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Abstract 
In this paper, we investigate the weighted polynomial approximations with 
several variables. Our study relates to the approximation for ( )p sWf L∈   

by weighted polynomials. Then we will estimate the degree of approximation. 
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1. Introduction 

Let :s = × × ×      ( s  times, 1s ≥  integer) be the direct product space, 
and let ( ) ( ) ( ) ( )1 2 1 1 2 2, , , :s s sW x x x w x w x w x=  , where ( ) 0i iw x ≥  are even 
weight functions. We suppose that for every nonnegative integer n, 

( )
0

d ,  0,1, 2, ,  1, 2, , .n
ix w x x n i s

∞
< ∞ = =∫    

In this paper, we will study to approximate the real-valued weighted function 
( )( )1 2, , , sWf x x x  by weighted polynomials ( )( )1 2, , , sWP x x x , where  

( ) ( )1 2 , , ,, , , s
s n n nP x x x ∈



  . Here, ( ) ( )( ), , , ;:s s
n n n n s=


    means a class of  

all polynomials with at most n-degree for each variable , 1, 2, ,ix i s=  . We 
need to define the norms. Let 0 p< ≤ ∞ , and let : sf →   be measurable. 
Then we define 

( )
( )( )

( )
( )( )

1

1

1 1

1
, ,

, , d d , if 0 ;
:

sup , , , if .
p s

s
s

pp
s s

L
s

x x

Wf x x x x p
Wf

Wf x x p

∞ ∞

−∞ −∞

∈

  < < ∞  = 
= ∞



∫ ∫
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We assume that for 0 p< ≤ ∞  the integral is independent of the order of 
integration with respect to each , 1, 2, ,ix i s=  . When ( )p sLWf < ∞ , we write 

( )p sWf L∈  . If p = ∞ , we require that f  is continuous and 
( )( )lim 0X Wf X→∞ = , where ( )1, , max ; 1,2, ,s iX x x x i s= = =  . 

Our purpose in this paper is to approximate the weighted function 
( )p sWf L∈   by weighted polynomials ( );; s

n sWP P∈  . The paper is 
arranged as the following. In Section 2, we give the definition of the weights 
which are treated in this paper. In Section 3, we consider the approximation for 
the functions in ( )p sL  . In Section 4, we consider a property of higher order 
derivatives. In Section 5, we estimate the degree of approximations. In Section 6, 
we consider the approximation for the functions with bounded variation. In 
Section 7, we consider the approximation of the Lipschitz-type functions. In 
Section 8, we treat the functions with higher order derivatives. 

2. Class of Weight Functions and Preliminaries 

Throughout the paper 1 2, , ,C C C   denote positive constants independent of 
, ,n x t  or polynomials ( )P x . The same symbol does not necessarily denote the 

same constant in different occurrences. Let ( ) ( )~f x g x  mean that there 
exists a constant 0C >  such that ( ) ( ) ( )1C f x g x Cf x− ≤ ≤  holds for all 
x I∈ , where I ⊂   is a subset. 

We say that [ ): 0,f → ∞  is quasi-increasing if there exists 0C >  such 
that ( ) ( )f x Cf y≤  for 0 x y< < . Hereafter we consider following weights. 

Definition 2.1. Let [ ): 0,Q → ∞  be a continuous and even function, and 
satisfy the following properties: 

(a) ( )Q x′  is continuous in  , with ( )0 0Q = . 
(b) ( )Q x′′  exists and is positive in { }\ 0 . 
(c) ( )lim .x Q x→∞ = ∞  
(d) The function 

( ) ( )
( )

: ,  0
xQ x

T x x
Q x
′

= ≠  

is quasi-increasing in ( )0,∞ , with 

( ) { }1,  \ 0 .T x x≥ Λ > ∈  

(e) There exists 1 0C >  such that 

( )
( )

( )
( )1 ,  . . .

Q xQ x
C a e x

Q xQ x

′′′
≤ ∈

′
  

Then we write ( ) ( )2expw Q C= − ∈ . 
Moreover, if there also exists a compact subinterval ( )0J   of  , and 

2 0C >  such that 

( )
( )

( )
( )2 ,  . . \ ,

Q xQ x
C a e x J

Q xQ x

′′′
≥ ∈

′
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then we write ( ) ( )2expw Q C= − ∈ + . If ( )T x  is bounded, then the weight 
( ) ( )2expw Q C= − ∈ +  is called a Freud-type weight, and if ( )T x  is 

unbounded, then w is called an Erdös-type weight. 
For ( ) ( )( ) ( ) { }( )2 3exp , \ 0w x Q x C Q C= − ∈ + ∈  , if there exists 0K >  

such that for x K≥ , 

( )
( )

( )
( )

,
Q x Q x

C
Q x Q x
′′′ ′′

≤
′′ ′

                         (2.1) 

and there exist , 0Cλ >  such that for 
30
2

λ< < , 

( )
,

( )
Q x

C
Q x λ

′
≤                                 (2.2) 

then we write ( )3w Cλ∈ + . Furthermore, if 

( ) ( )
( ) ( )

( )
( )

( )
( )

4

3 ~
Q x Q x Q x

C
Q x Q xQ x

′′′ ′′
≤

′′ ′
                 (2.3) 

and the inequality (2.2) with 
40
3

λ< <  hold, then we write ( )4w Cλ∈ + . 
We have some examples satisfying Definition 2.1. 
Example 2.2 (cf. [1] [2]). (1) If an exponential ( )Q x  satisfies 

( )( )
( )1 21 ,

xQ x
Q x

′′
< Λ ≤ ≤ Λ

′
 

where , 1, 2i iΛ =  are constants, then we call ( )( )expw Q x= −  the Freud 
weight. The class ( )2C +  contains the Freud weights. 

(2) For 1, 1lα > ≥  we define 

( ) ( ) ( ) ( ); exp exp 0 ,l l lQ x Q x x α
α= = −  

where ( ) ( )( ) ( )exp exp exp exp exp   timesl x x l=   . Moreover, we define 

( ) ( ) ( ){ }*
; , exp exp 0 ,  1, 0, 0,m

l m l lQ x x x m mα
α α α α= − + > ≥ ≥  

where * 0α =  if 0α = , and otherwise * 1α = . We note that ;0,l mQ  gives a 
Freud-type weight, that is, ( )T x  is bounded.. 

(3) We define 

( ) ( )1 1,  1.
x

Q x x
α

α α= + − >  

(4) Let ( ) ( )2expw Q C= − ∈ + , and let us define 

( )
( )

( )
( )

( )
( )

( )
( )

: limsup ,  : liminf .
xx

Q x Q x Q x Q x
Q x Q x Q x Q x

µ µ+ − →∞→∞

′′ ′ ′′ ′
= =

′ ′
 

If µ µ+ −= , then we say that the weight w is regular. All weights in examples 
(1), (2) and (3) are regular. 
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(5) More generally we can give the examples of weights ( )3w Cλ∈ + . If the 
weight w is regular and if { }( )3 \ 0Q∈ C  satisfies (2.1), then for the regular 
weights we have ( )3w Cλ∈ +  (see [3], Corollary 5.5 (5.8)). 

The following fact is very important for our study. 
Proposition 2.3 ([3], Theorem 4.1 and (4.11)). Let 0 3 2λ< <  and α ∈ . 

Then for ( ) ( )3expw Q Cλ= − ∈ + , we can construct a new weight  

( )2w Cα ∈ +  such that 

( ) ( ) ( )~   on ,wT x w x w xα
α   

and for some 1C ≥ , 

( ) ( ) ( ) ( ) ( ) ( )/   and  ~ ,n C n Cn w wa w a w a w T x T x T x
αα α≤ ≤ =  

where ( )na wα  and ( )na w  are MRS-numbers for the weight wα  and w , 
respectively, and wT

α
 and wT  are correspond for wα  or w , respectively. 

Let { }np  be orthonormal polynomials with respect to a weight w, that is, 

np  is the polynomial of degree n such that 

( ) ( ) ( ) ( )2 d   the Kronecker delta .n m mnp x p x w x x δ
∞

−∞
=∫  

For 1 p≤ ≤ ∞ , we denote by ( )pL   the usual pL  space on   (here for 
p = ∞ , if ( )wf L∞∈  , then we require f  to be continuous, and wf  to have 

limit 0 at ±∞ ). For ( )pwf L∈  , we set 

( ) ( ) ( )

( ) ( ) ( ) ( )

1

0

2

, : , 

where d

n

n k k
k

k k

s f x b f p x

b f f t p t w t t

−

=

∞

−∞

=

=

∑

∫
                 (2.4) 

for n∈  (the partial sum of Fourier-type series). The de la Vallée Poussin 
mean of order n is defined by 

( ) ( )
2

1
, : , .

n

n j
j n

v f x s f x
= +

= ∑                       (2.5) 

Let ( )2w C∈ + . We need the Mhaskar-Rakhmanov-Saff numbers 
(MRS-numbers) xa ; 

( )
( )

1

1 20 2

2 d , 0.
π 1

x xa uQ a u
x u x

u

′
= >

−
∫  

We easily see 

0
lim   and  lim 0x xx x

a a
→∞ →+

= ∞ =  

and 

0
lim 0   and  lim .x x

x x

a a
x x→∞ →+
= = ∞  

For ( ) ( )1pwf L p∈ ≤ ≤ ∞ , the degree of weighted polynomial approximation 
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is defined by 

( ) ( ) ( ), ; : inf .p
n

n p LP
E w f w f P

∈
= −


 

3. Approximations for Lp-Functions 

In this section, we treat the function such as ( )p sWf L∈  , where 1 p≤ ≤ ∞ ), 
and if p = ∞ , then we suppose that Wf  is continuous and  

( )( )lim 0X Wf X→∞ = . For any multivariate point ( )1, , s
sX x x= ∈  , we 

consider the weights; 

( ) ( ) ( )( )1 1: exp .s s
j j j jj jW X w x Q x

= =
= = −∏ ∏  

As shown under, we will also use ( ) ( )1 2: , , , sX u u u u=  . Let  
( ) ( )3expi iw Q Cλ= − ∈ + , 0 3 2λ< < , 1,2, ,i s=  . From Proposition 2.3 we 

see ( )1 4 2
,1 4~ , 1, 2, ,i i iT w w C i s∈ + =  . Then we admit to write  

( )1 4 2
i iT w C∈ + . For the weight W  we construct the modulus of continuity 

of f . It involves the function 

( ) ( ) ( )( ),
1: 1 ,  1, 2, , ,i

t i i
i i i

x
x i s

t T tσ σ
Φ = − + =   

where ( )i tσ  is defined by 

( ) ( )
( )

: inf : ,  0,
i

i n
i n

at a t t
n

σ
  = ≤ > 
  

 

where ( )i
na  is the MRS-number for the weight ( )iw x . If ( )i

na n t= , then we 
have ( ) ( )i

i nt aσ = . In the sequel, if 1 j s≤ ≤  is an integer, then 
;p jf  will 

denote the pL  norm of f  taken with respect to the j-th variable. This is a 
function of the remaining ( )1s −  variables. For each fixed  

( ) 1
1 1 1

ˆ : , , , , , s
j j j s jX x x x x −

− += ∈   , we write 

( ) ( )ˆ 1 1 1: , , , , , , ,  1, 2, , .
j j j sXf x f x x x x x j s− += =            (3.1) 

Using 

( )ˆ ˆ ˆ: ,
2 2j j jh X X X

h hf x f x f x   ∆ = + − −   
   

 

we define the modulus of continuity. For the Freud-type weight, we define 

( )
( ) ( )( )

( )( )

( )
( )( ) ( )

( )( )

ˆ,

1

ˆ0 2

ˆconstant 4

, ;

1: d

    inf .

j

j p
j

j pj j

p j jX

p
pt

j h X
L x t

j jXc L x t

f w t

w x f x h
t

f x c w x

σ

σ

ω

≤

≤

 
= ∆  
 

+ −

∫  

If jw  is Erdös-type, then we define 
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( )
( ) ( ) ( )( )

( )( )

( )
( )( ) ( )

( )( )

,

ˆ,

1

ˆ0 2

ˆconstant 4

, ;

1: d

    inf .

j

t j j p
j

j pj j

p j jX

p
pt

j h x X
L x t

j jXc L x t

f w t

w x f x h
t

f x c w x

σ

σ

ω

Φ
≤

≤

 
= ∆  
 

+ −

∫  

We remark that if ( )jT x  is bounded, then we see ( ), ~ 1t j xΦ , so we do not 
need the definition for the Freud-type weight. 

