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Abstract 

For any graph G, the Inj-equitable graph of a graph G, denoted by ( )IE G , is 
the graph with the same vertices as G and for any two adjacent vertices u and 
v in ( )IE G , ( ) ( )deg deg 1in inu v− ≤ , where for any vertex ( )w V G∈ , 

( ) ( ) ( ){ }deg :in w w V N w N w φ′ ′= ∈ ≠ . In this paper, Inj-equitable graphs 

of some graphs are obtained, and some properties and results are established. 
Moreover, complete Inj-equitable graph and the Inj-equitable graph are 
defined. 
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1. Introduction 

We consider only finite undirected graphs ( ),G V E=  without loops and 
multiple edges. X  will denote the subgraph of G induced by a set of vertices 
X. For any vertex ( )v V G∈  the open neighborhood of v is the set 

( ) ( ){ }:N v u V G uv E= ∈ ∈ . The closed neighborhood of v is [ ] ( )N v N v v=  . 
The degree of a vertex v in G is ( ) ( )deg v N v= . ( )G∆  and ( )Gδ  are the 
maximum and minimum vertex degree of G respectively. The distance ( ),d u v  
between any two vertices u and v in a graph G is the number of the edges in a 
shortest path. The eccentricity of a vertex u in a connected graph G is 
( ) ( ){ }max , ,e u d u v v V= ∈ . The diameter of G is the value of the greatest 

eccentricity, and the radius of G is the value of the smallest eccentricity. The 
clique number of G, denoted by ( )Gω , is the order of the maximal complete 
subgraph of G. The Inj-neighborhood of a vertex ( )u V G∈  denoted by 

( )inN u  is defined as ( ) ( ) ( ){ }: , 1inN u v V G u v= ∈ Γ ≥ , where ( ),u vΓ  is the 
number of common neighborhood between the vertices u and v. The cardinality 
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of ( )inN u  is called injective degree of the vertex u and is denoted by ( )degin u  
in G. The corona product G H  is obtained by taking one copy of G and 

( )V G  copies of H and by joining each vertex of the i-th copy of H to the i-th 
vertex of G, where ( )1 i V G≤ ≤ . The cartesian product G H×  is a graph with 
vertex set ( ) ( )V G V H×  and edge set ( ) ( ) ( )( ){ , , , :E G H u u v v u v′ ′× = =  and 
( ) ( ),u v E H′ ′ ∈ , or u v′ ′=  and ( ) ( )},u v E G∈ . For more terminologies and 
notations, we refer the reader to [1] [2] [3] and [4]. 

The common neighborhood graph (congraph) of a graph G, denoted by 
( )con G , is the graph with vertex set { }1 2, , , nv v v , in which two vertices are 

adjacent if and only if they have at least one common neighbor in the graph G 
[5]. The equitable graph of a graph G, denoted by eG , is the graph with vertex 
set ( )V G  and two vertices u and v are adjacent if and only if 

( ) ( )deg deg 1u v− ≤  [6]. 

2. IE-Graph of a Graph 

The Inj-equitable dominating sets on graphs which introduced in [7] motivated 
us to define two new graphs: the IE-graph of a graph and the IE-graph. In this 
section, we define the Inj-equitable graph of a graph and study some properties 
of this graph. Also, the injective equitable graph of some graph’s families are 
found. 

Definition 1 Let ( ),G V E=  be a graph. The injective equitable (Inj-equitable) 
graph of a graph G, denoted by ( )IE G , is defined as the graph with the same 
vertices as G and two vertices u and v are adjacent in ( )IE G  if 

( ) ( )deg deg 1.in inu v− ≤  

Example 2 Let G be a graph as in Figure 1. Then, ( ) 7 5 2IE G K K K≅   . 
The Inj-equitable graph of some known graphs are given in the following 

observation: 
Observation 3 
(i) For any path nP  with n vertices, ( )n nIE P K≅ . 
(ii) For any cycle nC  with n vertices, ( )n nIE C K≅ . 
(iii) For any complete graph nK , ( ) ( )n n nIE K IE K K= = . 
Proposition 4 For any complete bipartite graph ,r sK , 

