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Abstract

The present paper is a continuation of [1], where we considered braided infi-
nitesimal Hopf algebras (ie., infinitesimal Hopf algebras in the Yetter-Drin-
feld category /YD for any Hopf algebra H), and constructed their Drinfeld
double as a generalization of Aguiar’s result. In this paper we mainly investi-
gate the necessary and sufficient condition for a braided infinitesimal bialge-

bra to be a braided Lie bialgebra (i.e., a Lie bialgebra in the category I VD).
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1. Introduction

An infinitesimal bialgebra is a triple (A4,m,A), where (A4,m) is an associative
algebra (possibly without unit), (4,A) is a coassociative coalgebra (possibly
without counit) such that

A(xy)=xy1 Oy, +x,®x,y,x,y€A.

Infinitesimal bialgebras were introduced by Joni and Rota in [2], called infini-
tesimal coalgebra there, in the context of the calculus of divided differences [3].
In combinatorics, they were further studied in [4] [5] [6]. Aguiar established the
basic theory of infinitesimal bialgebras in [7] [8] by investigating several
examples and the notions of antipode, Drinfeld double and the associative Yang-
Baxter equation keeping close to ordinary Hopf algebras. In [9], Yau introduced
the notion of Hom-infinitesimal bialgebras and extended Aguiar’s main results
in [7] [8] to Hom-infinitesimal bialgebras.

One of the motivations of studying infinitesimal bialgebras is that they are
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closely related to Drinfeld’s Lie bialgebras (see [10]). The cobracket A in a Lie
bialgebra is a 1-cocycle in Chevalley-Eilenberg cohomology, which is a 1-cocycle
in Hochschild cohomology (i.e., a derivation) in a infinitesimal bialgebra. So the
compatible condition in a infinitesimal bialgebra can be seen as an associative
analog of the cocycle condition in a Lie bialgebra.

Motivated by [1], in which we considered infinitesimal Hopf algebras in the
Yetter-Drinfeld categories, called braided infinitesimal Hopf algebras, the
natural idea is whether we can obtain braided Lie bialgebras (called generalized
H-Lie bialgebras in [11] [12]) from braided infinitesimal Hopf algebras. This
becomes our motivation of writing this paper.

To give a positive answer to the question above, we organize this paper as
follows.

In Section 1, we recall some basic definitions about Yetter-Drinfeld modules
and braided Lie bialgerbas. In Section 2, we introduce the notion of the
balanceator of a braided infinitesimal bialgerba and show that a braided
infinitesimal bialgerba gives rise to a braided Lie bialgerba if and only if the

balanceator is symmetric (see Theorem 2.3).

2. Preliminaries

In this paper, kalways denotes a fixed field, often omitted from the notation. We
use Sweedler’s ([13]) notation for the comultiplication: A(%)=/h ®h,, for all
he H . Let Hbe a Hopf algebra. We denote the category of left A-modules by
M. Similarly, we have the category M of left H-comodules. For a left /-
comodules (M,p) , we also use Sweedler’s notation: p(m) =my ®m,, forall
meM .

A left-left Yetter-Drinfeld module A is both a left A-module and a left A-
comodule satisfying the compatibility condition

hlm(_l) ®h2 smy = (hl .;fn)(71 h2 ®(hl .m)O (2.1)

)
forall e H and me M . The equation (1.1) is equivalent to

p(h-m)=hm_,S(h)©(hy m,). (2.2)
By [14] [15], the left-left Yetter-Drinfeld category ! VD is a braided monoi-
dal category whose objects are Yetter-Drinfeld modules, morphisms are both left

H-linear and H-colinear maps, and its braiding C__ is given by
Cyy(m®n)=m_ -n®m,
forall meM e YD and neNe [ YD.

Let A be an object in /YD, the braiding 7 is called symmetric on A if
the following condition holds:

((“(71) -b)(_]) ~a0)®(a(71) -b)o =a®b, (2.3)
which is equivalent to the following condition:

a_,-b®a,=b,®S" (b(_l))~a, (2.4)
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forany a,be A

In the category /YD, we call an (co)algebra simply if it is both a left A-
module (co)algebra and a left A-comodule (co)algebra. For more details about
(co)module-(co)algebras, the reader can refer to [16] [17].

