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Abstract

In this paper, we investigate the weighted polynomial approximations with

several variables. Our study relates to the approximation for Wf e LP (RS)

by weighted polynomials. Then we will estimate the degree of approximation.
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1. Introduction

Let R®*=RxRx---xR (S times, s>1 integer) be the direct product space,
and let W (X, X+, X ) i= W, (X )W, (X, )W, (X ), where W;(X)=>0 are even

weight functions. We suppose that for every nonnegative integer 1,

[x"w (x)dx <00, n=0,1,2,+, i=1,2,++-,5.
0

In this paper, we will study to approximate the real-valued weighted function
(WF ) (X, X,,++, %) by weighted polynomials (WP)(X,X,,--,X; ), where

P (X, %, %) € Prpon (RS). Here, R,n;.nn(Rs)(ziﬂ;s(Rs)) means a class of
all polynomials with at most n-degree for each variable x,i=12,---,s. We

need to define the norms. Let 0< p<o, and let f:R®—>R be measurable.

Then we define

. e y
) e ) i i 0 p <
"Wf ”Lp(RS) = _
sup (Wf)(xl' "'Xs)' if p=co.
(le-",XS)E]RS
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We assume that for 0< p<c the integral is independent of the order of
integration with respect to each x;,i1=1,2,---,5. When "V\/f ||Lp(Rs) <0, we write
Wf eL? (Rs ) If p=o,werequire that f iscontinuousand
lim, ., (WF)(X)=0, where [X]=|(x,,x)|=max|x[;i=12s.

Our purpose in this paper is to approximate the weighted function
Wf e LP (RS) by weighted polynomials WP;P e R, (RS) . The paper is
arranged as the following. In Section 2, we give the definition of the weights
which are treated in this paper. In Section 3, we consider the approximation for
the functions in L° (RS). In Section 4, we consider a property of higher order
derivatives. In Section 5, we estimate the degree of approximations. In Section 6,
we consider the approximation for the functions with bounded variation. In
Section 7, we consider the approximation of the Lipschitz-type functions. In

Section 8, we treat the functions with higher order derivatives.

2. Class of Weight Functions and Preliminaries

Throughout the paper C,C,C,,--- denote positive constants independent of
n,X,t or polynomials F’(X) . The same symbol does not necessarily denote the
same constant in different occurrences. Let f(X)~g(X) mean that there
exists a constant C>0 such that C7'f (x)<g(x)<Cf(x) holds for all
Xxel,where | R isasubset.

We say that f:R—[0,00) is quasi-increasing if there exists C>0 such
that f(x)<Cf(y) for 0<x<y.Hereafter we consider following weights.

Definition 2.1. Let Q ZR—)[O,OO) be a continuous and even function, and
satisfy the following properties:

(a) Q'(X) is continuous in R, with Q(O) =0.

(b) Q"(X) exists and is positive in R\ {0} .

() lim, Q(x)=co.

(d) The function

is quasi-increasing in (0, oo) , with

T(x)>A>1 xeR\{0}.

(e) There exists C, >0 such that

Q'(x) . [Q()
Q'(x)] " Q(x)

Then we write W=exp(-Q)e .7-‘(C2 )
Moreover, if there also exists a compact subinterval J (9 0) of R, and
C, >0 such that

, ae.xelR.

>C, , ae.xeR\J,
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then we write w=exp(-Q)e ]-"(C2 +). If T(X) is bounded, then the weight
w=exp(-Q)e .7-'(C2 +) is called a Freud-type weight, and if T(X) is
unbounded, then wis called an Erdds-type weight.

For w(x)=exp(-Q(x))e F(C*+),QeC*(R\{0}), if there exists K >0
such that for |X| 2K,

) (2.1)

and there exist 4,C >0 suchthatfor 0< 1 <g ,

|§(§(’)‘2| <c, (2.2)

then we write we F, (C3 +) . Furthermore, if

|Q(4) (x)
| Q® (x)

4
and the inequality (2.2) with 0<A <— hold, then we write we F, (C4 +) .

I 03

We have some examples satisfying Definition 2.1.
Example 2.2 (cf. [1] [2]). (1) If an exponential Q(X) satisfies

(' ()
Q'(x)
where A,,i=12 are constants, then we call W:exp(—Q(x)) the Freud

weight. The class F (C2 +) contains the Freud weights.
(2) For a>11>1 we define

Q(x)=Q., (x)=exp, (|X|a ) —exp, (0),

1<A < <A

21

where exp, (x)= exp(exp(exp c-eXpX)- ) (I times) . Moreover, we define

Qo (X)=|x[" {expI (|x|“)—a* exp, (0)} a+m>1,m>0,a>0,

where o =0 if @ =0, and otherwise a =1. We note that Q,, gives a
Freud-type weight, thatis, T (X) is bounded..
(3) We define

Q. (0)=(1+[x)" -1 a>1.

(4) Let w=exp(-Q)e ]—"(C2 +) and let us define

=limsu Q'(x) /Q(x) =limin Q"(x) Q'(X).
o xw"o'(x)/ Q) - 'xwa'(x)/ Q(x)

If u, =u ,then we say that the weight wis regular. All weights in examples
(1), (2) and (3) are regular.
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(5) More generally we can give the examples of weights we F, (C3 +) . If the
weight w is regular and if Qe C® (R\{O}) satisfies (2.1), then for the regular
weights we have we F, (C3 +) (see [3], Corollary 5.5 (5.8)).

The following fact is very important for our study.

Proposition 2.3 ([3], Theorem 4.1 and (4.11)). Let 0<A<3/2 and aeR.
Then for w=exp(-Q)e F, (C3 +) , we can construct a new weight
W, € ]-"(C2 +) such that

T, (X)“ w(x) ~w, (x) on R,
and for some C>1,
Ay (W, ) <@, (W) <ag, (w,) and T, (x)~T,(x)=T(x),

where @,(W,) and a,(w) are MRS-numbers for the weight w, and W,
respectively,and T, and T, are correspond for w, or W, respectively.
Let {pn} be orthonormal polynomials with respect to a weight w; that is,

p, isthe polynomial of degree z2 such that
'[:pn (X) P, (X)W (x)dx =5, (the Kronecker delta).

For 1< p<oo, we denote by L° (R) the usual LP space on R (here for
p=co,if wfel” (R) , then we require f to be continuous, and wf to have
limit 0 at +oo ). For wf eLP (R) , We set

n-1

s, (f.x)=>"b (f)p(x),

= (2.4)
whereb, (f)=[" f(t)p, (t)w’ (t)dt

for neN (the partial sum of Fourier-type series). The de la Vallée Poussin
mean of order nis defined by
2n

v, (f.x)= 2 s;(f,x). (2.5)

j=n+1

Let weF (C2 +) . We need the Mhaskar-Rakhmanov-Saff numbers
(MRS-numbers) a,;
auQ'(au
x=2 r Q' (au)
130

(1_uz)]/2 du, x> 0.

We easily see

lima, = and lima, =0

X—>0 x—+0

and

.a . a
lim—=2x=0 and lim =% =oo.

x—0 X x=>+0 X

For wf €L, (R)(1< p<), the degree of weighted polynomial approximation
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is defined by
E,p(w; f)=inf

PeR,

(f =Pl

3. Approximations for L,-Functions

In this section, we treat the function such as Wf e L (RS), where 1< p<ow),
and if p =0, then we suppose that Wf is continuous and
Iimm%} (Wf)(X)=0. For any multivariate point X =(X1,-~~,XS) eR®, we

consider the weights;
W (X):=TT]w (%)= Hj:lexp(_Qj (% ))

As shown under, we will also use X (u) = (ul, uz,---,us). Let
w, =exp(-Q,) e F, (C3 +), 0<A<3/2, i=12,,5. From Proposition 2.3 we
see Ti]/“wi ~ Wy, € .7-'(C2 +), i=12,---,s. Then we admit to write

Viw e F (C2 +). For the weight W we construct the modulus of continuity
of f .Itinvolves the function

IXI

O, (x)=,1- ,1=1,2,-+,5,

\/T

where o, (t) is defined by
a®
o, (t)=inf{al’: r”]<t >0,

where aﬁi) is the MRS-number for the weight W, (X) If aﬁi)/n =t, then we
have o (t)=a!. In the sequel, if 1< j<s is an integer, then ||f||p;j will
denote the L” norm of f taken with respect to the j-th variable. This is a
function of the remaining (S—1) variables. For each fixed

— s-1
Xj-—(xi-"'nXHlev -, s) ]R , We write

fo (%)= f(x1 ,1,X:Xj+1,'”'xs), j=12,5. (3.1)

]
h h
A, f>2,- (x):= f>2j (x+§j— f>2j (X—Ej,

we define the modulus of continuity. For the Freud-type weight, we define
@y ( f>2j Wi ;t)
1t
{2 o(orr, )

J
+ inf

c;(constant)

Using

p

p
dhj
LP(|x|<ej(2t))

(fij(x)_cj)wj(x)

LP(|x|<ej(41)) .

