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Abstract 
In this paper, three types of three-parameters families of quadrature formulas for the Riemann’s 
integral on an interval of the real line ( ) ( )∫

b

a
I f f x x= d  are carefully studied. This research is a 

continuation of the results in the [1]-[3]. All these quadrature formulas are not based on the inte- 
gration of an interpolant as so as the Gregory rule, a well-known example in numerical quadrature 
of a trapezoidal rule with endpoint corrections of a given order (see [4]). In some natural restric- 
tions on the parameters we construct the only one quadrature formula of the eight order which 
belongs to the first, second and third family. For functions whose 8th derivative is either always 
positive or always negative, we use these quadrature formulas to get good two-sided bound on 
( )I f . Additionally, we apply these quadratures to obtain the approximate sum of slowly con- 

vergent series ∑ iis a∞

=
= 0 , where ia ∈ . 

 
Keywords 
Quadrature and Cubature Formulas, Numerical Integration 

 
 

1. Introduction 
We consider the three-parameters families , ,α β γ , , ,α β γ , , ,α β γ  of quadrature formulas for the integral  

( ) ( )db

a
I f f x x= ∫ . These quadratures are linear combinations of the quadrature investigated in papers [1]-[3]  

respectively. The error estimates are calculated in dependence of the parameters α , β , γ  and then in some 
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natural restrictions on them these are investigated the quadrature formulas of the 8th order. The desired con- 
clusions are made by means of properties of Peano kernels using substantially well-known error formulas. We 
construct the only one quadrature formula of the eight order which belongs to the family , ,α β γ , the only one 
quadrature formula of the eight order too, which belongs to the family , ,α β γ  and the only one quadrature for- 
mula of the eight order too, which belongs to the family , ,α β γ . Because of the Peano kernels for these qua- 
dratures have different signs, for functions whose 8th derivative is either always positive or always negative we 
use these quadrature formulas to get good bounds on ( )I f . So, by suitable choice of parameters one can 
increase quadrature order from two or four respectively to eight. 

2. The Three-Parameters Family of Quadrature Formulas , ,α β γ  
We consider family of quadrature formulas , ,α β γ  given by  

( )

( )

[ ] [ ]

, ,

1

1

2 1 2 1
2 2 2

2 1 2 11
2 2 2

, 0,1 , 0,1 , ,

n

j

n

j

h j jf f a h f a h

h j jf a h f a h

b ah n
n

α β γ α αγ

β βγ

α β γ

=

=

 − + − −    = + + +    
    

 − + − −    + − + + +    
    

−
∈ ∈ = ∈

∑

∑





               (1) 

for integral ( ) ( )db

a
I f f x x= ∫ . This family generalizes the family Qδ  discussed in [1], here it is enough to put 

α β= , 1
2

γ = , 1
2

αδ +
= . 

For arbitrary α , β , γ  the quadrature formula , ,α β γ  is of the second order. The error  
( ) ( ) ( ), , , ,E f I f fα β γ α β γ= −  for the polynomials 2, ,t t   is equal 

( ), , 0,E tα β γ =  

( ) ( ) ( )( )
3

, , 2 2 2
2 1 3 1 3 ,

12
b a

E t
n

α β γ β γ α γ
−

= + − −  

( ) ( ) ( ) ( )( )
3

, , 3 2 2
2 1 3 1 3 .

8
b a a b

E t
n

α β γ β γ α γ
− +

= + − −  

If a triple ( ), ,α β γ  is a root of the polynomial ( ) ( )2 2
1 , , 1 3 1 3ψ α β γ β γ α γ= + − −  the range of quadrature  

formula increases. These triples we can write in the form ( )( ), , ,α β γ β γ  with 

( ) ( ) 21 3 1
,

3
γ β

α β γ
γ

+ −
=  

where ( ) ( ) [ ] ( )2 2
01

1, : , 0,1 : 1
3

Dβ γ β γ γ β ∈ = ∈ − < 
 

. Then every ( ), , ,α β γ β γ  is of the fourth order, and 

moreover 
( ) ( ), , , 0 for 1,2,3,iE t iα β γ β γ = =  

( ) ( ) ( ) ( )( )( )
5

, , , 4 2 2
4

1 15 3 2 1 9 5 ,
720
b a

E t
n

α β γ β γ β β γ γ
γ

−
= − − + −  

( ) ( ) ( ) ( ) ( )( )( )
5

, , , 5 2 2
4

1 15 3 2 1 9 5 .
288

b a a b
E t

n
α β γ β γ β β γ γ

γ
− +

= − − + −  

If the pair ( ),β γ  is a root of the polynomial ( ) ( )( )2 2
2 , 15 3 2 1 9 5ψ β γ β β γ γ= − − + −  then the range of  
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quadrature increases as before. We can write these pairs in the form ( )( ),β γ γ  where  

( )
25 5 2 51:

115
γ γ γ

β γ
γ

− + −
=

−
 

for 50,
9

γ  ∈   
. 

