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Abstract 
Effect of perturbations in Coriolis and centrifugal forces on the non-linear stability of the libration 
point L4  in the restricted three body problem is studied when both the primaries are axis sym-
metric bodies (triaxial rigid bodies) and the bigger primary is a source of radiation. Moser’s con-
ditions are utilized in this study by employing the iterative scheme of Henrard for transforming 
the Hamiltonian to the Birkhoff’s normal form with the help of double D’Alembert’s series. It is 
found that L4  is stable for all mass ratios in the range of linear stability except for the three mass 
ratios c1µ , c2µ  and c3µ , which depend upon the perturbations 1ε  and 2ε  in the Coriolis and 
centrifugal forces respectively and the parameters A A A1 2 3, ,  and A4  which depend upon the 
semi-axes a b c a b c1 1 1 2 2 2, , ; , ,  of the triaxial rigid bodies and p, the radiation parameter. 
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1. Introduction 
We propose to study the effect of perturbations in Coriolis ( 1ε ) and centrifugal forces ( 2ε ) on the non-linear 
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stability of libration point ( 4L ) when both the primaries are axis symmetric bodies and the bigger primary is a 
source of radiation. We use Moser’s conditions by employing the iterative scheme of Henrard (Deprit and De-
prit-Bartholome [1]), for transforming the involved Hamiltonian to the Birkhoff’s normal form with the help of 
double D’Alembert’s series. In the year 1983, Bhatnagar and Hallan [2] investigated the perturbation effects in 
Coriolis and centrifugal forces in the non-linear aspect of stability of 4L . Rajiv Aggarwal et al. [3] studied the 
non-linear stability of 4L  in the restricted three body problem for radiated axes symmetric primaries with re-
sonances. Mamta Jain and Rajiv Aggarwal [4] investigated the existence of non-collinear libration points and 
their stability (in linear sense) in the circular restricted three body problem, in which they had considered the 
smaller primary as an oblate spheroid and the bigger one as a point mass including the effect of dissipative force 
especially Stokes drag. Bhavneet Kaur and Rajiv Aggarwal [5] studied the Robe’s restricted problem of 2 + 2 
bodies when the bigger primary was a Roche ellipsoid. Jagadish Singh [6] investigated the combined effects of 
perturbations, radiation and oblateness on the non-linear stability of triangular points. We have extended this 
study by taking the primaries as axis symmetric bodies. In the present paper, our aim is to examine the effect of 
perturbations in Coriolis and centrifugul forces in the non-linear stability of the libration point 4L  of the re-
stricted three body problem when both the primaries are axis symmetric bodies and the bigger primary is a 
source of radiation with its equatorial plane coincident with the plane of motion.  

2. Equations of Motions and Linear Stability 
We shall use dimensionless variables and adopt the notation and terminology of Szebehely [7]. The equations of 
motion of the infinitesimal mass 3m  in a synodic co-ordinate system ( ,x y ) are 

2 , 2 ,x yx ny y nx− = Ω + = Ω     

where  

( ) ( ) ( ) 22 2
2 2

1 2 3 43 5 3 5
1 21 1 2 2

3 11 1 31 .
2 2 2 2 2

yn yx y p A A A A
r rr r r r

µµ µ µ µ µ −− −
Ω = + + − + + + + +  

 
 

( ) ( )2 22 2 2 2 2
1 2 1 3

1 2
2 2 2 2 2 2 2 2 2 2
1 1 1 1 1 2 2 2 2 2

1 2 3 42 2 2 2

1 3 3, 1 , , 1
2 4 4

2 2, , , .
5 5 5 5

mr x y r x y n A A
m m

a c b b a a c b b aA A A A
R R R R

µ µ µ= − + = + − + = ≤ = + +
+

− − − − − −
= = = =

 

R  is the distance between the primaries, 1m  and 2m  ( 1 2m m≥ ) being the masses of the primaries. 1 1,a b  and 

1c  are the semi-axes of the axis symmetric body of mass 1m  and 2 2,a b  and 2c  are the semi-axes of the axis 
symmetric body of mass 2m . The configuration is given in Figure 1. Since ( )1 2 3 40 , , , , 1p A A A A<  , we will 
reject second and higher order terms in 1 2 3, , ,p A A A  and 4A .  

We adopt the method used by Bhatnagar and Hallan [2] and give perturbation in Coriolis and centrifugal forces 
with the help of the parameters α  and β  respectively. The unperturbed value of each is unity. Consequently 
we take the equations of motion as 

2 22 , 2 ,F Fx n y n x y n x n y
x y

α β α β
∂ ∂

− − = + − =
∂ ∂

     

where 

1 1 2 21 1 , 1 1.α ε ε β ε ε= + = +   

( ) ( ) 2 2

1 2 3 43 5 3 5
1 21 1 2 2

3 11 1 31 .
2 2 2 2

y yF p A A A A
r rr r r r

µµ µ µ µ µ −− −
= − + + + + +  

 
 

Equations of motion of mass 3m  can be put in the form 
2 , 2 ,x yx n y y n xα α− = Ω + = Ω                                        (1) 

where 
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Figure 1. Configuration of the photogravitational restricted problem with both the primaries axis symmetric bodies and the 
bigger primary is source of radiation.                                                                         

 

( ) ( ) ( ) ( ) 2 22
1 22 2 3 4

3 5 3 5
1 21 1 2 2

1 3 1 311 .
2 2 2 2 2

A A y A A yn x y p
r rr r r r

µ µ µ µβ µ µ − −  −
Ω = + + − + + + + +       

 

3. Location of Libration Point of L4 

At 4L , we have 0, 0 and 0.x y yΩ = Ω = ≠

 On solving above equations, we get 

( )

( )

1 2 3 4

2 1 2 3 4

1 7 1 1 11 7
2 3 2 8 2 2 8 1

3 1 2 1 4 15 1 11 15
2 3 3 3 3 2 3 8 3 2 3 8 3 1

px A A A A

y p A A A A

γ µ
µ µ

µ µε
µ µ

   −
= − + − − + + +     − +   

  − + − +
= − − − + − +     − +   

         (2) 

