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Abstract

We discuss the solution of Laplace’s differential equation and a fractional differential equation of
that type, by using analytic continuations of Riemann-Liouville fractional derivative and of Laplace
transform. We show that the solutions, which are obtained by using operational calculus in the
framework of distribution theory in our preceding papers, are obtained also by the present me-
thod.
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1. Introduction

Yosida [1] [2] discussed the solution of Laplace’s differential equation, which is a linear differential equation,
with coefficients which are linear functions of the variable. In recent papers [3] [4], we discussed the solution of
that equation, and fractional differential equation of that type. The differential equations are expressed as

(at+h,) (Di7u(t)+(at+h)- o Dgu(t)+(at+by)u(t)=f(t), t>0, (1.1)

for o=1 and o=1/2. Here a,b for 1=0,1,2 are constants, and 0D,';’u(t) are the Riemann-Liouville
fractional derivatives to be defined in Section 2.

Weuse R, Z and C, to denote the sets of all real numbers, of all integers and of all complex numbers.
Wealsouse R, ={xeR|x>a}, Z , ={neZn>b}, Z_ ={neZn<c} and
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n

d
Z u(t), and
i)

g ={Ne€Zp<n<c| for aeR and b,ceZ satisfying b<c. If neZ,, ,Du(t)=

oDru(t)=u(t). Weuse [x] for xeR, todenote the least integer that is not less than x. In the present paper,
the variable t is always assumed to take valueson R_,.

Yosida [1] [2] studied the Equation (1.1) for o =1 with f (t) =0, by using Mikusinski’s operational cal-
culus [5]. In [3] [4], operational calculus in terms of distribution theory is used, which was developed for the ini-
tial-value problem of fractional differential equation with constant coefficients in our preceding papers [6] [7].
In [3], the derivative is the ordinary Riemann-Liouville fractlonal derivative, so that the fractlonal derivative of a
function u(t) exists only when u(t) is locally integrable on R_,, and the integral j )dt converges.

Practically, we adopt Condition B in [3], which is

Condition 1. u(t) and f(t) in (1) are expressed as a linear combination of g, (t) for veR_,

Here g, (t) is defined by

g, (t)= F(lv)t”v

for veR\Z_,where I'(v) isthe gamma function.
We then express u(t) as follows:

t>0, 1.2)

u(t)=>u,.9,(t), (1.3)

veSy

where u,_, e R areconstants,and S, isasetof veR_,
In a recent review [8], we discussed the analytic continuations of fractional derivative, where an analytic
continuation of Riemann-Liouville fractional derivative of function u(t) is such that the fractional derivative

exists when u(t) is locally integrable on R _,, even when the integral j t)dt diverges.

In [4], we adopted this analytic continuation of Riemann-Liouville fractional derivative, and the following
condition, in place of Condition 1.

Condition 2. u(t) and f(t) in(1.1)are expressed as a linear combination of g, (t) for veS, where$
isasetof veR_,,\Z_ forsome MeZ_,

We then express u(t) as follows;

u(t)=>u,.g,(t). (1.4)

vesS

In [3] [4], we take up Kummer’s differential equation as an example, which is
2

d d
t'WU(t)+(c—t)~au(t)—a-u(t)=0, t>0, (1.5)

where a,ceR are constants. If ¢ ¢ Z, one of the solutions given in [9] [10] is

F(act)= i ) : (1.6)
n=0 )
where (a) = Ej)(a+k) for aeR and neZ_,, and (a)o=1.The other solution is
t°. R (a-c+1;2-c;t). (1.7)

In [3], if c<2, we obtain both of the solutions. But when c¢> 2, (1.7) does not satisfy Condition 1 and we
could not get it in [3]. In [4], we always obtain both of the solutions. In [1] [2], Yosida obtained only the solu-
tion (1.7).

We now study the solution of a differential equation with the aid of Laplace transform. Then it is required that
there exists the Laplace transform of the function u(t) to be determined.

When we consider the Laplace transform of a function f (t) which is locally integrable on R_;, we as-
sume the following condition.