Let vn be the de la Vallée Poussin mean opetator, and let ( ), , 1, 2, ,n jv f j s=   
denote the operation to f with respect to j-th co-ordinate, and [ ]j

nv  will denote 
the operator nv  applied to f with respect to each of the first j co-ordinates. 
Clearly, 

[ ] ( ) ( ) [ ] ( ) [ ] ( )( )1 1
,1 ,,  , 2,3, , .j j

n n n n n jv f v f v f v v f j s−= = =          (3.2) 

Let ( )j
na  be the MRS-number for the weight ( )expj jw Q= − . 

First, we consider the following Proposition. 
Proposition 3.1 ([4], Theorem 3.14). For 1 p≤ < ∞ , ( )s

cC   is dence in 

( )p sL  , where ( )s
cC   is a set of all continuous functions with a compact 

support on s . 
From this proposition, for any 0ε >  there exist a constant 0K >  and a 

continuous function Kf  with a compact support [ ], sK K−  such that 

( ) ( ) ( )( ) ( )
.pK L X K

W X f X f X ε
≤

− <                 (3.3) 

Then we give the following assumption: 
Assumption 3.2. In (3.3) we suppose that for every co-ordinate , 1, 2, ,jx j s=   

( ) ( ) ( ) ( )( )
( )

ˆ ˆj j pj KX X
L x K

w x f x f x ε
≤

− <               (3.4) 

holds. 
We define a new class of functions ( )* , 1s

pL p≤ ≤ ∞  as follows: 

( ) ( ) ( ){ }* :  holds 3.4 ,p s s
W pL f Wf L= ∈               (3.5) 

where if p = ∞ , then ( ) ( )*p s p s
W WL L=   and we suppose that f is continuous 

and 
( ) ( )lim 0

X
W X f X

→∞
=  

(we write this fact as ( )0
sWf C∈  ). We state the theorem in this section. 

Theorem 3.3. (1) We suppose  

( ) ( ) ( )3exp  0 3 2 , 1, 2, ,j jw Q C j sλ λ= − ∈ + < < =  , and let 

( )( ) ( )

2 3

, 1, 2, , .j
j n j

n

nT a c j s
a

 
≤ =  

 
                   (3.6) 

Let 1, 1n p≥ ≤ ≤ ∞ . Then we have 
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[ ] ( )( ) ( )

( )( )
( )

( )1

1 1 4 1 4
ˆ,1 , 1

1
, ; ,

p s

j
p s

j

s
n

L

js j n
j i k p j j j jXi s i j k

j
L

W f v f

aC w T f T w c
n

ω
−

−

≤ ≤ ≠ =
=

−

 
≤   

 
∑ ∏ ∏





   (3.7) 

where 

( ){ }1
1 1 1: , , , , , ,s

j j j sx x x x−
− +=                     (3.8) 

and 0 1 4
1 1kk T
=

=∏ . Especially ( )*
s

p s
T W

f L∈  , then we have 

( )( )
( )

( )1

1 1 4 1 4
ˆ,1 , 1

1
, ; 0  

as .

j
p s

j

js j n
j i k p j j j jXi s i j k

j
L

a
C w T f T w c

n

n

ω
−

−

≤ ≤ ≠ =
=

 
→  

 

→ ∞

∑ ∏ ∏


  (3.9) 

(2) We suppose ( ) ( )2exp , 1, 2, ,j jw Q C j s= − ∈ + =  , and let (3.6) holds. 
Let 1, 1n p≥ ≤ ≤ ∞ . Then we have 

[ ] ( )( )
( )

( )
( )

( )1

ˆ,1 , 1 4
1

1

, ; .
j

p s
p s j

s jsn n
j i p j j js Xi s i j

jkk LL

W f v f aC w f w c
nT

ω
−

≤ ≤ ≠
=

=

−  
≤   

 
∑ ∏

∏ 

 (3.10) 

Especially ( )*p s
Wf L∈  , then we have 

( )
( )

( )1

ˆ,1 , 
1

, ; 0  as .
j

p s
j

js
n

j i p j j jXi s i j
j

L

aC w f w c n
n

ω
−

≤ ≤ ≠
=

 
→ →∞  

 
∑ ∏



     (3.11) 

First we will show (3.7). We need some preliminaries. 
Proposition 3.4 ([5], Theorem 1). Let 1 p≤ ≤ ∞ . 
(1) We assume that ( )2w C∈ +  satisfies ( ) ( )2 3

n nT a C n a≤ . Then there 
exists a constant 0C >  such that when ( )pwg L∈  , then 

( )
( )

( )1 4 ,p
p

n
L

L

wv g
C wg

T
≤ 



 

and so, 

( ) ( ) ( ) ( )
1 4 .ppn n LL

wv g CT a wg≤ 
 

(2) We assume that ( ) ( )3  0 3 2w Cλ λ∈ + < <  satisfies ( ) ( )2 3
n nT a C n a≤ . 

Then there exists a constant 0C >  such that if ( )1 4 pT wg L∈  , then 

( ) ( ) ( )
1 4 .p pn L L

wv g C T wg≤
 

 

Proposition 3.5 ([5], Corollary 6.2 (6.5)). Let 1 p≤ ≤ ∞ . 
(1) Let ( )2w C∈ + , and 1n ≥  be an integer. Then 

( )( )
( )

( ),1 4 ; ,
p

n
n p

L

w g v g
CE w g

T
−

≤
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where C do not depend on g and n. 
(2) Let ( ) ( )3  0 3 2w Cλ λ∈ + < < , and 1n ≥  be an integer. Then 

( )( )
( ) ( )1 4

, ; ,pn n pL
w g v g CE T w g− ≤


 

where C do not depend on g and n. 
Proposition 3.6. ([6]) Let ( ) ( )2expw Q C= − ∈ + , and let 0 p< ≤ ∞ . Then 

there exist 0n ∈  and positive constants C1, C2 such that for every ( )pwg L∈   
(and for p = ∞ , we require g  to be continuous, and wf  to vanish at ±∞ ) 
and every 0n n≥ , 

( ), 1 2; , ; ,n
n p p

aE g w C g w C
n

ω  ≤  
 

 

where 0n  and 1 2, C C  do not depend on g  and n , and ( )* , ,p g w tω  will be 
defined in Section 6. 

We set 

( ) { }1 4
1: ,    : ,jj

i jjiT T x
=

= = ∈∏    

( ){ } ( ){ }1 1
1: , , ,    : , , ,j j s j s j

j j j j sx x x x− + − +
≤ ≤= ∈ = ∈      

( ){ }1 1
1 1 1: , , , , , ,s s

j j j sx x x x− −
− += ∈    

1 1,: ,  : ,    1, 2, , .s s
i j ii i i jW w W w j s

= = ≠
= = =∏ ∏   

We need the infinite-finite inequality. 
Theorem 3.7 (Infinite-finite inequality). Let 0 , 0p L< ≤ ∞ > , and let  
( ) ( ) ( )( ), , ;:s s

n n n sP X ∈ =


   . Then 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )1 , 1,2, ,
.i ip s p

i n nL L x a L i s
W X P X C W X P X

δ≤ − =
≤


      (3.12) 

If 1r > , then there exists 0ε >  such that 

( ) ( ) ( ) ( ) ( ) ( ) ( ),
exp ,p s p s

i rL L
W X P X C n W X P Xε≤ −

 
         (3.13) 

where ( ){ } 1
, : ; is s

i r i i rn ix x a −= ≥ ×  . 
To prove Theorem 3.7 we use the following proposition with 1s = . 
Proposition 3.8 ([2], Theorem 1.9). Let 0 , 0p L< ≤ ∞ > , and let ( ) ( )nP x ∈  . 
Then 

( ) ( ) ( ) ( ) ( ) ( )( )1
.p p

n nL L x a L
w x P x C w x P x

δ≤ −
≤


              (3.14) 

If 1r > , then there exists 0ε >  such that 

( ) ( ) ( ) ( ) ( ) ( ) ( )exp .p p
rn nL a x L x a

w x P x C n w x P xε
≤ ≤

≤ −         (3.15) 

Proof of Theorem 3.7. For the proof of (3.12) we use (3.14). We put A for the 
left side of the above equation. Let 0 p< < ∞ . By repeatedly applying Proposition 
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3.8 (3.14), we have 

( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) ( )

( ) ( )( )
( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( )( )
( ) ( )( )

1 1

1 1

1 1

1 1

1 1

1 1

2 2 1 1 1 1 2

1

1 2 2 1 1 1 11

1

1 1 1 2 2 1 2 11

1

2 1

, , d d d

, , d d

, , d d d

n n

n n

n n

n n

n n

n n

p pp
s s s s

a Lp p
s s s sa L

a L pp
s s s sa L

a L

a L

A w x w x w x P x x x x x

C w x w x w x P x x x x

C w x w x w x P x x x x x

C

δ

δ

δ

δ

δ

δ

∞ ∞ ∞

−∞ −∞ −∞

−∞ ∞

−∞ −∞ − −

− ∞ ∞

−∞ −∞− −

−

− −

= ×

≤

=

≤

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

∫

   

   

   

( ) ( )( )
( ) ( )( ) ( ) ( )

( ) ( ) ( )

( ) ( )( )
( ) ( )( )

( ) ( )( )
( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )( )

2 2

2 2
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1

1 1 2 21

3 2 1 3 1 2
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1 1 1 11 1
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, , d d
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a L
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s s s d
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s s s s sa L a L
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C w x w x P x x x x

C W X P X

δ

δ

δ δ

δ δ

δ

−

− −

∞ ∞

−∞ −∞

− −

− − − −

≤ − =

×

≤

≤

=

∫

∫ ∫

∫ ∫



   



   

 

Next, we show the case of p = ∞ . 

( ) ( ) ( ) ( )

( ) ( )
( ) ( )( )

( ) ( )

( ) ( )
( ) ( )( )

( ) ( ) ( )

( ) ( )

2 1

1 12 1

1 13 21

3

2 2 1 1 1

1 2 2 1 1 1
1

1 3 3 1 1 2 2 1
1

1 2 3 3

sup sup sup , ,

sup sup sup , ,

sup sup sup sup , ,

sup sup

   sup

s
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s
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s s s
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C w x w x w x w x P x x

C C w x w x

δ

δ

∈ ∈ ∈

∈ ∈ ≤ −

∈ ∈ ∈≤ −

∈ ∈

=

≤

=

≤

×

  

  

  

 

  

 

  

 

( ) ( )( ) ( ) ( )( )
( ) ( ) ( )

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )

( ) ( )

( ) ( )( )
( ) ( ) ( ) ( )

1 1 2 2
1 2

1 1 2 2
1 2 2
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1 2 1 1 2 2
1 1 1

1

1 1 2 2 1
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sup sup sup
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sup , , .
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i i
i n n

s
x a L x a L

s
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s s s

s s s
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w x w x P x x

C C C w x w x

w x P x x

C w x w x w x P x x

δ δ

δ δ δ

δ

≤ − ≤ −

≤ − ≤ − ≤ −

≤ − =

≤

≤

× ×

=






 

 

 

 

Similarly, using Proposition 3.8 (3.15), we easily have (3.13).  # 
Lemma 3.9. Let 1 p≤ ≤ ∞ . 
(1) We assume that ( )2 , 1, 2, ,iw C i s∈ + =   satisfies (3.6). Then there 

exists a constant 0C >  such that when ( )s
pWh L∈  , 
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[ ] ( )

( )
( ) ,  1, 2, , ,p s

p s

j
n

Lj
L

Wv h
C Wh j s

T
≤ =





  

and 

[ ] ( ) ( )
( )( ) ( )

1 4
1 .p sp s

ss i
n i ni LL

Wv f C T a Wf
=

≤ ∏ 
 

(2) We assume that ( ) ( )3  0 3 2 , 1, 2, ,iw C i sλ λ∈ + < < =  . Let  

( )s p sT Wh L∈  , then 

[ ] ( ) ( ) ( )
,  1, 2, , .

p sp s

j j
n LL

Wv h C T Wh j s≤ = 


 