The Lagrangian (L) of the system of equations (1) is
 ( ) ( )( ) ( )( )

( ) ( )

2
2 2 2 2

1 2

2 23 4
1 23 5 3 5

1 21 1 2 2

1 1 1
2 2

3 1 31 11 .
2 2 2 2

nL x y n xy yx x y

A Ap A A y y
r rr r r r

ε ε

µ µ µµ µ µ

= + + + − + + +

− − −
+ − + + + + + 

 

   

 

Shift the origin to 4L  and expanding in power series of x and y, we get 
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0 1 2 3 4L L L L L L= + + + + +                                  (3) 

where 

( ) ( ) ( )

( )

2
2 2

0 1 2 3

2
4

11 1 9 113 4 3 1 13 4 3
8 16 16 16
9 11

16 2 2

L A A A

A p

γ
γ γ γ γ γ

ε γ
γ

+
= + + + + + + − +

+
+ − + −

 

( ) ( )

1 1 2 2 1 3 4

1 1 2 3 4

3 16 7 15 7 15 812 12 5 5
24 3 1 1 3

1 8 15 7 15 74 4 4 3 4 3
8 3 1 1

L A A A A p x

p A A A A y

γ γε ε
γ γ

γ γγ γε γ γ
γ γ

 − +
= − + − + + + + − − + 

 − +
− + − + + + + − + − − + 





 

 

( ) ( )( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( )

2 2
2 1 1 3

2
2 1 2

3 4

2 1 2

3

1 1 4 4 3 3
2 4

3 15 47 12 10 5 4 1 7
16 4 4 2

2 1 315 47 15 4 1 7
4 4 2 1 3

3 22 87 15 16 6 13 11 3
8 3 4 4 2

87 15 16 13
4 4

L x y A A xy xy

x A A

A A p

xy A A

A

ε

γ
ε γ γ

µ

γγ
γ γ

µ

γ
γ ε γ γ γ

µ

γ
γ

= + + + + + −

  
+ + + + + + + +  

 
  −

+ − + − + − +    −  
  

− − + + + + + −  
 

− − − − −

   

( ) ( )

( )

( ) ( )

4

2 2
1 2

3 4

1 3 2 3
2 1 3

143 1 15 16 11 3 11
16 3 4 4 2

1 15 3 11 211 1 3
4 4 2 1 3

A p

y A A

A A p

γ
γ

µ

ε γ
γ

µ

γ γ
γ

µ

 +
− −    −  

  
+ + + + − + −  

 
 +

+ + + + − −    −  

 

( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

2
3 1 2

3
3 4

2
1 2

3

501 15 25 3714 6 25 7
32 3 2 2

15 37 25 46 25 7 4
2 2 1 3

823 435 16 43 60 75 41 75
32 3 2 2

4 435 18 21 43 60 75 41 75
3 2 2 1

L A A

A A p x

A A

p A

ε γ γγ γ
µ

γ γγ γ
µ

ε γγ γ
µ

γγ γ γ
µ

  −
= − + + − + + − +  

 
 +

+ + + − − + + +    −  
  

− + + + + + + +  
 

 
− − + + − + − + −  − 

( ) ( ) ( ) ( )

( ) ( )

2
4

2 1 2

2
3 4

3
2 1 2 3 4

3 55 45 4122 30 (22 65 ) 76
32 2 2

4 55 12 3 22 65 76 41 45
3 2 2 1

3 2 75 1 45 4 75 1 456 23 2 9 23
32 3 2 2 3 2 2 1

A x y

A A

p A A xy

A A p A A y

γ γγ ε γ
µ

γγ γ γ
µ

γ γ γ γε γ
µ µ





  −
+ + + + + + +  

 
 

+ + − − + − + + +    −  
   − +

− + + + − + − − + + +      −    
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( ) ( )( )

( ) ( )

( ) ( )( )

( )

4
4 2 1 27 2 27 3 27 4

3
2 1 28 2 3 28 4 28

2 2
2 1 29 2 3 29 4 29

1

1 74 190 285 200 285 200
256
5 3 8630 54 53 54 53
192 3
3 82 230 405 340 405 340

128
5 3 7418 18 71
64 3

L A p A q p A p A x

A p A A p A q p x y

A p A A p A q p x y

A

ε γ γ

γ
γ ε γ γ

ε γ γ

γ
γ γ

′= − + + + + + + − +

 ′+ + + − + + + + + + 
 

′+ + + + + + − + +

− + + + + ( ) 3
30 2 3 30 4 30

42
1 31 2 3 31 4 31

18 71

1103 2 65 65
256 3

p A A p A q p xy

A p A A p A q p y

γ

ε

 ′+ − + + + 
 
 ′+ − + + + + + 
 

 

Hamiltonian function H corresponding to above Lagrangian is given by: 

0 1 2 3 4 ,H H H H H H= + + + + +                                    (4) 

where  

0 0H L= − , 1 0H = , 3 3H L= − , 4 4H L= −   

and  

( ) ( )2 2 2 2
2

1 ,
2 x y x yH p p n yp xp Ex Fy Gxyα= + + − + + +

 
( ) ( ) ( )

( ) ( )

1 2 1 2 3

4

3 1 4 2 1 7 3 1 41 5 3 15 47
8 8 16 64 16

2 1 73 115 47 1 3 ,
64 1 8

E A A A

A p

γ γ γ
ε ε γ

µ

γ
γ γ

µ

+ + − 
= + − − − + + − 

 
− 

− − + − − 
− 

 

( )

( ) ( )

1 2 1 2

3 4

2 3 115 7 21 3 1 15
8 8 16 64

2 3 1121 3 11 15 1 3 ,
16 64 1 8

F A A

A A p

γ
ε ε γ

µ

γ
γ γ

µ

− + 
= − + − − + − + + 

 
+ 

− + − − − + − 
− 

 