Condition 3. There exists some AeR_; suchthat f(t)e™ -0 as t—ow.

Let f(t) be locally integrable on R, and satisfy Condition 3, and the integral j f(t dt converge. We
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then denote its Laplace transform by  f (s)= L[ f (t)], so that

f(s)=c[f(t)]= I:f (t)e dt. (1.8)
The Laplace transform, g, (s),of g, (t) for veR_, isthengiven by
gv (S):Siv' (19)
Let u(t) expressed by (1.3) satisfy Condition 3, and let its Laplace transform G(s) be given by
a(s)=>u,s". (1.10)

veS

Then we can show that we are able to solve the problems solved in [3], with the aid of Laplace transform.

When u(t) satisfies Conditions 2 and 3, Laplace transform is not applicable.

In [4], we adopted an analytic continuation of Riemann-Liouville fractional derivative, by which we could
solve the differential equation assuming Condition 2. The analytic continuation is achieved with the aid of
Pochhammer’s contour, which is used in the analytic continuation of the beta function.

We now introduce the analytic continuation of Laplace transform with the aid of Hankel’s contour, which is
used in the analytic continuation of the gamma function. We then show that (1.9) is valid for v e R\ Z_,, and
that if u(t) expressed by (1.4) satisfies Condition 3, and its analytic continuation of Laplace transform of
u(t), which we denote by ((s), is given by

a(s)=> u,,s", (1.12)
veS
then we can solve the problems solved in [4], with the aid of the analytic continuation of Laplace transform.

In Section 2, we prepare the definition of analytic continuations of Riemann-Liouville fractional derivative
and of Laplace transform, and then explain how the equation for the function u(t) and its fractional derivative
in (1.1) are converted into the corresponding equation for the analytic continuation of Laplace transform, G (s)
of u(t), and also how ((s) is converted back into u(t). After these preparations, a recipe is given to be used
in solving the fractional differential Equation (1.1) with the aid of the analytic continuation of Laplace transform

in Section 3. In this recipe, the solution is obtained only when a, #0 and b, =0. When a:%, b =0 is

also required. An explanation of this fact is given in Appendices C and D of [3]. In Section 4, we apply the rec-
ipe to (1.1) where o=1 and a, =0, of which special one is Kummer’s differential equation. In Section 5, we

apply the recipe to the fractional differential equation with o =%, assuming a, =0.

In Section 6, comments are given on the relation of the present method with the preceding one developed in
[4], and on the application of the analytic continuation of Laplace transform to the differential equations with
constant coefficients.

2. Formulas

Lemma 1. Let g, (t) be defined by (1.2). Thenfor v e R\Z_,
t-g,(t)=v-g,,(t), t>0. (2.2)

Proof. By (1.2),for veZ_, t-g,(t)= r(lv)tV = 1"(;/+1)tv =v-g,,(t).0

2.1. Analytic Continuation of Riemann-Liouville Fractional Derivative

Let a function f(t) be locally integrableon R_, for beR, and let .|':+1 f (t)dt exist. We then define the
Riemann-Liouville fractional integral, ,D;*f (t), of order AeR_, by

, DRt f (t):ﬁ.[:(t—x)“ f(x)dx, t>bh. (2.2)

(@)
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We then define the Riemann-Liouville fractional derivative, , D/ f (t), of order SeR, by
d" <4
bogf(t)=dt_N[bD§ “f(t)], t>b, (2.3)

if it exists, where N =max{[ #],0},and ,Dgf (t)=f(t) for t>b.
For v,t>0 and b=0, we have

B _ gvfﬂ(t)' V_ﬂER\Zd’
oDr O, (t)_{o, v_Bel. (2.4)

If we assume that g =-A1 takes a complex value, | I5,fgv (t) by definition (2.2) is analytic function of S
in the domain Re <0, and 0DngV(t) defined by (2.3) is its analytic continuation to the whole complex
plane. If we assume that v also takes a complex value, ,Dfg, (t) defined by (2.3) is an analytic function of
v in the domain Rev >0. The analytic continuation as a function of v was also studied. The argument is
concluded that (2.4) should apply for the analytic continuation via Pochhammer’s contour, even in Rev <0
except at the points where v eZ_ ; see [8].