( ),
if 1;
otherwise.

r s
r s

r s

K r s
IE K

K K
+ − ≤

≅ 
 

 

Proof. Let ,r sG K≅  be a complete bipartite graph with partite sets A and B 
such that A r= , B s= . Clearly for any vertex v from A, ( ) 1degin v r= −  and 
for any vertex u from B, ( )deg 1in u s= − . Therefore, for any two vertices u and v 
in ,r sK , ( ) ( )deg degin inu v r s− = − . If 1r s− ≤ , then ( ),r s r sIE K K += . 
Otherwise, ( ),r s r sIE K K K=  . 

We will generalize Proposition 4 in the following result. 
Proposition 5 For any multipartite graph 

1 2, , , mn n nK


, where 3m ≥ , 
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Figure 1. A graph G. 

 

( )1 2, , , mn n n rIE K K=


, where 1
m

iir n
=

= ∑ . 

Proof. Let G be a multipartite graph 
1 2, , , mn n nK



 where 3m ≥ . Then for every 
vertex u in G, ( ) 1 2deg 1in mu n n n= + + + − . Hence, ( )1 2, , , mn n n rIE K K=



, 
where 1

m
iir n

=
= ∑ . 

Bi-star graph is the graph obtained by joining the apex vertices of two copies 
of star 1,nK . 

Proposition 6 For any bi-star graph ( ),B s t , 

( )( ) 2

1 1

if 1;
,

otherwise.
s t

s t

K s t
IE B s t

K K
+ +

+ +

 − ≤
= 
 

 

Proof. Let ( ),G B s t≅  be a bi-star graph labeling as in Figure 2. Therefore, 
( )degin u t= , ( )degin v s= , for 1,2, ,i s=  , ( )deg iin u s=  and for 

1,2, ,j t= 
, ( )degin jv t= . So, if 1s t− ≤ , then ( )( ) 2, s tIE B s t K + += . 

Otherwise, ( )( ) 1 1, s tIE B s t K K+ +=  . 
A firefly graph , ,r s tF  is a graph on 2 2 1r s t+ + +  vertices that consists of r 

triangles, s pendant paths of length 2 and t pendant edges sharing a common 
vertex. 

Proposition 7 For any firefly graph , ,r s tF , 1, 1r s≥ ≥  and 1t ≥ , 

( )
2 2

, , 2 2 1, 2

2 1

if 1;
if 2;
if 2.

r s s

r s t r s s s

r s t s

K K t
IE F K K K t

K K K t

+ +

+ + +

+ +

=
= =
 >



 

 

 

Proof. Let G be a firefly graph , ,r s tF  as in Figure 3, where 1, 1r s≥ ≥  and 
1t ≥ . Let v be the center vertex, , 1, 2, , 2iv i r=   be any vertex from the 

triangle other than v. , 1, 2, ,iw i t=   be any end vertex in the pendant edge. iu  
and , 1, 2, ,iu i s′ =   be any end vertex and internal vertex respectively in the 
pendant path. Then, ( )deg 2in v r s= + , ( )deg 2in iv r s t= + + ,  

( )deg 2 1in iw r s t= + + − , ( )deg 2 1in iu r s t′ = + + −  and ( )deg 1in iu = . There are 
three cases: 

Case 1. Suppose that 1t = . Then, ( ) ( )deg deg 1in in iv v− = , 
( ) ( )deg deg 0in in iv w− = , ( ) ( )deg deg 0in in iv u′− = , 
( ) ( )deg deg 1in i in iv w− = , ( ) ( )deg deg 1in i in iv u′− =  and 
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Figure 2. A bi-star graph. 

 

 
Figure 3. A firefly graph. 

 
( ) ( )deg deg 0in i in iw u′− = . Hence, ( ), , 2 2r s t r s sIE F K K+ +≅  . 