Proof. (1) From Theorem 3.4 (1), for 1j =  

[ ] ( )

( )

( )
( ) ( )

( )
1

1
1 1

2

1
ˆ,1

1 41
1

.p s

p s
p

p s

n Xn
L

L L
L

Wv hWv h
C Wh

TT
≤ −

≤

= ≤


 


 

Inductively, 

[ ] ( )

( )

[ ] ( )( )
( ) ( )

( )
( )

( )

1
1 1

1
,

ˆ,

1 4 .

p s jp
j s jp

j

j
p s

p s

jj
n n jn

j j
L L

L

n j X

L
j

L

Wv v hWv h
T T

Wv h
C C Wh

T

−
≤ − − +

≤

−

=

≤ ≤










 

For the second formula, using Theorem 3.7 and the above inequality, we have 

[ ] ( ) ( )

( )( ) ( ) ( ) [ ] ( )

( )

( )
( )( ) ( )

2
1

11 4
1 1

,1

1 4
1 , 

 1, 2, , .

p s

ip
i n s jp

j

p s

j
n L

j j
i nij si

i n ki k j j

L x a i j
L

j i
i ni L

Wv h

w v h
C T a w

T

C T a Wh

j s

−
+ ≤

=

= = +

 ≤ ≤ ≤ 
 

=

≤

≤

=

∏
∏ ∏

∏









 

Similarly we have the following: 
(2) From Theorem 3.4 (2) for 1j = , 

[ ] ( ) ( ) ( ) ( ) ( )
1 1 4

,1 1 , 

1, 2, , .

p s p sp sn n L LL
Wv h Wv h C WT h

j s

= ≤

=









 

Inductively, 
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[ ] ( ) ( )
[ ] ( )( ) ( ) ( ) ( )

( )

1 1
, ,

.

p sp s p s

p s

j j j
n n n j n j LL L

j

L

Wv h Wv v h C WT v h

C WT h

− −= ≤

≤

 



      # 

Proof of (3.7) in Theorem 3.3. By Proposition 3.5 (2) and Proposition 3.6, we 
get 

( ) ( )( )
( )

( )
( )

1 1 1 1

1
1 4 1 4

ˆ ˆ ˆ ˆ1 ,1 , 1 1 1 ,1 1 1 1; , ; ,
p

n
n n p pX X X X

L

aw x f v f CE f T w C f T w c
n

ω
 

− ≤ ≤   
 

 

where the constant C1 and c1 is independent of 1X̂ . Similarly, for 1,2, ,j s=  , 

( ) ( )( )
( )

( )
1 4

ˆ ˆ ˆ, , , ; .
j j jp

j
n

j n j j p j j j jX X X
L

aw x f v f C f T w c
n

ω
 

− ≤   
 

       (3.16) 

Using [ ] [ ] ( )( ) [ ] ( ) [ ] ( )( ) [ ] ( ) [ ] ( )( )1 1 2 1s s s
n n n n n nf v f v f v f v f v f v f−− = − + − + + − , 

we get from Lemma 3.9 (2) and (3.2), 

[ ] ( )( ) ( )

[ ] ( )( ) ( )
[ ] ( ) [ ] ( )( ) ( )

( )( ) ( )
[ ] ( )( ) ( )

( )( ) ( ) ( ) ( )( )
( )

( )
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1
,1 ,
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1 1 4
,1 ,1

2

1
1 4

ˆ1 1 ,1 1 1 1

1 4

2

, ;

   

p s

p s p s

p s p s

p s p s

p s

s
n

L

s
j j

n n n
L Lj

s
j

n n n jL Lj

s j
n k n jkL Lj

n
p X

L

s

j j kk
j

W f v f

W f v f W v f v f

C W f v f Wv f v f

C W f v f W T f v f

a
C W f T w c

n

C W T

ω
−

−

=

−

=

−

=
=

=
=

−

≤ − + −

 
≤ − + − 

 

 
≤ − + − 

  

 
≤   

 

+

∑

∑

∑ ∏

∑



 











( )
( )

( )1

1 1 4
ˆ,1 , ;

j
p s

j

j
j n

p j j j jX

L

a
f T w c

n
ω

−

−  
  
 

∏


 

by (3.16) 

( )
( )

( )1

1 1 4 1 4
ˆ,1

1
, ; ,

j
p s

j

js j n
j j k p j j j jXk

j
L

aC W T f T w c
n

ω
−

−

=
=

 
≤   

 
∑ ∏



 

where 1 1 4
1 1j

kk T−

=
=∏  for 1j = . Hence we obtain (3.7). 

Proof of (3.10) in Theorem 3.3. By Proposition 3.5 (1) and Proposition 3.6, we 
get 

( ) ( )( )
( )

( )

( )
( )

1 1

1 1

1ˆ ˆ1 ,1

ˆ ˆ, 1 1 ,1 1 11 4
1

; , ; ,
p

nX X n
n p pX X

L

w x f v f aCE f w C f w c
nT x

ω
−  

≤ ≤   
 



 

where the constant C1 and c1 is independent of 1X̂ . Similarly, for 1,2, ,j s=  , 
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( ) ( )( )
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ˆ,1 4 , ; .j j
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jj n jX X n
j p j j jX
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w x f v f aC f w c
nT x

ω
−  

≤   
 



        (3.17) 

Using [ ] [ ] ( )( ) [ ] ( ) [ ] ( )( ) [ ] ( ) [ ] ( )( )1 1 2 1s s s
n n n n n nf v f v f v f v f v f v f−− = − + − + + − , 

we get from Lemma 3.9 (1) and (3.2), 
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by (3.17) 
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( )

( )1

ˆ,1 , 
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, ; .
j

p s
j

js
n

j i p j j jXi s i j
j

L

aC w f w c
n

ω
−

≤ ≤ ≠
=

 
≤   

 
∑ ∏



 

Hence we obtain (3.10). 
To prove (3.9) and (3.11) we need a lemma: 
Lemma 3.10. Let 0 1h< ≤ , ( ) 1tσ ≥  and ( )2x tσ≤ . We have 

( ) ( )( )
( )

( ) ( ) ( )
~ .ppt LL

wf x h x wf x± Φ




                (3.18) 

Proof. We may show 

( ) ( )
( )

( )( ) ( )
1 ~ .p

p
L

L

x
wf x h wf x

tσ

 
 ± −
 
 





            (3.19) 

Let 0x > . If we put 

( )
21 : ,  ,  2 ,

2
u va axx h y t t

t u vσ
± − = = =                    (3.20) 
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we will see 

1 d 3 .
2 d 2

y
x

≤ ≤                                (3.21) 

Then we conclude (3.19). Now, from (3.20) 

( ) ( )
d 1 .
d 2
y h
x t t xσ σ
=

−
  

Since 2 2ua u t= , we see 

2 ,v u ua a a
v u u
= >  

that is, we have 

( ) ( ) 22 .v u ut a a t aσ σ= < < =  

Then, using ([2], Lemmas 3.6, 3.7), we see 
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( )

2

2

22 1 21
1 1 2
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42 2 2
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4 4 4 2
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u a at t x t t t

T aa C C
C C C u

u a u u
δ

δ

σ σ σ σ σ
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≤ ≤
−− −

≤ ≤ = ≤

 

for some 0 1δ< ≤  and u  large enough. We have (3.21). So we conclude 
(3.19).   # 

Proof of (3.9). We will estimate 

( ) ( ) ( ) ( )( )
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( )
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1

1
1 1 4

ˆ0 2

1 d .
t j j p

j p s
j

p
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W T T x w x f x h
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∫



 

To do so we may estimate 
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1 4
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1: d .
t j j p

j

p
pt

j j h x X
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I T x w x f x h
t σ

Φ
≤

  = ∆ 
  
∫  

For 0ε >  we take 0K >  large enough, and then by ( )*
s

p
T w

f L∈   we can 
select a continuous function Kf  such that 

( ) ( ) ( ) ( ) ( )( )
( )( )

( ) ( ) ( ) ( ) ( )( )
( )( )
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1

1 4
ˆ1 0 2
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1 4
ˆ0 2

1 d

1  d
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t j j p
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t j j p
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p
pt

j j Kh x X
L x t

p
pt

j j Kh x X
L x t

I T x w x f f x h
t

T x w x f x h
t

A B

σ

σ

Φ
≤

Φ
≤

  ≤ ∆ − 
  

  + ∆ 
  

= +

∫

∫  

We note ( ) ( ) ( )( ) ( ) ( )( ), ,~ 2 ~ 2j t j t jw x w x h x w x h x+ Φ − Φ  (see [7], 
Lemma 7). If ( )2j t Kσ ≤  from our assumption and Lemma 3.10 we have 
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If ( )2j t Kσ > , then by Lemma 3.10 we see 
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≤ + ≤

∫

∫  

When we take 0t >  small enough, we see 
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1
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because of the continuity of Kf . Therefore we have 1I ε< . Consequently, we 
have 
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   (3.22) 

Finally, we see 
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Here, if we set 4 ut a u= , then we see 

( )( ) ( )
( )

1 4 14 exp ~ exp e
4 2

u
j j j u

u

uw t Q a
T a

δ
σ −

    = − − ≤      
 

for some 0 1δ< < , that is, 

( )( )1 4 4 e .
4

u u
j j

aw t C C Ct
u

δ
σ −≤ ≤ =  

Therefore 
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σ σ −

−

 − 

−

≤





  (3.23) 

For given 0ε >  if we take 0K >  large enough and then 0t >  small 
enough, then by (3.22) and (3.23) we have 

( ) ( )1

1 1 4
ˆ, , , .

j p s
j

j
j p j j jX

L
W T f T w tω ε

−

− <


 

Consequently, we have (3.9). 
Proof of (3.11). If in the proof of (3.9) we set as 1T =  (constant), then we 

obtain (3.11).  # 
Corollary 3.11. We suppose that ( ) ( )2exp , 1, 2, ,j jw Q C j s= − ∈ + =   are 

the Freud-type weights. Let 1 p≤ ≤ ∞ . Then we have 
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Especially ( )*p s
Wf L∈  , then we have 
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Corollary 3.12. We suppose  

( ) ( ) ( )3exp  0 3 2 , 1, 2, ,j jw Q C j sλ λ= − ∈ + < < =  , and let (3.6) hold. Let 
1 p≤ ≤ ∞ . If ( ) ( )0

s s p sT Wf C L∈    ), then we have 

[ ] ( )( ) ( )
0  as .

p s

s
n

L
W f v f n− → →∞



 

Moreover, we suppose ( ) ( )2exp , 1, 2, ,j jw Q C j s= − ∈ + =  , and let (3.6) 
hold. If ( ) ( )0

s p sWf C L∈    , then we have 

[ ] ( )( )
( )

0  as .
p s

s
n

s

L

W f v f
n

T

−
→ →∞



 

4. A Property of Higher Order Derivatives 

In this section we show an important theorem which is useful in approximation 
theory. We use the following notations for  

( ) ( )( ) ( )2exp , 1, 2, ,i i i iw x Q x C i s= − ∈ + =  . Let r be a positive integer, and 
0ix γ≥ > . 

( ) ( ) ( ) ( )( ) ( )2
0 ,0 ,0 ,01: ;  ~ exp ,rs

i i i i i i i i iiW w Q x w x w x Q x C
=

′= = − ∈ +∏   
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Then we see 
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Especially, if rν = , then 
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Theorem 4.1. Let ( ) ( )2exp , 1, 2, ,i iw Q C i s= − ∈ + =  , and let 1 p≤ ≤ ∞ . 
Let a constant 0γ ≥  be fixed. We suppose that ( )1 2: , , , sg g x x x=   is 
absolutely continuous on s
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        (4.1) 

where we set for each 0ij =  or 1, 1,2, ,i s=  , 

, 0;
, 1.

i
i

i i

j
y

x j
γ =
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Furthermore, let r be a positive integer, and let for each 1,2, ,i s=  , 
( ) ( ) ( )3 2expi iw Q C Cλ= − ∈ + ⊂ +   ( )0 3 2λ< < . We suppose that 
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x j r
γ ≤ ≤ −

=  =
                      (4.3) 

and 

( )
( )

( ) ( )

( ) ( ) }
11

1

1 2

1
, 1, ,

1, 1 ,
0 0

1
, , ,

1 2 1   , , , d d .

p
i

ss
s

s

rs
ii

L x i s

pp

j s j sx x
j r j r

ppj j j
s s

Q Wg

C w x w x

g y y y x x

γ

γ γ

=
≥ =

≥ ≥
≤ ≤ ≤ ≤

′

≤ 


× < ∞

∏

∑ ∑∫ ∫





 

 

              (4.4) 

Proposition 4.2 ([8], Theorem 9, cf. [9], Lemma 3.4.4). Let  
( ) ( )2expw Q C= − ∈ +  and a constant 0γ ≥  be fixed. 