A braided Lie algebra ([11]) in VD, called generalized H-Lie algebra there,
is an object Lin YD together with a bracket operation [,]:L® L — L, which
is a morphismin YD satisfying

(1) H-anti-commutativity: [/,/']= —[1(71) ~l’,lOJ, LI'el,

(2) H-Jacobi identity:

(1®I'®1I"}+{(z®1)(1®7)(1®I'®1")} +{(1®7)(z ®1)(I®I'®1")} =0,

for all 1,I',l"e L, where {I®I'®["} denotes [l,[l',l"ﬂ and 7 the braiding
for L.
Let A be an associative algebra in VD . Assume that the braiding is

symmetric on A. Define

[a,b] =ab —(a(_]) -b)ao, a,be A

Then (A,[,]) is a braided Lie algebra (see [11]).

A braided Lie coalgebra ([12]) T isan objectin VD together with a linear
map §:I > ®I (called the cobracket), which is also a morphism in VD
subject to the following conditions:

(1) H-anti-cocommutativity: & =-10,

(2) H-coJacobi identity:

(id +(id ®7)(r ®id ) +(r ®id ) (id ®))(id ®5)5 =0,
where 7 denotes the braiding for L.

Dually, let (C,A) be a coassociative coalgebra in ;YD . Assume that the
braiding on Cis symmetric. Define 6:C —>C®C, by

cH e ®c, —C) G ®c,,ceC.
Then (C,5) isabraided Lie coalgebrasin ;YD (see [12]).
A braided Lie bialgebra ([18]) is (L,[,],ﬁ) in YD, where (L,[,]) is a

braided Lie algebra, and (L,5) is a braided Lie coalgebra, such that the
compatibility condition holds:

S[xy]=(([]®id)(id ® 5)+(id ®[,])(r ®id )(id ®5))(id ®id —7)(x®y), x, y € L,
where 7 denotes the braiding for L.

3. Main Results

In this section, we will study the relation between braided infinitesimal bialge-
bras and braided Lie bialgebras as a generalization of Aguiar’s result in [8].

Let (A,m,A) be a braided &-bialgebra in ;VD. For any x,y,ze 4, define
an actionof Aon A® A4 by

x—)(y®2)=xy®z—x(_]) -y®(x0(_l) -z)xoo.
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Then the action —> is a morphism in VD . In fact, for any x,y,ze 4 and

he H,wehave

hox—>h-(y®z)=h-x—>(h-y®h z)

= () (s ) ® (I -2) = () oy @ (), z)(fa o

= () () ® (- 2) =3y S () (o) -2 (-,
= () (- 9)® (- 2) =y v ((hyox0) Ly b2 (B,

= (%) (s ) ® (hy-2) = iy -y @ Ay S (g )b 2) (s )

= () (hy- ) ® (B -2) =iy -y ® oy ) -2) (B %)

=y () ®(hy - 2)~hyx,, y@hz.((xo( ) z)xoo)

So — is left H-linear. To show the left H-colinearity of the action —, we

compute
p(x - (y ®z)) = p(xy ®z — X Y ®(x0(_1) -z)xoo)
= XX B Xk @2 ‘(’%—1) Y )(_l) (XO(—U 'Z)(_1> Foo1) @ (x<—1> e )o ® (xo<—1> 'Z)o Fooo
= XYoo @ Xodo ® 20 = XIS (x<—n>)x<—1>4z<—l>5 (3ape ) Foar @ Ko 70 ® (5520 )3

= XCyYenF o ®x,y, ®z, — XY ® X Yo ® (x(_1)3 ‘2, )xo,

and
(id@ —))p(x ®y® z) = (id® —))(x(_])y(_])z(_]) Ox,®y,® ZO)
= XY ® %o @ 2 =Xy © Ty o @ (T 20 Yog
= XY B 5u¥o ® 2 =X ® K Yo @ (Xp 7o) %o
as desired.

Definition 2.1. Let (4,m,A) be a braided infinitesimal bialgebra and 7 the
braiding of A. Themap B:A® A—> A® A defined by

B(x,y):x—>rA(y)+r(y—>z’A(x)),x,yeA, (3.1)

is called the balanceator of A. The balanceator B is called symmetric if
B=Bor. The braided infinitesimal bialgebra A is called balanced if B=0 on
A.