( ) ( ) ( )

( ) ( ) ( )

2
1 2

3 4

9 11 2 3 113 16 13 87 15
8 44 3

2 3 11 2 316 13 87 15
4 1 3

G A A

A A p

γ ε γ
γ γ

µ

γ γ
γ γ

µ

+ − + = + + + + +  
  

+ −  + − + − − − −  
−   

 

To investigate the linear stability of the motion, as in Whittaker [8], we consider the following set of linear 
equations in the variables x and y 

0AX =                                            (5) 
where 

2
2

,
1 0
0 1

x

y

x E G n
y G F n

X A
p n
p n

λ
λ

λ
λ

  − 
   
   = =
   −
   

− −    

 

The Equation (5) has a nonzero solution if and only if det 0A = , which implies that 
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( ) ( )

( ) ( )

( )

4 2
1 2 1 3 2 4

2
2

2 1 3 2

2
4

3 31 8 3 3 1 3 1
2 2

9 1 22 2 453 13 13 7 4 3
16 3 3 64

45 7 4 3 0.
64

A A A A

A A p A

A

γ γ
λ λ ε ε γ γ

γ
ε γ γ

γ γ

 + + − − + − + − − 
 

−  + + + + + + + − 
 

+ − − =

                    (6) 

Let the discriminant of the characteristic Equation (6) be denoted by D. 
If 0D <  then 2 0λ < , it is bounded, hence stable when 0 Cµ µ< <  where 

( ) ( ) ( )
( ) ( ) ( ) ( )

1 2

1 2 3 4

0.0385208965 0.642057883 0.338863882 0.00891747

0.285001784 1.381268434 0.06278 0.10349 .
C p

A A A A

µ ε ε= + − −

− − − −

   

   

        (7) 

Let the roots of characteristic Equation (6) be 1 2andω ω′ ′± ± . These are long term and short term perturbed 
frequencies, which are given by 

( ) ( )

( )

( ) ( )

2 2
1 2 1 2 1 3 2 4

2 2 2
1 2 2 1 3

2 2
2 4

3 31 8 3 3 1 3 1
2 2

9 22 21 3 13 13
16 3 3

45 45             7 4 3 7 4 3 .
64 64

A A A A

A A p

A A

γ γω ω ε ε γ γ

ω ω γ ε

γ γ γ γ

′ ′+ = + − − + − + − −

 ′ ′ = − + + + + 
 

+ + − + − −

                (8) 

Here 1 2,ω ω′ ′  represent the perturbed basic frequencies. The unperturbed basic frequencies 1 2,ω ω , are given by 

( ) ( )2 2 2 2 2
1 2 1 2 2 1

271, 1 , 0 0.5 1 .
16

ω ω ω ω γ ω ω+ = = − < < < <  

We may write 

( ) ( )1 1 1 1 2 2 2 2 1 1 2 21 , 1 ,p p q qω ω ε ε ω ω ε ε′ ′= + + = + +                       (9) 

by taking perturbations in the Coriolis and centrifugal forces. Here 1 2 1 2, , ,p p q q  are to be determined so that 
Equations (8) are satisfied. Simple calculations give 

2 2
1 1

1 1 22 2 2 2
1 2 1 2

2 2
2 2

2 2 2
1 2

22 49 22 494 4 , ,
18 18

22 49 22 49
.

18 18

p q p
k k k k

q
k k

ω ω

ω ω

− −
= − = = = =

− −
= − = −

 

where  
2 2 2 2

1 1 2 22 1; 1 2 .k kω ω= − = −  

4. Determination of the Normal Co-Ordinates 
To express 2H  in normal form, we consider the set of linear Equation (5), the solution of which can be obtained 
as 

2 2 2 3 3 2 .
2 2 2 2

yx ppx y
n G n E n G nE n n E nGλ λ λ λ λ λ λ

= = =
− − + − − + + + −

 

We use the canonical transformations from the phase space ( , , ,x yx y p p ) into the phase space of the angles 
( 1 2,φ φ ) and the action moment as ( 1 2,I I ) i.e. 

X JT=                                                 (10) 
where 
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( ) ( )

1

2

1

2

1
2

1 2

, ,

2
Sin ,

2 Cos , 1,2 ,

x

y

i
i i

i

i i i i

x Q
y Q

X T
p P
p P

IQ

P I i

φ
ω

ω φ

   
   
   = =   
   

     

 
=  ′ 

′= =

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 3 32 4 1 2 4
1 2

1 2

1 3 32 4 1 2 4
1 2

1 2

1 23 34 1 2 4
1 2

1 2

1 23 34 1 2 4
1 2

1 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

ij
x xx x x x

x x

y yy y y y
y y

i x xi x ix ix xx x

i y yi y iy iy yy y

J J i p pi p i p i p p
p p

i p pi p i p i p p
p p

ω ω
ω ω

ω ω
ω ω

ω ω
ω ω

ω ω

ω ω

′ ′ − + − + + ′ ′
′ ′

− + − + + ′ ′
 = =   ′ ′

 − + − + +
′ ′

′ ′
− + − + +

′ ′











 
 
 



 

Following the procedure of Bhatnagar and Hallan [2], we get the normal form of the Hamiltonian  

2 1 1 2 2 .H I Iω ω′ ′= −  

Taking  

0 2H H H= + , 

Equations of motion 

( )d d
, , 1, 2

d d
i i

i i

I H H i
t t I

φ
φ
∂ ∂

= − = =
∂ ∂

 

become 

( )

1 2
1 2

d
0; 1,2 ,

d
d d, ,
d d

iI i
t

t t
φ φ

ω ω

= =

′ ′= = −
 

The general solution of the equations of the motion is 
( )constant 1,2iI i == , 

1 1 constanttφ ω′= + , 

2 2 constanttφ ω′= − + . 

