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Abstract

In this paper, we study availability and profit optimization of a series-parallel system consisting of
three subsystems 4, B and C in which 4 and B are cold standby. Subsystem 4 consists of linear con-
secutive k-out-of-n units while subsystems B and C consist of a single unit each. The system works
if any of 4 or B and C work. The objective of this study is to maximize the steady-state availability
and profit. To solve the optimization problem, different numbers of units for n = 2, 3, 4, 5 in sub-
system A are considered. Explicit expressions for busy period of repairmen, steady-state availabil-
ity and profit function are derived using linear first order differential equations. Several cases are
analyzed graphically for n = 2, 3, 4, 5 to investigate the effects of various system parameters on
availability and profit. The paper also presents graphical comparison for specific values of system
parameters and finds that the optimal system configuration is when n = 5.
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1. Introduction

The series-parallel systems consist of subsystems connected in series where each subsystem consists of units ar-
ranged in parallel. Failure of any one of the subsystems leads to the failure of the system. These systems are
used in industries, power stations, manufacturing, production and telecommunications. Due to their importance
in promoting and sustaining industries and economy, reliability measures of such systems have become an area
of interest. Among the reliability measures of interest there are the steady-state availability, busy period, profit
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function and mean time to system failure (MTSF). Availability and profit of redundant systems can be enhanced
using highly reliable structural system design. Improving the reliability and availability of system/subsystem
leads to an increase in production and associated profit. Researches carried out on optimization problem for series-
parallel/k-out-of-n G systems can be found in Hu et al. [1], Khatab et al. [2] who analyzed the availability of
k-out-of-n G system with non identical components subject to repair priorities, Krishnan et al. [3] analyzed the
reliability and profit analysis of repairable k-out-of-n system with sensor, Juang et al. [4], Levitin [5], Li et al. [6]
and Wang et al. [7]. Wang et al. [8] performed comparative analysis of availability among three systems with
general repair times, reboot delay and switching failure. Wang et al. [9] performed comparative analysis of
availability between two systems with warm standby units and different imperfect coverage. The problem con-
sidered in the present paper is different from the work of the above mentioned authors in the sense that a number
of units incorporated in subsystem A as a linear consecutive k-out-of-n. The contribution of this paper is twofold.
First is to develop the explicit expressions for steady-state availability, busy period of repair man and profit
function. Second is to perform numerical investigation on the effect of system parameters on reliability indices
mentioned above. Models developed in this paper are found to be highly beneficial to engineers, maintenance
managers, system designers and plant management for proper maintenance analysis, decision, and evaluation of
performance. Comparisons are performed for n = 2, 3, 4, 5, for steady-state availability and profit based on as-
sumed numerical values given to the system parameters.

The organization of the paper is as follows. Assumptions’ of the study and states of the systems are presented
in Section 2. Models formulations are given in Section 3. The results of our numerical simulations and discus-
sions are presented in Section 4. Finally, we make a concluding remark in Section 5.

2. Assumptions and States of the Systems

2.1. Assumptions

1) The system is attended by three repairmen;

2) The failure and repair time are to be assumed exponential;
3) Units in subsystem A are linear consecutive k-out-of-n;

4) Subsystem A and B are in cold standby;

5) Repair is instantaneous;

6) Repaired unit is as good as new.

2.2. States of the System
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3. Models Formulation
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3.1. Availability, Busy Period and Profit Modeling for n = 2

Let P(0)=[P,(0),R(0).P,(0),P,(0),:--,R,(0)] be the probability vector for system at time t>0. Relating
the state of the system at time t and t+dt, the differential equations for the system when n=2 can be ex-

pressed in the form:

where

d
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For the analysis of availability and busy period cases of system, we use the following procedure to obtain the
steady-state availability, busy period and profit function. In steady-state, the derivatives of the state probabilities
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to obtain the states probabilities P, (), P, (), -+, Py ().
Let T be the time to failure of the system for system.
The explicit expression for the steady-state availability is as follows:
The steady-state availability is given by
H
Arl:Po(oo)+l:’1(oo)+Pz(oo):El 4)
1
From state 1 to 6 the repairmen are busy in those states repairing the failed units. Let BTl(OO) be the proba-
bilities that the repairmen are busy in the states repairing the failed units. Using (2) and (3) above, the explicit
expressions for the steady-state busy period of repairmen are as follows:
H
B, = Pl(oo)+ P (°°)+ |33(00)+ P, (OO)+ R (OO)+ R (OO) ==