Every quadrature ( )( ) ( ), , ,α β γ γ β γ γ  is of the six order but we must restrict the interval for γ . The quadrature  

nodes belongs to interval [ ],a b  only for 1 5,
6 9

γ  ∈   
. Graphs of the functions  

( )( ) 1 5 5, 5 2
15

γα β γ γ
γ
−

= +  

and ( )β γ  are presented on the Figure 1. 
In this case we have 

( )( ) ( ) ( ), , , 0 for 1, ,5iE t iα β γ γ β γ γ = =   

( )( ) ( ) ( ) ( )
( )

( )
7 3

, , , 6 2
6

1 14 7 5 5 10 10 ,
37800 1

b a
E t

n
α β γ γ β γ γ γ γ γ γ

γ γ

 −
= − − − + −  −  

 

( )( ) ( ) ( ) ( ) ( )
( )

( )
7 3

, , , 7 2
6

1 14 7 5 5 10 10 .
10800 1

b a a b
E t

n
α β γ γ β γ γ γ γ γ γ

γ γ

 − +
= − − − + −  −  

 

The six order Peano kernel ( ) ( ) ( )( ) ( ) ( )( )5 , , ,
6

1, : d
5!

b

x
K x t x t p tα β γ γ β γ γγ = − −∫   where ( ) ( )5

5!
t x

p t +
−

= . This  

kernel is a periodic function with period h and on every interval ( ), 1a ih a i h+ + +    is symmetrical respect to  

its midpoint. So, it is enough to define it on the interval ,
2
hb b −  

: 

( )

( ) ( )( ) ( ) ( )

( )

( ) ( )( )

( ) ( )( )

( )

5 56

56

6

6

2 1 , 2 1
1

6! 2 5! 2 2

2 12 1for , ,
2 2

2 1 ,,
6! 2 5! 2

2 1 ,2 1
for , ,

2 2

for
6!

nb x nh a h x a h x

nnx a h a h

nb x hK x a h x

nn
x a h a h

b x
x a

α β γ γ β γ
γ γ

β γ

α β γ γγ γ

α β γ γβ γ

  − +− − +  − + − + − + −     ×    
− + −

∈ + + 
 

 − +−= − + −  ×  
 − +− +

∈ + + 
  

−
∈ +



( )( )2 1 ,
,

2
n

h b
α β γ γ


















 − +
 
   

   (2) 

The kernel ( )6 ,K xγ  is negative for 1
1 ˆ,
6

γ γ ∈  
 and positive for 2

5ˆ ,
9

γ γ ∈  
. After numerical calculation 

we conclude that 1
1ˆ
4

γ > , 2
133ˆ

1000
γ <  (see Figure 2). 
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Figure 1. Graphs of ( )( ),α β γ γ  and ( )β γ .                                            

 

 
Figure 2. Graph of the kernel ( )6 ,K xγ  for [ ],x b h b∈ −  ( [ ] [ ], 9,1a b = − , 10n = ).   

 
The integral of the six order Peano kernel takes form  

( ) ( )
( )

( )

3
3

6
6

7 14 5 5 10
, d

27216000 1
b

a

b ac K x x h
γ γ γ γ

γ γ
γ γ

 
− − + −  −  = =

−∫   

(see Figure 3). 
From Peano theorem (see [5]) the error  

( )( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( ) ( )

3
2

, , , 6 66

1 14 5 5 10
,

27216000 1
b aE f h f c fα β γ γ β γ γ

γ γ γ γ
ξ γ ξ

γ γ

 
− − + −  −  = =

−
      (3) 

for any function [ ]( )6 ,f C a b∈  and 1 1 133 5, ,
6 4 1000 9

γ
  ∈      

 , where [ ],a bξ ∈ . Moreover, using Peano 

theorem we can prove the following: 

Theorem 1. If 1 1
1 ˆ,
6

γ γ ∈  
, 2 2

5ˆ ,
9

γ γ ∈  
, function [ ]6 ,f C a b∈ , and ( )6f  has constant sign on interval 

[ ],a b , then 
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Figure 3. Graph of the function ( )c γ .                                 
 

