + ∇ ∆ − ∆

− ∆ − ∆ − ∆

∫

∫

∫ ∫ ∫

      (3.50) 

Taking 2 0κ > , then  

( )
2 22 22 2 2 2 1

2 2 .
2 2 2 2 2t tv v v v

K
κ κ ε κ ε κ γ

κ
ε

Φ ≤ ∇ + ∇ + ∇ + ∆
−

 

At last, we get:  

( )

2 20 1 2 2
2 2 2 1

22 0 0 0 2 1 2 1
1

20 2

2 2 2 4 2 2

3
2 2 2 8 4 2 2 2

.
4 2

t t
r q p v v

r r rq p v
K

r
v C

ε κ κ εβ ακ ε ε

ε κ ε ε κ γβ ε α εε ε
ε

κ ε

   Ψ − Φ ≥ − − − ∆ − + + + ∇  
  

 
+ − − − − − − − ∆  − 

 − + ∇ − 
 

  (3.51) 

Let 0
1 1 2 2 2

r q pn β αε= − − − ; 1 2 2
2 4 2 2

n ε κ κ ε
ε= + + + ; 

( )
2 0 0 0 2 1 2 1

3 1
3

2 2 2 8 4 2 2 2
r r rq pn

K
ε κ ε ε κ γβ ε α εε ε

ε
= − − − − − − −

−
; 
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0 2
4 4 2

r
n κ ε

= + . 

By using Poincaré’s inequality, we get  

( ) ( )2 2
2 2 2 1 1 2 1 3 4 .tn n v n n v Cκ λ λΨ − Φ ≥ − ∇ + − −             (3.52) 

We take proper ε , 1ε , 1γ , 2κ , α , 0r , ,α , such that:  

1 1 2

1 3 4

0
0.

n n
n n

λ
λ

− ≥
 − ≥

 

Then  

2 2 2 .CκΨ − Φ ≥ −                          (3.53) 

From the relation (3.53), we can get  

( ) ( )2 2 2 0
d , .
d

t t C t
t

κ τΦ + Φ ≤ ≥                    (3.54) 

By using Gronwall’s inequality, we obtain:  

( ) ( ) ( ) ( )( )2 0 2 0
2 2 0 0

2

e 1 e , .t tCt tκ τ κ ττ τ
κ

− − − −Φ ≤ Φ + − ≥           (3.55) 

Taking 1 0T τ , such that ( ) ( )2 0
2 0 e 1tT κ τ− −Φ ≤ , then  

( )2 1
2

1 , .Ct t T
κ

Φ ≤ + ∀ ≥                      (3.56) 

where  

( )
( ) ( )

( ) ( )

2 2 2 21
2

2 21 1

1

2 21 1

1 2

1 1d
2 2 2
1

2
1

.
2

t t

t

t

v v v x v u v

v v

Cv v

εε
ε φ

ε λ ε ε ε
λ

ε λ ε ε ε
λ κ

Ω
Φ = ∇ + ∇ ∇ + ∆ + ∇ ∆

− −
≥ ∇ + ∆

− −
≥ ∇ + ∆ −

∫

        (3.57) 

Meanwhile, we once again take proper ε , 1ε , such that:  

1 1

1 0
0.

ε
λ ε ε ε
− >

 − >
 

So there are 1 10, 0T R> > , which make the following inequalities:  

( ) ( )
1
2

1 1 1, , .tAu t R A u t R t T≤ ≤ ∀ ≥                  (3.58) 

where 1R  is independent of the initial value 0U . 
Similar to above discussions, there are 2 1T T , 2 0R > , which make the following 

inequalities:  

( ) ( )
3
2

2 2 2, , .t ttA u t R Au t R t T≤ ≤ ∀ ≥                (3.59) 

where 2R  is independent of the initial value 0U . 
Using the original Equation (1.1), we obtain  



C. F. Ai et al. 
 

230 

( ) [ ) ( )( )

21
2

1

1 1
2 , ;

t

p q
tt t t b

A u A u u

f x u u u u u C T D A

ε φ

α β− −

  
  +
  

  

= − − − ∈ +∞

         (3.60) 

Next, using the elliptic property of the operator A, we get:  

( )

( ) ( ) ( )
2

21
2

1

1 1
3 2,

t

D A

p q
tt t t

u A u u

Af x Au A u u A u u R t T

ε φ

α β− −

 
 +
 
 

≤ + + + ≤ ∀ ≥

      (3.61) 

where 3R  is independent of the initial value 0U . 
So there are 1 2Tτ  , 1 0K > , which make the following inequalities:  

( ) ( ) ( ) ( )2 21 1 1, , .tD A D A
u t K u t K t τ≤ ≤ ∀ ≥                 (3.62) 

where 1K  is independent of the initial value 0U .  
According to Lemmas 3.1, 3.2, we can get the following theorem :  
Theorem 3.1 From reference [14], let ( )S t  is the semigroup operator for the pro- 

blems (1.1) - (1.3), then the semigroup ( )S t  exists a compact global attractor 1  in 
( )2D A , and 1 0=  .  
The proof of theorem 3.1 see ref. [14], is omitted here. 