We now adopt this analytic continuation of ;Dg, (t) to represent ,DZg, (t), and hence we accept the
following lemma.

Lemma 2. Formula (2.4) holds forevery feR, veR\Z_,.

By (1.4) and (2.4), we have

D)= Y U0, (). (25)

veS,v-pel 4

For u(t) defined by (1.4), we note that ,D;"u(t) is locally integrable on R _,.

2.2. Analytic Continuation of Laplace Transform

The gamma function I'(z) for zeC satisfying Rez >0, is defined by Euler’s second integral:
I'(z)= j:tzfle*‘dt. (2.6)
The analytic continuation of I'(z) for zeC is given by Hankel’s formula:

I(z)=e™ clehde, .7)

2isinmz jCH
where C,, is Hankel’s contour shown in Figure 1(a).

We now define an integral transform f (s) =L, [f (t)] of a function f (t) which satisfies the following
condition.

Condition 4. f(z) is expressed as f(z)=2""f(z) on a neighborhood of R_,, for O<argz<2nm,
where y e C\Z_,and f,(z) isanalytic on the neighborhood of R _,. .

Let f(t) satisfy Conditions 3 and 4. Then we define f(s) for yeC\Z,, by f(s)=24,[f(t)], where

L[ f(t)]=e™ [, f(§)e=dg, (2.8)

2isinmy
for yeC\Z,and
L[ f(1)] =lim £, LA (2.9)

for y=neZ_, 7, €C\Z. R y

Lemma 3. Let f(t) satisfy Condition 4. Then f(s) defined by (2.8) is an analytic continuation of f (s),
which is defined by (1.8) for Rey >0, as a function of .

Proof. The equality f(s)=f(s) when Rey>0 is proved in the same way as the equality of T'(z
given by (2.6) and by (2.7) for Re z>0; see e.g. ([11], Section 12.22). The analyticity of f(s) and of f (s;
is proved as in ([11], Sections 5.31, 5.32). OJ

Lemma4.For veR\Z_,

(=)
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(b)

Figure 1. (a) Hankel’s contour Cy, and (b) contours
C,, —Cy and Cg which appear in (2.12), (2.15) and

(2.16).
g, (s)=s", (2.10)
d .
Li[t-0.()]=-58. (), (2.12)
l -V A4St _i —v St
g, (t)_ﬁ 5 etds = o _[cls eds, (2.12)

where —C, and C, are two of the contours shown in Figure 1(b).
Proof. Formula (2.8) for f(t)=g, (t) gives

1 j 1
2isinmy “on ()

g,(s)=e S ede =57, (2.13)
for y e C\Z. The last equality in (2.13) is due to (1.9). By using (2.1) and (2.10), the lefthand side of (2.11) is
d d

expressed as EH[v-gm(t)}:v-s’v’l=—£s’v=—£Qv(s). By replacing s, » and ¢ in (2.13), by t,

-v+1 and e™s, respectively, we obtain the first equality of (2.12) for v ¢Z, with the aid of the formula

L ['(z)T(1-z). The equality for v eZ_, is obtained by continuity. (]
sinnz
Theorem 1. Let f(t) satisfy Conditions3and 4 for y>0,and u(t) be expressed as
u(t)= > u,.,9,(t)+f (1), (2.14)
veSy

where S, isa finite setof v eR\Z_, . Then the Laplace inversion formula is given by the contour integral:

()
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=L [a(s)]= o=l )eds, (2.15)

where C, is a contour shown in Figure 1(b). Here it is assumed that f(s) is analytic to the right of the vertical
line on C,, and is so above and below the upper and lower horizontal lines, respectively, on C,.
Proof. For f (t) , the usual Laplace inversion formula applies, so that

where Cg is a contour shown in Figure 1(b). Here it is assumed that f (s) is analytic to the right of the contour
Csg. By using this with (2.10) and (2.12), we confirm (2.15). O
Lemmab5. Let f(t) satisfy Conditions 3 and 4 with an entire function f, (t). Then

> I'(n+
(s)=s7 310 (o)L 7) L Jsn (217)
n=0 n:

Lemma 6. Let ((s) be expressed in the form of (1.11). Then the Laplace inversion u(t) is given by (1.4),
provided that the obtained u(t) satisfies the conditions for f (t) in Lemma 5, or it is a linear combination of
such functions.