Condition (2.1) can be written as follows:

B(st’):x(yl( 1) J’z)®J’1o Xo(-1 J’1o)xoo

@
+(x(7l) 'y)(*‘) o @ . xoz ((x xm)(x(l) ~y)0 ® xp,

Obviously,
B(x(—l) 'yaxo) = (x(_1) 'y)(xo(—l) 'x02)®x010 _(x(_1) 'yl)xo ®y, Xy W ® X0,

- (x(—l) 'J’)(_l) Xoi(1) X2 ® ((x(_,) 'J’)O(_l) : xOlO)(x(—l) 'y)oo -
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Lemma 2.2. Let (4,m,A) be a braided infinitesimal bialgebra and x,ye 4.
Assume that the braiding 7 on A is symmetric. Then the following equations
hold:

O (T (R B Y Rt
@ (("(1) Y )<—1> Yoi-) 'XOZJ("M Y )0 ® 019 = )" (%20) ® x5

(3) (x(71)1 4 )(-|) '((x(—l)z 'J’2)xo)®(x(71)1 "N )0 = (x(—l)yl(—l) 'J’Z)xo ® yio-
Proof. (1) Since the braiding 7 on A is symmetric, for all x,y e 4, we have

(x(-‘) 'y)(_l) "o ®(x(_|) 'J’)O =x®y, then
(id®m)(A®id)((x(_]) .y)(il) X, ®(x(_l) 'y)ojz(id®m)(A®id)(x®y)

that is,

(x> )(,l) o @ ((’C(—u R )OH) "COZJ(’%—U 3}, =0 @y

So (1) holds.
(2) To show the Equation (2.2), we need the following computation:

((x(l) 'J’)(il) Xoi(-1) 'xozj(x(l) ~y)0 ® X,y

xl(—l)lxz(—l)ly(—l)s (xz(—1)3 S (xlz(—1)3 )xlo(—l) X0 ) (xl(—l)zxz(—l)z Yo ) ® X100

)
)
- (xl(l)l (xZ(fl) ' y)(,l) : x20)(x1(1)2 ('xz(—l) : J’)O ) ®x
= X1y '(((xz(u 'y)(il) * X0 J (xz(fl) ~y)0 j ®x, = %) -(xzy) ® x,0-

The last equality holds since 7 is symmetric on A. Hence (2) holds.
(3) Finally, we check the Equation (2.3) as follows:
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The last equality holds since 7 is symmetric on A. Hence (3) holds as
required. O

Therem 2.3. Let (A,m,A) be a braided infinitesimal bialgebra. Assume that
the braiding 7 on A is symmetric. Then (A,[,]:m—mz',cF:A—rA) is a
braided Lie bialgebra if and onlyif B=Bor.

Proof. Since (A4,m) is an associative algebra and (4,A) is a coassociative
coalgebra in VD, (A,[,] =m —mr) is a braided Lie algebra and (4,0 =A—17A)
is a braided Lie coalgebra. Therefore it remains to check the compatible

condition:
S[xy]=(([|®id)(id ® 5)+(id ®[.])(r ®id ) (id ® 5))(id ®id —7)(x ® y),
forall x,ye 4.In fact, on the one hand, we have
S[x.y]= 5(xy—(x(_1) -y)xo)
=(1-7)A () = (1=2)A( (50 7))
—(1-7)(x, ®x,y + 13, ® 3,)
(=) (21 @ (e 2 )+ (50 7)o @)
=% @xy+ 1, ® 2, =) (1) @ — (1) 3 ® (),
(%)) 500 @502 = (3032 ) 322 )3
(% )H) '((x<—1>z 'yz)xo)®(x<4>l i),
e v 50 [,
On the other hand, we have
([J@id)(id ®5)+(id ®.])(z ®id)(id ® 5))(id ®id ~7)(x® y)
=(([)®id)(id ®5)+(id ®[,])(z ®id)(id ®5)) (v~ (. -y)xo)
=91 ©2: (309130 @3 =32 ) O

+(x(71)y1(71) 'yz)xo ® ¥y _(x(q) -y)xm ® x,
+((x(_1) -y)(fl) 'xmj(x(_]) '}’)0 ® Xy, +(x(-1) 'y)<x01(-|) 'x02)®x010
TXy N ®x)¥, —((x(_]) 'y)(_l) Xo1(-1) 'xozj(x(q) .y)o ® Xg19