1

®)

The system/subsystems/units are subjected to corrective maintenance at failure as can be observed in states 1,
2, 3,4, 5 and 6 of system I. In those states, the repairmen are busy performing corrective maintenance action to
the system/subsystems/units at failure. The expected profit PF; per unit time incurred to the system in the
steady-state is given by:

Profit = total revenue generated — accumulated cost incurred due corrective maintenance to the failed system/
subsystems/units. Thus

PF, =C, A, (oo)—ClBTl(oo) (6)

3.2. Availability, Busy Period and Profit Modeling for n = 3

Let P(0)=[R(0),P,(0).P,(0),~--,R,(0)] be the probability vector for system at time t>0. Relating the
state of the system at time t and t+dt the differential equations for the system when n=3 can be expressed

in the form:
d
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For the analysis of availability and busy period cases of system, we use the following procedure to obtain the
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steady-state availability, busy period and profit function. In steady-state, the derivatives of the state probabilities
become zero and we obtain

-y @y @, 0 a 0 | _PO (t)— 0]
P Y. 0 @ 0 o R (t) 0
B, 0 -y, O 0 0 o a O 0 |[R(t) 0
0 B, 0 -y, 0 0 0 0 o a ||R(t) 0
g 0 0 0 - O 0 |[P(t) 10 @®)
0 B 0 0 0 -a 0 ||R(t)| |0
0 0 5 O 0 0 -0 O 0 0 |[R(t) 0
0 0 5 0 0 0 0 -a, 0 |[P(t) 0
0 0 0 B O 0 0 0 - 0 ||R(t) 0
| O 0 0 5 O 0 0 0 0 -] _Pg(t)_ 10]
Solving (8) and using the following normalizing condition
9
R(»)=1 ©)
i=0
to obtain P, (o), P, (), P, (), Py ().
The explicit expression for the steady-state availability is as follows:
H
vy (2) = By () + R () P, () + B () = 52 (10
2

where
H, = o0, + a0, By + an,00, By + 0402, B By

D, = aya,00, B, + 040, 11 By + 0a0,04,00, + v, By, + iy, B Py
+aun 3, By + 0400104, Py + 100, By By + 0 i Bry + can BB
From state 1 to 9 the repairmen are busy in those states repairing the failed units. Let B;, (oo) be the proba-

bilities that the repairmen are busy in those states repairing the failed units. Using (8) and (9) above, the explicit

expressions for the steady-state busy period of repairmen are as follows:
H

Bra (0) = Ry (0) + Py () + Py () 44 Py (0) = o a
2

The expected profit PF, per unit time incurred to the system in the steady-state is given by:
Profit = total revenue generated — accumulated cost incurred due corrective maintenance to the failed system/
subsystems/units.

PF, :CoArz(Oo)_ClBTz (°°) (12)

3.3. Availability, Busy Period and Profit Modeling for n = 4

Let P(0)=[PR,(0),R(0),P,(0),P,(0),:-,Rs(0)] be the probability vector for system at time t>0. Relat-
ing the state of the system at time t and t+dt the differential equations for the system when n=4 can be ex-
pressed in the form:

%(P(t))z AP(t) (13)

where

)
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Solving (8) and using the following normalizing condition

(15)
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and obtain P, (0),P, (), P, (),
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The explicit expression for the steady-state availability is as
H
Ara () = Ry () + R (o0) + Py (o0) + Py (o0) + Py (0) # Py (0) = & (16)
3

From state 1 to 13 the repairmen are busy in those states repairing the failed units. Let B,, (oo) be the prob-
abilities that the repairmen are busy in those states repairing the failed units. Using (14) and (15) above, the ex-
plicit expressions for the steady-state busy period of repairmen are as follows:

H
Brs () =R () +P,(20)+P,(c0)+ P, (o0)+---+ P () :FG (17

3

The expected profit PF, per unit time incurred to the system in the steady-state is given by:
Profit = total revenue generated — accumulated cost incurred due corrective maintenance to the failed system/
subsystems/units.