5. Second Order Normalization 
Now, to perform Birkhoff’s normalization, the coordinates ( ,x y ) are to be expanded in double D’Alembert series: 

( ) ( )1,0 0,1
1 2 1 2 1 2 1 2

1 1
, , , , , , , ,n n

n n
x B I I y B I Iφ φ φ φ

≥ ≥

= =∑ ∑                     (11) 

where 1,0 0,1andn nB B  are homogenious functions of degree n in 1 2 1 2
1 2,I I  and are in the form

 ( )
( ) ( )

1 1
2 2

1 2 , , , 1 2 , , , 1 2
0 ,

Cos Sin .
n m m

n m m i j n m m i j
m n i j

I I C i j S i jφ φ φ φ
−

− −
≤ ≤

 + + + ∑ ∑  
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The double summation over the indices i and j is such that: 
1) i runs over those integers in the interval 0 i n m≤ ≤ −  that have the same parity as n m−  
2) j runs over those integers in the interval  m j m− ≤ ≤  that have  the same parity as m.  

1I  and 2I  are to be regarded as constants of integration and 1 2,φ φ  are to be determined as linear functions of 
time (t) such that 

( ) ( )1 1 2 1 2 2 2 2 1 2
1 1

, , , .n n
n n

f I I g I Iφ ω φ ω
≥ ≥

′ ′= + = − +∑ ∑   

where 2nf  and 2ng  are of the form 

( ) ( )2 1 2 2 1 22 ,2 2 ,2
0 0

, .n m m n m m
n nn m m n m m

n m n m
f f I I g g I I− −

− −
≥ ≥ ≥ ≥

′ ′= =∑ ∑  

According to Deprit and Deprit Bartholome [1], the canonical character of the transformation will be ensured 
formally by requesting that the double D’Alembert series satisfy the identities 

( ) ( ) ( ) ( ) ( ) ( ), , , ,0, 1, ,0, 0, 1, , 0.x x yx y x y x y y x y= = = = = =       

Where the left hand members stand for the Poisson’s brackets with respect to the phase variables ( )1 2 1 2, , ,I Iφ φ . 
The first order components 1,0

1B  and 0,1
1B  in  1 2

1I  and 1 2
2I  are the values of x and y given by Equation (10)  

( ) ( )

( )

( )

1 2 1 21,0 1 2 1 2
1 13 1 1 1 14 2 2 2

1 2 1 2
1 20,1 1 2 1 2 1 2

1 21 1 1 22 2 2 23 1 1 1
1 2

1 2 1 2
24 2 2 2

2 Cos 2 Cos ,

2 2Sin Sin 2 Cos

        2 Cos .

B J I J I

B J I J I J I

J I

ω φ ω φ

φ φ ω φ
ω ω

ω φ

′ ′= +

   
′= + +   ′ ′   

′+

 

The values of 13 14 21 22 23 24, , , , ,J J J J J J  can be obtained from Appendix. 
Proceeding as in Deprit and Deprit-Bartholome [1], it is observed that the second order components 0,1

2B  and 
1,0
2B  are solutions of the partial differential equations 

1,0 0,1
1 2 2 2 1 2 2 2, ,B B∆ ∆ = Φ ∆ ∆ = −Ψ  

where 

( )2 2 1, 2 .i iD iω′∆ = + =  

( )

( ) ( )

2
2 2 1 10 2 3 10 4 10 2 1 1 3

2 1 9 2 3 9 4 9 2

3 14 16 11 11 4 4 3 3
8 3 2

3 226 6 13 6 13 .
8 3

D A p A A p A q p X A A D

A p A A p A q p Y

ε ε

γ
γ ε γ γ

   ′Φ = − + + + + + + + + + +      
 ′− + + + + + − + + +  

 

 

( ) ( ) ( )

( ) ( )

2
2 2 1 8 2 3 8 4 8 2 1 1 3

2 1 9 2 3 9 4 9 2

3 10 12 5 4 5 4 4 4 3 3
8 3 2

3 226 6 13 6 13
8 3

D A p A A p A q p Y A A D

A p A A p A q p X

ε γ γ ε

γγ ε γ γ

   ′Ψ = − − + + + + + − + + + + + +      
 ′+ + + + + + − + + +  

 

 

1 2
1 2

D ω ω
φ φ
∂ ∂′ ′= −
∂ ∂

 

2X  and 2Y  are obtained by  

1,0 1,0
1 10,1 0,1
1 1

3 3
2 2, .

x B x B
y B y B

L L
X Y

x y= =
= =
∑ ∑
∑ ∑

∂ ∂  = =   ∂ ∂   
 

Now
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( ) ( )
( ) ( )

1,0 1 2 1 2 1 2 1 2
2 1 1 2 2 3 1 1 4 2 2 5 1 2 1 2 6 1 2 1 2

1 2 1 2 1 2 1 2
7 1 1 8 2 2 9 1 2 1 2 10 1 2 1 2

Cos2 Cos2 Cos Cos

       Sin2 Sin2 Sin Sin ,

B r I r I r I r I r I I r I I

r I r I r I I r I I

φ φ φ φ φ φ

φ φ φ φ φ φ

= + + + + − + +

+ + + − + +
 

( ) ( )
( ) ( )

0,1
2 1 1 2 2 3 1 1 4 2 2 5 1 2 1 2 6 1 2 1 2

7 1 1 8 2 2 9 1 2 1 2 10 1 2 1 2

Cos2 Cos2 Cos Cos

Sin2 Sin2 Sin Sin

B s I s I s I s I s I I s I I

s I s I s I I s I I

φ φ φ φ φ φ

φ φ φ φ φ φ

= + + + + − + +

+ + + − + +
 

where 

( ) ( )
( )

,1 1 2 ,2 ,3 1 ,4 2

,2 ,3 3 ,4 4 ,5

1

1,2, ,6
i i i i i i i

i i i i

r r r r A r A

r r A r A r p i

γ α ε α ε γ

γ

′= + + + + +

′ ′ ′+ + + + = 

 

