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Abstract 
The aim of this paper is to measure dependence risk of fund market with copulas in China. Firstly, 
we introduce several common copula functions, then estimate parameters of copula function, and 
discuss how to select the optimal copula function. Finally, according to Shanghai and Shenzhen 
fund data, empirical analysis was done. Different combinations of risk values were obtained. 
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1. Introduction 
Copula research originated in Sklar [1], and Nelsen systematically introduced the definition, construction method, 
and dependency [2], Bouye E, Durrleman V and Nikeghbali A systematically introduced some applications of 
copula in finance [3]. Currently, the copula function has been widely used in the financial field, especially in the 
financial market risk management, portfolio selection, asset pricing, etc., and it has become a powerful tool to 
solve the financial problems. In the actual study, to describe the joint distribution of financial assets is a very 
important issue. In general, the distribution of financial assets showed fat tail characteristics, if the joint distribu-
tion of financial assets yield sequence of most risk management modes obey the multivariate normal distribution, 
and the linear correlation hypothesis of every single asset in the portfolio, can produce very big deviation and 
mislead to the empirical results [4]. The copula function can be used to connect marginal distributions of random 
variables with the joint distribution, and it does not require that the distribution of marginal distributions have the 
same form, and so it can flexibly construct practical multivariate distribution. The applications of copula in the 
financial sector have made a lot of meaningful results. In the study of many scholars, there are few to use copula 
functions to research China fund market, so in this paper, taking Shanghai and Shenzhen fund yields for examples, 
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we analyzed copula functions and their characteristics of the application on correlation analysis, then selected the 
appropriate copula function and got different combinations of risk values. 

2. Introduction to the Theory of Copulas 
2.1. The Definition and Properties of Copulas 
In 1959, Abe Sklar first proposed copula function, but financial experts didn’t pay attention to copula function 
until the 1990s. As a method to research associated structures of random variables, copula has its unique properties, 
namely multivariate distribution function can be described by univariate marginal functions and multivariate 
correlation structure functions. 

Sklar Theorem [1]: Set ( )1 2, , , nF x x x⋅ ⋅ ⋅  as N-dimensional distribution function whose marginal distribution 
is ( ) ( ) ( )1 1 2 2, , , n nF x F x F x , then there exists a function ( )C ⋅  which has only copula expression: 

( ) ( ) ( ) ( )( )1 2 1 1 2 2, , , , , ,n n nF x x x C F x F x F x⋅ ⋅ ⋅ = ⋅⋅ ⋅                         (1) 

According to Sklar theorem, we can through copula function ( )C ⋅  and marginal distributions to build multi-
variate joint distribution. Since the marginal distribution function arbitrary value ( )i iF x  ( )1, 2, ,i n= ⋅⋅⋅  can be 
regarded as uniformly distributed random variable values of iU  on [ ]0,1I = , denoted 1F −  is inverse function 
of F, namely ( ) ( ){ }1 infF u x F x u− = ≥ , assuming marginal distributions ( ) ( ) ( )1 1 2 2, , , n nF x F x F x  are con-
tinuous, then by the Sklar’s theorem, there exists a unique copula function ( )C ⋅ , making 

( ) ( ) ( ) ( ) ( )( )1 1 1
1 2 2 1 2 1 1 2 2, , , , , , , , ,n n nC u u u F x x x F F u F u F u− − −⋅⋅ ⋅ = ⋅⋅⋅ = ⋅⋅⋅                (2) 

Use type (2), we could start with the marginal distribution and the dependency structure processing, respec-
tively, to integrate, can more effectively and to explore the common changes of relationship between variables, 
and then get more suitable joint probability distribution and risk assessment as a portfolio or commodity pricing. 