If w; isErdos-type, then we define
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p

ip
dh]
LP(jxj<ej(2t))

(5, (0=c; Jw; (x)

5p,j(fi

H!

+ inf

¢j(constant)

W; (X)(Ahlbu-(x) f>zj (X))

LP(x<orj(41)) .

We remark that if T;(X) is bounded, then we see @, ;(X)~1, so we do not
need the definition for the Freud-type weight.

Let v, be the de la Vallée Poussin mean opetator, and let V, ; (f).i=12-s
]

denote the operation to f'with respect to j-th co-ordinate, and Vr[1j will denote
the operator v, applied to f with respect to each of the first j co-ordinates.

Clearly,
Vr[ll](f)ZVn,l(f)l VLJ'](f)=Vr[]J'-1](Vn1j (f )) j=2,3,,5. (3.2)

Let aﬁ” be the MRS-number for the weight w; = exp(—Qj ) .

First, we consider the following Proposition.

Proposition 3.1 ([4], Theorem 3.14). For 1< p<o, CC(RS) is dence in
LP (Rs), where C, (Rs) is a set of all continuous functions with a compact
support on R°.

From this proposition, for any ¢ >0 there exist a constant K >0 and a

continuous function f, with a compact support [—K, K ]5 such that
W (X)(f(X)- fK(X))”Lp(‘X‘SK)<g. (3.3)

Then we give the following assumption:

Assumption 3.2. In (3.3) we suppose that for every co-ordinate X;, j=1,2,---,s

o, (30 5, (0= (5, ()

]

<& (3.4)
LP(jxj=K)

holds.

We define a new class of functions L*p (RS ) , 1< p<oo  as follows:
Ly (R*):={ f|Wf eL, (R*)holds (3.4)}, (3.5)

where if p=oo, then L} (RS ) =L, (RS) and we suppose that fis continuous
and
lim W (X) £ (X) =0
(we write this fact as Wf € C, (RS) ). We state the theorem in this section.
Theorem 3.3. (1) We suppose
w, =exp(-Q;)e 7, (C°+)(0<2<3/2), j=12,--,5, and let

2/3
N <ol | j=12..
T )sc(a(j)J L i=1,2,8, (3.6)

n

Let n>1,1< p<oo. Then we have
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”\/\/(f (1))

LP(re)
s o gl (3.7)
< ch (H]ﬁiés,iﬂwi)( 11:1Tk1/4)a)m [ f)Zj ’Tii/4 im¥i nn J '
j=1 Lp(Rﬁ—l)
where
RS = {(xl,m,xjfl,xm,-u,xs)}, (3.8)
and Hilek]/ * =1.Especially f e Lﬁsm (RS), then we have
s . L
ZCj (Hlﬁiss,iﬂvvi)( ;:1Tk1/4)a)p‘j f>2j ’le/4 ¥ -0
j=1 n LP(RSj’l) (3.9

as n — oo,

(2) We suppose w; :exp(—Qj)e]-"(C2 +), j=L12,---,s, and let (3.6) holds.
Let n>1,1< p<oo.Then we have

W (f—vEI(f ; )
—( s ]/(4 )) <G H(HL .#,W.)aT [f W€, aTJ . (3.10)
N ()
Especially f ell (Rs), then we have
(i)
a
Z (HLKS i .) ,[ij W;;C; ;] J —0 asn— o. (3.11)
- ()

First we will show (3.7). We need some preliminaries.

Proposition 3.4 ([5], Theorem 1). Let 1< p<oo.

(1) We assume that we .7-"(C2 +) satisfies T(a,)<C(n/a, )2/3. Then there
exists a constant C >0 such that when wgel, (R) , then

wilo)l  <cpual,,
T LP(R)
and so,
"WV |||_p "Wg "LP

(2) We assume that we F, <C3 +) (0<2<3/2) satisfies T(a,)<C(n/a, )2/3.
Then there exists a constant C >0 such that if T1/4Wg elf (R) , then

"an (g )”L”(R) <C ||T1/4Wg||Lp(]R)

Proposition 3.5 ([5], Corollary 6.2 (6.5)). Let 1< p<oo.
(1) Let we .7-"(C2 +) ,and n>1 be an integer. Then

W(g ~V (g))

7 <CE,,(w;9),

LP(R)
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where C'do not depend on gand n.
(2) Let we F, (C3 +)(O <A<3/2),and n>1 be an integer. Then

||W(g -V, (9 ))”Lp(R) <CE,, (T“W; g )

where C'do not depend on gand »n

Proposition 3.6. ([6]) Let w=exp(-Q)e ]—'(C2 +) ,and let 0< p<o. Then
there exist n, € N and positive constants C,, G, such that for every wg e L" (R)
(and for p=o0, we require g to be continuous, and Wf to vanish at +oo)
and every nxn,,

_ a
En'p(g;w)scla)p(g,w;czﬁ}

where n, and C,C, donotdependon g and N, and a); (g,w,t) will be
defined in Section 6.
We set

T =TT T R

i=1 1

5 =% <R},
Rij = {(Xl""lxj)ERj}, st;jﬂ ::{(Xj,"',XS)ERSﬂ.A},
R = (% X X X € R,

W ::Hiszlwil Wj :ZH::L#]_VV“ J :1, 2,...15'

We need the infinite-finite inequality.

Theorem 3.7 (Infinite-finite inequality). Let 0< p<oo,L >0, and let
P(X)eR,... (RS )(:: B (RS )) . Then

W (X)P(X )||Lp(Rs) <C|w(X)P(X )||Lp(‘xi‘gaw(l,mgi)),i:m_..‘,s) : (3.12)

If r >1, then there exists &£>0 such that

W (x)P(x )”LP(Rf,r) <Cexp(-n°)|W (X)P(X )||Lp(RS) : (3.13)

where R’ ::{xi;|xi|za£;)}fo’l,

ir
To prove Theorem 3.7 we use the following proposition with s =1.
Proposition 3.8 ([2], Theorem 1.9). Let 0< p<o,L>0,andlet P(x)e R, (R).
Then

IR (e <) (g an
If r >1, then there exists &£>0 such that
[w(x)P(x)|

Proof of Theorem 3.7. For the proof of (3.12) we use (3.14). We put A for the
left side of the above equation. Let 0 < p <oo. By repeatedly applying Proposition

SCexp(—n”)

W(X)P(X)"Lp(\x\gan)' (3.15)

LP(armslx)
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3.8 (3.14), we have
A = e o0 ) < ()P (30,

w o a®(1-Lst
< ClJ:w--.J:JWZ (Xz) agl)((ll_b}(‘l)))
a(l) 1-Ls 1))

f (1)1 L§1)) 1p(x1 J. I |W2 Xz) WS(XS)F’(Xl,'--,XS)p

p

W (%) P (%00, %)

.. .dxsdx1

al¥ (17 st ) al? (lf Lot?)

<G J._agl) (1_“,-#))J._a(na(l_wp)wlp (x ) w3 (x,)

xj:---.[i|w3(x2)mws (XS)P(xl,---,xS)|p dx, -+~ dx, dx,dx,

IA

a®(1-Ls al®)(1-Lsl)
<G, J-aﬁﬁ) (1—L5$1)) B .-“-aﬁ,s](b L&,(f?)

Wl(Xi)"'Ws(XS)P(Xl,"nXs)|p dx, ---dx,

=C, "W (X ) P(X )"EP(\xi\gag‘)(lfl_agi)),i:1,2,<~,s) ’

Next, we show the caseof p=o.

= sup-- sup|w o (%)

Xs €R X2

< Cysup---sup|ws (0 )---w, (%) sup [ (% )P (s x,)

S
Xs €R XpeR \x1\<a (l Lé'(l))

= Cysup---sup|wy (% )---w, (X)) sup  sup|w (X)W, (%) P (%, %, )

Xs€R x3eR ‘Xl‘iagl) (1,|_5r(11)) X eR

<C,C, Sup-+-sup|w; (%)~ w, (x, )

xgeR xzeR

X sup sup ()W, (%, )P (X1 X,
\X1\<a(1)(1 Lot )\x2‘<a )(1Lag2>)| 1( ) 2( 2) ( )

<...