( ) ( )
( )
,1 ,1 1 2 ,2 ,3 1 ,4 2

,2 ,3 3 ,4 4 ,5 7,8, ,10

j j j j j j j j

j j j j

r r r r r A r A

r r A r A r p j

γ α ε α ε γ

γ

′= + + + + +

′′ ′+ + + + = 

 

( ) ( )
( )
,1 1 2 ,2 ,3 1 ,4 2

,2 ,3 3 ,4 4 ,5

1

1,2, ,6
i i i i i i i

i i i i

s s s s A s A

s s A s A s p i

β ε β ε γ

γ

′= + + + + +

′ ′ ′+ + + + = 

 

( ) ( )
( )
,1 1 2 ,2 ,3 1 ,4 2

,2 ,3 3 ,4 4 ,5

1

7,8, ,10

j j j j j j j

j j j j

s s s s A s A

s s A s A s p j

γ β ε β ε γ

γ

′= + + + + +

′ ′ ′+ + + + = 

 

The values of all , , ,i j i jr r s s  for 1, 2, ,6; 7,8, ,10i j= =   can be obtained from the authors on request as 
the expressions are very long and contained in large number of pages. 

6. Third-Order Terms in H  
Following the procedure of Bhatnagar and Hallan [2], Hamiltonian H given by Equation (4) transforms to the 
Hamiltonian in which the 3rd order term in 1 2 1 2

1 2 and I I  is zero. That is 3 0H = . 

7. Second Order Coefficient in the Frequencies  
Following the iterative procedure of Henrard, the third order homogeneous components 1,0

3B  and 0,1
3B  in Equ-

ation (11) can be obtained by partial differential equations 
1,0

1 2 3 3 2 2
0,1

1 2 3 3 2 2

2 2 ,

2 2 ,

B f P g Q

B f U g V

∆ ∆ = Φ − −

∆ ∆ = Ψ − −
 

where 

( ) ( )

( ) ( )

2
3 1 3 2 3 3

2
3 4 3 2 3 3

,

,

D X D Y

D Y D X

λ λ λ

λ λ λ

Φ = − + +

Ψ = − − −
 

1,0 0,12
2 0,1 1,01 1

1 1 1 2 1 2 1 3 1 2 12
1 1 1 11

1,0 0,12
2 0,11 1

2 1 2 2 1 2 2 3 2 22
2 2 2 22

1 1 ,
2 2

1 1
2 2

B BP B B

B BQ B

ω λ ω λ λ ω λ ω λ
φ φ φ φφ

ω λ ω λ λ ω λ ω λ
φ φ φ φφ

      ∂ ∂∂ ∂ ∂′ ′ ′ ′= − − + + +      ∂ ∂ ∂ ∂∂       

    ∂ ∂∂ ∂ ∂′ ′ ′ ′= − − + + − − +    ∂ ∂ ∂ ∂∂    
1,0
1 ,B

  
  
   

 

0,1 1,02
2 1,0 0,11 1

1 4 1 2 1 2 1 3 1 2 12
1 1 1 11

0,1 1,02
2 1,01 1

2 4 2 2 1 2 2 3 2 22
2 2 2 22

1 1 ,
2 2

1 1
2 2

B BU B B

B BV B B

ω λ ω λ λ ω λ ω λ
φ φ φ φφ

ω λ ω λ λ ω λ ω λ
φ φ φ φφ

      ∂ ∂∂ ∂ ∂′ ′ ′ ′= − + − − −      ∂ ∂ ∂ ∂∂       

    ∂ ∂∂ ∂ ∂′ ′ ′ ′= − − + − + +    ∂ ∂ ∂ ∂∂    
0,1
1 ,
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2 2 3 2 2 33 4
3 1 2 3 4 5 6 7

2 2 3 2 2 33 4
3 1 2 3 4 5 6 7

,

.

L LX l x l xy l y l x l x y l xy l y
x x

L LY m x m xy m y m x m x y m xy m y
y y

∂ ∂
= + = + + + + + +
∂ ∂

∂ ∂
= + = + + + + + +
∂ ∂

 

[ ]

[ ]

( ) ( )

( ) ( )

1 2 1 6 2 3 6 4 6

2 1 1 3

3 2 1 7 2 3 7 4 7

4 2 1 5 2 3 5 4 5

1 18 14 33 16 33 16 16
8
1 4 4 3 3
2

3 226 6 13 6 13
8 3

1 6 10 15 12 16 15 12 16 16
8

A p A A p A q p

A A

A p A A p A q p

A p A A p A q p

λ ε

λ ε

γ
λ γ ε γ γ

λ ε γ γ

′= + + − + − −

= + + +

 ′= − + + + + + − + + +  

′= + + + − + − − −  

 

( ) ( )

( ) ( )

( ) ( )

( )

1 2 1 11 2 3 11 4 11

2 2 1 12 2 3 12 4 12

3 2 1 13 2 3 13 4 13

4 2 1

3 5014 6 25 6 25 ,
32 3

3 826 43 60 43 60 ,
16 3

3 22 30 22 65 22 65 ,
32

1 74 190 285 200
64

l A p A A p A q p

l A p A A p A q p

l A p A A p A q p

l A

γ γε γ γ

ε γ γ

γ γε γ γ

ε γ

 ′= − + + − + + + + + +  

 ′= − + + + + + − + +  

′= + + + + + − + + +  

= − + + + + ( )

( ) ( )

( ) ( )

( ) ( )

27 2 3 27 4 27

5 2 1 28 2 3 28 4 28

6 2 1 29 2 3 29 4 29

7 2 1 30 2 3 3

285 200 ,

5 3 8630 54 53 54 53 ,
64 3
3 82 230 405 340 405 340 ,

64
5 3 7418 18 71 18 71
64 3

p A A p A q p

l A p A A p A q p

l A p A A p A q p

l A p A A p

γ

γ γε γ γ

ε γ γ

γ γε γ γ

′+ − + +  

 ′= + + − + + + + + +  

′= + + + + + − + +  

′= − + + + + + − + + 0 4 30 ,A q p +  

 