 
( )( ) ( ) ( ) ( )( ) ( )2 2 2 2 1 1 1 1, , , , , ,I fα β γ γ β γ γ α β γ γ β γ γ≤ ≤                         (4) 

if ( )6f  is non-negative on interval [ ],a b , and 

( )( ) ( ) ( ) ( )( ) ( )1 1 1 1 2 2 2 2, , , , , ,I fα β γ γ β γ γ α β γ γ β γ γ≤ ≤                         (5) 

if ( )6f  is non-positive on interval [ ],a b . 
Proof. Assume that ( )6 0f ≥ . From the formula (3), because of ( )1 0c γ <  and ( )6 0f ≥ , we have  

( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( )1 1 1 1 1 1 1 1, , , , , ,6
1 1 .I f c fα β γ γ β γ γ α β γ γ β γ γγ ξ= + ≤   

Similarly  

( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( )2 2 2 2 2 2 2 2, , , , , ,6
2 2I f c fα β γ γ β γ γ α β γ γ β γ γγ ξ= + ≥   

because of ( )2 0c γ >  and ( )6 0f ≥ .                                                          □ 

The function ( ) ( )
3
2

3 : 14 7 5 5 10 10ψ γ γ γ γ γ= − − + −  has one root  

( ) ( )0
1 49 1 1 518 30 0.3478548451
36 2 6 66 18 30

γ = − = = − ≈
+

. Lets put  

( )0 0
3 2 6 0.3399810436
7 7 5

β β γ= = − ≈ , ( )0 0 0
3 2 6, 0.8611363116
7 7 5

α α β γ= = + ≈ . The quadrature  

formula 0 0 0, ,α β γ  is of the eight order and  

( )0 0 0, , 0 for 1, ,7iE t iα β γ = =   

( ) ( ) ( )0 0 0

9 8
, , 8

8 .
4410044100

b a hE t b a
n

α β γ −
= = −  

The eight order Peano kernel ( ) ( ) ( )( )0 0 07 , ,
8

1 d
7!

b

x
K x t x t p tα β γ= − −∫   where ( ) ( )7

7!
t x

p t +
−

= . This kernel  

is a periodic function with period h and on every interval ( ), 1a ih a i h+ + +    symmetrical with respect to its  

midpoint. So us for 8K  , it is enough to define it on the interval ,
2
hb b −  

: 
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( )

( ) ( )

( )

( )

8 7 7
0 0

0 0

0

8 7
08 0

0 0

8
0

2 1 2 1
1

8! 2 7! 2 2

2 12 1for , ,
2 2

2 1
8! 2 7! 2

2 1 2 1
for , ,

2 2

2 1
for ,

8! 2

b x n nh a h x a h x

nnx a h a h

b x nhK x a h x

n nx a h a h

b x nx a h b

α β
γ γ

β

α
γ

β α

α

 − − + − +   − + − + − + −     ×     
− +− ∈ + +  

− − + = − + − ×  
− + − + ∈ + +  

− − +∈ +

















 
 

         (6) 

(see Figure 4). 
This kernel ( )8K x  is non-negative, moreover 

( ) ( ) ( ) ( )
9 8

8 8 8
2

d 2 d .
17781120001778112000

b b
ha b

b a hK x x n K x x b a
n−

−
= = = −∫ ∫   

From the Peano theorem (see [5]) we obtain for any function [ ]( )8 ,f C a b∈  the expression on the error 

( ) ( ) ( ) ( )0 0 0
8

8, , ,
1778112000

hE f b a fα β γ ξ= −                               (7) 

where [ ],a bξ ∈ . 

3. The Three-Parameter Family of Quadrature Formulas , ,α β γ  
We consider the family of quadrature formulas of the form 

( ) ( ) ( ) ( ) ( ), , : , 1 ,n n nf T f G f G fα β γ γ α γ β= + + −                         (8) 
where 

( ) ( ) ( ) ( )( )0 2 2, 3 4 ,
24n n n n

hG f f f f f f fλ λ λ λλ
λ − −= − + + + − +  

( ):tf f a th= + , 
b ah

n
−

= , ( ) ( ) 1
0 12

n
n n ii

hT f f f h f−

=
= + + ∑  is the trapezoidal rule, and α , β , γ  are para- 

 

 

Figure 4. Graph of the fragment of the kernel ( )8K x  for [ ],x b h b∈ −  

( [ ] [ ], 9,1a b = − , 10n = ).                                           
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meters. Particular cases 1γ =  and 0γ =  are investigated in the paper [2] and ( ) ( ), ,1
5nf Q fα β α

+= ,  
( ) ( ), ,0

5nf Q fα β β
+= . We are proved that 5

n
nQα
+  and 5

n
nQβ
+  with  

2π2 1 2cos ,
9 3

n
n n ϕ

α
 +  = +  

  
 