<CGC,---C sup sup -+ osup (w (X)W, (X,)

[y |<alt (1-|_5 )\xz\<a (1 Lof? )) \xz\sa(ns)(l-m,&s))
x---st(xs)P(xi,---,xs)|

=C s |w1(x1)wz(xz)n-ws(xS)P(xl,-~~,xs)|.
\xi\saﬁ')(l—wg')),i:l,---,s
Similarly, using Proposition 3.8 (3.15), we easily have (3.13). #
Lemma 3.9. Let 1< p<c.
(1) We assume that w, e ]-"(C2 +), i=1,2,---,s satisfies (3.6). Then there
exists a constant C >0 such that when Whel, (]RS) s
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()
T<i>

= C"\Nh”Lp(RS) J=120,
LP(re)

and

ol ()] < CTTLT () ) o

(2) We assume that WiEE(C3+)(O</1<3/2),i=1,2,---,s.Let
TWh e LP(R*), then

] i
v , 1=1,2,-+-,8
”\N LP(re )
Proof. (1) From Theorem 3.4 (1), for j=1
Wi (h) W, (h )
T® = TlT <C "Wh"LP(RS) :
LP(RS) Lp(Rlﬂ) LP(RH)
2<
Inductively,
wl! (h) Wi vy, (1))
T N 10 ,
LP(RS) L"(RiﬁJ Lp(st;jn)
Wy, (hA )
n,j X
<C T]TJ < C[Wh[pzs)-
LP(re)

For the second formula, using Theorem 3.7 and the above inequality, we have

o

LP ]RS

< CH: 1T|]/4 (ar(:)) (Hi_jﬂwk)"

<C[]., (aﬁw )"wh||Lp (5]
j = 1’ 2’ -e,S

Similarly we have the following:
(2) From Theorem 3.4 (2) for j=1,

V\er[}] (h) plrs) "\anvl(h)"Lp(]Rs) < C"WT11/4h||LP(R5)’

j :1'2,...,5

Inductively,
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o o

o) =IO (v, ()
<C "\NT

Proof of (3.7) in Theorem 3.3. By Proposition 3.5 (2) and Proposition 3.6, we

Lp<ms)ﬁ<>\w<"*l>vn,j<h>

LP(RS)

|_p RS

get

Wl(X)( 3, _Vn,l(fil))

LP(R)

ya — Y4 a
sCEmp(le;T1 Wl)SCla)p’l fx}’ W C it
where the constant C, and ¢ is independent of )21. Similarly, for j=1,2,---,5s,

ij (X)(ij ‘Vn,j(ij )) .
Using  f =BT = (£ vl (1)) + (VB (1) v () (B (1) (1))

we get from Lemma 3.9 (2) and (3.2),

it
\M (1 o
S%M“”Mf LWJ
| Wt ST 7, 1)

()
_ al
’\/vla)p,l[f)zl’ 11/4 s J
n
Lp(]Rf’l)
) (i)
i1rya) = ya,, .. Oy
’Wi( Tk )a’p,j(fi,'Tj ivCi n]

S

< ZC i
j=1

! n

— 4 a,)
<Cw,; ij'Tj W;;Ci—— |, (3.16)

|_p RS)
S

+ X W () - (1))

Lp RS) j=2

) . +JZS;”\NVLJ'1](1‘ v, ()

LP(r?) }

<C,

+ zs:Cj
=2

Lp(]R‘Tl)

by (3.16)

LP(RSj’l)

(a6, 7w 2

n

where HJ 1T1/4 =1 for j=1.Hence we obtain (3.7).
Proof of (3.10) in Theorem 3.3. By Proposition 3.5 (1) and Proposition 3.6, we
get

le(x)( 5, _Vn,l( fx1))u

o

_ a
SCEn,p(fg1§W1)SC1wp,1 fgleﬁCl ; ,

LP(R)

where the constant C, and ¢ is independent of )21. Similarly, for j=1,2,---,s
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L(®)

Using  f —Vl*l =(f —VE](f))+(VL1](f)—VLZ](f))+”-+(VLH](f)—V!]S](f)) ,
we get from Lemma 3.9 (1) and (3.2),

w(f-vi(1))

QI

+ZS:C1
j=2

(i)
an
(Hlsiss,iijwi) p.j(f)217wj;cj J

by (3.17)

< ZC j
j=1

(i)
— an
(H]si<s,i¢jvvi)a)p,j(f)zjle;cj ]

Hence we obtain (3.10).
To prove (3.9) and (3.11) we need a lemma:
Lemma 3.10. Let 0<h<1, o(t)>1 and |X| <o(2t). We have

ot ) (x b ()], = HOWE ) (X (3.18)

Proof. We may show

(wf ){xih fl—%}

Let x>0.If we put

Xxth 1—L=: Y, aﬁzt, i=2t, (3.20)
o(t) 2u v

- ||(Wf )(X)"LD(R) ) (3.19)

LP(R)
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we will see
—<—=<—. 3.21

Then we conclude (3.19). Now, from (3.20)

dy

1F h .
dx 2\/0'(t)\/0'(t)—x

Since a,,/u=2t, we see

a_a . 3

\" u u
that is, we have
o(2t)=a,<a, <o(t)=a,.

Then, using ([2], Lemmas 3.6, 3.7), we see

h t a,, 1
< <
2Jo(t)Jo(t)-x 2o(t)Jo(t)-c(2t) M a, -3,
N o T(E) 1 maps JGC 1L
4u a, 4 v 2

for some 0<d <1 and U large enough. We have (3.21). So we conclude
(3.19). #
Proof of (3.9). We will estimate

Yp
T |1 et p
o {‘L T (0 () A 5, () d“}
t LP(xi<oj(2t)) g
LP(rYY)
To do so we may estimate
N . Up
— ) rve i X
I, = {t -[o T; (X)WJ (X)(Ah‘ptvi(x) ij (X)) LP(xisaj(21) dh} .

For ¢>0 wetake K >0 large enough, and thenby f e L$z5>w (R) we can

select a continuous function f, such that

<
!

=A+B.

(%)

T4 (0w, (X)| By, 0 (F = )

i

0 e
dh
LP (<o (2t))

p p
dh
LP (‘X‘SO‘] (21))

T ()W, (X)(AhCDt‘j(x) (fe)g

(x)

i

We note W(x)~w(x+(h/2)<1>t_j(x))~w(x—(h/2)d),,j(x)) (see [7],

i
Lemma 7). If o, (Zt) <K from our assumption and Lemma 3.10 we have
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p

ip
dh}
LP(|jx|<ej(2t))

ASC{%LZHTJ.“(X)WJ- ()(F = fe)g (%)

]

1 ¢ Yp
<Ce¢ {—j dh} <Ce.
t 0

If o, (Zt) > K, then by Lemma 3.10 we see

b Yp
dh}
LP(]x=K)

0 Yp
) dh
LP(K<jxjo;j(2t))

Agc{% T 0w, (01 = )y, ()

oh

<Ce+Cie<Ce.

T (x)w; (x) f; (x

i

When we take t>0 small enough, we see

(¥))

]

p Yp
dh
LP(]x<K)

B:{%J;HT,Wx)w,-<x>(Ah¢,,,-<x><fm

Yp
< {lredh} <Cg,
t 0

because of the continuity of f, . Therefore we have I, <¢. Consequently, we

}ww Hy
< Ce”\/va“*1>

Finally, we see

T inf
¢j(constant)

rNjT“_D fz, ()T (x)w; (x)
< CW}/A (O-j (4t))"Wf "LP(RSJ-) :

Here, if we set 4t=a, /u, then we see

W]j/4 (aj (4t)) = exp(—%Qj (a, )] ~ exp{—#mJ <

for some 0< 6 <1, thatis,

have

hd)l’j(x) f)ZJ

b Yp
dh
LP(|x<oj(2t))

T ()w, ()&

(x))

(=5 (3.22)

<Ces.

LP(RSJ-’l)

(12, 09=c, T ()w; (x)

LP(RY-0j(4)0(41) ])

LP(JRT1)

<C

LP(R\~oj(4t)oj(41)])

()

W/ (o (4t)) <Ce™ < CZ“—U ~ct.

Therefore

DOI: 10.4236/am.2017.89095 1280 Applied Mathematics


https://doi.org/10.4236/am.2017.89095

R. Sakai

(12, (0=c, )T (o w, ()

TUinf
¢j(constant)

<Ct.

LP(R\[-oj(41),0; (41)]) (3.23)

=)

For given ¢>0 if we take K >0 large enough and then t>0 small
enough, then by (3.22) and (3.23) we have

o
"\I\/J.T<' @y, (15, w0t

Consequently, we have (3.9).