(a) We have 

( ) ( ) ( )1 d ,   .
x

Q x w x w t t C x
γ

γ−′ ≤ ≥∫  
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(b) Let 1 p≤ ≤ ∞ , and let r be a positive integer. If g is absolutely continuous, 
( ) 0g γ =  and ( )pwg L′∈  , then 

( ) ( ) .p pL x L xQ wg C wg
γ γ≥ ≥

′ ′≤  

When ( ) ( ) ( )1 2exp rw Q C Cλ
+= − ∈ + ⊂ +   ( ( )0 1r rλ< < + ), and ( )1rg −  

is absolutely continuous, ( ) ( ) 0, 0,1, , 1jg j rγ = = −  with ( ) ( )r pwg L∈  , we 
see 

( )
( )

( )
( )

.
pp

r r

L xL x
Q wg C wg

γγ ≥≥
′ ≤  

Proposition 4.3 ([3], Theorem 4.2). Let ( ) ( ) ( )3 2expw Q C Cλ= − ∈ + ⊂ +  . 
Then for α ∈ , we can construct a new weight ( )2w Cα ∈ +  such that 

( )( ) ( ) ( ) ( )1 ~ expQ x w x w x Q
α

α α′+ = −  

on  , ( ) ( ) ( ) ( )1 n n nc a w a w ca wα≤ ≤  (c is an absolutely constant) on   and 
( ) ( )~w wT x T x

α
 hold on  . Furthermore, we see 

( ) ( ) ( ) ( ) ( )~  0,1   for 0.j jQ x Q x j xα γ= ≥ >  

Proof of Theorem 4.1. For the proof of (4.1) we may put 1r =  with 
( ) ( )2exp , 1, 2, ,i iw Q C i s= − ∈ + =   in the proof of (4.4) below. So we prove 

only (4.4). We use Proposition 4.2 and 4.3 repeatedly. 

( ) ( )( ) ( ){ }
( ) ( )( ){

( ) ( ) ( ) }
( ) ( )( ){

( ) ( ) ( ) }

1

2

1

2

1

1

1 11

2

1

1 1 1 1 1 1

1,0 2

1

1,1 1 1,1 1 1 1

, , d d

   , , d d

 

  , , d d ,

s

s

s

pps r
i i i i s six x

ps r
i i i iix x

ppr
s sx

ps r
i i i iix x

pp
s sx

Q x w x g x x x x

Q x w x

Q x w x g x x x x

C Q x w x

Q x w x g x x x x

γ γ

γ γ

γ

γ γ

γ

=≥ ≥

=≥ ≥

≥

=≥ ≥

≥

′

′=

′×

 ′≤ 
′× 


∏∫ ∫

∏∫ ∫

∫

∏∫ ∫

∫

  



 



 

 

where ( ) ( ) 1,11
1 1 1 1 1 1 1,1 1,1 1,1 1,1~ ~ , e ,r r QQ w Q Q w Q w Q w w− −′ ′ ′ ′ ′= =  

( ) ( )( ){
( ) ( ) ( ) ( )( ) }

( ) ( )( ){
( ) ( ) ( ) }

( ) ( )( ){

2

1

2

1

2

1,0 2

1

1,1 1 1,1 1 1 2 1

2

1

1,1 1 1,1 1 2 1

1,1 2

   , , , , , d d

   

   , , , d d

   

s

s

s

ps r
i i i iix x

pp

s s sx

ps r
i i i iix x

pp
s sx

ps r
i i i iix x

C Q x w x

Q x w x g x x g x x x x

Q x w x

Q x w x g x x x x

C Q x w x

γ γ

γ

γ γ

γ

γ γ

γ

γ

=≥ ≥

≥

=≥ ≥

≥

=≥ ≥

 ′≤ 

′× −

′+

′× 


 ′≤ 

∏∫ ∫

∫

∏∫ ∫

∫

∏∫ ∫



  



 



( ) ( ) ( ) }
( ) ( )( ) ( ){ }

1

1

1
1,0, ,0

1,1 1 1 1

1

2 11

, , d d

   , , , d d
s

pp

s sx

pps r
i i i i s six x

w x g x x x x

Q x w x g x x x x

γ

γ γ
γ

≥

=≥ ≥

×


′+ 



∫

∏∫ ∫
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by ( )1,1 1,1 1 1~ ,rQ w Q w′ ′  

( ) ( )( ){
( ) ( ) ( ) ( ) }
( )

( ) ( )( ) ( ){ }

2

1

1,2

1

1,1 2

1
1,0, ,0

1,2 1 1,2 1 1 1

1
1,1 1 1,2 1,2 1,2

1

2 11

   , , d d

     where ~ ~ , e ,

   , , , d d

s

s

ps r
i i i iix x

pp

s sx

r Q

pps r
i i i i s six x

C Q x w x

Q x w x g x x x x

w Q w Q w w

Q x w x g x x x x

γ γ

γ

γ γ
γ

=≥ ≥

≥

− −

=≥ ≥

′ ′≤ 

′×

′ ′ =


′+ 



∏∫ ∫

∫

∏∫ ∫





 

  

 

( ) ( )( ){
( ) ( ) ( ) }

( ) ( )( ){
( ) ( ) ( ) ( ) }

( ) ( )( ) ( ){ }

2

1

1

1

1,2 2

1
2,0, ,0

1,2 1 1 1

2

1
1,0, ,01

1 1 1 1 2 1

1

2 11

   , , d d

   

   , , , d d

   , , , d d

s

s

s

ps r
i i i iix x

pp

s sx

ps r
i i i iix x

ppr
s s

pps r
i i i i s six x

C Q x w x

w x g x x x x

Q x w x

Q x w x g x x x x

Q x w x g x x x x

γ γ

γ

γ γ

γ γ

γ

γ

=≥ ≥

≥

=≥ ≥

−

=≥ ≥

 ′≤ 

×

′+

′×


′+

∏∫ ∫

∫

∏∫ ∫

∏∫ ∫







 



 

  

  




 

( ) ( )( ){
( ) ( ) ( ) }

( ) ( )( ){
( ) ( ) ( ) ( ) }

2

1

1

1, 2

1
,0, ,0

1 1 1 1

2

1
1,0, ,0

1 1 1 1 2 1

   , , d d

   

   , , , d d

s

s

ps r
r i i i iix x

ppr
s sx

ps r
i i i iix x

pp

s s

C Q x w x

w x g x x x x

Q x w x

Q x w x g x x x x

γ γ

γ

γ γ

γ

=≥ ≥

≥

=≥ ≥

≤

 ′≤ 

×

′+

′×

∏∫ ∫

∫

∏∫ ∫









 



 

 

( ) ( )( ){
( ) ( ) ( ) ( ) }

( ) ( )( ) ( ){ }

1

1

2

1
1,0, ,01

1 1 1 1 2 1

1

2 11

 

   ...

   , , , d d

   ... , , , d d

s

s

ps r
i i i iix x

ppr
s s

pps r
i i i i s six x

Q x w x

Q x w x g x x x x

Q x w x g x x x x

γ γ

γ γ

γ

γ

=≥ ≥

−

=≥ ≥

+

′+

′×


′+ 



∏∫ ∫

∏∫ ∫





 

 

 

( ) ( )( ){
( ) ( ) ( )

2

1
11

1

1, 2

1
,0, ,0

1, 1 1 2 1
0

...

   , , , d d ,

s

ps r
r i i i iix x

p
pj

j s sx
j r

C Q x w x

w x g y x x x x

γ γ

γ

=≥ ≥

≥
≤ ≤

′=

× 


∏∫ ∫

∑∫ 

 

 

where 

1
1

1 1

, 0 1;
, .

j r
y

x j r
γ ≤ ≤ −

=  =
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We continue this manner with respect to 2 3, , , sx x x . Then we can easily 
obtain as follows: 

( ) ( )( ) ( ){ }
( ) ( )( ){

( ) ( ) ( )

1

2

1
11

1

1

1 11

1, 2

1
,0, ,0

1, 1 1 2 1
0

, , d d

   , , , d d

s

s

pps r
i i i i s six x

ps r
r i i i iix x

p
pj

j s sx
j r

Q x w x g x x x x

C Q x w x

w x g y x x x x

γ γ

γ γ

γ

=≥ ≥

=≥ ≥

≥
≤ ≤

′

′≤

× 


∏∫ ∫

∏∫ ∫

∑∫ 

  



 

 

( ) ( ) ( )( )

( ) ( ) ( )

11 3
1

1 2
22

2

2 1, 1 3
0

1
, ,0, ,0

2, 2 1 2 3 2 1
0

   , , , , d d d

s

pp s r
j i i i iix x x

j r

p
pj j

j s sx
j r

C w x Q x w x

w x g y y x x x x x

γ γ γ

γ

=≥ ≥ ≥
≤ ≤

≥
≤ ≤

 ′≤ 


× 


∑ ∏∫ ∫ ∫

∑∫ 



 

 

( ) ( ) ( ) ( )( )

( ) ( ) ( ) }
1 21 2 4

1 2

1 2 3
33

2 1, 1 2, 2 4
0 0

1
, , ,0, ,0

3, 3 1 2 3 4 3 2 1   , , , , , d d d d

s

pp p s r
j j i i i iix x x x

j r j r

ppj j j
j s sx

C w x w x Q x w x

w x g y y y x x x x x x

γ γ γ γ

γ

=≥ ≥ ≥ ≥
≤ ≤ ≤ ≤

≥

 ′= 


× ×

∑ ∑ ∏∫ ∫ ∫ ∫

∫ 



 

 

( ) ( )

( ) ( ) }
11

1

1 2

1, 1 ,
0 0

1
, , ,

1 2 1 , , , | d d ,

ss
s

s

pp

r j s j sx x
j r j r

p
j j j p

s s

C w x w x

g y y y x x

γ γ≥ ≥
≤ ≤ ≤ ≤

≤

≤ 


×

∑ ∑∫ ∫





 

 

 

where for each 0 , 1, 2, ,ij r i s≤ ≤ =  . We set (4.3). 
Let ( ) ( ), ,r r p sWg L∈

 . Then we need to show 

( ) ( )

( ) ( ) }
11

1

1 2

1, 1 ,
0 0

1
, , ,

1 2 1

:

   , , , d d .

ss
s

s

pp

j s j sx x
j r j r

ppj j j
s s

A w x w x

g y y y x x

γ γ≥ ≥
≤ ≤ ≤ ≤

= 


× < ∞

∑ ∑∫ ∫



 

 

 

We rearrange ( )1 2, , , sx x x  as , 1k i i ii
x y x t k s= = + ≤ ≤  if ij r= , and as 

 1
ik i ix y k tγ= = < ≤ ≤  if 0 1ij r≤ ≤ − , where 0 t s≤ ≤ . Then we set  
( ) ( )

1 2 1 2, , , : , , ,
sk k k sf x x x g x x x=  . We see 

( ) ( ) ( ) ( )1 2 1 2, , ,, , ,
1 2 1 2, , , , , , , , , .k k ks sj j jj j j

s t t sg y y y f x x xγ γ + +=




    

Then we have 

( ) ( )
( ) ( )

( ) ( )
( )

( ) ( )
( )

1

1

1

1

, ,
11 1

, ,

1

, ,

1

, , , , ,

: , ,

, , .

k ks
i i p s t

t p t
t

k kt
i p t

t

k kt
p ti

t

j jt s
k k t si i t

L
L

j jt
ki

L

j j t
ki L

A w w f x x

w h

C h w

γ γ

γ γ

γ γ

−
+ ≤

≤

≤

≤

+= = +

=

=

=

=

≤ < ∞

∏ ∏

∏

∏















 





