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for k>0, to an integral over the

unit sphere S"'. An application to the integral of polynomials over S"™ is
discussed.
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One of Wallis formulas is

jznsinz“ 0do = jzncosz" 0do =
0 0

(2k)12n
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for k>0. This formula can be proved by various methods [1] [2] [3] [4]

including a repeated application of a reduction formula such as
1

J'Oznsinké?dH:kT_ Oznsink’2 6dO . Note that sing and cosf are coordinates
of a point on the unit sphere in K. Since the above formula involves an
integration over the unit circle in &, its extension to higher dimensions is of
interest.

For each X=(X,X, -, X,)€R", let |X|=(in2)l/2 be its Euclidean norm.
We call a=(¢,a,,a,), where ¢ >0 are non-negative integers, a
multi-index, and |a| = Z|ai| its degree. Set al!=ola,!--a,! and
X* = Xx82 - x% Let S ={§e R":|¢| =1} be the unit sphere in " and do
be its surface measure. Let Br(a)z{Xe R" :|x—a| < I’} stand for the ball of
radius r centered at a. The gamma function is defined as I'(s)= J.:e’tts’ldt, for
$>0. The generalized Wallis’s formula is a special case of the following

theorem.
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Theorem 1 (i) Isn_lf’”da:O, if any o is odd. In particular, the integral
equals zero if |a| Is odd.
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Setting o, =k and «;=0 for j=#i in the theorem, the generalized
Wallis’s formula follows
(2k)12n"?

2k
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Note that for |a| =0, (ii) is equivalent to the well-known formula
2n"2

oA “T(n2) (1)

where @, ; is the surface area of the unit sphere in R". Theorem 1 is interesting
in its own right and has further applications. For example, for a polynomial
p(x):z‘a‘gmbax“ of degree m, one may express jB (O)p(x)dx as a simple

polynomial of degree N+m in r. In the following we use polar coordinates
x=pé& p=|x,£eS",

= ady — T Jaj+n-1 a
J.Br(g) p(X)dX = ‘a‘zgmba -[Br(O)X dx = ‘a‘zgmba -[0 P dp'[snAg do

b2 r2|a\+n ) b d
— a . ado_: 20 a r.2k+n
gafm 2]a|+n Jot \a\s[zm/zﬂlalm
:[mz/Z] z bzada rZk-v-n :[mz/Z]C r.2k-¢-n.
k=0 \ |a=k 2k+n k=0 “

Here d, = Lnfléz”‘da as given by (ii), and [.] is the bracket function.

Proof of Theorem 1. (i) The proof is by induction on |a| .

If |a| =1 then &=¢ for some i Therefore, Lnflc_f“do- = _[Smézido' =0 by
the symmetry of the sphere.

Assume now the assertion is true for |a| <m for some m=>1. Let
|a| =m+1 and assume, without loss of generality, that ¢, is odd. Applying the

divergence theorem results in

J.Snflérado-:jsnflél( 10[1_1 Zaz"'é::n)da
0 (2)

= f&(o)E(XlaHng o

If o =1, the last integral in (2) is zero. Otherwise, a conversion to polar

coordinates in (2), yields,
J'sn_lgado- = (al _]_) .[Bl(o)xlarzxgz eee X:ndx

a, -1

=(a-1)[ p""2dp|, & do = [o:’do,

m+n-1

where fB=(a;—2,a,,,a,). The last integral is now zero, by the induction
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hypothesis.

ii) The proof is by induction on |a|

For |a| 0, we must establish (1). Let ¢, —J. e o dx . Writing e, as a
product of integrals and using polar coordinates in & followed by a change of

variables, one obtains

e =TI ™ =(e) =(e,)"
i=1
n/2

- (J';"d¢9J':re”"2dr)n/2 = (f:e’”du) / =1.

We used a change of variable u=nr® in the previous integral. Converting to

polar coordinates for R results in

_ _ 71[‘)(‘2 _ ® n-1 —7rr2
1=¢, =] e dx=a, [ r"e " dr

/2 1 —u (n/2)
- n/zj u" du = o7 O
Identity (1) follows immediately from the last equation.
Now suppose the claim is true for |a| =m. Let |a| =m+1. We may assume,
without loss of generality, that ¢, >1. Applying the divergence theorem
followed by a conversion to polar coordinates leads to

an,1§2ado' .[s” 151( 2041 2a2 Zan)dd j%(o)%(xlzal 1X2a2 xf"")dx

20, -1

=(2a,-1 I xf"l 2x2e2 ... x2ndx = R

J's”*émdo-’

where B=(a,-la,,,a,) . Since |f|=m , and using the fact that
I(s+1)=sI'(s) along with the induction hypothesis, we get

_20,-1  (2p)t2n” (2a)127"?
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