Xy N ®(xo(71) 'J’2)xoo Xy Y2 ® Xo V10

) " Xog ®(x(-1) .y)o X2
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According to Lemma 2.2, we have

) ®y, +()5(71))’1(71) 'J’2)xo ® ¥ _(x(71) 'J’)xm ® X,

_((x(l) 'y)(fl) Xoi(-1) 'xozj(x(l) -y)o ® X0

— Xy N ® (xo(-l) V2 )xoo =X Vi) Y2 @ XY

+(y )(,1) o ®((x(1> 04 )O(,l) ’XOZJ(’M )y
+("<—1> Y )(,l) Yoi-1) o2 ®(x(—1> Y )0 Foto
=2 ® +(x<—1>1 Bd )(,l) '((%)z 'yZ)x0)®(x(—m B )O
—(x(fl) 3% @ = x Ly (1,7) @,
XN ®(x<—1>z ’yZ)xo (1) r @),
3, ® 7+ ((x ) )5 )(_1) 3 @ (307 )0
= 5[x.y].
Therefore,
([®id)(id ® 5)+(id ®[,])(r ®id ) (id ®5))(id ®id —7)(x® y)
O RN (O e e L
1205 (30 2), 0 O[3, 5

XN

)Y
y)( x02)®x010 ( (-1)'y1)xo®y2+x(—1)'yl®x0y2
R

{5
HASE A

=5[x,y]—B(x,y)+B(x(71)-y,xo)
=5[x,y]—B(x,y)+Boz'(x,y),

as desired. We complete the proof.

O

Corollary 2.4. Let (A,m,A) be a braided infinitesimal bialgebra. Assume

Proof. Straightforward from Theorem 2.3.

that the braiding 7 on A is symmetric and the balanceator B=0. Then
(A, [[]=m-mr,6=A- rA) is a braided Lie bialgebra.

O

Example 2.5. Let g be an 2th root of unit of kand G the cyclic group of order

A(1)=0,A(x)=x®x’ —1®x3,A(x2)=x2 ®)c2,A(x3)=x3 ®x7.

Define the left- H-module action and the left- H-comodule coaction of 4 by

g -x =qijx~’,p(xj):g~’®x/, i=0,1, j=0,1,2,3.

2 generated by g, H =kG be the group algebra in the usual way. We consider
the algebra A4, =k[)c]/(x4

with the comultiplication:

By [8], A, is a infinitesimal bialgebra equipped

It is not hard to check that the multiplication and the comultiplicaition are
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both A-linear and H-colinear, therefore A, isa braided infinitesimal bialgebra.
Since B(x,x) =27 X —gx®x —gx’ Qx—gx’ ®x—x®x’ and

r(x®x)= (x(71) -x)xo =(g-x)x=gx®x, it is clear that B(x,x)=Br(x,x) if
and only if g=1. If g=1, it is not hard to check that the balanceator is
symmetric on A4,. By Theorem 2.3, <A4,[,] =m—mz’,5=A—TA) is a braided
Lie bialgebra.

Example 2.6. Let g be a 4th root of unit of k& Consider the Hopf algebra
H =kG , where G is a cyclic group of order 4 generated by g Recall from [1]
that A=M, (k) is a braided infinitesimal bialgebra in ;YD equipped with
the comultiplication:

a b 0 a 0 1 0 1 c d
A = ® - ®
c d 0 ¢ 00 00 00
and the H-module action, the H-comodule coaction:

g E,=q""E, p(E)=g"" ®E, k=0123,i,j=12.

i’ i’
Since

B(E119E21)=2(E12 ®E,-E, ®E12),

B(Eu(,,) 'E21»E110):B(EzlaEn)zz(Ezz QE, - E, ®E“),

we claim that the balanceator is not symmetric. By Theorem 2.3,

(M2 (k),[,] =m-mr,0 = A—TA) is not a braided Lie bialgebra, where m is the
multiplication of A.

a b
Let 4 = {(O j la,be k} c M, (k). Itis clear that 4 isboth H-stable and
a

H-costable, hence 4, is also a braided infinitesimal bialgebra contained in A.
One can check easily that the balanceator B=0 on A4 . By Corollary 2.4,
(A1 , [,] =m-mr,0 =A— TA) is a braided Lie bialgebra.
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