     # 
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We can generalize Theorem 4.1 easily. We give a class of nonnegative integers 
( )1 2, , , sj j j , and set ( )1 2: , , ,s sJ j j j=  . For 1, 1, 2, ,ir i s≥ =   we set 

( )1 2: , , ,s sR r r r=  . Then we consider the order as follows: 

( ) ( )1 2 1 2: , , , : , , ,s s s sK k k k R r r r= ≤ =   

means 

( )  1, 2, , .i ik r i s≤ =   

Corollary 4.4. Let ( ) ( )1 2 1 2, , , , , ,s s s sK k k k R r r r= ≤ =   be classes of 
nonnegative integers, where 1, 1,2, ,ir i s≥ =  . For each 1,2, ,i s=  , we  
suppose ( ) ( ) ( )1 2exp r

i iw Q C Cλ
+= − ∈ + ⊂ +   ( ( )0 1r rλ< < + ). If  

( )1 21, 1, , 1sr r rg − − −  is absolutely continuous, and ( ) ( )1 2, , , sr r r p sWg L∈

 , then we see 

( ) ( )

( )

( ) ( )

( ) ( ) }

1

1 11
1 1 1

1 2

, ,
1

, 1, ,

1, 1 ,

1
, , ,

1 2 1   , , , d d ,

i i
s

p
i

s ss
s s s

s

r ks k k
ii

L x i s

pp

j k s j k sx x
k j r k j r

ppj j j
s s

Q Wg

C w x w x

g y y y x x

γ

γ γ

−

=
≥ =

− −≥ ≥
≤ ≤ ≤ ≤

′

≤ 


× < ∞

∏

∑ ∑∫ ∫







 

 

 

where for each 1,2, ,i s=   we set 

, 1;
, .

i i i
i

i i i

k j r
y

x j r
γ ≤ ≤ −

=  =
 

We remark that ( ) ( )1, , sr r p sWg L∈

  means ( ) ( )1, , sk k p sWg L∈

  for  
( ) ( )1 10 , , , ,s s s sK k k R r r≤ = ≤ =  . 

5. Degree of Approximation 

We define the degree of approximation for ( )p sWf L∈   as follows: 

( )
( )

( ) ( );
, ; , : inf .p ss

n s
n p s LP

E W f W f P
∈

= −



 

Using this ( ), ; ,n p sE W f , we can estimate the degree of approximation of 

( )p sWf L∈   from ( );
s

n s  . 
Theorem 5.1. (1) Let ( ) ( )2  1, 2, ,iw C i s∈ + =   and let  

( )1 , p sp Wf L≤ ≤ ∞ ∈  . Furthermore, we suppose (3.3). Then we have 

( )
[ ] ( )( )

( )
( ), ;1 4

1

, .
p s

s
n n p ss

i ii L

W f v f CE W f
T x

=

− ≤
∏



 

(2) If ( ) ( )3  1, 2, , , 0 3 2iw C i sλ λ∈ + = < < , and let  

( ) ( )
1 4

1 p s

s
ii L

T Wf
=

< ∞∏


, then we have 

[ ] ( )( ) ( ) ( )( )1 4
, ; 1 , .

p s

ss
n n p s iiL

W f v f CE T W f
=

− ≤ ∏
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(3) Let ( ) ( )2  1, 2, ,iw C i s∈ + =   and let ( )1 , p sp Wf L≤ ≤ ∞ ∈  . Then we 
have 

[ ] ( )( ) ( )
( )( )( ) ( )1 4

, ;1 , .
p s

ss i
n i n n p siL

W f v f C T a E W f
=

− ≤ ∏


 

(4) Furthermore, let ( ) ( )3  0 3 2 , 1, 2, ,iw C i sλ λ∈ + < < =  . If 

( )*p s
W

f L δ∈   for some 0 1δ< < , then we have 

( ), ; , 0  as .n p sE W f n→ →∞  

Proof. (1) There exists nP∈  such that ( ) ( ) ( ), ; ,p s n p sL
W f P CE W f− ≤



. 
Therefore, by Lemma 3.9 (1) 

[ ] ( )( )
( )

( )
( )

[ ] ( )
( )

( ) ( ) ( )

1 4
1

1 4 1 4
1 1

, ; , .

p s

p s p s

p s

s
ns

ii L

s
ns s

i ii iL L

n p sL

W f v f
T

W Wf P v f P
T T

C W f P CE W f

=

= =

−

= − + −

≤ − ≤

∏

∏ ∏



 



 

(2) We see ( ) ( ) ( ) ( )1 4
1 1~s s

i i i ii iW X T x W X w x
= =

=∏ ∏

 ,  

( )1 4 2~ , 1,2, ,i iT w w C i s∈ + =
 . Then, there exists nP∈  such that  

( ) ( ) ( )1, ; ,p s n p sL
W f P CE W f−− ≤



  . Therefore, by Lemma 3.9 (2) 

[ ] ( )( ) ( )

( ) ( )
[ ] ( ) ( )

( ) ( )( )1 4
, ; , ; 1, , .

p s

p s p s

s
n

L

s
nL L

s
n p s n p s ii

W f v f

W f P Wv f P

CE W f CE T W f
=

−

= − + −

≤ ≤ ∏









 

(3) Similarly, we have (3). 
(4) It follows from Theorem 3.3.   # 
Theorem 5.2. Let ( ) ( )3  1, 2, , , 0 3 2iw C i sλ λ∈ + = < < , and let 1 p≤ ≤ ∞ . 

Then if ( )s
pWf L∈  , we have 

( )
[ ] ( )( )

( )
( ) ( )

1, ,
12 1 4

1

,
i

s
p s

i
p s

j
j j ss

ns i i Lj
nii L

W nv f C Wf
aT =+

=

 
≤   

 
∏

∏






 

and 

[ ] ( )( )

( ) ( )
( ) ( )( )( ) ( )

1, , 2 1 4
1 1 .

i

s i
p s

p s

j
j j s s js i

n i ni ii LL
n

nWv f C T a Wf
a

+
= =

 
≤   

 
∏ ∏





 

Proposition 5.3 ([10], Lemma 2.5, [2], Corollary 10.2). Let 1 p≤ ≤ ∞  and 

( ) ( )3  0 3 2w Cλ λ∈ + < < . Then there exists a constant ( )1 1 , 0C C w p= >  
such that, if ( )nP∈   ( n∈ ), 
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( )

( ) ( )12 ,  ,p s
p s

j
j

j L
L n

w nP C wP j
aT

 
≤ ∈ 

 




  

and 

( )

( )
( )

( )

1 2

1 ,  .p sp s

j

j n
LL

n

nT a
wP C wP j

a

 
 ≤ ∈
 
 





  

Proof of Theorem 5.2. We use Proposition 5.3 and Lemma 3.7 (1). 

( )
[ ] ( )( )

( )

( )
[ ] ( )

( )

( ) ( )

1, ,

2 1 4
1

1 1 4
1

1 ,

s

i
p s

i

p s

i

p s

j js
ns j

ii L

j
s s

nsi i
n ii L

j
s
i i L

n

W v f
T

n WC v f
a T

nC Wf
a

+
=

= −
=

=

 
≤   

 

 
≤   

 

∏

∏
∏

∏









 

and further, using Theorem A1 (the Markov-Bernstein inequality) in Appendix, 

[ ] ( )( )

( )

( )( )
( )

[ ] ( ) ( )

( )( )
( )

[ ] ( ) ( )( )

( )
( ) ( )( ) [ ] ( )

( )

( )
( ) ( )( )

1

1 2
, ,

1

1 2

1 , 1,2, ,

2 1 4
1 1 1 4

1

2 1 4
1 1

i

s
p sp s

i

ip
i n

i

i

p s

i

i

j
i

i nj j ss s
n ni i LL

n

j
i

i ns s
ni i L x a i s

n

j
s s j si

i n nsi ii
n ii L

j
s s j i

i ni ii
n

nT a
Wv f C Wv f

a

nT a
C Wv f

a

n WC T a v f
a T

nC T a
a

=

= ≤ =

+
= =

=

+
= =

 
 ≤
  
 

 
 ≤
  
 

 
≤   

 

 
≤   

 

∏

∏

∏ ∏
∏

∏ ∏











( ) .p sLWf


   # 

In the rest of only this section, we suppose 

( ) ( )exp exp ,   1, 2, , ,i iw Q w Q i s= − = = − =   

so 

( ) ,  ,   1, 2, , .i
n n ia a T T i s= = =   

Let 

( ) ( )1 1 1 ,1: , , , , , : ,   1, 2, , .i i i i s j jj i j sW W x x x x w x i s− + ≠ ≤ ≤
= = =∏    

In ([7], Corollary 8) we give the Favard-type inequalities: 
Proposition 5.4 [7]. Let ( )2w C∈ + , and let 0r ≥  be an integer. Let 

1 p≤ ≤ ∞ , and let ( ) ( )r
pwf L∈  . Then we have 
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( ) ( )
( ), , , 1, 2, , ,

p

k
kn

p n L

aE f w C wf k r
n

 ≤ = 
  

  

and equivalently, 

( ) ( )( ), ,, , .
k

kn
p n p n k

aE f w C E f w
n −

 ≤  
 

 

The following theorem is a generalization of Proposition 5.4. 
Theorem 5.5. We suppose  

( ) ( ) ( )3exp  0 3 2 , 1, 2, ,j jw Q C j sλ λ= − ∈ + < < =  , and let (3.3) satisfy, that 
is, 

( )
2 3

, 1, 2, , .j n
n

nT a c j s
a

 
≤ = 

 
  

Let ( ) ( ), , ,r r r s
pWf L∈

  for some positive integer r. Then we have 

( ) ( )

( )
, , ,

, ; ; .
p s

r
s r r rn

n p s L

aE W f C T Wf
n

 ≤  
 





 

Equivalently, 

( ) ( )( ), , ,
, ; , ;; ; .

r
s r r rn

n p s n r p s
aE W f C E T W f
n −

 ≤  
 

  

Proof. Using  
[ ] [ ] ( )( ) [ ] ( ) [ ] ( )( ) [ ] ( ) [ ] ( )( )1 1 2 1s s s
n n n n n nf v f v f v f v f v f v f−− = − + − + + − , we get 

from Lemma 3.9 (2) and (3.2), 
[ ] ( )( ) ( )

[ ] ( )( ) ( )
[ ] ( ) [ ] ( )( ) ( )

( )( ) ( )
[ ] ( )( ) ( )

( )( ) ( ) ( ) ( )( )
( )

, ;

1 1

2

1
,1 ,

2

1 1 4
,1 ,1

2

p s

p s p s

p s p s

p s p s

s
n p s n

L

s
j j

n n n
L Lj

s
j

n n n jL Lj

s j
n i n jkL Lj

E W f v f

W f v f W v f v f

C W f v f Wv f v f

C W f v f W T f v f

−

=

−

=

−

=
=

≤ −

≤ − + −

 
≤ − + − 

 

 
≤ − + − 

  

∑

∑

∑ ∏



 









 

We estimate each term. From Proposition 5.4 with the weight 1 4
j jT w , 

( ) ( )( )
( )

( ) ( )( )
( )( ) ( )

( ) ( ) ( )

( ) ( )

( )( ) ( )

1

1

1

1 1 4
,1

1 1 4
ˆ ˆ,1

1 1 4 1 4
ˆ,1

1 ,0, ,01 4 1 4
ˆ1

,

.

p s

j j p
j p s

j

j p s
j

pj
j p s

j

j
k n jk L

j
i k j n jX Xk

L
L

j
i k n p j j Xk

L

r
j rn

i k j j Xi j k L
L

W T f v f

W T w f v f

C W T E T w f

aC w T T w f
n

−

−

−

−

=

−

=

−

=

−

≠ =

−
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≤
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∏

∏

∏
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Now, we use Theorem 4.1 and the fact 

( ) ( ) ,  1, 2, , ,r
i i i iT x Q x i s′≤ =   

then we have 

( ) ( )( )
( )

( ) ( )

( )( ) ( )

( )

( )

1

1 1 4
,1

,0, ,01 4
ˆ

, , , .

p s

p
j p s

j

p s

j
k n jk L

r
r rn

i i i j j Xi j j L
L

r
s r r rn

L

W T f v f

aC Q x w T w f
n

aC T Wf
n

−

−

=

≠

−

  ′≤  
 

 ≤  
 

∏

∏













 

Consequently, we have 

[ ] ( )( ) ( )
( )

( )
, , , .

p sp s

r
s s r r rn

n LL

aW f v f C T Wf
n

 − ≤  
 







 

Corollary 5.6. Under the conditions of Theorem 5.5, if w is a Freud-type 
weight, then 

( ) ( )

( )
, , ,

, ; ; .
p s

r
r r rn

n p s L

aE W f C Wf
n

 ≤  
 





 

Equivalently, 

( ) ( )( ), , ,
, ; , ;; ; .

r
r r rn

n p s n r p s
aE W f C E W f
n −

 ≤  
 

  

Let 1 p≤ ≤ ∞ . For ( )s
pLWf < ∞


 we define the K-functional ( ), ; ,r p W f δ  
by 

( ) ( ) ( )
( )

( )
, , ,

, ; ; , : inf ,s sp p

r r rr
r p s Lg L

K W f W f g Wgδ δ
 

= − + 
 







 

where the infimum is over all functions ( )1, 1, , 1r r rg − − −  which are absolutely  
continuous and ( )

( )
, , ,

s
p

r r r

L
Wg < ∞



. We have the following. 