Case 2. Suppose that 2t = . Then, ( ) ( )deg deg 1in in iv w− = , 
( ) ( )deg deg 1in in iv u′− = , ( ) ( )deg deg 1in i in iv w− = , 
( ) ( )deg deg 1in i in iv u′− =  and ( ) ( )deg deg 0in i in iw u′− = . 

Hence ( ), , 2 2 1, 2r s t r s s sIE F K K K+ + +≅   . 
Case 3. Suppose that 2t ≤ . Then, ( ) ( )deg deg 1in i in iv w− = , 

( ) ( )deg deg 1in i in iv u′− =  and ( ) ( )deg deg 0in i in iw u′− = . 
Hence ( ), , 2 1r s t r s t sIE F K K K+ +≅   . 
Definition 8 A complete chain graph denoted by ( )1 1 2 2 1, , , , , ,r rCC n s n s s n−  

is a chain of complete graphs 
1 2
, , ,

rn n nK K K  such that there are is  common 
vertices between 

inK  and 
1inK
+

, for 1, 2, , 1i r= − . 
Proposition 9 Let G be a graph such that 2mG P P≅ × . Then 

( ) ( )
2 if 4;

8,4,2 4 if 5.
mK m

IE G
CC m m

≤
=  − ≥

 

Proof. Let G be a graph such that 2mG P P≅ × . Then there are two cases: 
Case 1. If 4m ≤ , for all ( )v V G∈ , either ( )deg 2in v =  or ( )deg 3in v = . 

Therefore, for any two vertices u and v, ( ) ( )deg deg 1in inu v− ≤ . Hence, 
( ) 2mIE G K≅ . 

Case 2. If 5m ≥ , there are 4 vertices with Inj-degree 2, 4 vertices with 
Inj-degree 3 and 2 8m −  vertices with Inj-degree 4. Therefore, 

( ) ( )8,4,2 4IE G CC m≅ − . 

Proposition 10 Let G be a graph such that 3mG P P≅ × , where 4m ≥ . Then 
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( ) ( )
( )
10,4,6 if 4;
10,4,2 2,2 6,3 10 if 5.

CC m
IE G

CC m m m m
 ==  − − − ≥

 

Proof. Suppose that, 3mG P P≅ × . Then we have two cases: 
Case 1. If 4m = , then there are 6 vertices have Inj-degree 3, 4 vertices have 

Inj-degree 4 and 2 vertices have Inj-degree 5. Therefore, ( ) ( )10,4,6IE G CC≅ . 
Case 2. If 5m ≥ , then there are 6 vertices have Inj-degree 3, 4 vertices have 

Inj-degree 4, 2 6m −  vertices have Inj-degree 5 and 4m −  vertices of degree 6. 
Therefore, ( ) ( )10,4,2 2,2 6,3 10IE G CC m m m≅ − − − . 

Theorem 11 Let G be a graph such that m nG P P≅ × , where , 5m n ≥ . Then 
( ) (12,8,2 2 4,2 2 12,2 2 8,4,2 2 8,2 2 12,IE G CC m n m n m n m n m n≅ + − + − + − + − + −

( )( ))2 2n m− − . 
Proof. Suppose that m nG P P≅ × . Therefore, there are 4 vertices have 

Inj-degree 3, 8 vertices have Inj-degree 4, 2 2 12m n+ −  have Inj-degree 5, 4 
vertices have Inj-degree 6, 2 2 12m n+ −  have Inj-degree 7 and ( )( )4 4n m− −  
have Inj-degree 8. Hence ( ) (12,8,2 2 4,2 2 12,m nIE P P CC m n m n× ≅ + − + −  

( )( ))2 2 8,4,2 2 8,2 2 12, 2 2m n m n m n n m+ − + − + − − − . 
The generalized Petersen graph ( ),GP m n  is defined by taking 

( )( ) { }, , : 0 1i iV GP m n u v i m= ≤ ≤ −  

and 

( )( ) { }1, , , : 0 1i i i i i i nE GP m n u u u v v v i m+ += ≤ ≤ −  

where the subscripts are integers modulo m, 5m ≥  and 11
2

mn − ≤ ≤   
. 