Proof of (3.11). If in the proof of (3.9) we set as T =1 (constant), then we
obtain (3.11). #

Corollary 3.11. We suppose that w; :exp( Q; )e .7-"( ) j=1,2,---,s are
the Freud-type weights. Let 1< p <oo. Then we have

”w VBl (f
LP(IRS)
_ _a
j (ngiss,iﬂwi)wpvj(f)?]’Wj’cj n J
Especially f el (RS),then we have

(i)
(H]Siﬁs,i#j Wi )a_)p,j ( fy AU %J

<é&.
Lp(st*l)

<>c
j=1

S

2Ci

=1

—0 asn— oo,

LP(R‘Tl)

Corollary 3.12. We suppose
w, =exp(-Q;)e 7, (C°+)(0<2<3/2), j=1,2,-,5, and let (3.6) hold. Let
1< p<oo.If TOWF e C, (Rs)ﬂ LP (Rs) ), then we have

Iw (£ -

Moreover, we suppose W; =exp( Q; )e .7-"( ) j=1,2,---,s, and let (3.6)
hold. If Wf € C,(R*)NL"(R°), then we have

w(f—vfl(1))

<s

—>0 ash— oo,
Lp(RS)

—0asn— oo,

LP(re)

4. A Property of Higher Order Derivatives

In this section we show an important theorem which is useful in approximation
theory. We use the following notations for

w, (%) =exp(-Q (x))e F(CZ +), i=12,---,5. Let r be a positive integer, and
|Xi| >y>0.

W = [T, wior QI(% )Wi(Xi)"“Wi,o(xi):exm_Qi,O(Xi))e]:(CZ+)'

DOI: 10.4236/am.2017.89095 1281 Applied Mathematics


https://doi.org/10.4236/am.2017.89095

R. Sakai

W, = Hiszlvvi,v; Qi’(xi )r_v W, (Xi) ~ W, (Xi ) = eXp(‘Qi,v (Xi )) € ‘F(CZ +)’
v=L12--r.
Then we see
Qi (% )HJr1 w; (%)~ Qf, (%) wi, (%)
Especially, if v =T, then
W, (%) =W ().

Theorem 4.1. Let W, :exp(—Qi)e]-"<C2 +), i=12,---,5, and let 1< p<oo.
Let a constant y>0 be fixed We suppose that Q=g (Xl, Xz,'--,XS) is
absolutely continuous on R® and Wg™*" ™ e LP (RS). Then we have

M. (Qw)s

LP(|xil<yi=L-s)

p p
<C _[ <j > |Wl’j1(X1)| e we (%) (4.1)
pabsr - Sslero i <<t
(JnJp.s) P v
X‘g 1,020 ds (yllyZ’.“'yS) dxsdxl} s
where we set foreach j;=0 orl, 1=12,s,
y =47 h=0
I Xiy ji =1
Furthermore, let r be a positive integer, and let for each 1=12,---,s,
W, :exp(—Qi)e.7-"/1(C3+)<:]-'(C2 +) (0<2<3/2) . We suppose that
g™ is absolutely continuous and Wg("""") ¢ LP (RS). Then we have

P Yp
dx dxl} <o, (4.2)

Wl,jl(x1)|p w,; (%) p‘g(jl’jzmm(yl*yzl"‘vys)

1.

foreach 0< j;<r,i=1,2,---,5s with

iz{% (.)Sligr_l; (4.3)
Xi’ Ji = ry
and
1z wo
LP(|xifz7i=Ls--s)
p p
SC{'[Xlz}/.”JXsZ}/ Z |W1'11(X1)| Z Ws’js(XS) @
0<jy<r 0<jg<r
o P Ve
X‘g(h,Jz«-an)(yl,yz,...,ys) dxs--'dxl} < oo

Proposition 4.2 ([8], Theorem 9, cf. [9], Lemma 3.4.4). Let
w=exp(-Q)e .7-"(C2 +) and a constant y >0 be fixed.
(a) We have

‘Q'(X)W(X)jyxw—l (t)dt‘ <C, |x27.
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(b) Let 1< p< oo, and let rbe a positive integer. If gis absolutely continuous,
g (7) =0 and wg'eL"(R), then

[QWGlo(s,) < ClIWG oy
When w=exp(-Q)< £, (C*+)< #(C* +) (0<2<(r+1)/r), and ¢

is absolutely continuous, g(j)(;/):O, j=0,1,---,r-1 with Wg(r) eL’(R), we
see

(@) wg
Proposition 4.3 ([3], Theorem 4.2). Let w=exp(-Q)e F, <C3 +) c .7-"(C2 +) .
Then for o € R, we can construct a new weight w, e 7 (C2 +) such that
L+ (X)])" w(x)~ w, (x)=exp(-Q, )
on R, (1/c)a,(w)<a,(w,)<ca,(w) (cisan absolutely constant) on N and
T,, (x)~T, (X) hold on R. Furthermore, we see
QY (x)~ QW (x)(j=0.1) for |x|=y >0.
Proof of Theorem 4.1. For the proof of (4.1) we may put r=1 with

W =exp(-Q )e ]—'(C2 +), i=12,---,5 in the proof of (4.4) below. So we prove
only (4.4). We use Proposition 4.2 and 4.3 repeatedly.

L2((xi=7)

: < Cuwg(r)

LP(x7

{Ixm"'jxlzy TT(Q () (%)) 9 (6o )| g - }W
B {Ls>,"'LZ>, T (Q (% )wi (x ))‘p
o O ()3 060

TTL.(Q (x)w (%))

e "y }yp }
where (Q))" W, =Q/(Q)"" w ~ Qi ~ QW w, =,
< Cro l:{szV T2 (Q ) (x ))‘p
%y, [ QU (0 (%)(9 (7% ) = 9 (7%, %))
+{Ixs>/”jxm T (@ (6w ()
s "oy, }w}
<Cu “wa/"jxm T (Q O )w (% ))‘p
XJMZV W (%) 050 (%, x )|

+{Ixse/"fxlzy T (Q 06 ) W (%)) 9 (7 %0+, %)

<Co |:{J‘xs>;/‘”'[x2>7

Q{,l(xl)wl,l(xl)g(xi""'Xs)

p Yp
dxldxs}

Ql’,l(xl)wl,l(xl)g(y’ XZ!""XS)

P Yp
dxldxs} :|
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by Q1,,1W1,1 - (Ql’)r Wi,
= [{fw”'fw

QL ()W (%) 950 (3,0, %,)

Q2

HiS:Z(Qi” (%) w; (% ))‘p

p Yp
dxldxs}

|
baler

r-1 -
wherew;, ~(Q)) W~ Q,w,, W, =¢e

’ {Iw"'fw TT(Q () w (%)) g (%000 %)

p Yp
dxl---dxs} }

<G ijsnmszn Hiiz(Qi’r (x)w; (% )) '
p ip
o 06107 o ) |
" {jij [T (Q (% )wi (x ))‘p
« Ql'rfl(xl)wl(xl) g(l,o,...,o) (7, X, Xs) P dX1---de}l/p

’ {wa/"fw [T Q7 00w (%)) 8 (7% -+ %,) "l }w}

=Cur Hjxm h ju B
% 9 () 8 (x,00 %)
" {Iw"'fw [T Q" (x)wi (x))

Yp
R ()8 (1) -,

! {wa“'Jw T (Q (x)w (%)
Q" () wi (%) gto (7, %07, %)
i {Ixm“'jxlzy [T (Q" ()W (%)) g (7. %0+, )
-C,, {jw... .

X J‘HXIHZ}/O; ‘Wl'jl (Xl) g(jle,'“,O) (yl, X2 o XS )

h<r

p

HiS:Z(QiIr (%) w; (% ))‘

p

Yp
dxl---dxs}

p

p

X

p ip
dxldxs}

p Yp
dxl---dxs}

p

[T (Q (6w (%)

o Yp
dxl---dxs} ,

where

_{7. 0<j<r-1
' X, =t
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We continue this manner with respect to X,,X;,---,X,. Then we can easily

obtain as follows:

o T GO 0|
<l M@ 6 )

Yp
X'[\Xﬂyo;g i (Xl) g(h’o"“'o) (yl’ Xpi XS) ' dx, “‘dXS}

=c {lezfoqzllgjwl'h OO fu 7 e ITTo(Q O ))‘p

) I\XZ\ZV 2

0<jp<r

p p
=Co [l 2 [ O] 3 e, ), ]
2 ‘xl‘Z}/ ‘Xz‘zyogjzllgr 1,J1(X1) Ogggr 2,12( 2) ‘XS‘Z}/ ‘XA‘Z}/
J/
al=7

<...