4π2 1 2cos ,
9 3

n
n n ϕ

β
 +  = +  

  
 

where 
π0,
2nϕ

 ∈ 
 

 and 2

243arccos 1
160n n

ϕ  = − 
 

 (see Figure 5) are of the six order. If we define the error  

( ) ( ) ( ), , , ,E f I f fα β γ α β γ= −  we can compute for the polynomials 2, ,t t   

( ), , 0 for 1, ,5,n n kE t kα β γ = =   

( ) ( ) ( )( )( )
7

, , 6 4
6 560 3 2 1 ,

8266860
n n

n n n

b a
E t W n V U

n
α β γ γ

−
= − − + + −  

( ) ( ) ( ) ( )( )( )
7

, , 7 4
6 560 3 2 1 ,

2361960
n n

n n n

b a a b
E t W n V U

n
α β γ γ

− +
= − − + + −  

where 

( )4 281 560 63 2430 ,nW n n= + −  

1 2 4 5198sin 105sin 52sin 40sin ,
3 3 3 3n n n n nU ϕ ϕ ϕ ϕ= + − −  

1 2 4 5198cos 105cos 52cos 40cos .
3 3 3 3n n n n nV ϕ ϕ ϕ ϕ= − + + −  

So, for every [ ]0,1γ ∈  the quadrature , ,n nα β γ  is of the six order. Let  

( )4

4

560 3
.

1120 3
n n n

n
n

W n V U

n U
γ

+ +
=  

With nγ γ=  the range of quadrature formula increases. The quadrature , ,n n nα β γ  is of the eight order but 
the expression ( ), , 8n n nE tα β γ  takes a very complicated form. 

The eight order Peano kernel ( ) ( ) ( )( )7 , ,
8

1 d
7!

n n n
b

x
K x t x t p tα β γ= − −∫   where ( ) ( )7

7!
t x

p t +
−

= . This kernel 

 

 
Figure 5. Graphs of the sequences nα , nβ , nγ .                                                                
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is a symmetrical function respect to the point 
2

a b+ , so it is enough to define it on the interval ,
2

a b b+ 
  

: 

( )

( ) ( ) ( )( )
[ ]

( ) ( ) ( )( )
[ ]

( ) ( ) ( )( )
[ ]

( ) ( ) ( ) ( )

( )

( )

8
1

8
2

8
3

8

8 1 7 3

8

1
8! 7!

for , ,

1
8! 7!

for 2 , ,

1
8! 7!

for , 2 ,

1
8! 7!

for 1 , , 1, , 1,
2

for ,

n n

n

n n

n n

n n

n

n

n n
j k

b x
x x

x b h b

b x
x x

x b h b h

b x
x x

K x
x b h b h

b x
h a jh x x x

nx a k h a kh k n

K b x

ax a

ξ ζ

β

ξ ζ

β β

ξ ζ

β

ξ ζ
−

=

−
− +

∈ −

−
− +

∈ − −

−
− +

=
∈ − −

−  
− + − + + 

 

 ∈ + − + = − −     

−

∈

∑







,
2

b




























+  
               (9) 

where 

( ) ( ) ( ) ( ) ( )( )7 7 7 73 4 2 ,
2 24

n
n n n

n

hhx b x b x b h x b h xγ
ξ α α

α
= − + − − + − − − − −  

( ) ( ) ( )( )71 1
3 ,

24
n

n
n

h
x b x

γ
ζ

β
−

= − −  

( ) ( ) ( ) ( )( )7 72 1
3 4 ,

24
n

n n
n

h
x b x b h x

γ
ζ β

β
−

= − − + − −  

( ) ( ) ( ) ( ) ( )( )7 7 73 1
3 4 2 ,

24
n

n n n
n

h
x b x b h x b h x

γ
ζ β β

β
−

= − − + − − − − −  

and 
b ah

n
−

= . On the Figure 6 we have graphs of the kernels ( )8K x  for 4,5,6n = . For any n the kernel  

( )8K x  is non-positive, moreover the integral 

( ) ( )

( ) ( ) ( )( )(
( )( ) ( )( )
( )( ) ( )( ))

8

9
7 6 6

9

2 5 5 3 4 4

4 3 3 5 2 2

: d

945 1 3720 3720 1 3
928972800

6300 1 20 294 294 1 1

3150 1 42 20 20 1 1

b

a

n n n n n n

n n n n n n n

n n n n n n n n

C n K x x

b a
m

m

m m

m m

γ β γ α γ β

γ α γ β γ γ β

γ α γ β γ α γ β

=

−
= − + − − − +

+ + − − + − +

+ + − + − − − +

∫ 

 

in the case 2n m=  and 
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Figure 6. Graphs of the kernels ( )8K x  for n = 4, 5, 6.                