Theorem 12 Let G be a generalized Petersen graph ( ),GP m n . Then, 
( ) m nIE G K +≅ . 

Proof. Let G be a generalized Petersen graph ( ),GP m n  with vertices as in 
Figure 4. Then, ( ) { }2 2 1 1, , , , ,in i i i i n i n i iN u u u v v v v+ − + − − +=  and  

( ) { }1 1 2 2, , , , ,in i i i i n i n i n i nN v u u u u v v+ − + − + −= . Therefore, for 0 1i m≤ ≤ − ,  
( ) ( )deg deg 6in i in iu v= = . Hence, ( ) m nIE G K +≅ . 

Proposition 13 Let 3mG C P≅ × . Then ( ) 3mIE G K≅ . 
Proof. Let 3mG C P≅ × . We have three cases: 
Case 1. If 3m = , then for all ( )v V G∈ , ( )deg 5in v = . Therefore, all the 

vetrices have the same Inj-degree. Hence, ( ) 3mIE G K≅ . 
Case 2. If 4m = , then for all ( )v V G∈ , ( )deg 4in v =  or 5. Therefore, 
( ) 3mIE G K≅ . 

Case 3. If 5m ≥ , then for all ( )v V G∈ , ( )deg 5in v =  or 6. Therefore, for 
any two vertices u and v in G, 

( ) ( )deg deg 1in inu v− = . Hence, ( ) 3mIE G K≅ . 
Theorem 14 For any graph G such that m nG C P≅ × , 

( ) ( )2 2m m nIE G K K −≅  , where 5n ≥ . 
Proof. Suppose that m nG C P≅ × . Then we have 2m vertices of injective 

degree 5, 2m vertices of injective degree 7 and ( )4m n −  vertices of injective 
degree 8. Hence, ( ) ( )2 2m m nIE G K K −≅  . 
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Figure 4. Generalized Petersen graph ( ),GP m n . 

 
Proposition 15 For any graph G, such that n mG C C≅ × , ( ) nmIE G K≅ . 
Proof. Let G be a graph such that n mG C C≅ × . Then every vertex in G has 

injective degree 8. Hence, ( ) nmIE G K≅ . 
Proposition 16 ( )n m n nmIE K K K K=  . 
Proof. Consider the corona n mK K . The interior vertices have injective 

degree ( )( )1 1n m− +  and the outer vertices have injective degree 2n m+ − . 
Therefore ( )n m n nmIE K K K K=  . 

Theorem 17 For any graph G with 2δ ≥ , if G is k-regular or ( ), 1k k + - 
biregular, then 

( ) ,m n mnIE G K K K=   

where n is the number of vertices in G. 
Proof. Let G be a k-regular graph with n vertices and 2δ ≥ . Suppose that 

{ }1 2, , , nu u u  and { }1 2, , , mv v v  are the vertex sets of G and mK , respectively. 
Therefore, for 1,2, ,i n=  , ( ) ( )deg 1in iu k m= +  and for 1,2, ,j m= 

, 
( )deg 1in jv k m= + − . Therefore, ( ) ( ) ( )deg deg 1 1 1in i in ju v m k− = − + > . Hence, 

( )m n mnIE G K K K=  . Similarly, we can prove if G is ( ), 1k k + -biregular, then 
( )m n mnIE G K K K=  . 

Proposition 18 For any cycle graph nC , ( )1 2n nIE C K K= . 
Proof. Let iu  be any vertex on the cycle nC  and iv  be any vertex outside the 

cycle nC . Then ( )deg 4in iu =  and ( )deg 4in iv = . Therefore,  
( )1 2n nIE C K K= . 

Definition 19 Let ( ),G V E=  be a graph. A subset D of V is called degree 
Inj-equitable set if the difference between the injective degree of any two vertices 
in D less then or equal one. The maximum cardinality of a degree Inj-equitable 
set in G is called degree Inj-equitable number of G and is denoted by ( )ieD G . 
the minimum cardinality of a maximal degree Inj-equitable set is called the 
lower degree Inj-equitable number of G and is denoted by ( )ied G . 