Theorem 5.7. We suppose  
( ) ( ) ( )3exp  0 3 2 , 1, 2, ,j jw Q C j sλ λ= − ∈ + < < =  , and let 

( )
2 3

, 1, 2, , .j n
n

nT a c j s
a

 
≤ = 

 
  

Let 1 p≤ ≤ ∞ , and let 
( )s

p

s

L
T Wf < ∞



. Then we have 

( ), ; , ;, , , .s n
n p s r p s

aE W f K T W f
n

 ≤  
 

 

Proof. We take g as 
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( )
( )

( )

( ) ( ), , ,
, ; ; , ,

s
p p

s s sr r rr
r p sL L

T W f g T Wg CK T W fδ δ− + ≤

 

 

and for this g we select ( )s
nP∈   such that 

( ) ( ) ( ), ; ; .p s n p sL
W g P E W g− ≤



 

Then, from Theorem 5.5 we see 

( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( )
( )

( )

, ;

, ;

, , ,

,

,

,

, , .

p s

p s p s

p s

p s p s

n p s L

L L

n p sL

r
s s r r rn

L L

s n
r p

E W f W f P

W f g W g P

W f g CE W g

aT W f g C T Wg
n

aCK T W f
n

≤ −

≤ − + −

≤ − +

 ≤ − +  
 

 ≤  
 



 





 

   # 

Corollary 5.8. Let 1 p≤ ≤ ∞ , and let ( )2w C∈ +  be a Freud-type weight. If  

( )s
pLWf < ∞


, then we have 

( ), ; , ;, , , .n
n p s r p s

aE W f CK W f
n

 ≤  
 

 

Let 0 p< ≤ ∞ . Damelin [11] gives a K-functional as follows: 

( ) ( ) ( )
( )

( ){ }, , , : inf ,p p
n

rr r r
r p tLP L

K f w t w f P t P w
∈

= − + Φ





 

where 0t >  and 1r ≥  are chosen in advance and 

( ) : inf ; .kan n t k t
k

 = = ≤ 
 

 

We recall the r-th order of the modulus of smoothness ( ), ; ;r p w f tω , which is 
defined as follows (cf. [6] and [11]). Let r be a positive integer, and let 
0 p< ≤ ∞ . We set 

( ) ( )
0

, : 1 ,  .
2

r ir
h

i

r rhf x f x ih x
i=

   ∆ = − + − ∈   
  

∑   

For the Freud-type weight, 

( ) ( )
( )( ) ( ) ( )( )1

1

, 40 2

1, , : , d inf .pp
r

p
t r

r p h L x tL x t P
f w t w f x h f P w

t σσ
ω

− ≤≤ ∈

 = ∆ + − 
 ∫ 

 

For the Erdös-type weight, 

( ) ( ) ( )
( )( )

( ) ( )( )1

1

, 40 2

1, , : , d inf ,ppt r

p
t r

r p h x L x tPL x t
f w t w f x h f P w

t σσ
ω

−
Φ ≤∈≤

 = ∆ + − 
 ∫ 

 

where 
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( ) ( ) ( )( )
1: 1 .t

x
x

t T tσ σ
Φ = − +  

We remark that if ( )T x  is bounded then we see ( ) ~ 1t xΦ . So, we may 
consider for only the Erdös-type weight. Then the following proposition holds. 

Proposition 5.9 ([11], Theorem 1.2, 1.3). Let 0 , 1p r< ≤ ∞ ≥ , and let 1w∈  
(contains ( )2C + ). Let :f →   for which ( )pwf L∈   (for p = ∞ , we 
require f  to be continuous, and fw  to vanish at ±∞ ). Then we have 

( ) ( ), 1 , 2 ,, , , ~ , , .rn
n p r p r p

aE w f C f w C K f w t
n

ω  ≤  
 

 

On s
  we define 

( ) ( ) ( )1ˆ, ,1, ,
, , : max , , ,

p sir p i r p iXi s L
f W t W f w tω

−=
Ω =





 

( ) ( ) ( )1ˆ, ,1, ,
, , : max , , .

p si

r r
r p i r p iXi s L

f W t W K f w t
−=

=




  

We see ( ) ( ), ,, , ~ , , r
r p r pf W t f W tΩ  . Then we have the following: 

Theorem 5.10. We suppose  
( ) ( ) ( )3exp  0 3 2 , 1, 2, ,i iw Q C i sλ λ= − ∈ + < < =  , and let 

( )
2 3

, 1, 2, , .i n
n

nT a c i s
a

 
≤ = 

 
  

Then 

( ) ( ) ( ), ; , ,, , , ~ , , .s s r
n p s r p r pE W f C f T W t f T W t≤ Ω   

Proof. Using  
[ ] [ ] ( )( ) [ ] ( ) [ ] ( )( ) [ ] ( ) [ ] ( )( )1 1 2 1s s s
n n n n n nf v f v f v f v f v f v f−− = − + − + + − , we get 

from Proposition 3.3 (2) and (3.2), 
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s
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6. Approximation for Functions with Bounded Variations 

We define the modulus of continuity. For the Freud-type weight W  (all of 
weights iw  are Freud-type), we define 

( ) ( ) ( )( )
( )( )

( ) ( )( ) ( )
( )( )

*
ˆ ˆ,

0 2

ˆ ˆ
4

, , : sup

   0 .

j j p
j

j j p
j

p j j j hX X
h t L x t

jX X
L x t

f w t w x f x

f x f w x

σ

σ

ω
< ≤ ≤

≤

= ∆

+ −
 

If W  is Erdös-type (some weights iw  are Erdös-type), then we define 

( ) ( ) ( ) ( )( )
( )( )

( ) ( )( ) ( )
( )( )

,

*
ˆ ˆ,

0 2

ˆ ˆ
4

, , : sup

   0 .

t jj j p
j

j j p
j

p j j j h xX X
h t L x t

jX X
L x t

f w t w x f x

f x f w x

σ

σ

ω Φ
< ≤ ≤

≤

= ∆

+ −
 

It is sufficient to consider only the modulus for the Erdös-type. 
Assumption 6.1. Let ( ) ( )2  1, 2, ,iw C i s∈ + =  , and let ( ) ~ , 1, 2, ,i

n na a i s=  . 
Suppose that f  is continuous on s

 , and ( )ˆ iXf x  has a bounded variation 
on any compact interval in s

  with 

( ) ( )1 1ˆ 1 1d d d d d ,   1, 2, , ,s iii
i i x i sXW w x f x x x x i s− − + < ∞ =∫ ∫

 

  
     (6.1) 

and if p = ∞ , then we further suppose 

( ) ( )ˆ 0,  as , 1, 2, , .
i i iXW X f x x i s→ →∞ = 

           (6.2) 

In (6.7) and (6.8) below, we put nt a n= , where ( )~ , 1, 2, ,i
n na a i s=  . 

Especially, in (6.8) we set 

( )

( )
( )

1

*
ˆ, , ; 1 .

i
s
i

i
n

i i i nX
L

aW f w o
n

ω
∞ −

∞

 
=  

 


                  (6.3) 

Theorem 6.2. We suppose ( ) ( )2exp , 1, 2, ,j jw Q C j s= − ∈ + =  , and let 
(3.5) hold. Let 1n ≥ . Then we have 

[ ] ( )( )
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( )
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1

*
ˆ,1 4
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p s
s j

s jsn n
j j p j j js X

jkk LL

W f v f aC W f w c
nT

ω
−=
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≤   

 
∑

∏




    (6.4) 

Now Assumption 6.1 holds. Then we have 
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( )
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1 1*
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j
p s
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j
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−

=
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∑



        (6.5) 

Proof of (6.4). By Proposition 3.3 (1) and Proposition 3.4, we get 
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where the constant 1C  and 1c  is independent of 1X̂ . Similarly, for  
1,2, ,j s=  , 

( ) ( )( )
( )

( )

( )ˆ ˆ,
*

ˆ,1 4 , ; .j j

j

p

jj n jX X n
j p j j jX
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L

w x f v f aC f w c
nT x
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      (6.6) 

Using [ ] [ ] ( )( ) [ ] ( ) [ ] ( )( ) [ ] ( ) [ ] ( )( )1 1 2 1s s s
n n n n n nf v f v f v f v f v f v f−− = − + − + + − , 

we get from Lemma 3.7 (1) and (6.6), 
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*
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*
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1

, ;

, ; .
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j
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j i p j j jXi s i j
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n

ω

ω

−

−

=

≤ ≤ ≠
=

 
  
 

 
≤   

 

∑

∑ ∏





 

Hence, we have (6.4).   # 
To prove Theorem 6.2 (6.5) we need the following two theorems. 
Theorem 6.3 (cf. [12], Proposition 3.2). Let ( )2

1 , s
i iiW w w C

=
= ∈ +∏  , 

1,2, ,i s=  . Let f  hold Assumption 6.1, especially (6.1) and (6.2) hold. Then 
there exists a constant 0C >  such that for every 0t >  and 1,2, ,i s=  , 

( ) ( )

( ) ( )

1 1

1

*
ˆ1,

ˆ 1 1 1

, ;

d d d d d

si
i

s ii

i i iX L

i i i i sX

W f w t

Ct W w x f x x x x x

ω
−

− − +≤ ∫ ∫



 

 

            (6.7) 

and 

( ) ( )1

*
ˆ,0

lim , ; 0.
si
i

i i iXt L
W f w tω

∞ −∞→
=



                    (6.8) 

Proof. Let ( ) ( ) ( )ˆ ˆ ˆ: 0
i i iX X Xg x f x f= − . For t > 0, we write ( ) ( )i

i ut aσ = , and let  

0 h t< ≤  and ( ) ( )2 i
i i ux x t aσ= ≤ < . Since ( ) 2t xΦ ≤  for ( )2ix tσ≤ , if we 

take t small enough, then 
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( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

ˆ ˆ2

2
ˆ2

2

ˆ

ˆ ˆ

d
2 2

d d
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d d d .

i ii
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σ
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≤
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≤ − Φ

+

−

+

−

    + Φ − − Φ    
    

≤

≤

≤ ≤

∫

∫ ∫

∫ ∫

∫ ∫ ∫


 

         (6.9) 

On the other hand, by Proposition 4.2 with 1p = , 

( ) ( ) ( ){ } ( )
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( ) ( )( ) ( )

( ) ( )

ˆ ˆ4
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0 d

1 d
4

d d
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i ii
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i i

x
i i i i iX

i i i i Xy

i X

f x f w x x

Q x g x w x x
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Ct Q x w x f y x

Ct Q x w x x f y
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σ

σσ

∞

∞

∞

∞ ∞

∞

−

′≤
′
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′≤

=

∫

∫

∫ ∫

∫ ∫

∫

 

Similarly, 

( ) ( ) ( ){ } ( ) ( ) ( )4 0
ˆ ˆ ˆ0 d d .i

i i i

t
i iX X Xf x f w x x Ct w y f y

σ−

−∞ −∞
− ≤∫ ∫  

Therefore, we see 

( ) ( ){ } ( ) ( ) ( )ˆ ˆ ˆ0 d d .
i i ii iX X Xf x f w x x Ct w y f y

∞ ∞

−∞ −∞
− ≤∫ ∫          (6.10) 