52
1 2 3 4 5 6 6 7

3 2 1 14 2 3 14 4 14

7 2 1 31 2 3 31 4 31

, 2 , , , 3 ,
2 3

3 3 26 23 23 ,
32 3

3 1102 65 65 .
64 3

llm m l m m l m l

m A p A A p A q p

m A p A A p A q p

ε

ε

= = = = =

 ′= − + + + + + +  
 ′= − + + + + +  

 

The values of , ,ij ij ijp p q′  are given in Appendix. 
The partial derivatives in the last two equations have been obtained by substituting 1,0 1,0

1 2x B B= +  and 
0,1 0,1
1 2y B B= +  in 3L  and 4L . Now choosing 

2 2,0 1 0,2 2 2 2,0 1 0,2 2, .f f I f I g g I g I′ ′ ′ ′= + = +  

We find that 

( )
1 3

2,0
1

coefficient of cos in
,

2 coefficient of cos in
A f

P
φ
φ

Φ′= =  

( )
2 3

0,2 2,0
2

coefficient of cos in
,

2 coefficient of cos in
B f g

Q
φ
φ

Φ′ ′= = =  
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( )
1 3

0,2
1

coefficient of cos in
.

2 coefficient of cos in
C g

Q
φ
φ

Ψ′= =  

After simplification the values of A, B and C are given by: 

( )( )
( ) ( ) ( )

( )( )

( )( )
( )

2 4 2
1 1 1

1 24 2
1 1

6 4 2
1 1 1

12 4 2
1 1 1

6 4 2
1 1 1

32 4 2
1 1 1

8 6 4 2
1 1 1 1

2
1

1 124 696 81
1

72 5 1

1696 20320 14547 1107
6 1 124 696 81

1696 20320 14547 1107
6 1 124 696 81

3 1208 2914 725 624 45

2 5

A
k

A

A

k

ω ω ω
χ κ ε χ κ ε

ω

ω ω ω
ω ω ω

ω ω ω
ω ω ω

ω ω ω ω

− − +
′ ′= + − + −−

− + −
+

− − +

− + −
+

− − +

+ + − +
−

( )( )( )

( )
( )

( )( )( )
( ) ( )

12 2 4 2
1 1 1 1

8 6 4 2
1 1 1 1

2 32 2 2 4 2
1 1 1 1 1

1 1 4

1 1 124 696 81

3 1208 2914 725 624 45

2 5 1 1 124 696 81

A

A A
k

A p

γ
ω ω ω ω

ω ω ω ω
ξ η γ

ω ω ω ω

ξ η σ ρ

− − − +

+ + − +
+ − +

− − − +

+ − + − 

 

( )
( )( ) ( ) ( )

( )
( )

( )
( )

( )
( )( )( )

2 2 2

1 1 1 2 1 32 2 2 2 2 2
1 2 1 1

8 6 4 2

12 2 2 2 2 2
1 2 1 2

8 6

64 43 6719 2319 6719 2319
1

6 1 5 5 1 6 64 43 6 64 43

3 1116800 15048088 10165353 1972620 93312

16 1 5 1 5 64 43

3 1116800 15048088 1016

u u u u
B A A

k k u u

u u u u
A

u l l u

u u

χ κ ε χ κ ε
ω ω

γ
ω ω

+ − −
′ ′= + − + − − −− − + +

+ − + −
+

− − +

+ −
−

( )
( )( )( )

( ) ( )
( )( ) ( ) ( )

( )( )
( )

4 2

32 2 2 2 2 2
1 2 1 2

2 1 1 42 2 2 2
1 2 1 2

5353 1972620 93312

16 1 5 1 5 64 43

15 1 15 1
1 5 1 5 1 5 1 5

,

u u
A

u l l u

A A

p

γ
ω ω

γ γ
ς η ς η

ω ω ω ω

τ ρ

+ −

− − +

   + −   + − + + − +   
− − − −      

+ − 

 

( )( )
( ) ( ) ( )

( )( )

( )( )
( )

2 4 2
2 2 2

2 2 1 2 2 24 2
2 2

6 4 2
2 2 2

12 4 2
2 2 2

6 4 2
2 2 2

32 4 2
2 2 2

8 6 4 2
2 2 2 2

1 124 696 81
1

72 5 1

1696 20320 14547 1107
6 1 124 696 81

1696 20320 14547 1107
6 1 124 696 81

3 1208 2914 725 624 45

2

C
k

A

A

ω ω ω
χ κ ε χ κ ε

ω

ω ω ω
ω ω ω

ω ω ω
ω ω ω

ω ω ω ω

− − +
′ ′= + − + −−

− + −
+

− − +

− + −
+

− − +

+ + − +
−

( )( )( )

( )
( )

( )( )( )
( ) ( )

12 2 2 4 2
2 2 2 2 2

8 6 4 2
2 2 2 2

2 32 2 2 4 2
2 2 2 2 2

1 1 4

5 1 1 124 696 81

3 1208 2914 725 624 45

2 5 1 1 124 696 81

.

A
k

A A
k

A p

γ
ω ω ω ω

ω ω ω ω
ξ η γ

ω ω ω ω

ξ η σ ρ

− − − +

+ + − +
′ ′+ − +

− − − +

′ ′ ′ ′+ − + − 

                 (12) 
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The values of , ,ξ ς η , 1 1 1 1 1, , , , , , , , , , andξ η ξ ς η ξ η σ σ ρ ρ τ′ ′ ′ ′ ′ ′  can be obtained from the author on request as 
the expressions are again very long and contained in large number of pages. Coefficients of 1 2andε ε  can be 
obtained by Bhatnagar and Hallan [2]. 