 

( ) ( )

( )
( )

( )((
( )( ) )

( )(
( )

8

9
2 3 4 5 6

9

2 3 4 5 6

2 3 4 5 6

2 3 4 5

: d

45 616 1190 1176 700 248
3628800 2 1

1 616 1190 1176 700 248 27

12 5950 9450 7350 3150 620

1 5950 9450 7350 3150 62

b

a

n n n n n n

n n n n n n

n n n n n n

n n n n n

C n K x x

b a

m

m

γ α α α α α

γ β β β β β

γ α α α α α

γ β β β β

=

−
= − − + − +

+

+ − − + − + −

+ − + − + −

+ − − + − + −

∫ 

( ) )
( )(

( )( ) )
( )(

( )( ) )
( ) ( )( )( )

( )( ))

6

2 2 3 4 5

2 3 4 5

3 2 3 4

2 3 4

4 2 3 2 3

5 2 2

0 273

180 420 525 294 70

1 420 525 294 70 20

20 2100 1890 588

1 2100 1890 588 103

630 20 10 1 20 10 1

84 20 20 1 1

n

n n n n n

n n n n n

n n n n

n n n n

n n n n n n

n n n n

m

m

m

m

β

γ α α α α

γ β β β β

γ α α α

γ β β β

γ α α γ β β

γ α γ β

+

+ − + −

+ − − + − −

+ − + −

+ − − + − +

− − + − − −

+ − − − +

 

if 2 1n m= + . From the Peano theorem (see [5]) we obtain for any function [ ]( )8 ,f C a b∈  the expression on 
the error 

( ) ( ) ( ) ( )8, , ,n n nE f C n fα β γ ξ=                                (10) 

where [ ],a bξ ∈  and ( ) 0C n <  for all n. 

A Complex Quadrature Formula ( )fm
, ,α β γ  

Let m∈ , the step 
b ak

m
−

=  and the nodes jx a jk= +  ( )0,1, ,j m=  . The integral ( )I f  can be 

written in the form ( ) ( )1
0

m
jjI f I f−

=
= ∑ , where ( ) ( )1 dj

j

x
j x

I f f x x+= ∫ . To each integral ( )jI f  we apply the 

quadrature (8): 

( ) ( ) ( ) ( ) ( ) ( ), ,
, , ,: , 1 ,j n j n j nj f T f G f G fα β γ γ α γ β= + + −                    (11) 
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where now ( ) ( ) ( ) ( )( ), ,0 , , , ,2 , 2, 3 4
24j n j j n j j n j j n

hG f f f f f f fλ λ λ λλ
λ − −= − + + + − + ,  

( ) ( ) 1
, ,0 , ,12

n
j n j j n j ii

hT f f f h f−

=
= + + ∑ , ( ), :j t jf f x th= + , 1j jx x b ah

n mn
+ − −

= = . Next we define  

( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

( )

1 1 1 1
, , , ,

, , , ,2 , 2
0 0 1 0

1

, , ,2 , 2
0

1

0,0 ,0 ,0
1

4
24

1
4

24

1 1 2 .
2 8 8

m m n m

m j i j j n j j nj
j j i j

m

j j n j j n
j

m

m j
j

hf f h f f f f f

h
f f f f

h f f f

α β γ α β γ
α α α α

β β β β

γ
α

γ
β

γ γ
α β

− − − −

− −
= = = =

−

− −
=

−

=

= = + + − +

−
+ + − +

  −
+ − − + +  

  

∑ ∑∑ ∑

∑

∑

 

           (12) 

Obviously ( ) ( ), , , ,
1 f fα β γ α β γ=  . For every m∈ , the quadrature formula ( ), ,n n

m fα β γ  is of the six 
order and ( ), ,n n n

m fα β γ  is of the eight order. The Peano kernel for the quadrature formula ( ), ,
m fα β γ  is a 

periodic function with period k and on every interval 1,j jx x +    is symmetrical with respect to its midpoint. 
The quadrature formula (12) has ( )4 1m n + +  nodes.  