= Cr {J‘MW. ' .'ﬂxs‘zyoglgjwlh (X1)|p Z

0<jg<r

W2,j2 (Xz)g(h,jz,o,.“,o) (yﬂ y2,x3’”"xs)

o Yp
dx, -~-dxsdxl}

p

T (@ (%) w (%)

W3,j3 (X3)g(j1'j2'j3’0"“v0) (ylv Y,, y3,X4,"',XS)

P ip
x dX, ---dxsdxzdxl}

p

Ws,js (Xs)

o Up
Xg(Jlizx'“vJs)(yllyZ’...7ys)|p dXdel} y

where foreach 0< j, <r,i=12,---,5. We set (4.3).
Let Wg"" eL® (]RS) . Then we need to show

p p
A= Ixz .[x > z |W1’11(X1)| z Ws'js(xs)
Pl b 7 o<jp<r O<jg<r
(ko) p Yp
x|g e s (y1'y2"”'ys) dxsdxl} < 00,

We rearrange (Xl,xz,---,Xs) as in:yi:Xi,t+l£ki£S if jy=r, and as
inzyi=y<1£ki§t if 0<j,<r-1,where 0<t<s.Then we set
f(Xkl’xkzl"'lxks)::g(xl,xz,"',xs).Wesee

g(hvjzr“:is) (yl’ Yoo, ys) — f(jki*jkz*""jks) (7,...,7, X Xeips ™" Xs)'

Then we have

A= H::lwki H::H-lwki f(jklvnnij)(j/‘”.’y’ XI+1’.“’XS)
L#’(]Rf;'g) LP(]R‘Q)
i= i Lp(ng)
SC‘h(Jkl:“"Jkl)(}/,"'.7)‘“1_[:1Wki (et < o0,
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We can generalize Theorem 4.1 easily. We give a class of nonnegative integers
(Jp oo+ ds) > and set Jo=(Jj Jps--vJs) . For r>Li=12-5s we set
R, = (rl, Fy, I’S) . Then we consider the order as follows:

K = (K Kyoe kg ) SR = (1,100, 1)
means
k <r (i=12--,s).

Corollary 4.4. Let K, =(k,k,--,k)<R =(r,r,-,r,) be classes of

S

nonnegative integers, where r, >1,i=12,---,s. For each i=12,--,S,we

suppose W, =exp(-Q ) e, (C™ +)c= F(C*+) (0<A<(r+1)/r).1f

glatedend) absolutely continuous, and Wg'*"?") e L° (RS) , then we see

“(Hf-lQ{)riki W)

LP(|xi|27i=Ls--s)

p

Ws,js—kS (Xs )

<C {jxlzy' ' 'J‘XS‘Z}/leZj:lSJWLjrkl (X1)|p " Z

Ks<js<rs
P Yp
d)(S dxl} <o,

X‘g(hvjzv“sz)(yl, Yoo, ys)

where for each 1=1,2,---,S we set

7, k<j<r-1
Yi = .

X, Ji=Fh.

We remark that Wg'™"* € L” (R®) means Wg*"**) € L” (R) for
OS KS :(kl’“.’ks)g Rs :(rl,...,r )'

5. Degree of Approximation
We define the degree of approximation for Wf e L" (RS) as follows:

IW ( f- P)"LD(RS) '

E,ps (W, f)= inf

PEPH;S(]RS)

Using this E, (W, f), we can estimate the degree of approximation of
Wf eL?(R®) from B, (R®).

Theorem 5.1. (1) Let w, e .’/T-'(C2 +)(i =1,2,---,5) and let
1< p<oo,Wf elP (Rs) . Furthermore, we suppose (3.3). Then we have

RTTRA

@) If weF (C®+)(i=12-5),0<1<3/2,and let

H(HS TY4 )Wf < o0, then we have

) D)
w (1 -vI())
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(3) Let Wie]-'(C2+)(i:l,2,m,S) and let 1< p <oo,Wf eLp(Rs).Thenwe

have
Vvv V[s]

(4) Furthermore, let w, e]—}(C3 +)(0<1<3/2), i=12,---s . If
fe L\;’; (RS) for some 0< & <1, then we have

<C([TL,T (a)) Enps (W, ).

LP RS)

Envp;s(W,f)—>O asn— oo

Proof. (1) There exists Pe7, such that [W(f—P)
Therefore, by Lemma 3.9 (1)

s

)sCEn,p;S(W, f).

|||_F’(JR<S

Lp(RS)
W N (f-P) W ol
H _1TI Lp(Rs) H. 1TI

<C"W f_ ||LP]RS - nPS W’f)'

@) Wesee W OTTLT 05) <0 )= L 5.
TYw~ W, e F C2 +) i=12,---,s. Then, there exists P P, such that

"\N f- " < CE,,,. S W, f). Therefore, by Lemma 3.9 (2)

o (-
LP (r)
- "W f- ”WV[S] |_p ]RS

<CE, . (vv, f ) <CE, . ((]‘[ LT, T

J(f-P)

LP(e?)

(3) Similarly, we have (3).

(4) It follows from Theorem 3.3.  #

Theorem 5.2. Let W, € F, (C3 +)(i =1,2,---,5),0<1<3/2,andlet 1< p<oo.
Thenif Wf el, (RS) , we have

W [s]

Ji
(Jpr-ds) s | N
H _1T| (2ji+1)/4 Vn ( f ) s CHi—l(@J "Wf "LP(RS) !

LP(r*)

and

i
S 1 s S n S i+
”V\/VH (i) SCHM(@J (H. 3 T 1/4( ))"\Nf ||L,J =)
Proposition 5.3 ([10], Lemma 2.5, [2], Corollary 10.2). Let 1< p<oco and
We.?’-}(C3 +)(0</1<3/2). Then there exists a constant C, =C (w,p)>0
such that,if PeP,(R) (neN),

Lp RS)
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W (i)
e

j
n .
ey (a_J WPl TN

and
o

nT(a, )" : _
) LP(RS) < Cl [%J ”WP”LP(R5)1 je N.

Proof of Theorem 5.2. We use Proposition 5.3 and Lemma 3.7 (1).

W [s] ¢ ¢ \(ies)
Vi ()
(2ji+1)/a "
‘H-lT' J LP(RS)
[5] f)
_1 | Y4 n
HH -lT' LP(RS)

<l 5 } .

and further, using Theorem A, (the Markov-Bernstein inequality) in Appendix,

TG n_l[ ) o

|_p ]RS

: aﬁ' g

SCHi =1 ”\N Lp x,\<a i 1,2,»-4,5)
#
Ji
n

<C[T.. _ij TTLT e () ) e W ()

' ar(1) ' ( ) l_[.—l-rll/4 Lp(le)

s n + i
SCl_[i_l TJ H_lTl et (aﬁ,))"\Nf "LP(RS)'

In the rest of only this section, we suppose
w=exp(-Q)=w =exp(-Q ), i=12,s,
o

a,=al, T=T,

n N

i=12,--,8
Let
Wi =W (X X X X ) = T T e Wi (xj), i=12s.

In ([7], Corollary 8) we give the Favard-type inequalities:
Proposition 5.4 [7]. Let we .7-"(C2 +) , and let r>0 be an integer. Let
1< p<o,andlet wfl) e L, (R). Then we have
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lkzllzi.‘.lrl

Lp(R)

k
Epn(f ,w)sc(ﬁ) “Wf *)
’ n
and equivalently,
k
an
E,.(f,w)<C (FJ By (1, W).

The following theorem is a generalization of Proposition 5.4.
Theorem 5.5. We suppose
w; = eXp(—Qj ) eF, (C3 +)(O <A<3/2),j=12,,s, and let (3.3) satisfy, that

is,
N 2/3
T, (an)SC(—] ,j=12,---,s
an
Let Wf("") e (RS) for some positive integer r. Then we have

Eps(W:f)<C [%) T S (o)

P(re)’

Equivalently,

E, . (W; )< [a—j e (TEW £050),

n

Proof. Using

Fod= (=B (6))+ (M) =W (1)) (I (F) =W (£)) o we gt

from Lemma 3.9 (2) and (3.2),

sp(r-ln)

O+ S A 0-00)
< CDI\N(I‘ —vn‘l( f ))"LP(RS) +JZ:
< cD[w(f (1) Lp(RSJ

We estimate each term. From Proposition 5.4 with the weight TJ-1/4WJ

w (HiiTk’“)(f S .

ez s, v

<c”w STE T1/4WJ, £, )
<c|
n
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Now, we use Theorem 4.1 and the fact
Ti(xi)SQi'(Xi)r’ =125,

then we have

o (L) v, (1)
63
3]

LP(re)”
Consequently, we have

w(f-w1(1) . sc[%j‘

Corollary 5.6. Under the conditions of Theorem 5.5, if w is a Freud-type

LP(re)

Hiij Qi,(xi )' Wi Hle/éle férj()o)

LP(R ;) 17(&5)

T<s>\Nf (rireesr)

T<s>\Nf (r.reesr)

LP(s)

weight, then

By pis (W; f ) <C (%j’ ”\Nf (rrer)

LA(=)’

Equivalently,

Let 1< p<oo. For ||Wf ||Lp(Rs) < we define the K-functional K (W; f,6)

by
LP(RS)}’

which are absolutely

Mg(r’fr“:r)

r-1,r-1,--r-1)

K, ps (W; £,8)= ir;f {”\N (f- g)"Lp(RS) +6"
where the infimum is over all functions g(

Lp(®)
Theorem 5.7. We suppose
w; =exp(-Q;)e 7, (C°+)(0<4<3/2), j=12,-+-,5, and let

1 ear)

continuous and ”\Ng(

<. We have the following.