2.2. Several Kinds of Commonly Used Copulas Function 
There are many kinds of copulas function, basically we are commonly used is Elliptic Copulas and Archimedean 
Copulas. And in each group, there are a number of specific copulas connect functions. Different copulas connect 
functions have different nature. In practical application, how to choose the right copulas connect function needs to 
follow the two principles below: one is copulas connect model should be easy to operate and understand, avoid the 
phenomenon of unknown parameters of significance [5]; the other one is to select the copula function which can 
adapt to related structures of the sample data. The Elliptic Copulas has the property of symmetric tail dependence, 
it violates the fat-tailed distribution of financial data. Currently, the most widely applied in the field of financial 
category is the Archimedean Copula function. What’s more, its structure and computation are simple. Therefore, 
here are several kinds of commonly used Archimedean copulas connect function, this paper just considers the 
binary case. 

1) Gumbel Copula Function 
The distribution function is expressed as follows: 

( ) ( ) ( )( )1, exp ln ln , 1GuC u v u v
θθ θ

θ θ = − − + − ≥  
                       (3) 

The Gumbel Copula function is very sensitive to the changes of the variables at the up-tail of the distribution, so 
it can fast capture the variations which dependent on the up-tail. It can be used to describe the dependencies be-
tween financial variables with relevant characteristics of the up-tail. The Parameter θ  describes the extent of 
their dependency, when 1θ = , the variable will be independent. When θ →∞ , the Variable tends to com-
pletely dependent. 

2) Clayton Copula Function 
The distribution function is expressed as follows: 

( ) ( ) 1
, 1 ,  0ClC u v u v

θθ θ
θ θ

−− −= + − >                              (4) 

The Clayton Copula function is very sensitive to the changes of the variables at the down-tail of the distribution, 
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so it can fast capture the variations which dependent on the down-tail. It can be used to describe the dependencies 
between financial variables with relevant characteristics of the down-tail. When 0θ = , it represents independent 
variables ;When θ →∞ , it represents that the variables are completely dependent. 

3) A12 Copula Function 
The distribution function is expressed as follows: 

( ) ( ) ( )
11

1 1, 1 1 1 ,  1C u v u v
θθ θ

θ θ
−

− −  = + − + − ≥    
                     (5) 

The Gumbel Copula function only with the up-tail dependence, on the contrary, the Clayton Copula function 
only with the down-tail dependence. But the A12 Copula function owns these two characters at the same time. 

4) Frank Copula Function 
The distribution function is expressed as follows: 

( )
( )( )

{ }
e 1 e 11, ln 1 ,  R\ 0

e 1

u v

C u v
θ θ

θ θ
θ

− −

−

 − −
 = − + ∈
 − 

                    (6) 

The density function’s distribution of Frank Copula function was “U” shaped and its distribution has symmetry. 
So we cannot capture the asymmetric dependencies between random variables [6]. 

The above selected some kinds of Copula function with different characteristics in Archimedean Copula func-
tion family. In fact, it can make great influence on the structure of joint distribution when we select different 
Copulas functions and marginal distribution. 

2.3. The Parameter Estimation Method and Selection Principle of Copula Function 
For parameter estimation of the specific copula function, we can use the parametric approach and the nonpara-
metric approach averagely: 1) The EML method and the IFM method are more commonly used in the parametric 
approach. The EML method can estimate the marginal distribution and the parameters in copula function simul-
taneously. The estimation process is divided into two steps by the IFM method. Firstly, to estimate the parameters 
of marginal distribution function. Then we need to estimate the parameters of copula function. 2) The Genest and 
Rivest method are more commonly used in the nonparametric approach [7]. If there are too many parameters in 
the marginal distributions and copula functions, it is very hard to calculate the exact value of EML. Because of this 
fact, we use the IFM to estimate the parameter θ  of copula function in this paper. The estimation principle of 
IFM is to make the parameters of marginal distribution function and copula function estimated in two steps, it is 
usually also called two-stage estimation method. 