Consequently, from (6.9) and (6.10) we have 

( ) ( )

( ) ( )

1 1

1

*
ˆ1,

ˆ 1 1 1

, ;

d d d d d ,

si
i

s ii

i i iX L

i i i i sX

W f w t

Ct W w x f x x x x x

ω
−

− − +≤ ∫ ∫



 

 

 

that is, we have (6.7). We show (6.8). Let 0, x Lε > ≥  for large 0L > . Then 

( ) ( ) ( )

( ) ( )

ˆ ˆ

ˆ

2 2

2 2 .

i i

i

i i t tX X

i i X

h hW w x f x x f x x

C W w x f x Cε

    + Φ − − Φ    
    

≤ ≤

 

Next, for x L≤  we see 

( ) ( ) ( )ˆ ˆ 0  as 0,
2 2i ii i t tX X

h hW w x f x x f x x t    + Φ − − Φ → →    
    

 

hence for 00 t t< ≤  small enough, 

( ) ( ) ( )ˆ ˆ .
2 2i ii i t tX X

h hW w x f x x f x x ε
    + Φ − − Φ ≤    

    
 

On the other hand, 
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( ) ( ) ( )( )
( )( )

( ) ( )
( )( )

( ) ( ) ( )( )

ˆ ˆ
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ˆ ˆ 44
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0 0  as 0.
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i i ii

i i X X L x t
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W w x f x f
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∞
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≥
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Hence for 00 t t< ≤  small enough, 
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4

0 .
i i

i
X X L x t

W X f x f
σ

ε
∞ ≥

− ≤  

Consequently, we have 

( ) ( )1

*
ˆ,0

lim , ; 0,
si
i

i i iXt L
W f w tω

∞ −∞→
=



 

that is, (6.8).   # 
Theorem 6.4. Under Assumption 6.1, we have 

( ) ( )1
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ˆ, , : 1 ,s ii

p p
i p i i i tXW f w t DX Co tω−

−≤∫


 

where 

1 1 1: d d d d ,  1, 2, ,i i i sDX x x x x i s− += =    
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t i i iX L
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Proof. Let ( ) ( ) ( )ˆ ˆ ˆ: 0
i i iX X Xg x f x f= − . 

( ) ( ) ( ) ( )

( )
( ) ( ) ( )

( )
( ) ( ){ } ( )

( ) ( )

ˆ ˆ2

1

ˆ ˆ
2

1

ˆ ˆ
4

ˆ ˆ2

d
2 2

sup
2 2

   sup 0

   
2

i ii i

i i
i i

i i
i i

i ii i

p

i t i i t i i i iX Xx t

p

i t i i t i i iX X
x t

p

i i iX X
x t

i t iX Xx t

h hg x x g x x w x x

h hg x x g x x w x

f x f w x

hg x x g

σ

σ

σ

σ

≤

−

≤

−

≥

≤

    + Φ − − Φ    
    

     ≤ + Φ − − Φ    
     


+ − 



 × + Φ − 
 

∫

∫ ( ) ( )

( ) ( ) ( ){ } ( )ˆ ˆ4

d
2

   0 d
i ii i

i t i i i i

i i i iX Xx t

hx x w x x

f x f w x x
σ≥

   − Φ   
   

+ − ∫

 

( )
( ) ( ) ( )

( )
( ) ( ){ } ( )

( ) ( ) ( ) ( )

( ) ( ) ( ){ } ( )

ˆ ˆ
2

1

ˆ ˆ
4

ˆ ˆ2

ˆ ˆ4

sup
2 2

   sup 0

   d
2 2

   0 d

i i
i i

i i
i i

i ii i

i ii i

i t i i t i i iX X
x t

p

i i iX X
x t

i t i i t i i i iX Xx t

i i i iX Xx t

h hg x x g x x w x

f x f w x

h hg x x g x x w x x

f x f w x x

σ

σ

σ

σ

≤

−

≥

≤

≥

     ≤ + Φ − − Φ     
     


+ − 



     × + Φ − − Φ     
     

+ −

∫

∫

( ) ( )1
* *

ˆ ˆ, 1,, ; , ; .
i i

p

i i i iX Xf w t f w tω ω
−

∞



= ×
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Similarly, 

( ) ( ) ( ){ } ( )

( )
( ) ( ){ } ( )

( )
( ) ( ) ( )

( )
( ) ( ){ } ( )

( ) ( )

ˆ ˆ4

1

ˆ ˆ
4

1

ˆ ˆ
2

ˆ ˆ
4

ˆ ˆ2

0 d

sup 0

   sup
2 2

   sup 0

   
2

i ii i

i i
i i

i i
i i

i i
i i

i ii i

p

i i i iX Xx t

p

i i iX X
x t

p

i t i i t i i iX X
x t

i i iX X
x t

i t iX Xx t

f x f w x x

f x f w x

h hg x x g x x w x

f x f w x

hg x x g

σ

σ

σ

σ

σ

≥

−

≥

−

≤

≥

≤

−


≤ −


     + + Φ − − Φ    
     


× −


 + + Φ − 
 

∫

∫ ( ) ( ) d
2i t i i i i
hx x w x x

  − Φ   
    

 

( )
( ) ( ){ } ( )

( )
( ) ( ) ( )

( ) ( ) ( ){ } ( )

( ) ( ) ( ) ( )

ˆ ˆ
4

1

ˆ ˆ
2

ˆ ˆ4

ˆ ˆ2

sup 0

   sup
2 2

   0 d

   d
2 2

i i
i i

i i
i i

i ii i

i ii i

i i iX X
x t

p

i t i i t i i iX X
x t

i i i iX Xx t

i t i i t i i i iX Xx t

f x f w x

h hg x x g x x w x

f x f w x x

h hg x x g x x w x x

σ

σ

σ

σ

≥

−

≤

≥

≤


≤ −


    + + Φ − − Φ     
      

× −
    + + Φ − − Φ    

     

∫

∫

( ) ( )1
* *

ˆ ˆ, 1,, ; , ; .
i i

p

i i i iX Xf w t f w tω ω
−

∞




= ×

 

Hence, 

( ) ( ) ( )1
* * *

ˆ ˆ ˆ, , 1,, , , , , , ,
i i i

p

p i i i i i iX X Xf w t C f w t f w tω ω ω
−

∞
 ≤ × 
 

 

Consequently, we have 

( )
( ){ } ( ){ }

( ) ( ) ( )
( )

1

1

11

*
ˆ,

1
* *

ˆ ˆ, 1,

1
* *

ˆ ˆ, 1,

1

, ;

, ; , ;

, ; , ;

1 ,

s ii

s i ii

ssi iii

p

i p i i iX

p

i i i i i i iX X

p

i i i i i i iX XL

p
t

W f w t DX

C W f w t W f w t DX

C W f w t W f w t DX

Co t

ω

ω ω

ω ω

−

−

−∞ −

−

∞

−

∞

−

≤

≤

≤

∫

∫

∫









 

where 

( ) ( ) ( )1

*
ˆ,1 : , ; .

si
i

t i i iX L
o W f w tω

∞ −∞=


     # 

Proof of Theorem 6.2 (6.5). Using Theorems 6.3 and 6.4 with nt a n= , we 
easily obtain (6.5).   # 

We will give an analogy of Theorem 6.2. To do so we use the following 
weights . They are guaranteed by Proposition 2.3. 
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( ) ( ) ( )1 4 $ 2

$ $ $ $
1 1 ,

~ , 1, 2, , ,

: ,  : .

i i i i i

s
i i ji j s j i

w x T x w C i s

W w W w
= ≤ ≤ ≠

∈ + =

= =∏ ∏


              (6.11) 

Assumption 6.5. Let ( ) ( )3 , 0 3 2 1, ,iw C i sλ∈ + < < =  . Suppose that f  
is continuous on s

 , and ( )ˆ iXf x  has a bounded variation on any compact 
interval in s

  with 

( ) ( )1 1

$ $
ˆ 1 1d d d d d ,    1, 2, , ,s iii

i i x i sXW w x f x x x x i s− − + < ∞ =∫ ∫
 

       (6.12) 

and if p = ∞ , then we further suppose 

( ) ( )$
ˆ 0,  as , 1, 2, , ,

i i iXW X f x x i s→ →∞ =            (6.13) 

where the weights $ $, iw W  and $
iW  are defined by (6.11). 

Theorem 6.6. We suppose  

( ) ( ) ( )3exp  0 3 2 , 1, 2, ,j jw Q C j sλ λ= − ∈ + < < =  , and let 

( )( ) ( )

2
3

, 1, 2, , .j
j n j

n

nT a c j s
a

 
≤ =  

 
                     (6.14) 

Let 1,1n p≥ ≤ ≤ ∞ . Then we have 

( ) ( )( ) ( )

( )
( )

( )1

1 1 4 * 1 4
ˆ,1

1
, ; .

p s

j
p s

j

s
n

L

js j n
j j k p j j j jXk

j
L

W f v f

aC W T f T w c
n

ω
−

−

=
=

−

 
≤   

 
∑ ∏





         (6.15) 

Now Assumption 6.5 holds. Then we have 

( )
( )

( )

( )

1

1 1 4 * 1 4
ˆ,1

1

1

1 1

, ;

1 .

j
p s

j

js j n
j j k p j j j jXk

j
L

pp n
n

a
C W T f T w c

n

a
Co

n

ω
−

−

=
=

−

 
  
 

 ≤  
 

∑ ∏


       (6.16) 

Proof of (6.15). By Proposition 3.3 (2) and Proposition 3.4, we get 

( ) ( )( )
( )

( )
( )

1 1

1 1

ˆ ˆ1 ,1

1
1 4 * 1 4

ˆ ˆ, 1 1 1 ,1 1 1 1; , ; ,

pnX X
L

n
p n pX X

w x f v f

aCE f T w C f T w c
n

ω

−

 
≤ ≤   

 



 

where the constant C1 and c1 are independent of 1X̂ . Similarly, for 1,2, ,j s=  , 

( ) ( )( )
( )

( )
* 1 4

ˆ ˆ ˆ, , , ; .
j j jp

j
n

j n j j p j j j jX X X
L

aw x f v f C f T w c
n

ω
 

− ≤   
 

      (6.17) 

Using [ ] [ ] ( )( ) [ ] ( ) [ ] ( )( ) [ ] ( ) [ ] ( )( )1 1 2 1s s s
n n n n n nf v f v f v f v f v f v f−− = − + − + + − , 

https://doi.org/10.4236/am.2017.89095


R. Sakai 
 

 

DOI: 10.4236/am.2017.89095 1299 Applied Mathematics 
 

we get from Lemma 3.7 (2) and (6.17), 

[ ] ( )( ) ( )
[ ] ( )( ) ( )

[ ] ( ) [ ] ( )( ) ( )

( )( ) ( )
[ ] ( )( ) ( )

( )( ) ( ) ( ) ( )( )
( )

( )

( )
1

1

1 1

2

1
,1 ,

2

1 1 4
,1 ,1

2

1
* 1 4

ˆ1 1 ,1 1 1 1

1 4

2

, ;

   

p s

p s p s

p s p s

p s p s

p s
j

s
n

L

s
j j

n n n
L Lj

s
j

n n n jL Lj

s j
n k n jkL Lj

n
p X

L

s

j j kk
j

W f v f

W f v f W v f v f

C W f v f Wv f v f

C W f v f W T f v f

aC W f T w c
n

C W T

ω
−

−

=

−

=

−

=
=

=

−

≤ − + −

 
≤ − + − 

 
 

≤ − + − 
  

 
≤   

 

+

∑

∑

∑ ∏

∑



 











( )
( )

( )1

1 * 1 4
ˆ,1 , ;

j
p s

j

j
j n

p j j j jX
L

af T w c
n

ω
−

−

=

 
  
 

∏


 

by (3.11) 

( )
( )

( )1

1 1 4 * 1 4
ˆ,1

1
, ; ,

j
p s

j

js j n
j j k p j j j jXk

j
L

aC W T f T w c
n

ω
−

−

=
=

 
≤   

 
∑ ∏



 

where 1 1 4
1 1j

kk T−

=
=∏  for 1j = , that is, we have (6.15). 