2/3
Tj(an)SC[alj L 1=12,,s.

n

i

< o0, Then we have

Let 1< p<o0,and let ‘ (=)
p

E, e (W, F)<K, . (T“N\/, f,a—n"j.

Proof. We take gas
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Ey (f-9) +0" [TEwg o

Lo(R)

CK, o (T<SNV; f,5),

v e
and for this g we select P &7, (R®) such that
W (9 = P)lfus) < Enps (W:0):
Then, from Theorem 5.5 we see
B s (W, F) W (F =P) s
< (=) W (8Pl
W (F =) + CEnps (W.0) #

T s C an ' T s rrer
<>W(f g)Lp(RS) (nj‘ <>Wg( )
<CK [I <S>VV f —"]
< " ARyt

<|

LP(RS)

Corollary 5.8. Let 1< p<oo,andlet we F (C2 +) be a Freud-type weight. If
||Wf "L,,(JRS) <00, then we have

E, .. (W, f)<CK, (W, f%)

Let 0< p<o.Damelin [11] gives a K-functional as follows:

LP(R)}’

Mepr
t

K, (fwt')= inf {”w( f- P)||Lp(R) +t

where t>0 and r>1 are chosen in advance and
n=n(t)= mf{k T(k <t}
We recall the r-th order of the modulus of smoothness @, , (W; f ;t) , which is

defined as follows (cf. [6] and [11]). Let r be a positive integer, and let
0< p<Lowo. We set

A[,(f,x):zizr;(irj(—l)i f (x+%—ihj, xeR.

For the Freud-type weight,

(f Wt ( .[ ”WAr f X) LP(|x|=o(2t)) j + PLD)Tlu W"LP (IX=o(4t)) *
For the Erdos-type weight,
Yp
f Wt ( ,[ HWAh(I>1 |_p (|x<o(2t)) dh] + pig)]cl” f - W"LP (IX|zo(at)) !

where
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R
@, (x): ‘1 o(t)| (o)
)

We remark that if T(X is bounded then we see q)t(X)"l. So, we may
consider for only the Erdés-type weight. Then the following proposition holds.

Proposition 5.9 ([11], Theorem 1.2, 1.3). Let 0< p<oco,r=1, and let we &
(contains F(C”+)). Let f:R—>R for which wf eL?(R) (for p=co, we

require f tobe continuous,and fw to vanish at +oo ). Then we have

En,p(w,f)SC@r’p(f,W,Cza—r:j~Izr'p(f,w,tf).
On R® we define

Q ,(fwW,t)=ma

rp i1

W, (1, w.1) e
’Wilz Yp(in,wi,tr)

Wesee Q (W, t)~K ( f,W,t ) Then we have the following:
Theorem 5.10. We suppose
W =exp(-Q)e 7, (C°+)(0<A<3/2),i=1,2,--,5, and let

2/3
Ti(an)SC(LJ i=12,-,s.
aI'l

Ko (Wt )=m

|:1’“ Lp(Rs—l) '

Then

By s (W, F)<CQ (1. TW )~ K, (£,T5W 1),

Proof. Using

FoT= (=B (6))+ (M) =W (F))+ 4 (I (F)-W(£)) o we gt

from Proposition 3.3 (2) and (3. 2)

E, e (W, ) ”\Nf (1
”W V[l] LP(r°)
< C{"\N(f —vn,l(f))"Lp(Rs) +§2”\/v\/gj‘”(f v, (1)) LP(RSJ
<o (v () ST 1, 0)

j( ;kaV“)E (TV“W f, )

J’X

Lp ]RS)
S

+zrw(v#*”<f>—v.£"]<f>)

Lp (r) =

LP(RS) :l

P(&5)

a

j (Hl£k£s,k¢ka]/4) o, , ( f. T]/4 Fnj
LP(rS?)

_ o (a Y
i (3]

>
<CQ (fTNvt) (fTMt)

<cy
j=1

LP (Rsﬁ)
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6. Approximation for Functions with Bounded Variations

We define the modulus of continuity. For the Freud-type weight W (all of
weights W, are Freud-type), we define

(X )(Ah fz, (X)) (s 0]

(15, (0= 15, (0))w; ()

wp'j(f>2j ,wj,t) =sup|jw

O<hst

+

LP(|x|<erj(4t)) .

If W is Erdos-type (some weights w, are Erdds-type), then we define
a);j ( ij ,Wj,t):: (iLrj\E)t W, (x)(Ahq}u(x) fs (X))

(15, ()= 1, (0))w, (x)

i

LP(Ixi<erj(2t))

+

LP(X<oj(4t)) .

It is sufficient to consider only the modulus for the Erdés-type.
Assumption 6.1. Let W, € .7’-'(C2 +)(i :l,2,---,5), and let a,ﬂ') ~a,i=12--5s
Suppose that f is continuous on R°®, and fe (x) has a bounded variation

on any compact interval in R® with
R ‘df ‘dxl d, O edx <o, =120, (6.1)
and if p=oo, then we further suppose
W (X) T, (4)| >0, as|x| >,i=12--,s. (6.2)

In (6.7) and (6.8) below, we put t=a,/n, where &, ~a,(f),i:1,2,---,s
Especially, in (6.8) we set

(i)
. al
’\Niwoo,i ( f>2| vWivTj

Theorem 6.2. We suppose W, =exp( Q; )e]—'( ) j=12,---,s, and let
(3.5) hold. Let n>1. Then we have

=0,(1). (6.3)

(i)

w(f-vI(1)) all)
. n
Hs T —ZC iDp,j Wj’CiT (6.4)
k=1 K (=) LP(rS)
Now Assumption 6.1 holds. Then we have
(i) 2
Zc 'w, o, ; [ WiC a; ] <Co, (1)""" (%j" . (6.5)
L“(Rslfl)

Proof of (6.4). By Proposition 3.3 (1) and Proposition 3.4, we get

wl(X)( f*l _V”'l( fxl))H
[

. alV
<CE,, (f;, ) <Copy | 7 w56, el

LP(R)
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where the constant C, and ¢, isindependent of )21. Similarly, for
j :1525'“13 >

. a)
<Cimp| TpWin€i=— | (6.6)

LP(R)

Using £ =BT = (£ =y (1)) + (VB (£) =V () (B3 (1) =B (1))
we get from Lemma 3.7 (1) and (6.6),

w(f-vI())

T<S>
LP(re)
w(f-viI(1)) s W () - ()]
T® T4 =)
L) L(=)
e W (f-v,,(f)) < Wvgifll({f_v j(f)})/ij
le plps) =2 T<j_>
I UIE) ()
<c W(f-v,(f)) +Zs:W(f—vnyj(f))
= 4 _ a
T Lp(Rs) i=2 TJ Lp(]RS)
. al! s . al/
<G ooy, | Ty Wi6, + 2.5 W@y ;| Tz Wi
o) " ey

S
gécj (H]Si<s,i¢jvvi)a)p,j[f){]_le;cj n J

Hence, we have (6.4). #

To prove Theorem 6.2 (6.5) we need the following two theorems.