8. Stability  
While evaluating 1,0 0,1 1,0

2 2 3, ,B B B  and 0,1
3B  the condition (i) of Moser’s theorem as in Moser [9] is assumed. Now 

we verify that this condition is satisfied. The condition is 1 1 2 2 0k kω ω′ ′+ ≠  for all pairs ( 1 2,k k ) of rational integers 
such that  

1 2 4k k+ ≤                                                 (13) 

We note that the inequalities (13) are violated when  
1 2 1 22 and 3ω ω ω ω′ ′ ′ ′= =                                       (14) 

Case (i) 1 22ω ω′ ′= . 
We get 

( ) ( )

( ) ( )

1 1 2 1 3 2 4

2 1 2 1 3 2 4

2 3 3 3 3 31 4 1 1 ,
2 4 4 2 25

1 3 3 3 3 31 4 1 1 .
2 4 4 2 25

A A A A

A A A A

γ γ
ω ε ε γ γ

γ γ
ω ε ε γ γ

 ′ = + − − + − + − − 
 
 ′ = + − − + − + − − 
 

 

Putting these values in second of Equations (8), we get  

( )

( )

2
2 1 4 3

2 1

64 65 1833611 4864 1024 128 23835 503 1833
675 6075 675 6075 10125 10125

64 65 183323835 503 1833
10125 10125

p A A

A A

γ ε ε
+ +

= + − + + +  
 

− −
+ +  
 

 

Putting  1 2γ µ= −  and solving for µ , denoting this value by 1cµ , we get 

( )1 1 2 1 2

3 4

640.02429 36 19 0.17907 1.17746
135 1833

0.03685 0.05968 0.005536495

c A A

A A p

µ ε ε= + − − −

− − −

  

  

                (15) 

Case (ii) 1 23ω ω′ ′=  Proceeding as in case (i), we get 2Cµ µ= , where 

( )2 1 2 1 2

3 4

40.01352 36 19 0.09938 2.15996
45 213

0.01938 0.03093 0.003045283 .

c A A

A A p

µ ε ε= + − − −

− − −

  

  

             (16) 

Hence for the value 1Cµ  and 2Cµ  of mass ratios, condition (i) of Moser’s theorem is not satisfied. The 
normalized Hamiltonian up to fourth order is  

( )2 2
1 1 2 2 1 1 2 2

1 2
2

H I I AI BI I CIω ω′ ′= − + + + +  

where , ,A B C  are given by Equation (12).  
Now after simplification, the determinant D occurring in condition (ii) of Moser’s theorem is given by: 

( ) ( ) ( )

( )

2

0

3 3 33
0

, 1, 2 ,

, 1, 2 ,

det , , 1, 2,3

.

,

0

i j

i j

ij
i j I I

i j
i I I

ij
Hb i j

I I

Hb b i j b
I

D b i j
= =

= =

 ∂
= =  ∂ ∂ 

 ∂
= = = = 

∂ 

= =
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That is  

( )
1

2 2
2 2 1 2 1

1 2

2 .
0

A B
D B C A B C

ω
ω ω ωω ω

ω ω

′
′ ′ ′ ′ ′= − = − + +

′ ′−
 

Substituting the values of  , ,A B C  from Equation (12) and 1 2,ω ω′ ′  using the Equation (8) and Equation (9), 
we obtain 

( )
( )( )

2 4
1 2 1 3 1 4 1 1 2 2

2 2

9 36 541 644

72 4 1 25 4

u u RA R A R A R A R p m m
D

u u

ε ε′ ′ ′′− + + + + + + + +
=

− −
 

, ,R R R′ ′′ , 1 1andR R′  are given in the Appendix. Values of 1 2andm m  can be obtained from Bhatnagar and 
Hallan [2]. It is seen that the condition (ii) of Moser’s theorem is satisfied i.e. 0D ≠  if in the interval 0 cµ µ< < , 
mass ratio does not take the value 

( )3 1 2 1 2 3 41c A A A A pµ µ α ε β ε α β α β′ ′′ ′′ ′ ′= + + + + + + +                    (17) 

where 
0.010936677 , 0.02942 , 772.85704 , 0.10408 ,

16.46591 166.304 , 250.9, 17.6370 .3 22,
µ α
β β

β
α

α = − = −
= − −

′ ′= =
′ =′′ ′′= =

   

    

 

9. Conclusions  
The abscissa of 4L  is independent of the perturbation in Coriolis ( 1ε ) and centrifugal forces ( 2ε ) and ordinate of 

4L  is affected by perturbation in centrifugal force (Equation (2)). 
With the increase of perturbation in Coriolis force, the range of linear stability increases whereas if we increase 

perturbation in centrifugal force, the range of stability decreases (Equation (7)). 
Values of second order coefficients ( , ,A B C ) in the polynomials ( 2 2andf g ) occurring in the frequencies 1φ  

and 2φ  are affected by the perturbations in Coriolis and centrifugal forces. It is observed that if perturbation in 
Coriolis and centrifugal forces increase then values of second order coefficients ( , ,A B C ) increase (Equation 
(12)). 

1 2,c cµ µ  corresponds to the resonance cases 1 22ω ω′ ′=  and 1 23ω ω′ ′= . Their values are given in Equation (13). 
Values of 1 2 3, ,c c cµ µ µ  (values of µ  at which Moser’s theorem is not applicable) increase if perturbation in 

Coriolis force increases and decrease if perturbation in centrifugal force increases (Equations (15)-(17)). 
It may be observed that values of 1 2,c cµ µ  decrease if parameters of axis symmetric bodies ( 1 2 3 4, , ,A A A A ) and 

radiation pressure (p) increase (Equations (15) and (16)). 
Moser’s second condition is violated for unperturbed problem (i.e. for 1 2 1 2 3 4 0A A A A pε ε= = = = = = = ) 

when 0.010936677µ µ′= =   (Equation (17)). 
It may also be observed that value of 3cµ  increases if 2A  of the bigger primary and p increase. If 1 3 4, ,A A A  

increase, value of 3cµ  decreases (Equation (17)). 
By taking both the primaries as axis symmetric bodies and the bigger mass as a source of radiation, the trian-

gular point 4L  is stable in the range of linear stability except for the three mass ratios given in Equations (15)-(17) 
at which Moser’s theorem does not apply. 