(6.16) follows from the following theorems.    # 
In Theorems 6.3 and 6.4 we replace , iw W  with $ $, iw W  of (6.11), where 

( ) ( )3 , 0 3 2 1,2, ,iw C i sλ λ∈ + < < =  , then we easily have the following 
Theorem 6.7. 

Theorem 6.7 (cf. [Theorem 6.3 in this paper]). Let  

( )$ $ $ 2
1 , , 1, 2, ,s

i iiW w w C i s
=

= ∈ + =∏  . Let f  hold Assumption 6.5, 
especially (6.18) and (6.19) hold. Then there exists a constant 0C >  such that 
for every 0t >  and 1,2, ,i s=  , 

( ) ( )

( ) ( )

1 1

1

$ * $
ˆ1,

$ $
ˆ 1 1 1

, ;

d d d d d ,

si
i

s ii

i i iX L

i i i i sX

W f w t

Ct W w x f x x x x x

ω
−

− − +≤ ∫ ∫



 

 

         (6.18) 

and 

( ) ( )1

$ * $
ˆ,0

lim , ; 0.
si
i

i i iXt L
W f w tω

∞ −∞→
=



                  (6.19) 

Theorem 6.8. Under Assumption 6.5, we have 

( ) ( )1
1$ * $

ˆ, , ; 1 ,s ii

p p
i p i i i tXW f w t DX Co tω−

−≤∫


 

where 

1 1 1: d d d d ,  1, 2, ,i i i sDX x x x x i s− += =    
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and 

( ) ( ) ( )1

$ * $
ˆ,1 : , ; .

si
i

t i i iX L
o W f w tω

∞ −∞=


 

7. Approximation for Functions of the Lipschitz Class 

Through this section we consider the weight ( ) ( )3expw Q Cλ= − ∈ + . 
Theorem 7.1. (1) We suppose ( ) ( ) ( )3exp  0 3 2j jw Q Cλ λ= − ∈ + < < ,

1,2, ,j s=  , and let (3.6) hold. Let 1, 1n p≥ ≤ ≤ ∞ . Then we have 

[ ] ( )( ) ( )

( )
( )

( )1

1 1 4 1 4
ˆ,1

1
, ; ,

p s

j
p s

j

s
n

L

js j n
j j k p j j j jXk

j
L

W f v f

aC W T f T w c
n

ω
−

−

=
=

−

 
≤   

 
∑ ∏





         (7.1) 

where 1s
j
−

  is defined in (3.8). Now, we suppose that f  is continuous on s
 . 

Let 
( )L

W fδ
∞ < ∞


 for some 0 1δ< < , and let ( )W f Lipδ α∈  for some 
0 1α< ≤ , that is, 

( ) ( )1 2 1 2 .W f X W f X X X αδ δ− ≤ −                 (7.2) 

Then we have 

( )
( )

( )
( )

1

1 1 4 1 4
ˆ,1

1

1

, ;

.

j
p s

j

js j n
j j k p j j j jXk

j
L
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n

i

a
C W T f T w c

n

a
C

n

α

ω
−

−

=
=

=

 
  
 

 
≤   

 

∑ ∏

∑



         (7.3) 

(2) We suppose ( ) ( )2expj jw Q C= − ∈ + , 1,2, ,j s=  , and hold (3.6). Let 
1, 1n p≥ ≤ ≤ ∞ . Then we have 

[ ] ( )( )
( )

( )

( )1

ˆ,1 4
1

1

, ; .
j

p s
p s j

s jsn n
j j p j j js X

jkk LL

W f v f aC W f w c
nT

ω
−=

=

−  
≤   

 
∑

∏




      (7.4) 

Now, we suppose that f  has the conditions as (1). Then we have 

( )

( )

( )

1

ˆ,
1 1

, ; .
j

p s
j

j is s
n n

j j p j j jX
j i

L

a aC W f w c C
n n

α

ω
−= =

   
≤      

   
∑ ∑



          (7.5) 

Proof. We suppose 0 1δ< < . 
(1) (7.2) follows from (3.7). We will show (7.3). Now, we use 11 1 4

1: jj
iiT T−−

=
=∏ , 

where 0 1T = , and 
1 , :j ii s i jW w
≤ ≤ ≠

=∏ . We will estimate 

( ) ( ) ( ) ( )( )
( )( )

( )
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1

1
1 1 4

ˆ0 2
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j p s
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ptj

j j j h x X
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t σ
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From ( )W f Lipδ α∈  and  
( ) ( ) ( )( ) ( ) ( )( ), ,~ 2 ~ 2j t j t jw x w x h x w x h x+ Φ − Φ  (see[3], Lemma 7) we have 

( ) ( ) ( ) ( )
( )( )

( ) ( ) ( ) ( )
( )( )

( ) ( )

( )
( ) ( )
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1
1 4

ˆ0 2
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2 2
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p
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p
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By (7.2) we see 
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δ

σ

δ α
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−
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≤
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∫
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On the other hand, for 2I  we estimate 
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by the boundedness of ( ) ( ) ( )1 21 4
j jT x w xδ−  

( ) ,p sL
Ct W fδ≤



 

by the boundedness of ( ) ( ) ( )1 2
j jw x Qδ ξ− ′  (note CQ Q′ ≤ ) and Lemma 3.10 

( )( )  by .pCt w f Lα δ≤ ∈   

Hence we conclude 

( ) ( ) ( ) ( )( )
( )( )

( )
,

1

1
1 1 4

ˆ0 2
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t j j p

j p s
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p
ptj

j j j h x X
L x t

L

W T T x w x f x h Ct
t

α

σ
−

−
Φ

≤

 
∆ ≤  

 
∫



 (7.6) 

Now, we see 
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( ) ( )( ) ( )

( ) ( )
( ) ( )( ) ( )

( )( ) ( ) ( )( )

1

1

1
ˆconstant \ 4 , 4

1
ˆ

\ 4 , 4

1 1

inf

4 4 .
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 − 

− −
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≤
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Here, if we set 4 ut a u= , then we see 

( )( ) ( ) ( )( )
( )

1 4 exp 1 ~ exp e u
j j j u

u

uw t Q a C
T a

ηδ σ δ− −
 
 = − − − ≤
 
 

 

for some 0 1η< < , that is, 

( )( )1 4 e .
4

u u
j j

aw t C C Ct
u

δδ σ− −≤ ≤ =  

Therefore, we have 

( )
( )( ) ( )

( ) ( )( ) ( )1

1
ˆconstant \ 4 , 4

inf .
j pj j j p s

j

j
j j jXc L t t

L

W T f x c w x Ct
σ σ −

−

 − 

− ≤




    (7.7) 

Consequently, by (7.6) and (7.7) we have 

( ) ( )1

1
ˆ, , ; .

j p s
j

j
j p j jX

L
W T f w t Ctαω

−

− ≤


 

So we have (7.3), that is, 

( )

( )

( )

1

1
ˆ,

1 1
, ; .

j
p s

j

j is s
j n n

j j p j j jX
j i

L

a aC W T f w c C
n n

α

ω
−

−

= =

   
≤      

   
∑ ∑



 

(2) (7.4) follows from (3.7). The estimate (7.5) follows as (1). We omit the 
proof.   # 

https://doi.org/10.4236/am.2017.89095


R. Sakai 
 

 

DOI: 10.4236/am.2017.89095 1303 Applied Mathematics 
 

8. Approximation for Differentiable Functions 

In this section, we treat the differentiable functions. 
Let 1, 1s r> ≥  be fixed integers, and let ( )3 , 1, ,jw C j sλ∈ + =  . We 

suppose that the multivariate function ( )1, , sf x x  is r-times partial 
differentiable, and then with norm: 

( ),

1 4

1
: ,p sr p

s
r

i i i Li
Wf wT D f

=

= < ∞∑


  

where 

: ,  1, 2, , .
r

r
i r

i

fD f i s
x

∂
= =
∂

  

The class of all functions ( )1, , sf x x  with 
,r p

Wf < ∞


 will be denoted 

by ,r p . In the sequel, if 1 i s≤ ≤  is an integer, then ( ),p iLf


 will denote 

the pL -norm of f  taken with respect to the i-th variable. 
Theorem 8.1. We suppose ( ) ( )3expj jw Q Cλ= − ∈ +  and 1r ≥  is an 

integer. Let 1, 1n p≥ ≤ ≤ ∞ , and let ,r pWf ∈ . Then we have 

[ ] ( )( ) ( ) ,
,

p s r p

r
s n

n
L

aW f v f C Wf
n

 − ≤  
 


           (8.1) 

where ( ){ }max , 1, 2, ,i
n na a i s= =  . 

Remark 8.2. Especially, for 1r =  we have 

[ ] ( )( ) ( ) ( )
1 4 1

1
.p sp s

s
s n

n i i i LL i

aW f v f C wT D f
n =

 − ≤  
 

∑




 

Theorem 8.3 ([7], Cororally 8). We suppose ( )2w C∈ + . Let 1 p≤ ≤ ∞  
and ( )1r ≥  is an integer. If ( )1rg −  be absolutely continuous and ( ) ( )r pwg L∈  , 
then we have 

( ) ( )
( ), .

p

r
rn

p n L

aE g C wg
n

 ≤  
  

 

Equivalently, 

( ) ( )( ), , 1 .
r

rn
p n p n

aE g C E g
n −

 ≤  
 

 

Proof of Theorem 8.1. We use Proposition 2.3, that is, ( )2~T w w Cα
α ∈ + . 

In view of Theorem 3.3 (1) and a repeated application of Theorem 8.3, we get 

( ) [ ] ( )( )
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( )
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( ) ( ) ( )
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where the constant 1C  is independent of 1X̂ , and 1D  denotes differentiation 
with respect to the first variable. Similarly, for 1,2, ,j s=  , 

( )( )
( )

( )

( )
1 4

ˆ ˆ, ,pj j p

rj
rn

j n j j j j jX X LL

aw f v f C w T D f
n

 
− ≤   

 




       (8.2) 

where r
jD  denotes the derivative with respect to the j-th variable. 

Using Lemma 3.7 and (8.2), we obtain for integer 2j ≥ , 

[ ] ( ) [ ] ( )( ) ( )
[ ] ( )( ) ( )
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( )
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1 1
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    (8.3) 

From (8.2) and (8.3), we get 

[ ] ( )( ) ( )
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Therefore, we conclude 
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Appendix 

In this Appendix we state two inequalities which play important roles in the 
study of approximation theory. In fact, we use Theorem 1A  in the proof of 
Theorem 5.2. Let ( )i

na  be the MRS number of ( )expi iw Q= − . 
Theorem 1A  (Markov-Bernstein inequalities). Let 0 p< ≤ ∞ , and let 

1, , 0sr r ≥  be integers. There exists ( ), 0C C n P≠ >  such that for 1n ≥  and 

( );
s

n sP∈  . 
(1) if ( )2

iw C∈ + , then we have 
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(2) if ( )3
iw Cλ∈ + , then we have 
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The following, so called, Nikolskee-type inequality is useful. 
Theorem 2A  (Nikolskii-type inequality). Let  

( ) ( ) ( )3exp  0 3 2iw Q Cλ λ= − ∈ + < < , and let ;n sP∈ . For 0 p q< ≤ ≤ ∞ , we 
have 

( )
( )( ) ( )

1 1

1 ,s s
p q

s i p q
niL LWP C a WP

−

=
≤ ∏

 

 

and for 1 q p≤ < ≤ ∞ , we have 

( )
( ) ( )

1 1
1 1 1
2

1 1 .
q

s
p

q p
s sp q

ii i i L
nL

nT WP C WP
a

− 
− 

 
= =

 
≤   

 
∏ ∏





 

To prove Theorem 1A  we need the Proposition 5.3. 
Proof of Theorem 1A . To prove (1), we use the second inequality in 

Proposition 5.3, repeatedly. Then we easily obtain the result. 
(2) Using the first inequality in Proposition 5.3, repeatedly, we have the 

result.  # 
The proof of Theorem 2A  is obtained by repeatedly using the following 

proposition. 
Proposition A3 ([8], Theorem 18). Let ( ) ( ) ( )3exp  0 3 2w Q Cλ λ= − ∈ + < < , 

and let nP∈ . For 0 p q< ≤ ≤ ∞ , we have 

( ) ( )

1 1

,
p q

p q
nL LwP Ca wP
−

≤
 

 

and for 1 q p≤ < ≤ ∞ , we have 
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