First of all, we need to estimate the marginal distribution functions XF  and YF , XF  and YF  can use the 
parameter model, such as the Normal distribution, the Students-t distribution, the generalized Pareto distribution 
and so on. Set the estimation is ˆ

XF , ŶF . Then, for this ˆ
XF , ŶF , to construct pseudo samples from the copula 

below [8]: 

( ) ( ) ( )( )ˆ ˆˆ ˆ, ,   1, 2, ,i i X i Y iu v F x F y i n= = ⋅⋅⋅                           (7) 

Secondly, for the copula ( ), ;C u v θ  which has the distribution density function ( ), ;c u v θ  and unknown 
parameter θ , we need to construct the logarithm likelihood function 

( ) ( )
1

ˆ ˆ ˆ ˆ, ; ln , ;     1, 2, ,
n

i i
i

l u v c u v i nθ θ
=

= = ⋅⋅⋅∑                           (8) 

In the end, through standard numerical calculation to find the maximum value, we can get the estimate value of 
the parameter θ . 

3. The Selection of Copula Function 
3.1. The Statistical Description and Analysis of Fund Yield 
This paper selects the day’s closing price which came from the fund of Shanghai and Shenzhen fund from No-
vember 3, 2008 to December 4, 2012 as the raw data. The sample size was 997. For the convenience of calculation, 
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by its logarithmic transformation, we can get a corresponding logarithmic revenue rate is  
( ) ( ) ( )( )1 1, log , logi i i i i ix y p p q q+ +=  [9]. First of all, the basic statistics of the Shanghai fund yield and Shenzhen 
fund yield were calculated, the results are shown in Table 1. 

From Table 1, we can see that normality assumption is not appropriate for two kinds of index of yield. Come 
back now we discuss the two funds dependent risk measurement problem, to analyze their gap between joint 
distribution and normal distribution. Firstly, we calculate the degree of dependency of these two funds quantita-
tively. Set X  represents the Shanghai stock market fund yields and Y  represents the Shenzhen stock market 
fund yields, it is easy to calculate the correlation coefficient ( ), 0.9591X Yρ = , rank correlation coefficient 

( ), 0.9496s X Yρ = , Kendall 0.8172τ = . This illustrates that there is a strong linear correlation in the yield of 
these two kinds of funds. What’s more, sρ  and τ  are smaller than classical linear correlation coefficient. In 
order to further illustrate the gap between the joint distribution and the normal distribution of these two kinds of 
yield, we made the scatterplot of these two kinds of yield. In addition, we also made the simulation diagram of the 
bivariate normal distribution which structured by the mean and covariance of these two yields, as shown in Figure 
1 and Figure 2. 

From Figure 1 and Figure 2, it’s easy to see that the difference is quite obvious in the tail of the two distribution 
of data. It shows that using bivariate normal distribution to describe the distribution of these two funds yield is 
obviously inaccurate. It also suggests that using classical linear correlation coefficient to measure dependency is 
not enough. So, we use the copula function to measure the dependent risks of this two yields. 

3.2. The Selection of Copula Function 
Now let’s consider the problem how to select copulas function ( )C ⋅ . Based on the marginal distribution extra-
polation, first of all, to structure the sample points which based on the following change: 

( ) ( ) ( )( )ˆ ˆˆ ˆ, ,    1, 2, ,i i X i Y iu v F x F y i n= = ⋅⋅⋅  

When considering the risk management is only interested in the distribution of the tail, but a large number of 
studies have shown that yields on the tail of the distribution is the generalized Pareto distribution (GPD), so  
 
Table 1. Basic statistical description of the fund yield. 

Fund Type N Mean (%) Standard  
Deviation (%) Partial Degrees Kurtosis JB Statistic 

Shanghai Fund 997 0.0423 1.3819 −0.0071 2.6022 7.9231 

Shenzhen Fund 997 0.0562 1.2527 −0.0934 2.4705 15.7597 

 

 
Figure 1. The scatter of Shanghai and Shenzhen fund yields. 
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Figure 2. The simulation diagram of the bivariate normal distribution 
of Shanghai fund and Shenzhen fund. 