4. The Approximate Inertial Manifold for the Global Attractor 

In this section, we first construct a smooth manifold ( )1 0graph ψ= , and then prove 
that 1  is an approximate inertial manifold of the semigroup ( )S t , namely, the ar-
bitrary trajectory of the Kirchhoff wave equations goes into a small neighbourhood of 
the approximate inertial manifold after large time. 

Let { } 1

N
N k k

E span ω
=

= , NP  is an orthogonal projection from the space E to the 
subspace spanned by { } 1

N
N k k

E span ω
=

= , N NQ I P= − , so that u is decomposed as the 
sum u p q= + .  

For the solution u of the problems (1.1) - (1.3), let Np P u= , t N tp P u= , Nq Q u= , 

t N tq Q u= . Then ( )T, tp pξ = , ( )T, tq qζ = , ( ) 1qg u u u−= , ( ) 1p
t t th u u u−= . We use 

NP  and NQ  to act the problem (1.1) respectively.  

( ) ( )( ) ( )
21

2
1 , ,tt t N t t Np Ap A u Ap P g p q h p q P f x xε φ β α

 
 + + + + + + = ∈Ω
 
 

  (4.63) 

( ) ( )( ) ( )
21

2
1 , .tt t N t t Nq Aq A u Aq Q g p q h p q Q f x xε φ β α

 
 + + + + + + = ∈Ω
 
 

  (4.64) 

Let 
0

0
N

N
N

P
P

P
 

=  
 

, 
0

0
N

N
N

Q
Q

Q
 

=  
 

. Then the problems (4.63) - (4.64) can be 

written as:  

 ( ) ,t NP Fξ ξ ξ ζ+ Λ = +                         (4.65) 
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 ( ).t NQ Fζ ζ ξ ζ+ Λ = +                          (4.66) 

From above, we have ( )0U D A E∀ ∈ × , there exist 1τ , 1 0K > , is independent of 
the initial value 0U , and then ( ) [ ) ( )( )1, ,bU C D A Eτ⋅ ∈ +∞ × , 

( ) ( ) ( ) ( )2 21 1 1, , .tD A D A
u t K u t K t τ≤ ≤ ∀ ≥  So for Nq Q u= , t N tq Q u= , we obtain   

2 2
1 1 1 1 1, , .N t Nq K q K tλ λ τ− −

+ +≤ ≤ ∀ ≥                     (4.67) 

Theorem 4.1 From references [14] [15] [16], according to lemmas 3.1, 3.2 and the 
theorem 3.1, let  ( )( )0 NP D A E= ×  is the N dimensional linear subspace of  
( )D A E× , there exists 1 0τ > , 1τ  is sufficiently large. When 1t τ> , arbitrary trajec-

tory arising from the 0U  for the Kirchhoff wave equations, which track into a 2
1 1NK λ−

+  
sphere in 0 . Namely, ( ) ( )( ) 2

0 0 1 1, ND A Edist S t U K λ−
+× ≤ . Meanwhile, the 0  is 

called a N dimensional flat approximate inertial manifold of the semigroup ( )S t .  
Remark 4.1. For the problem (4.66), if we do not consider tζ  and ζ  contained in 

the nonlinear terms, for ( )2
NEξ ∈ , we define mapping 0ψ : ( )0ξ ψ ξ . ( )0 0:ζ ψ ξ=  

is the solution of the Equation (4.68):  
 ( )0 .NQ Fζ ξΛ =                          (4.68) 

Then 0ψ : ( ) ( )2 2
N NE Q E→  is a smooth map, its image is  

( ) ( ) ( ){ }2
1 0 0graph | NEψ ξ ψ ξ ξ= = + ∈ , which is a approximate inertial manifold of 

the semigroup ( )S t . 
Theorem 4.2 From references [14] [15] [16], according to lemmas 3.1, 3.2 and the 

theorems 3.1, 4.1, then ( )0U D A E∀ ∈ × , there exists 1 0τ > , when 1t τ> , arbitrary 
trajectory arising from the 0U  for the Kirchhoff wave equations, which track into a 