Lemma 7. Let u(t) satisfy the conditions for f (t) inLemma5. Then

L[DM)]= Y ub,(s)= T us

veS,v-fel 4 veS,v-pel 4

R ) (2.18)
ZSﬂu(s)_k 7 Z;i—k suﬂ_k_ls l
L, [t DEu(t)]= —%cH [ DLu(t)]. (2.19)

Proof. By using (2.5) and Lemma 4, we obtain these results. (]

3. Recipe of Solving Laplace’s Differential Equation and Fractional Differential
Equation of That Type

We now express the differential Equation (1.1) to be solved, as follows:

Ms=

(at+h) ,DYu(t)=f(t), t>0, (3.1)

]
o

where 0:% or o=1,and m=2. In Sections 4 and 5, we study this differential equation for o =1 and

this fractional differential equation for o :% , respectively.

We now apply the integral transform £, to (3.1). By using (2.18) and (2.19), we then obtain

—A(s)%ﬁ(sﬁ B(s)d(s)= f(s)+\7(s), (3.2)

where

3.3)

B(s)=3(-lo-a s 4by -5),

kez" kez”

O(s)zi{—a, DKol s 4D, Zu,o 1S } (3.4)
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Here Z' ={keZ ,|lo-keZ,}. A
Lemma 8. The complementary solution (C-solution) of Equation (3.2) is given by G(s)=C,-¢(s), where C,
is an arbitrary constant and

4(s)=C, ~exp(f%d§], (3.5)

where the integral is the indefinite integral and C; is any constant.

Lemma 9. Let ¢(s) be the C-solution of (3.2), and 0 (s) be the particular solution (P-solution) of (3.2),
when the inhomogeneous termis s for veR . Then
Ld§+c3-$(s), (3.6)
A(£)g(¢)
where C; is any constant.

Since f(t) in (3.1) satisfies Condition 2 and V(s) is given by (3.4), the P-solution G(s) of (3.2) is ex-
pressed as a linear combination of G, (s) for veR_,, for M eZ_,,andof 0 (s) for keZ__,, respec-
tively.

The solution ((s) of (3.2) is converted to a solution u(t) of (3.1) for t>0, with the aid of Lemma 6.

4. Laplace’s and Kummer’s Differential Equations

We now consider the case of o=1, m=2, a,#0, a #0,and a,=b, =0.Then (3.1) reduces to

azt-%u(t)+(a1t+bl)-%u(t)+bo-u(t)= f(t), t>o. (4.1)
By (3.3) and (3.4), A(s), B(s) and ¥(s) are
2 &
A(s)= = ,a=—,
(s)=a,5"+as=as(s+a), «a 2 “2)
B(s)=(b,—2a,)s+hb,—a,
V(s)=(-a, +b)u,. (4.3)

4.1. Complementary Solution of (3.2) and (4.1)
In order to obtain the C-solution ¢?(s) of (3.2) by using (3.5), we express B(s)/A(s) as follows:

B
(S):ﬁ_'_ }/2 , (44)
A(s) s s+a
where
b b,
7/1+}/2:i—2, 7 =—-1 ]/22&——0—1. (4.5)
8, 8 a a
By using (3.5), we obtain
p(s)=s5"(s+a)? =s"" (1+as™ )72 ="' i(}/zja”s‘”, (4.6)
n=0 n

1) (-
in the form of (2.17) or (1.11), where (y):w for yeR and neZ_, are the binomial coeffi-
n n!

cients.
If y,+y,¢Z_,,we obtain a C-solution of (4.1), by using Lemma 6:

(=)
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X 1
u(t)=C,-g(t)=C -t 72]0:"—t" 4.7
( ) ' ¢( ) ' g(n r(n_71_7’2) @D
1 e
:Cl'r(_j/l_}/z)t e 1'1F1(_72;_71_7’2;—05t)- (4.8)

Remark 1. In Introduction, Kummer’s differential equation is given by (1.5). It is equal to (4.1) for a, =1,
a =-1, b=c and b,=-a. Inthis case,

y,=Cc—a-1 y=a-1 y+y,=c-2, a=-1 (4.9)
We then confirm that the expression (4.8) for ceZ_, agrees with (1.7), which is one of the C-solutions of
Kummer’s differential equation given in [9] [10].
4.2. Particular Solution of (3.2)
We now obtain the P-solution of (3.2), when the inhomogeneous term isequal to s™ for veR.
When the C-solution of (3.2) is ¢(s), the P-solution of (3.2) is given by (3.6). By using (4.2) and (4.6), the
following result is obtained in [3]:

sk 7 S 57‘/ ~
0, (s)=-s" (s+a)” | - - dE+Cy-4(s)
28 (e ra) (4.10)

1 —1-v > * na—n
:a_zs ! ;ncyz,y1+l+v S 1
where
* S R -1 1
C = _ 4.11
PP %(k)( n—kjn—k+p1+p2 @1y
Lemma 10. When p,+p, ¢Z_,, nc;,pz defined by (4.11) is expressed as

nC;,pz = (_1) .nC; 0y (4.12)
P+ P, '

where

ct (p),

=— 70 4.13
T (Lpep,), )

This lemma is proved in [3]. In fact, (4.11) is the partial fraction expansion of  C
function of p,.

Applying Lemma 6 to (4.10), and using (4.12), we obtain

Theorem 2. Let veR\Z_,, 1+v+y,+y,¢Z,,andlet f(t)=g,(t) for t>0. Then we have a P-solu-
tion uj(t) of (4.1), given by

*

o.p, divenby (4.12)asa

<0

1

w (=4 AEFe— uy (t), (4.14)
where
u) (t):tvg(2+v+;/(l‘$i;n7-/lr)n(v+n+1)(_at)n 19
:F(VlJrl)tV.ZFZ(v+1+;/1,1;2+v+;/1+72,V+1;—at)- (4.16)
Here ZFZ(al,az;blubz;x):Z:—O(fjla;r?n([()za;n):]l n
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4.3. Complementary Solution of (4.1)

By (4.3) and (4.5), V(s)=a,-(1+, +7,) U,. When f(s) =0 and ¥(s)=0, the P-solution of (3.2) is given
by

G(s)=a,-(1+7+7,) Uy-Us (). (4.17)
By using (4.14) for v =0, if 1+, +y, ¢ Z_, we obtain a C-solution of (4.1):
u(t)=u, Ug () =y -+ F (L+71:2+ 7 +7,;-at). (4.18)

In Section 4.1, we have (4.7), that is another C-solution of (4.1). If we compare (4.7) with (4.15), when
n+y, €Z,_,,itcan be expressed as

C-g(t)=C-ul, , (1) (4.19)

Proposition 1. When y, +y, ¢ Z , the complementary solution of (4.1) is given by the sum of the righthand
sides of (4.8) and of (4.18), which are equal to C, -u’ (t) and u,-uj(t), respectively.

-n-72-1
Remark 2. As stated in Remark 1, for Kummer’s differential equation, y, and y, aregivenin (4.9), and

1+7/1=a1 2+7/1+7/2=C: a=-1 (420)
We then confirm that if ¢ ¢ Z , the set of (4.8) and (4.18) agrees with the set of (1.6) and (1.7).