Because of Peano kernels for quadrature formulas 0 0 0, ,α β γ , , ,n n nα β γ  ( ), ,n n n
m
α β γ  have different signs, we 

have the following theorem.  
Theorem 2. If function [ ]8 ,f C a b∈ , and the derivative ( )8f  has constant sign on interval [ ],a b , then 

( ) ( ) ( ) ( ) ( )( )0 0 0 0 0 0, , , , , , , ,( ) n n n n n n
mf I f f f I f fα β γ α β γ α β γ α β γ≤ ≤ ≤ ≤              (13) 

if ( )8f  is non-negative on the interval ],[ ba , and  

( ) ( ) ( ) ( ) ( ) ( )( )0 0 0 0 0 0, , , , , , , ,n n n n n n
mf I f f f I f fα β γ α β γ α β γ α β γ≥ ≥ ≥ ≥             (14) 

if ( )8f  is non-positive on the interval [ ],a b .  
Proof. Assume that ( )8 0f ≥ . From the formula (7) we have  

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 08, , , ,
0 1I f f c f fα β γ α β γγ ξ= + ≥   

because of ( )0 0c γ >  and ( )8 0f ≥ . Similarly from the formula (10):  

( ) ( ) ( ) ( ) ( ) ( )8, , , ,
2

n n n n n nI f f C n f fα β γ α β γξ= + ≤   

because of 0<)(nC  and ( )8 0f ≥ .                                                           □ 

4. The Three-Parameter Family of Quadrature Formulas , ,α β γ  
We consider the family of quadrature formulas of the form  

( ) ( ) ( ) ( ) ( ), , : , 1 ,n n nf M f H f H fα β γ γ α γ β= + + −                   (15) 
where 

( ) 1 1 3 3 5 5
2 2 2 2 2 2

, 2 3 ,
24n n n n

hH f f f f f f f
λ λ λ λ λ λ

λ
λ − − −

      
= + − + + +                  

 

( ):tf f a th= + , 
b ah

n
−

= , ( ) 1
10
2

n
n i i

M f h f−

= +
= ∑  is the midpoint rule, and α , β , γ  are parameters. Parti-  

cular cases 1γ =  and 0γ =  are investigated in the paper [3] and ( ) ( ), ,1
6nf L fα β α

+= ,  

( ) ( ), ,0
6nf L fα β β

+= . We are proved that 6
n

nLα+
  and 6

n
nLβ
+
  with  

2π23 1 2cos ,
144 3

n
n n

ϕ
α

 +  = +  
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4π23 1 2cos ,
144 3

n
n n

ϕ
β

 +  = +  
  



  

where 

2

π 1088640, and arccos 1
2 60835n n n

ϕ ϕ   ∈ = −   
   

   

are of the six order. If we define the error ( ) ( ) ( ), , , ,E f I f fα β γ α β γ= −  we can compute for the polynomials 
2, ,t t    

( ), , 0 for 1, ,5,n n kE t kα β γ = =




  

( ) ( ) ( )( )( )
7

, , 6 4
6 425845 3 2 1

8668430991360
n n

n n n

b a
E t W n V U

n
α β γ γ

−
= − + − −





    

where 

1 2 4 5183582sin 126870sin 63043sin 37030sin ,
3 3 3 3n n n n nU ϕ ϕ ϕ ϕ= + − −

     

1 2 4 5183582cos 126870cos 63043cos 37030cos ,
3 3 3 3n n n n nV ϕ ϕ ϕ ϕ= − + + −

     

( )2 481 2468413440 425279232 161395255 .nW n n= − + +  

So, for every [ ]0,1γ ∈  the quadrature , ,n nα β γ

  is of the six order. Let  

( )4

4

42584 3

85168 3
n n n

n
n

W n V U

n U
γ

+ +
=
  





 

(see Figure 7). 
With nγ γ=   the range of quadrature formula increases. The quadrature , ,n n nα β γ

   is of the eight order but 
the expression ( ), , 8n n nE tα β γ

   takes a very complicated form. 

The eight order Peano kernel ( ) ( ) ( )( )7 , ,
8

1 d
7!

n n n
b

x
K x t x t p tα β γ= − −∫



    where ( ) ( )7

7!
t x

p t +
−

= . This kernel 

is a symmetrical function respect to the point 
2

a b+ , so it is enough to define it on the interval ,
2

a b b+ 
  

: 

 

 

Figure 7. Graphs of the sequences nα , nβ , nγ .                                                                
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( )

( ) ( )

( ) ( ) ( )( )

( ) ( ) ( )( )

( ) ( ) ( )( )

( )

8

8
1

8
2

8
8

3

8 1

0

1
8! 7!

1for , ,
2

1
8! 7!

3 1for , ,
2 2

1
8! 7!

5 3for , ,
2 2

1
8! 7!