1
1 1NK λ−

+  neighborhood in 1 . Namely, ( ) ( )( ) 1
0 1 1 1, ND A Edist S t U K λ−

+× ≤ . Meanwhile, 
the 1  is a approximate inertial manifold of the semigroup ( )S t . Furthermore, 

( )0U D A E∀ ∈ × , there exists 0nτ > , nτ  is sufficiently large, 1n ≥ . When nt τ> , 
arbitrary trajectory arising from the 0U  for the Kirchhoff wave equations, which track 
into a 1

n
n NK λ−

+  neighborhood in n . Namely, ( ) ( )( ) 

0 1, n
n n n ND A Edist S t U C K λ−

+× ≤ . 
The n  is a very precise approximate inertial manifold of the semigroup ( )S t .  

Proof. Firstly, let ( ) ( ) 0U t S t U= , then ( ) ( ) ( )( )  ( )T
, :t Nt p t p t P U tξ = = ,  

( ) ( ) ( )( )  ( )T
, :t Nt q t q t Q U tζ = =  are the solutions of the problems (4.65) - (4.66), and 

then let ( ) ( ) ( )( ) ( )( )T
0 0 0 0, :tt q t q t tζ ψ ξ= = . ( ) ( ) ( )( )T

,W t t tω ω=  . 
From the relation (4.68), we can obtain:  

( ) ( )( )
21

2
0 N tA u Aq Q f g p h pφ β α

 
  = − −
 
 

               (4.69) 

0 0.tq =                               (4.70) 

Then from the hypothesis (G1), 
21

2
1 A uε ε φ

 
 ≤
 
 

.  

( ) ( )( )1
21

0 2
0

0

1

.

0

N t

t

A Q f g p h p
q A u
q

β α

φζ

− − −      = =        
 
 

          (4.71) 
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( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )T
0 0, .W t t t U t t t t tω ω ξ ζ ζ ζ= = − + = −         (4.72) 

( ) ( )( ) ( ) ( )0 1, .D A E D A E
dist S t U W t× ×

≤                  (4.73) 

We put ( )W t  into the relation (4.68), the following relations can be obtained im-
mediately,  

( ) ( )( ) ( ) ( )( )

2 2 21 1 1
2 2 2

0

1N t t t tt t

A u A A u Aq A u Aq

Q g p h p g p q h p q q Aq

φ ω φ φ

β α β α ε

     
     = −
     
     

 = + − + + + − − 

(4.74) 

.tqω =                                 (4.75) 

Therefore  

( ) ( )

( ) ( )
( )

21
22

2
1

1 1 1 1, , , , .

N

N t t t tt t

A u A AQ g p g p q

AQ h p h p q Aq A q

C K t

φ ω β β

α α ε

ε α β ε τ

 
  ≤ − +   
 

 + − + + + 
≤ ≥

       (4.76) 

1 1, .A K tω τ≤ ≥                            (4.77) 

Then  
1 1

1 1 1 1 1 1, , .N NA C K K tω λ ω λ τ− −
+ +≤ ≤ ≥                   (4.78) 

So, we obtain  

( ) ( )( ) ( ) 

1 1
0 1 1 1 1 1 1 1 1, 1 : , .N ND A Edist S t U A C K C K tω ω λ λ τ− −

+ +× ≤ + ≤ + = ≥     (4.79) 

A similar method in reference [14], we immediately get the semigroup ( )S t  exists a 
compact global attractor n  in ( )nD A , and 0 1 n= = ⋅⋅⋅ =   , and then  

( )0U D A E∀ ∈ × , there exists 0nτ > , nτ  is sufficiently large, 1n ≥ . When nt τ> , 
arbitrary trajectory arising from the 0U  for the Kirchhoff wave equations, which track 
into a 1

n
n NK λ−

+  neighborhood in n . 

( ) ( )( ) 

0 1, .n
n n n ND A Edist S t U C K λ−

+× ≤                   (4.80) 

where the n  is a smooth manifold that we construct, which is very precise, to ap-
proximate inertial manifold of the semigroup ( )S t . 

Remark 4.2. This article is based on the references [14] [15] [16], by estimating the 
higher regularity of the global attractor, then we construct its approximate inertial ma-
nifold. Approximate inertial manifold, which is a kind of nonlinear, finite dimensional 
and has certain smoothness. It is of great significance to study the long time behavior of 
the dissipative equations and the structure of the attractors. On the basis of this article, 
then we are likely to consider the inertial manifold of the global attractor for the prob-
lems (1.1) - (1.3). 
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