PF, :C()Am(oo)—ClBT3 (oo) (18)

3.4. Availability, Busy Period and Profit Modeling for n =5

Let P(0)=[R,(0).P,(0),P,(0),--,R,;(0)] be the probability vector for system at time t>0. Relating the
state of the system at time tand t+dt the differential equations for n = 5 can be expressed in the form:

d

S (P()=AP() (19)
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O O O O O o o o o
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In steady-state, the derivatives of the state probabilities become zero and we obtain
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oo 0 0 0 0 B4 0 0 0O 0O 0 0 0 0 0 -afP, ()] 0]
17
P(»)=1 (21)

toobtain P, (), i=12,3,---,17.

States 0, 1, 2, 3, 4, 5, 6 and 7 in the states of the system IV above are operational states and states 1, 2, 3, -,
17 are busy period states, putting (21) in the last rows of (20), the system availability, busy period and profit
function are given by:

Ay (1) = By () + By () + Py () Py () # Py () + Py () Py (o) + P, (oo)=§—; 22)
B, () = P, (c0) + P, () + P, (0) + P, () + P () + P, (o0) +-+ P, (oo):% (23)

4

The expected profit PF4 per unit time incurred to the system in the steady-state is given by:

Profit = total revenue generated — accumulated cost incurred due corrective maintenance to the failed system/
subsystems/units.

Thus

PF, =C, A, (oo)—ClBT4 (oo) (24)
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4. Numerical Illustration

In this section, we numerically obtained and compared the results for system availability and profit function for
the developed models. The objectives here are to analyze graphically the effects of system parameters on availa-
bility and profit and make comparison for different values of n. For each model the following set of parameters
values are fixed throughout the simulations for consistency.

£ =04, =03, 5,=03, B,=01, Bg,=02, £,=03,
a, =02, ,=03, ,=03, ,=04, ¢,=04, ,=05,
C, =100,000, C,=20,000.

It is can be seen from Figure 1, that availability increases with increase in repair rate o, forn=2,3,4,5
and also the availability increases as n increases. It is evident from Figure 1 that as n increases, the steady state
availability also increases. The result in Figure 1 also shows that steady state availability increases with increase
in repair and provision of more standby units. Figure 2 shows that the availability decreases with increase in
failure rate /3, . However, availability for n = 2, n = 3, n = 4 decreases more compared to when n = 5. Here the
optimal availability result with respectto g, is when n =5. The result here indicates that the availability of the
system with more standby units tend to decrease slightly than the system with less standby units. Figure 3
shows that the generated profit increases with increase in repair rate «, forn =2, 3, 4, 5. The profit is higher
when n =5 than when n = 2, 3, 4. It is evident here that provision of more standby units lead to increase in the
generated profit. Figure 4 shows that the generated profit decreases with increase in failure rate /. However,
the generated profit for n = 2, n = 3, n = 4 decreases more compared to when n = 5. Here the optimal profit with
respectto S, iswhen n =5. This indicates that the generated profit of the system with more standby units tend
to decrease slightly than the system with less standby units. These numerical results are summarized in Table 1.

0.4 i
= 0.3 i
é 0.2 1

0l :

I]I] I]‘.I I]‘.2 DES I]‘.4 I]‘.E I]‘.E I]‘.7 I]‘.E DEH
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Figure 1. Availability against o;.
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Table 1. Comparison of availability and profit forn =2, 3, 4, 5.

Parameter Range of parameter Results
0 > A
4 0<p <1 As(0)> Ay () > A,
PF, > PF3(oo)> PF, () > PF,
0 > A
a, 0<g <1 Aal)> A () '
PF, > PF3(oo)> PF, () > PF,

5. Conclusion

In this paper, we constructed four different series-parallel systems consisting of subsystems A, B and C. Subsys-
tems A and B are cold standby with subsystem A containing linear consecutive k-out-of-n units while subsystem
B and C consist of a single unit each. We developed the explicit expressions for the availability, busy period and
profit for the four systems and performed a comparative analysis. It is interesting to see that as the number of
units in subsystem A increases, the availability and profit also increase. Parametric investigation of various sys-
tem parameters on system availability and profit function has been captured. It is evident from Table 1 that the
system with n = 5 units in subsystem A is optimal. The results of this paper are found to be highly beneficial to
maintenance managers, reliability engineers, plant management and system designers for the proper mainten-
ance analysis, decision making, system safety, and performance evaluation.
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Appendix