Observation 20 For any integer 1iδ ≤ ≤ ∆ − , let ( ){ : degi inS v V v i= ∈ =  or 
}1i + . A nonempty subset A of V is a maximal degree Inj-equitable if and only if 

iA S=  for some i. Hence, ( ) {max : 1ie iD G S iδ= ≤ ≤ ∆ −  and }0iS ≠  and 
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( ) {min : 1ie id G S iδ= ≤ ≤ ∆ −  and }0 .iS ≠  
Observation 21 Let ( ),G V E=  be a graph. The intersection graph of 

maximal degree Inj-equitable sets denoted by inG  is defined on the family of all 
maximal degree Inj-equitable sets of G and has the property that any two 
vertices are adjacent if their intersection is not empty. 

Theorem 22 For any graph G, 

( )( ) ( ) 1ieIE G D G∆ = −  

and 

( )( ) ( ) 1.ieIE G d Gδ = −  

Proof. Since iS  is complete subgraph in ( )IE G  and from Observation 
20 ( ) {max : 1ie iD G S iδ= ≤ ≤ ∆ −  and }0iS ≠ , then ( )ieD G  is the order of 
the maximum complete subgraph in ( )IE G . Therefore, for any vetrex in the 
maximum complete subgraph has degree ( ) 1ieD G − . Hence  

( )( ) ( ) 1ieIE G D G∆ = − . 
Similarly, we can show that ( )( ) ( ) 1ieIE G d Gδ = − . 
The following proposition can be proved straightforward. 
Proposition 23 For any graph G, 
(i) ( )( ) ( ) ( )in indiam IE G G Gδ= ∆ − . 
(ii) ( )( ) ( )ieIE G D Gω = , where ( )( )IE Gω  is the clique number of ( )IE G .  
Theorem 24 Let G be any graph. The number of edges in ( )IE G  is given by: 

( ) ( )1 1
1 11 1

2 2
i i i i i i

i i

S S S S S S

δ δ

∆− ∆−
+ −

= =

− −
−∑ ∑

 

 

where ( ){ : degi inS v V v i= ∈ =  or }1i + . 
Proof. Let G be any graph. Since each iS  is complete subgraph graph in 

( )IE G , then iS  has 
( )1

2
i iS S −

 edges. But the edges in 1i iS S+   are 

counted twice in 
( )1

2
i iS S −

. Hence the number of edges in ( )IE G  is given 

by 

( ) ( )1 1
1 11 1

.
2 2

i i i i i i

i i

S S S S S S

δ δ

∆− ∆−
+ −

= =

− −
−∑ ∑

 

 

Theorem 25 Let G be any graph. Then the following are equivalent: 
(i) ( )IE G  is connected graph. 
(ii) The distinct sequence of the Inj-equitable degrees are  
( ) ( ) ( ) ( ), 1, 2, ,in i in inG G G Gδ δ δ+ + ∆ . 

(iii) The intersection graph of maximal degree Inj-equitable sets inG  is a path. 
Proof. (i)⇒(ii): Assume to the contrary, that ( )IE G  is connected and there 

exist an integer ( ) ( )in inG i Gδ ≤ ≤ ∆ . Then iS  and 1iS −  has no common 
vertices, that means ( )IE G  is not connected which is a contradiction. Hence, 
the distinct sequence of the Inj-equitable degrees are  

( ) ( ) ( ) ( ), 1, 2, ,in i in inG G G Gδ δ δ+ + ∆ . 
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(ii)⇒(iii): Suppose that the distinct sequence of the Inj-equitable degrees are 
( ) ( ) ( ) ( ), 1, 2, ,in in in inG G G Gδ δ δ+ + ∆ . Then 1i iS S φ+ ≠  and i jS S φ=  if 

2i j− ≥ . Hence, the intersection graph of maximal degree Inj-equitable sets 

inG  is a path. 
(iii)⇒(i): Suppose that inG  is a path. Then 1i iS S φ+ ≠ . Since iS  is 

complete, then ( )IE G  is connected. 
Proposition 26 For any graph G, ( )IE G  is totally disconnected if and only 

if 1G K≅ . 
Proof. Let G be a graph such that ( )IE G  is totally disconnected. Therefore, 

( )( ) ( )( ) 0IE G IE Gδ∆ = = . So, from Theorem 22, ( ) ( )1 1 0ie ieD G d G− = − = . 
Therefore, ( ) ( ) 1ie ieD G d G= = . Hence, 1G K≅ . 