5. Solution of Fractional Differential Equation (3.1) for ¢ =1/2

In this section, we consider the case of O-:%’ m=2, a,#0, a#0, ay=b,=b, =0 and b, #0. Then
the Equation (3.1) to be solved is
at- o Du(t)+at- Dyu(t)+b,-u(t)=f(t), t>0. (5.1)
Now (3.3) and (3.4) are expressed as

A(s)=a,5+as" =a,s% (s +a), a=2,
. % (5.2)
B(s):bo—az—Eais’”,
~ M k
V(s)=-a,> (k+1)uy, , ,s". (5.3)
k=0
5.1. Complementary Solution of (3.2)
By using (5.2), B(s)/A(s) isexpressed as
B(S) —1/2(71 72 j
g L , 5.4
A(s) * T G4
where
b, 1 b, 1
=201 ==, =0 _— 55
nt7s a, h="5 T2 2, 2 (5.5)
By (3.5), the C-solution ¢(s) of (3.2) is given by
(o) — on (V2 22 _ ey 12\ _ nn N 275 a -n/2
p(s)=5"(s"+a) " =7 (L+as™?) " =g 72y et (5.6)
n=0

If 2(;/1 +7,) ¢ Z_,, by applying Lemma 6 to this, we obtain the C-solution of (5.1):

@)
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© (2

u(t)=C,-¢(t)=C, -t’””z( 72];“%”/2' (5.7)
n-o\_ N n

5.2. Particular Solution of (3.2) and (5.1)

By using the expressions of A(s) and ¢3(s) given by (5.2) and (5.6) in (3.6), we obtain the P-solution of (3.2),
when the inhomogeneous termis x™ for veR satisfying 2(v+y,+7,)¢Z:

ok 2 273 s érv n
i, (s)=-s" (5’/ +a) j - 12, 46+ Gy -$(s)
a2§1/ n (51/ +06) (5.8)

_is—v < * .ans—n/z’

n~2y,,2y+2v
az n=0

where C is defined by (4.11) and is given by (4.12).

By applying Lemma 6 to this, we obtain the following theorem.
Theorem 3. Let veR, 2veZ_,2(v+y,+y,)2Z,, and let f(t)=g,(t). Then we have a P-solution
u, (t) of (5.1), given by

2yy.2y+2v

1

uy (t)=——ul(t), (5.9)
® az’(V+71+72) ()
where
= 2v+2
ul ()=t (2v+2r), 1 (—a)"t". (5.10)
o1+ 2v+2y,+2y,), FGW)

5.3. Complementary Solution of (5.1)

We obtain the solution u; (t) only for 2v &Z_, . When V(s) is given by (5.3) with nonzero values of u,, , ,,
Theorem 2 does not give a solution of (5.1). Hence u(t) given by (5.7) is the only C-solution of (5.1).

If we compare (5.7) with (5.10), we obtain the following proposition.

Proposition 2. Let 2(y,+y,)¢ R__;. Then the C-solution of (5.1) is given by

C-g(t)=C,-u’, _, (1) (5.11)

6. Concluding Remarks
6.1. Solution with the Aid of Distribution Theory

In [4], the solution of (3.1) is assumed to be expressed as (1.4). In distribution theory, the differential equation
for the distribution G(t)=u(t)H (t) is setup, where H(t)=1 for t>0 and H(t)=0 for t<0.Thenitis

expressed as G(t)=0G(D)s(t)=> u,,D™5(t), where D is the derivative of order —v in the space of

veS vl
Dy of distributions. In [4], after obtaining G(D), u(t) is obtained by using Neumann series expansion. In
the present paper, ((s) is the analytic continuation of Laplace transform of u(t). After obtaining {(s), we
obtain u(t) for t>0 by Laplace inversion.
The steps of solution in [4] and the present paper are closely related with each other, and one may use a favo-
rite one. One difference is that Condition 3 is assumed in the present paper but is not required in [4].

6.2. Solutions of Differential Equations with Constant Coefficients

We now consider the differential equation given by (3.1), where a, =a, =a, =0. Then assuming that the solu-
tion u(t) and the inhomogeneous term f (t) satisfy Conditions 2 and 3, we show that the analytic continua-
tion of Laplace transform of that equation is given by (3.2) with A(s)=0. We then obtain the analytic continu-
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ation of Laplace transform of u(t), d(s). If it can be expressed as (1.11), then u(t) is given by its Laplace
inverse (1.4). If we take account of Section 6.1, we confirm that the results obtained in [7] are obtained by Lap-
lace inversion.
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