1 5for , ,
2 2

1
8! 7!

n

n

n n

n n

n n

n n

n n

n

k

j

b x
x

x b h b

b x
x x

x b h b h

b x
x x

x b h b h
K x

b x
x x

x b h b h

b x
h

ξ

β

ξ ζ

β β

ξ ζ

β β

ξ ζ

β

−

=

−
−

 ∈ −  

−
− +

 ∈ − −  

−
− +

 ∈ − −  =
−

− +

 ∈ − −  

−
−





 

 

 

 





( ) ( )

( )

7
3

8

1
2

1 1for , , 1, , 1,
2 2 2

for , ,
2

n nb j h x x x

nx b k h b k h k n

K b x
a bx a

ξ ζ




























     − + − + +       
        ∈ − + − − = − −             


−
 +  ∈    

∑  





    (16) 

where 

( )
7 7 71 3 52 3 ,

24 2 2 2
n

n n n n
n

hx b h x b h x b h xγ
ξ α α α

α

      = − − − − − + − −             





  



 

( ) ( ) 7
1 1 1 ,

212
n

n n
n

h
x b h x

γ
ζ β

β
−  = − − 

 



 



 

( ) ( ) 7 7
2 1 1 3= 2 3 ,

2 224
n

n n n
n

h
x b h x b h x

γ
ζ β β

β

 −    − − − − −         



  



 

( ) ( ) 7 7 7
3 1 1 3 52 3 ,

2 2 224
n

n n n n
n

h
x b h x b h x b h x

γ
ζ β β β

β

 −      = − − − − − + − −             



   



 

and 
b ah

n
−

= . On the Figure 8 we have graphs of the kernels ( )8K x  for 4,5,6n = . For any n the kernel 

( )8K x  is non-negative, moreover the integral  

( ) ( ) ( ) ( )
9 3

8 9
0

: d , , ,
464486400

b i
i n n na

i

b a
C n K x x v n

n
α β γ

=

−
= = − ∑∫ 

 

                     (17) 

where 
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Figure 8. Graphs of the kernels ( )8K x  for n = 4, 5, 6.                

 
( ) ( ) ( )( )( )3 2 3 2 4

0 , , 20160 5 1 14 5 70 69 1 ,v α β γ α α γ β β β γ= + + + + −  

( ) ( ) ( )( )( )1 1 1, , 3 3 1 ,v α β γ µ α γ µ β γ= − + + −  

( ) ( ) ( )( )( )2 2 2, , 120 18 1 ,v α β γ µ α γ µ β γ= − + + −  

( ) ( ) ( )( )( )3 3 3, , 80 116 1 ,v α β γ µ α γ µ β γ= + + −  

( ) ( ) ( )( )( )4 4 4, , 1680 7 1 ,v α β γ µ α γ µ β γ= − + + −  

( ) ( ) ( )( )( )5 5 5, , 672 7 1v α β γ µ α γ µ β γ= + + −  

and 

( ) ( )( )( )( )2
1 20 805 6720 25179 47040 35783 ,µ λ λ λ λ λ λ= + + + +  

( ) ( )( )( )2
2 7 230 3 480 1199 1120 ,µ λ λ λ λ λ= + + +  

( ) ( )( )2
3 21 230 960 1199 ,µ λ λ λ λ= − + +  

( ) ( )2
4 10 23 48 ,µ λ λ λ= +  

( ) 2
5 230 .µ λ λ= −  

From the Peano theorem (see [5]) we obtain for any function [ ]( )8 ,f C a b∈  the expression on the error  

( ) ( ) ( ) ( )8, , ,n n nE f C n fα β γ ξ=


 

                                 (18) 

where [ ],a bξ ∈  and ( ) 0C n >  for all n. 
Theorem 3. If function [ ]8 ,f C a b∈ , and the derivative ( )8f  has constant sign on interval [ ],a b , then  

( ) ( ) ( ), , , ,n n n n n nf I f fα β γ α β γ≤ ≤


                              (19) 

if ( )8f  is non-negative on the interval [ ],a b , and  

( ) ( ) ( ), , , ,n n n n n nf I f fα β γ α β γ≥ ≥


                              (20) 

if ( )8f  is non-positive on the interval [ ],a b .  
Proof. Assume that ( )8 0f ≥ . From the formulas (10) and (18): 

( ) ( ) ( ) ( ) ( ) ( )8, , , ,
1

n n n n n nI f f C n f fα β γ α β γξ= + ≥
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because of ( ) 0C n >  and ( )8 0f ≥  and  

( ) ( ) ( ) ( ) ( ) ( )8, , , ,
2

n n n n n nI f f C n f fα β γ α β γξ= + ≤   

because of ( ) 0C n <  and ( )8 0f ≥ .                                                           □ 