Notations

A Aoy Agrs Ay A Unitinsubsystem A is in standby, in operation, failed and under repair, failed and
waiting for repair, idle for j=1,2,3,4,5

B, By, By, Bg:Subsystem B is in standby, operation, failed and is under repair, is idle
Cy., Cg, C;:Subsystem C is in operation, failed and is under repair, is idle

T : Time to failure of the system

A, B, PF: Steady-state availability, Busy period and Profit function for i=12,34

P, (t): Probability that the system is instate S, at t>0 for m=0,1,2,3,---,17

L @, - Failure and repair rate of unit A, in subsystem A for w=1,2,3,4

A, ¢, Failure and repair rate of subsystem B

pS,, a,: Failure and repair rates of subsystem C

n : Total number of units in subsystem A

C, : Revenue generated when the system is in working state and no income when in failed state
C,: Cost of each repair for failed system/subsystems/units

D, =, 8.81P + a0, B Py + 4 BB Py + a0y By + 40, By Py + 040,00,00, + 0 B B o + i, B By
2
+an B B+ owona, By,
D, = aya,00, B, + o400, 1 By + 040,04,04, + 040,00, By + 000, B,y + 04 By B B + vy B, + v, B By
+ B Bubr, + owan, BB,
D, = aya,00,003 1, + 000,00, By s + 000,00, 06,005 + 000,005 B By + c00,00,043 81 + a0, B o s
+ 00,0538, Bry + o004, o Bro Prs + 0404,04,043 85 + a0y By B Py + 04,3 Bo By + 4 Bo B Bro Pra
+ 0,00, 8, B2 Bis + B B Biss
D, = 10, 81812 BraPra + 000, B11 Bio BraPra + 00,0030, 11 Pry + 000,00,00300, By + 000,00, By, PraPra
+ 00,0y Py Pis + 0400010300, By + 040 0104,00300, + O Py Py Bia Bra + 010t B B B Pra
+ 00300, B, B Pra + 040,00300, B, By + 01041 B Bra PraBra + 104104, Bo Bra Prs + 0404104300, B, B,
+ay0,00,00300, By + & BB P BraPra + a0y BB PraPra
H, = qyo,ap,a0, + sy, B + a0, By (ﬁlZ + 5, )
H, =aqa,a,B, +aa,p, (ﬁz + B, ) +agan B, o BBy (ﬂz + B, ) +a. 5,8, (0‘12 + B, + B, )
Hy = aqyop0,00, + 0,y + sy 00, By, + w0, By, By,
H, = a0, ) + ayon00, By, + a0 3, By, + caon,00, 5, + 040, B By + 0,00, 3 By, + v 3, By, + a0 By B,
+a0,081 5,
Hy = oo, 00,000,005 + 000,040,003, + 000,040,005 B + 0i06,003 1, By + 000, 11 B, Prs + 000,04, 31, s
He = aq0t,00,003 11 + 040,040,043 815 + 000,003, Bry + 0000, B B Pra + c00,00, By, Prs + o008, By
+ 35, B1 P + o BiPuPriaPis + B PuPriaPia + a0 B Pis + caan, B P Pis + a3 By
+ 40,00, 5P,
H; = ayo00,00,00500, + 010,00,00300, By + 010600100300, 1, + 01000300, 11, + 000,00, B B Prs
+ 000, 1 Py PraPra + 0405041044 Py Pra + 0405001 B Bra s
Hg = 0y01,00,00300, 1y + 000,040,030y + 0000504300, By Pry + 00000, B o Prs + 040, By o PraPra
+ 040,040,040, 1o Py + 01000, By o P + 000100, 00300, B + 040500300, 55 By + 00y300 5, B

+ 010, B ProPris + X BB o BraBra + & Bo i o PraPra + a0 10304, By Py + 0404100, By Bro P
+ 0,00, By PraPra + 1040185 P PraPra-
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