Theorem 6.3 (cf. [12], Proposition 3.2). Let W = H;Wi W, € .7’-'(C2 +) ,
i=12,---,5.Let f hold Assumption 6.1, especially (6.1) and (6.2) hold. Then
there exists a constant C >0 such that forevery t>0 and i=12,---,s,

e, 59

Li(RiH)

(6.7)
< Ctf W[ (), (0] -
and
lim ’Wia);,i (15, wit) i~ (6.8)

Proof. Let g, (x):= f; (x)—f; (0). For £> 0, we write o (t)= al, and let

O<h<t and |X:Xi|S0'i(2t)<a‘(Ji). Since @, (X)<2 for |X|<o;(2t), if we
take fsmall enough, then
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I\x\ggi 2) {gx} (X +%q’r (X)j -0y (X —%(Dt (x)j}w(x) dx
<ol (), () )

_jjxh '(y)‘dg ‘d
< Jaw () [ ex{dg, ()| < hfw (v)|df (v)]
On the other hand, by Proposition 4.2 with p =1,

2o 15, ()= 15, (0)w () ax

< ) @ O
SCtFQ:(xowi(xi)r o ()]
<ctf” (j Q(x dx)‘df v)
=ctfw(y ‘de»i y‘,

x)‘wi (x)dx

Similarly,

J‘-O’i(‘“)

Therefore, we see
1[5, (0= 15, (@) w (] ax < e w (y) oty () (6.10)

Consequently, from (6.9) and (6.10) we have

e, (1

<ctf, W], ‘df ‘dxl -dx,_ydlx,

{ fz, (X)= 1,

(0w (x)‘dx <t w (y)df, (v)]

Ll Rs—l)

X,

i+1

that is, we have (6.7). We show (6.8). Let &> 0,|X| 2L forlarge L>0.Then

W,w, (X)( 3, (X+2®t (X)J_ g (X_gq)‘ (X)D‘

<2CWw, (x) T, (x)] < 2Ce.

Next, for |X| <L wesee

Wivvi(x)(fii (x+g®t(x)j— f)zi(x—gdbt(x)j] —0 ast—0,

hence for 0<t<t, small enough,

W, w, (x)( fs. (x+gd)t (x)j— fs. (x—gd)t (X)D <

On the other hand,

&.
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”Wiwi ()( 5, (0~ F (O))

L*(xizai(41))
”WW |_°° (|x20i(4t)) “[W'W' L (xzai(40)) —>0ast>0.
Hence for 0<t<t; small enough,
X)), (x)-f, (0 <e.
WOt 005 O <0
Consequently, we have
lim M (15, wit) =

that is, (6.8). #

Theorem 6.4. Under Assumption 6.1, we have

.[ R§?

W, ( oW :t)‘p DX, <Co, (1),

where
DX, :=dx, ---dx,_dx;

(= e

Proof. Let g (x)= fs, (x)- fy (0).

—dx,, 1=12,--+,5

i+

and

Rs 1)

95,3+ 5000, (5~ 5, 0 )
oo (xboo) o e e
v o 0= wix)] |
[Iu{g (x 45000 )0, —2q>l<xi)j}wi<xi>dxi
# ]| B2, () £, @ ()] |
Lo B
+ 16, 00t @]
X[L,%,(m{gx; (5000, (33 06) | 3 o
# Lol T 04~ T, 0w ()] x|

=, ( f>2i ,Wi;t)pi1 X @, ( f>2i ,Wi;t).
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Similarly,

(£, () 15, ) w (x)| o

J.\Xi 2o (4t)

s{ sup

[xi[>a7 (4t)

+ sup
[xi|<oi(2t)

><|: sup
\xi ‘Zo‘i (4t)

{ggi (Xi +%®t (% )J_gx} (Xi —%th (% ))}W. (%)

" J.‘Xi |<i(20)

g{ sup

[xi[>a7 (4t)

{15, 05)= 15, (O)fw ()
¥ {gx (X‘ +%q’t (% )j‘gx'i (Xi —5 P (% ))}Wi (%)
[l 1 () T, (00} ()

:a);'i ( f*i 'Wi;t)p_lxwl*'i ( f*i 'Wi;t)'

Hence,
O Fgmot) <[ 0l 5,m.0)" e (15, m.) .
Consequently, we have

-1
.[ R}

< CJ‘Risfl{Wia);i ( fii,wi;t)}pil {V\/ico;i ( fs, ,Wi;t)} DX,

sc”wia);i(fii,vw;t)

<Co, (1),

Wiw;,i(f)zi,wi;t)‘p DX,

f;(lRis_l) J-R?_Wia);i ( f)ii "W, ;t) DXi

where

. #
L“(Rf*l)

0o (1):= ‘M,w;, ( f W ;t)

Proof of Theorem 6.2 (6.5). Using Theorems 6.3 and 6.4 with t=a,/n, we
easily obtain (6.5).  #
We will give an analogy of Theorem 6.2. To do so we use the following

weights . They are guaranteed by Proposition 2.3.
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w, ()T (%) ~wf e F(C?+),i =125,

W$ = H::1V\/i$, Wi$ = Hlﬁjss,j#ivvf'

Assumption 6.5. Let W, e]-"(C3 +),0</1<3/2(i =1,--,5). Suppose that f

is continuous on R®, and f, (x) has a bounded variation on any compact
I

(6.11)

interval in R® with
o WS [0 () (0ol g oot <o, =125, (612)
andif p=oo, then we further suppose
‘Ws‘(x)f)zi(xi)‘—)O, as|x| >, i=12,-,s, (6.13)

where the weights W’,W® and W?® are defined by (6.11).

Theorem 6.6. We suppose
w, =exp(-Q;)e 7, (C°+)(0<2<3/2), j=12,-,5, and let

el "' is10.n
Tj(an )so(am] ,1=12,---,s. (6.14)

Let n>1,1< p<o. Then we have

w (1 -v(1))

Lp(RS)
j 6.15)
: -1 * X ar(1]) (
<>, 'WJ( k_lTk“)a)p,j{f)zj,TjMWj,cj_
= n I
LP(=57)
Now Assumption 6.5 holds. Then we have
3 i . _al
ZCJ' rNi ( klek1/4)wp:i [ fx} T wgie, n
j=1 o)
(6.16)

1
<Co, (1) ¥* (ij b

n

Proof of (6.15). By Proposition 3.3 (2) and Proposition 3.4, we get

W, (x)( s _Vn,].( s ))

L(R)

)
* a
<CE,, ( fol;lewl)sclwpi( o T, : ]

where the constant C] and ¢, are independent of )21. Similarly, for j=1,2,---,s,

ij (X)( fx‘j —Vij ( fx‘j )) )

Using  f —Vl*! =(f —le](f))+(vL1](f)—vL2](f))+-~+(vr[f'l](f)—v,[f](f)> ,

« 4 a”
<Cm, ; fXAJ_,Tj wj;ch : (6.17)
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we get from Lemma 3.7 (2) and (6.17),

”\N(f (1)
”\/\/ [1] Lp(Rs) +JZ;: ’\/\/ (VLH] (f )_VLJ'] (f )) o)

scﬂwf_Vnyl(f))||LP(RS)+J_§;‘MVLJ--1](f_Vn,,.(f>) LP(RSJ
_C|:|I\/V(f— (e S () 1)

« Y4 aﬁl)
10p 1 fglle Wi G
n
Lp(st’l)
j—1.|.1/4 * f -I—1/4 . aﬁj)
j j( k1 'k )wm’ %001 WinCim

. (i)
rya) = va,, .. &
j( ka Tk )wp,j(fx“j'TJ irCi ;]]

where Hikal/“ =1 for j=1, thatis, we have (6.15).

(6.16) follows from the following theorems. #

In Theorems 6.3 and 6.4 we replace w,,W with \/\/i$,W$ of (6.11), where
W e 7, (C*+),0<2<8/2(i=12:,5), then we easily have the following
Theorem 6.7.

Theorem 6.7 (cf. [Theorem 6.3 in this paper]). Let
WSEzl_IiS:lV\lf,vvae]-"(C2 +),i:1,2,---,s . Let f hold Assumption 6.5,
especially (6.18) and (6.19) hold. Then there exists a constant C >0 such that

LP(RS)

Lp(]RS):|

<C,

S

LP(RSJ’l)

by (3.11)

Lp(st’1)

< ZC j
j=1

forevery t>0 and i=12,---,8

s (15,97

(Rs ?) (6.18)
<ct] W x)‘df ‘dxl dx_jdx,, -+ dx,
and
im e (£ wfit)] o (6.19)

L (mi)
Theorem 6.8. Under Assumption 6.5, we have

J R§?

W, ( Py Wi$;t)‘p DX; <Co, (1)p71t'

where

DX, =dx ---dx_dx,, ---dx,, i=1,2,--,s
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and

o(1)= ”\Nfa);i ( s ,W?;t)

7[R

7. Approximation for Functions of the Lipschitz Class

Through this section we consider the weight w=exp(-Q)e F, (C3 +) .
Theorem 7.1. (1) We suppose W, = exp(—Qj ) eF, (C3 +) (0<4<3/2),
j=1,2,---,5,and let (3.6) hold. Let n>1,1< p <. Then we have

_yls]
‘M(f Vn (f)) Lp(RS)
HArya) = Ya,,, . aﬁj)
j( ka Tk )“’p,i fe, Ti Wiic; n

where stfl is defined in (3.8). Now, we suppose that f is continuouson R°.