5. Series Estimation 
The sum of a series 

0
: n

n
s a

∞

=

= ∑                                          (21) 

can be approximated by a finite sum 0
N

nn a
=∑ . The error of this estimation can be represented as the sum of the 

series 1 .nn N a∞

= +∑  
Therefore, if we have a method of estimating the sum of an infinite series, then this method will enable us to 

estimate the error of the N-term approximation. One way to estimate the sum of the series is to take into conside- 
ration the fact that a series can be viewed as an integral over an infinite domain 

( ) ( )
1

dI f f x x
∞

= ∫                                      (22) 

for some function [ ): 1,f ∞ →  for which 
1
2 nf n a + = 

 
 for all n. Therefore, if for a given series, we know  

an explicitly integrable function ( )f x  with this property, then we can take the value ( )I f  of the integral as 
an estimate for s. 

Theorem 4. We assume that the function f is such that 
1) f is either positive and decreasing, or negative and increasing. 
2) ( )

1
df x x

∞

∫  is convergent. 

3) [ )( )8 0,f C∈ ∞ . 

4) ( )8f  is either positive or negative on [ )0,∞ .  
5) ( ) jf j a= .  
6) 0: nns a∞

=
= ∑ .  

Under this assumptions, if ( )8 0f >  then  

( ) ( ) ( ) ( )
1 1

1
0 0 2

1 d d ,
2

m m

j m m j mm m
j j

a a f x x P f s a f x x P f
− −∞ ∞

−
= =

+ + + < < + +∑ ∑∫ ∫                (23) 

where 

( ) 5 5 5 5 5: 4 ,
24 10 10 5 5mP f f m f m f m f m

           
 = − + − − − + − −                                

 

( ) 1 230 1 1 7 1 1 7: 2
48 7 2 2 230 2 2 230

1 3 7 1 3 73
2 2 230 2 2 230

1 5 7 1 5 7 .
2 2 230 2 2 230

mP f f m f m

f m f m

f m f m

     
= − − + − − −             

    
− − + − − −            

    
+ − + − − −            



 

If ( )8 0f > , then we get a similar inequality, but with the right-hand side instead of the left-hand side, and 
vice versa. 

Proof. First, from the inequalities (19) we have: 
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( ) ( ) ( ) ( ) ( ) ( ), , , 1 , .n n n
n n n n n n nI f f T f G f G fα β γ γ α γ β≤ = + + −  

We can rewrite this inequality in an equivalent form:  

( ) ( ) ( ) ( ) ( ), 1 , .n n n n n n nT f I f G f G fγ α γ β≥ − − −                       (24) 

In this inequality we put: a m= , ( )2m > , 1h = , 4n ≥  so  

( ) ( ) ( )( ) ( )
1 1

1 1

1 1 1 ,
2 2 2

n m n

n m m n j
i j m

T f f m m n f m i a a a
− + −

+
= = +

= + + + + = + +∑ ∑  

( ) ( ) ( )( ) ( ) ( )( )(
( ) ( )( ))

1, 3 4
24

2 2 .

nG f f m f m n f m f m n

f m f m n

λ λ λ
λ

λ λ

= − + + + + + + −

− + + + −
 

Because of 

( ) 5 5 1lim 0, lim 0, lim , lim , lim
10 10 2k n n nk t n n n

a f t α β γ
→∞ →∞ →∞ →∞ →∞

= = = − = =  

than passing with n to ∞  in the inequality (24) we obtain  

( ) ( )
1

1 d .
2 m j mm

j m
a a f x x P f

∞ ∞

= +

+ ≥ +∑ ∫  

We complete the first part of the proof by adding the term 1
0

1
2

m
m jja a−

=
+∑  to the both sides of this inequality. 

Let ( ) 1:
2

f x f x = − 
 

 . From the inequalities (19) we have:  

( ) ( ) ( ) ( ) ( ) ( ), , , 1 , .n n n
n n n n n n nI f f M f H f H fα β γ γ α γ β≥ = + + −



 

     

    

We rewrite this inequality in an equivalent form:  

( ) ( ) ( ) ( ) ( ), 1 ,n n n n n n nM f I f H f H fγ α γ β≤ − − −    

    

and put: a m= , ( )2m > , 1h = , 4n ≥ . Passing with n  to ∞  we obtain 

( ) ( )1
2

dj mm
j m

a f x x P f
∞ ∞

−
=

≤ +∑ ∫                                     (25) 

because of 

( ) 7 7 1lim 0, lim 0, lim , lim , lim .
230 230 2k n n nk t n n n

a f t α β γ
→∞ →∞ →∞ →∞ →∞

= = = − = =

   

We complete the proof by adding the term 1
0

m
jj a−

=∑  to the both sides of the inequality (25).             □ 
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