The results of Jagadish Singh [6] can be deduced by taking 1 1a b=  and 2 2a b= . 
All the results of Bhatnagar and Hallan [2] can be deduced by taking 1 2 3 4 0A A A A p= = = = =  . 
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Appendix 

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( )

27 27 28

28 29 30

29 31

30

2 285 1151 2 21485 4025 , 87 113 , 63 ,
4 3 3

2 171 431 2 2567 291 , 111 169 , 21 5 ,
4 3 3

2 345 2151 22325 5665 , 29 91 ,
4 3

2 69 371 147 111 ,
4

p q q

p q q

p q

p

γ
γ γ γ

µ

γ
γ γ γ

µ

γ
γ γ

µ

γ
γ

µ

+ 
= + + = − − + = − 

 
− 

= − + + = − = + 
 

+ 
= + + = − + 

 
− + 

′= + + 
 

( )

( ) ( )

27

31 28

1 21485 4025 285 115 ,
4 1

2 55 1851 1 2175 1235 , 567 291 171 43 ,
4 4 1

p

p p

γ γ
µ

γ
γ γ γ

µ µ

 
= − + − − 

+   ′= − + + = − + +   −  

 

( ) ( )

( ) ( )

29 30 8 5

31 5 9 7

1 2 1 2 16147 111 69 37 , 147 111 69 37 , ,
4 1 4 1 3

1 2 3 2175 1235 55 185 , 15 47 1 7 , ,
4 1 64

p p p p

p p p p

γ γ γ γ
µ µ

γ γ γ γ
µ µ

   ′ ′= − − + − − = − − + − − = −   − −   
   ′ = − − + − = − + + + =   −     

( ) ( )

( ) ( )

( ) ( )

6 7

14 10 6 5

6 7

8 5 9 7

3 2 1 21 15 3 11 , 87 15 3 11 ,
64 4

2 1 775 1 16 31 45 , , 15 47 ,
2 2 3 64 1

2 3 11 2 3 113 11 15 , 87 15 ,
64 1 4 1

16 ,
3

p p

p p p p

p p

p p p p

γ γ γ γ
µ µ

γ
γ γ γ

µ µ

γ γ
γ γ

µ µ

   
= − + + − + = + + − +   

   
−   ′= − + − = − = − − +   −   

+ +   
′ ′= − − − = − − −   − −   

′ ′ ′ ′= − = ( )10 6 5
16 1, , 1 3 ,
3 8

p p q γ′ ′= − = − −  

( ) ( ) ( )

( ) ( ) ( ) ( )

6 7 8 5 11

14 14 14

1 2 16 15 11 3 , 3 , , 7 37 25 ,
8 3 3 2 2

75 1 75 1 41 45 , 1 45 , 2 9 ,
2 2 2 2 1 3

q q q q p

p p q

γ γ γ γ
µ

γ γ γ γ γ
µ µ

 
= − = − − = − = − + − + 

 
   ′= − + − = + + = − −   −    

 

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

9 7 10 6 12 13

11 12

13 11 12

16 435 1 55 1, , 75 41 75 , 76 41 45 ,
3 2 2 2 2

15 1 435 17 37 25 , 75 41 75 ,
2 2 1 2 2 1

55 1 4 476 41 45 , 4 , 8 21 ,
2 2 1 3 3

q q q q p p

p p

p q q

γ γ γ γ
µ µ

γ γ γ γ
µ µ

γ γ γ γ
µ

   
= = − = + + + = + + − +   

   
   

′ ′= − − + + = − + −   
− −      

 
′ = − + + + = + = − − + 

−  
( )13

4 2 3 ,
3

q γ= +

 

( )

( )( )( )

4 2

10 8 6 4 2

2 2 2

3 3917 14357 492
2

1593600 21222096 13052000 5408175 840076 2361627
2 4 1 25 4 16 117

R u u

u u u u u
u u u

γ

= − +

 + − + − + −
 − − + 
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( )( )( )
( )( )

( )( )( )( )
( )( )

( )( ) ( )( )
( )

( )
( )( )

( )
( )( )

2 2 4

2 2

2 2 2 4 6

4 4 2 2
1 2 1 2

4 4 2 2 2
2 1 12 2

4 2 2 2 2 2
1 1 1 2 1 2

2 2
1 2

81 1 7 40 36 541 644

4 1 25 4

1 4 1 25 4 2025 26081 55552 2480

1 5 1 5

124 696 81 24 64 43
4 1 25 4

1 5 1 5 1 5

15 1
1 5 1 5

u u u
R

u u

u u u u u

k k

u u
u u

k k k

γ

γ

ω ω

ω ω ω ξ η

ω ω ω

γ
ζ η

ω ω

+ − − +
′ =

− −

+ − − − + −
+

− −

 − + − +
+ − − +
 − − −
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1R  and 1R′  can be obtained from R and R′  respectively by replacing byγ γ− , 1byξ ξ , 1byη η , 

1byζ ζ , 1byξ ξ′ ′  and 1byη η′ ′ .  
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Values of 13 13 14 14 21 21 22 22 23 23 24, , , , , , , , , ,α α α α α α α α α α α′ ′ ′ ′ ′  and 24α′  can be obtained from Hallan and Bhatnagar 
(983). 

Values of 1 1 1 1 1, , , , , , , , , , , , , ,ξ ς η ξ η ξ ς η ξ η σ σ ρ ρ τ′ ′ ′ ′ ′ ′ , 21 22 23 24 25 26, , , , , ,p p p p p p  21 22 23 24 25, , , ,p p p p p′ ′ ′ ′ ′  and 26p′  
can be obtained from the author on request as the expressions are very long and contained in large number of 
pages.  
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