Let "\N‘sf <o for some 0<&<1, and let W°f e Lip(ar) for some
L(R)

0<a <1, thatis,

(7.1)

Lp(st’l)

S
<>C i
j=L

W2 F (X)) =W (X,) <[ X, =X, (7.2)

: (i)
ilrya) = ya,, . 9
W ke Tk )“’p,j[fx‘j'TJ’ W;i € :]J

scg(am J

Then we have

2C
j=1

L“(Rsﬁ)

(7.3)

n
(2) We suppose w; = exp(—Qj ) € .7-'(C2 +) , 1=12,---,s, and hold (3.6). Let
n>1,1< p<o. Then we have
B el 1)
s IYi%ei| Txp Wit T o
szlTkM = Xi n

LP(re)

(7.4)

(=)

Now, we suppose that f has the conditions as (1). Then we have

_ alh s (g “
@] fy owpie;—— <CY || . (7.5)
J n i\ n

Proof. We suppose 0< 6 <1.
(1) (7.2) follows from (3.7). We will show (7.3). Now, we use TU™ = /1%,
where T =1, and W; = HKKS g Wi We will estimate

(Lt
’WJ’T [t .[o
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From W’f e Lip(er) and
Wj(X)~W(X+(h/2)CI)I,j(X))~W(X—(h/2)d)tvj X)) (see[3], Lemma 7) we have

. ] p
21 (X)A f. dh
[t ol (X)WJ(X) hax, j(x) X~(X) Lp(\x\Scj(Zt)) J
) Yp
dh
LP(Ix<orj(21))

| om0 1, (x50, 09 1 (-, (0
{w}s(x+gcbu (x)j f, [x+g®w (x)]—wf(x—%d)u (x)j f, [x—%d)tvj (x)j

LT 0w, (%)

e Wf(x+2cbt'j (x))

IA
|

Lp(‘x‘ia’j(Zl))
By (7.2) we see

”WJ'T<H> Iy | = 'ijT<jl> [%ﬁ

H b 1p
~(wg fXAj)(x—E(I)U(X)J dh}
LP(|x|=erj(2t))

'\N”T "1( jh"“dhj e

-5 (-1,
) T<J )

(W;_ s, )(x +gcbu (x)j

LP(ret i

LP(reY)

<C

< Ct“.

(o) =
On the other hand, for 1, we estimate
i (1 s '
-l (A cout 7 o, (1 )
p
h p
«5Q)(£) 1, (x—zd)u. (x)] dh]
Lp(‘x‘ﬁa'j(Zt))
X_gq)t,j (x)<&< x+%<1>t'j (x),

et .
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by the boundedness of T¥*(x)wi"™*/?(x)
5
<Ct "W f ||LD(R5) ’

by the boundedness of ng-g)/z (X)|Q; (§)| (note |Q'| <Q°) and Lemma 3.10
<Ct* (by wfel? (]R))

Hence we conclude

ip
i1 1.t P a
o TJ_M(X)WJ_(X)(Amt’j(x)f%(X)) dh <Ct*. (7.6)
t LP(x<oj(2t)) .
U’(st )
Now, we see
T jnf (f- (x)—c.)w(x)
'Wl ¢j(constant) X J J LP(R\[—UJ-(M),JJ-(M)D L“(st’l)

LP(R\[-cj (4t).05 (41)])

LP(RSﬁ)
< Wﬁ"s (ai (4t))"\/V‘S f ||LP(RS) < CW}’& (O'J- (4t)).

Here, if we set 4t =a, /u, then we see

Wi’ (O-J (4t)) = exp(—(l— 5)Q; (a, )) ~ exp{—c Tu J <V

for some 0<7 <1, thatis,

Wi (o, (4t)) < Ce ™ < CZ“—U ~ct

Therefore, we have

TUY it
cj(constant)

Consequently, by (7.6) and (7.7) we have

‘MJ“‘%M ( oW, ;t)

So we have (7.3), that is,

(i) s (i \*
ji-1) — & a,
'VVJ-T<J >a)D,j[f)2j'Wj’ch] SCIZ;( n J .

(2) (7.4) follows from (3.7). The estimate (7.5) follows as (1). We omit the
proof. #

<Ct. (7.7)

LP(RSj’l)

(15, 09-¢,Jw, (%

(R -0j(40)05(41)])

< Ct“.
Lp(st*l)

S

2C

=

LP(RTl)
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8. Approximation for Differentiable Functions

In this section, we treat the differentiable functions.

Let s>1r>1 be fixed integers, and let w, e]—'( ) i=1 . We
suppose that the multivariate function f(Xl,---,XS) is rtimes partial
differentiable, and then with norm:

Wt , =

< o0

LP(RS)
where
.
D/ f ::ﬁ, i=12--,s
0" X;

The class of all functions f (Xl,---, XS) with "VVf ||erp <o will be denoted
by W, ,.In the sequel, if 1<i<s is an integer, then || f ||L ®) will denote
: oi
the L, -normof f taken with respect to the i-th variable.

Theorem 8.1. We suppose W= exp(—Qj ) eF, (C3 +) and r>1 is an
integer. Let n>1,1< p<,andlet Wf VVr,p . Then we have

(-0l 0[5 o, o

where @, = max{as), i=1 2,...,5}.
Remark 8.2. Especially, for r=1 we have

(A0 = oty

Theorem 8.3 ([7], Cororally 8) We suppose We f(CZ ) Let 1< p<oo
and I‘(Zl) is an integer. If g
then we have

)" be absolutely continuous and wg" e L? (R),

)

3 g™
Ep'”(g)gc( n j ”Wg LP(R
Equivalently,
Epvn (g) <C [ij Ep,n—l(g(r))-
n

Proof of Theorem 8.1. We use Proposition 2.3, thatis, T*wW~w, ]—"(C2 +).

In view of Theorem 3.3 (1) and a repeated application of Theorem 8.3, we get

Wl(X)( s -y ( f>21>)

B, (T4, f)zl) < C[

LP(R)

oY
a,
ﬁ} e p () 10

LP(R)

n P(R)

agl) r 14 r
=C,| =~ ||W1(x)Tl (x) Dy
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where the constant C, is independent of X,, and D, denotes differentiation

with respect to the first variable. Similarly, for j=1,2,---,s

(j
A f, =v (£, <
HWJ ( fXJ Vn'J ( fXJ )) LP(R) < ( J "W (®)' (82)
where Dj denotes the derivative with respect to the j-th variable.
Using Lemma 3.7 and (8.2), we obtain for integer j>2,
[1—1 [ 1-1
”W Vn (f ) Lp Rs ”WV f)) Lp(RS)

(8.3)

<c|w ([T7)(f -v,, (1)

(i)
a, ya
LP(RS) S[ J "WT D; f"Lp RS '
From (8.2) and (8.3), we get

”w V(1
(e
a )<

<C|—=>
Gp
Therefore, we conclude

Mty <[5 2
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Appendix

In this Appendix we state two inequalities which play important roles in the
study of approximation theory. In fact, we use Theorem A in the proof of
Theorem 5.2. Let agi) be the MRS number of W, = exp(—Qi )

Theorem A (Markov-Bernstein inequalities). Let O0<p<co , and let
f,-,f, 20 be integers. There exists C#C(n,P)>0 such that for n>1 and
PeR,(R).

(Dif w, e .7-'(02 +) , then we have

(ne)” |

n
Hp(x )(rl,m,rJ)W ()( ) . < CH; o

"P ( X )W (X )"U’(RS) )

(2)if W eF, (C3 +) , then we have
[P0 w (x)|
Hisleiri/z HU’(RS)

The following, so called, Nikolskee-type inequality is useful.

Theorem A, (Nikolskii-type inequality). Let
W, :exp(—Q)e]-;(C3 +)(O<ﬂ<3/2), and let PeR, . For 0<p<qg<wo, we
have

<CI| | PO 0

"\NP"LD(RS) < Cl_[is=1(a'r(li))Fa "\NP"Lq(JRS) '

and for 1<g< p <o, we have

1[&,1]W N ﬁ%
‘H?_Jf el <l ) el
b(®) '
To prove Theorem A we need the Proposition 5.3.
Proof of Theorem A . To prove (1), we use the second inequality in
Proposition 5.3, repeatedly. Then we easily obtain the result.
(2) Using the first inequality in Proposition 5.3, repeatedly, we have the
result. #
The proof of Theorem A, is obtained by repeatedly using the following
proposition.
Proposition 4, ([8], Theorem 18). Let w=exp(-Q)e 7, (C*+)(0< 1<3/2),
andlet PeP .For 0<p<Qg<oo,wehave
11

[wPl,, < Ca? ¢ WP,

and for 1<g< p <o, we have

yiy n)oe
TP Jyp gC[a—J ”WP"Lq(]R).

n

Lp(R)
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