 
( )ˆ

X iF x , ( )Ŷ iF y  will be taken for the GPD distribution function of the two yields, then according to the mar-
ginal distribution extrapolation method to estimate the parameters in the function [8]. Meanwhile, as we care 
about its risk, so take x, y for the opposite number of its yield. We select Gumbel, Clayton, A12 and Frank Copula 
to estimate and fitting respectively, after that, according to the AIC and BIC rules to select the most appropriate 
copulas and its parameters [10]. The specific results are shown in Table 2. 

From Table 2, it can be seen that the AIC and BIC of Clayton Copulas function are minimal. In view of this, we 
choose Clayton Copulas function to measure the dependent risks of Shanghai, Shenzhen fund yields. 

4. The Dependent Risk Measure in Two Kinds of Fund Portfolio 
Assuming in a period of time, to invest in assets 1 and 2, set 1α  and 2α  represent the proportion of two kinds of 
asset investment respectively, X and Y represent the logarithmic yield of this two kinds of asset respectively. Then, 
the logarithmic yield of this two kinds of asset portfolio can be expressed as below: 

( )1 2ln e eX YR α α= +  

Due to the nonlinear transformation of combination between X and Y is R, and it is impossible to know the 
distribution of R. So, it is hard to calculate the dependent risk directly. But, we can use copulas connection func-
tion to measure the risk. Here we use copula method to do the Monte Carlo simulation. The algorithm of simula-
tion method is as follows [4]: 

1) Generate two uniform random numbers u, w; 
2) Make the first random number for asking is ( )1

1x F u−= ; 
3) Through the selected copulas connect function to obtain the random number on uniform distribution which is 

located in the second sequence ( )1
uv C w−=  (Among ( ),uC C u v u= ∂ ∂ ); 

4) By calculating to obtain the second random number, it is ( )1
2y F v−= . 

For the Combination yields R, the VaR and ES which gave them the confidence probability q are 

( )1VaRq RF q−
−=                                      (9) 

( )ES VaRq qE R R= − − >                                (10) 

Now we try to measure the dependent risk of Shanghai and Shenzhen fund yields. According to the previous 
analysis, select the corresponding GPD distribution of these two kinds of yields as the marginal distribution, select 
the Clayton Copula function as the connection function. At the same time, we use the random number which was 
generated by simulation, then according to formula (9) and (10) above, we can get the risk value of different 
combinations, as shown in Table 3. 
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Table 2. The parameter estimation under the different copulas function. 

Copula AIC BIC θ 

Gumbel −634.7526 −629.2547 5.4705 

Clayton −767.4137 −762.6352 8.9409 

A12 −579.6481 −574.8916 3.6470 

Frank −548.8514 −543.3805 8.4531 

 
Table 3. The VaR of fund yield. 

Combination ratio 0.95VaR  0.99VaR  0.999VaR  0.95ES  0.99ES  0.999ES  

1 20.9  0.1α α= =  0.1237 0.1867 0.3308 0.1613 0.2255 0.7537 

1 20.7  0.3α α= =  0.1137 0.1640 0.2737 0.1436 0.1954 0.6241 

1 20.5  0.5α α= =  0.1061 0.1509 0.2131 0.1349 0.1762 0.5616 

1 20.3  0.7α α= =  0.0996 0.1530 0.2263 0.1307 0.1799 0.5847 

1 20.1  0.9α α= =  0.0912 0.1604 0.2756 0.1320 0.2004 0.6358 

5. Conclusion 
In recent years, the copulas function technology applied in the financial aspects has achieved great development, 
But the study of copulas connect function is still in its infancy in China at present. This article first introduced 
several kinds of commonly used copulas connect function, then used the marginal distribution extrapolation for 
parameter estimation, and selected the optimal copula function. Finally, the VaR and ES values of different 
combinations between Shanghai fund logarithm yield and Shenzhen fund logarithm yield were calculated by 
using the copula function theory and combining with Monte Carlo simulation method. By this way, we can 
measure the dependent risk of fund market well. With the research on copula function being increasingly mature, 
the copula function will become a powerful tool in the field of finance to greatly promote the stable development 
of the financial sector. 
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