Conversely, suppose that 1G K≅ . Therefore, G has only one maximal degree 
Inj-equitable set of order one. So, ( ) ( ) 1ie ieD G d G= = . Therefore,  

( )( ) ( )( ) 0IE G IE Gδ∆ = = . Hence, ( )IE G  is totally disconnected. 
Theorem 27 For any graph G with n vertices, ( ) nIE G K≅  if and only if G 

has only one maximal degree Inj-equitable set. 
Proof. Let G be a graph of order n and ( ) nIE G K≅ . Therefore, for any 

vertices u and v in G, ( ) ( )deg deg 1in inu v− ≤ . Hence, G has only one maximal 
degree Inj-equitable set. Conversely, suppose that G has only one maximal 
degree Inj-equitable set iS . Since iS  is complete in ( )IE G , then 

( ) nIE G K≅ . 
Next theorem gives the relation between the ( )IE G , ( )Con G  and eG . 
Theorem 28 For any graph G, ( ) ( )( ) .

e
IE G con G≅  

Proof. Let G be any graph and consider ( )con G and ( )IE G . Both graphs 
have the same vertices. Now, let f uv=  be any edge in ( )IE G . Then,

 ( ) ( )deg deg 1in inu v− ≤  in G. Since ( )degin u  in G is equal ( )deg u  in 
( )con G , then, ( ) ( )deg deg 1u v− ≤  in ( )con G . Therefore, f is an edge in 
( )( )e

con G . Hence ( )IE G  is a subgraph of ( )( )e
con G . 

Similarly we can show that ( )( )e
con G  is a subgraph of ( )IE G . 

3. Injective Equitable Graphs 

Definition 29 A graph G is said to be injective equitable graph (IE-graph) if 
there exists a graph H such that ( )IE H G≅ . 

For example, any complete graph is IE-graph. 
Definition 30 The family of graphs H which satisfy the condition 
( )IE H G≅  is called the injective equitable family of G and denoted by IEG . 

i.e, 

( ){ }: .IEG H IE H G= ≅  

Example 31 Let 1 2,H H  and 3H  be figures as an Figure 5. Then, 
( ) 3iIE H K=  for all 1,2,3i = . 

Lemma 32 Any path nP  is not IE-graph. 
Proof. Suppose, to the contrary, that nG P≅  such that G is IE-graph. 

Therefore, there exist a graph H such that ( )IE H G≅ . Let 1 2,v v  and 3v  be  
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Figure 5. ( ) 3iIE H K= . 

 
any vertices in G such that 1v  adjacent to 2v  and 2v  adjacent to 3v . Suppose 
that ( )1degin v i=  in H. Therefore, ( )2deg 1in v i= −  or i or 1i + . 

Case 1. ( )2deg 1in v i= − . Therefore, ( )3deg 2in v i= −  or 1i −  or i. If 
( )3deg 1in v i= −  or i, then 1v  and 3v  are adjacent which contradicts that G is 

a path. So, ( )3deg 2in v i= − . 
Case 2. ( )2degin v i= . Therefore, ( )3deg 1in v i= −  or i or 1i + . So, 1v  and 

3v  are adjacent which contradicts that G is a path. Hence, ( )2degin v i≠ . 
Case 3. ( )2deg 1in v i= + . Therefore, ( )3degin v i=  or 1i +  or 2i + . If 

( )3degin v i=  or 1i + , then 1v  and 3v  are adjacent which contradicts that G 
is a path. So, ( )3deg 2in v i= + . 

Hence the graph H has different injective degrees which contradicts that any 
graph with n vertices has at least two vertices of the same Inj-degree. Therefore, 

nP  is not IE-graph. 
Lemma 33 Any cycle nC  is not IE-graph, where 4n ≥ . 
Proof. Suppose, to the contrary, that G is a cycle such that G is IE-graph. 

Therefore, there exist a graph H such that ( )IE H G≅ . Let 1 2,v v  and 3v  be 
any vertices in G such that 1v  adjacent to 2v  and 3v . Let ( )1degin v i=  in H. 
Therefore, ( )2degin v i=  or 1i −  or 1i +  and ( )3deg 1in v i= −  or i or 1i + . 

Case 1. ( )2degin v i= . If ( )3deg 1in v i= −  or i or 1i +  then 2v  and 3v  are 
adjacent which contradicts that G is a cycle. 

Case 2. ( )2deg 1in v i= − . If ( )3degin v i=  or 1i − , then 2v  and 3v  are 
adjacent which contradicts that G is a cycle. Therefore, ( )3deg 1in v i= + . 

Case 3. ( )2deg 1in v i= + . If ( )3degin v i=  or 1i + , then 2v  and 3v  are 
adjacent which contradicts that G is a cycle. Therefore, ( )3deg 1in v i= − . 

Hence the graph H has different injective degrees which contradicts that any 
graph with n vertices has at least two vertices of the same Inj-degree. Therefore, 
any cycle nC  is not IE-graph. 

Lemma 34 Any bipartite graph is not IE-graph. 
Proof. Suppose, to the contrary, that G is a bipartite graph such that G is 

IE-graph. Therefore, there exists a graph H such that ( )IE H G≅ . Let 1 2,v v  
and 3v  be any vertices in G such that 1v  adjacent to 2v  and 2v  adjacent to 

3v . Let ( )1degin v i=  in H. Therefore ( )2deg 1in v i= −  or i or 1i + . 
Case 1. ( )2degin v i= . If ( )3deg 1in v i= −  or i or 1i +  then 2v  and 3v  are 

adjacent in G. So, G contains an odd cycle which contradicts that G is a bipartite 
graph. 

Case 2. ( )2deg 1in v i= − . If ( )3degin v i=  or 1i − , then 2v  and 3v  are 
adjacent in G. So, G contains an odd cycle which contradicts that G is a bipartite 
graph. Therefore, ( )3deg 1in v i= + . 
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Case 3. ( )2deg 1in v i= + . If ( )3degin v i=  or 1i + , then 2v  and 3v  are 
adjacent in G. So, G contains an odd cycle which contradicts that G is a bipartite 
graph. Therefore, ( )3deg 1in v i= − . 

Hence the graph H has different injective degrees which contradicts that any 
graph with n vertices has at least two vertices of the same Inj-degree. Therefore, 
any bipartite graph is not IE-graph. 

Theorem 35 A connected graph G is IE-graph if G is a chain of complete 
graphs. 

Proof. Suppose that G is a connected IE-graph. Then there exists a graph H 
such that ( )IE H G≅ . Each iS  is complete in ( )IE H  and there are 

1i iS S +  common vertices between iS  and 1iS + . Therefore, G is a chain of 
complete graphs. 

4. Conclusion 

In this paper, we introduced the injective equitable graph of a graph ( )IE G  
and the injective equitable graph IE-graph. We defined these graphs and 
presented some of their properties. Also, we found the Inj-equitable graph of 
some graph’s families. The degree injective equitable set, the degree injective 
equitable number of a graph and the lower degree injective equitable number are 
defined. Relations on those parameters in terms of maximum vertex degree, 
minimum vertex degree, diameter and clique number of the injective equitable 
graph are established. The connectedness of ( )IE G  and relations between the 

( )IE G , ( )Con G  and eG  are studied. In the last of this paper, the sufficient 
condition for a connected graph G to be IE-graph is presented. 
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