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ABSTRACT 
We show first that an orbit, which is naturally characterized by its eccentricity and semi-latus rectum, can 
equally be characterized by other sets of parameters, and proceed to determine mass-independent characteriza- 
tions. The latter is employed to obtain the laws of equivalent orbits, which by definition have the same eccentrici- 
ty and orbit’s parameter [1]. These laws relate the values of the same physical observables on two equivalent 
orbits to the corresponding total mass; they include the laws of velocity, angular velocity, radial velocity, areal 
velocity, acceleration, period, energy and angular momentum. Regardless of the share of the two bodies of a 
fixed total mass, the same relative orbit occurs for the same initial conditions. Moreover, the same orbit can be 
traced by different total masses but with different relative velocities. The concept of a gravitational field gener- 
ated by a set of masses is shown to be meaningful only when the center of mass is not changed by the test mass. 
The associated concept of the “nothing”, which is an infinitesimal mass that allows for the property just men- 
tioned to be fulfilled, is introduced and its orbits are determined. The perturbation of the nothing orbits due to 
its replacement by a finite mass is determined. It is proved that such a replacement can have a qualitative effect 
resulting in a “phase transition” of an orbit from unbound to bound, and that the nothing’s circular orbits can- 
not be occupied by any material body. The Galileo law of free fall, on which the equivalence principle hinges and 
which is exact only for “nothing-like” falling objects, is revised to determine the duration of free fall of a body of 
an arbitrary mass. The wholeness of Newton’s laws and the associated concept of force as an interaction are hig- 
hlighted, and some contradictions between the Newtonian laws of equivalent Kepler’s orbits and the general re- 
lativistic predictions are discussed. It is demonstrated that Newton’s law of gravitation is not an approximation 
of Einstein field Equations even in the case of a static weak field. However, both theories have a common limit 
corresponding to the case in which the alien concept of a field can be incorporated in the Newtonian theory. We 
also show that the relative velocity’s hodograph [2-4], the alternative Laplace-Runge-Lenz (LRL) vector derived 
by Hamilton [4-6], as well as an infinite set of LRL vectors, result all from one vector. The hodograph is a proper 
circular arc for hyperbolic motion, a circle less a point for parabolic motion, and a full circle for bound motion. 
 
KEYWORDS 
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1. Introduction 
Beside the main subject discussed in this article, which is the laws of equivalent Kepler orbits and its contradic- 
tion with the predictions of general relativity (GR), a separate issue concerning the velocity hodographs is dis- 
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cussed in Section 3, and an LRL vector is derived from which the velocity hodograph follows immediately. 
The body of the main subject of this article can be summarized by the following: 

 We set up first a variety of characterizations of an orbit that are equivalent to its natural one, and generalize it to 
a mass-independent form. 

 Orbits that can be made to coincide through rotations, translations, or reflections are called equivalent. Based 
on the mass-independent characterization of an orbit we obtain the laws of equivalent relative orbits. 

 Neglecting the alteration of the center of mass, the same initial conditions yield the same relative orbit inde- 
pendently of the share of the two bodies of a fixed total mass. Moreover, the same relative orbit with different 
total mass occurs when the relative velocity is proportional to the square root of the total mass. 

 The concept of a gravitational field generated by a set of masses is shown to be meaningful only when the 
passive test body’s mass is negligible. The useful concept of the “nothing” is accordingly introduced and its 
orbits are determined. 

 The perturbation in a nothing’s orbits due to its replacement by a finite mass is determined. It is proved that 
such a replacement can change the nature of motion from unbound to bound. It was also shown that the 
nothing’s circular orbits cannot be occupied by any material body. 

 The Galileo law of free fall (GLFF), on which the equivalence principle hinges, and which is accurate only for 
“nothing-like” falling objects, is revised to state that: the duration of a free fall by a given distance is inversely 
proportional to the square root of the total mass. 

 Some contradictions between the Newtonian laws of equivalent orbits and the predictions of GR are discussed. 
It is also shown that Newton’s law of gravitation is not an approximation of Einstein field Equations even in 
the case of a static weak field. 

Before starting to implement our plan we brief an essential background of the subject. 
We refer a system of two particles with masses 1m  and 2m  to the inertial frame cS Cxyz≡  with origin C at 

the center of mass and axes’ units ( ), ,i j k . If ( )1 2r r  is the position vector of the first (second) particle in cS ,  
then their relative position and velocity are 2 1,= −r r r  and 2 1= −v v v  respectively. If the particles interact only  
through gravitation then the relative acceleration, 2 1,= −a a a  of the system is [1,7] 

( )2 ,GM r= −a I                                        (1.1) 

where G is the gravitational constant, 1 2M m m= +  is the total mass of the system, and r=I r  (Figure 1). We  
assume that 1 2 .m m>  The equation of motion (1.1) shows that the relative motion can be described by quantities 
that are independent of the distribution of the total mass between the individual particles. Employing polar coor- 
dinates ( ),r θ  in the plane of motion [ ], ,Cxy≡i j  with Cx  is the polar axis, the conserved system’s mechan- 
ical energy E and angular momentum hµ µ= =L h k  can be expressed by the equations [1]: 

2
2

2

2 22 ,E h GMr
rr

ε
µ

≡ = + −                               (1.2i) 

2 ,Lh r θ
µ

= =                                            (1.2ii) 

where µ  is the reduced mass. The quantities ε  and h are called the reduced energy and angular momentum 
densities respectively [1]. 

The orbit of the system is found by a well-known method [7-9]: 

( )1 cos ,pP e θ θ = + − r I                                 (1.3) 

where pθ  is a constant of integration that depends only on the choice of the polar axis, and 
2 ,P h GM=                                           (1.4i) 

( )1 22 2 21 2 ,e h G Mε= +                                  (1.4ii) 

are the semi-latus rectum and the eccentricity of the orbit. For simplicity we assume that the polar axis is chosen to 
pass through the perihelion, and hence 0pθ =  in (1.3). 
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Figure 1. The relative acceleration points against the relative position vector. 

 
The trajectory ( )r r θ=  of the system, or the relative orbit, may refer to the trajectory of either particle, say 
2m in a frame 1s  co-moving with 1m , and not rotating relative to the fixed stars; the focus of the relative orbit in 

this choice is at 1.m  Or instead, the trajectory ( )r r θ=  is the relative orbit in the frame cS , in which case the 
measured length is ( ) ( ) ( )1 2r r rθ θ θ= +  and CM is the origin of the polar coordinates. The relative orbit in cS  
in this case is the abstract locus ( )r r θ=  with focus at the CM, and the orbit is merely the collection of the pairs 

( ) ( )( )1 2 ,r rθ θ θ+  at various instants of time referred to a polar system with origin at CM. 
The orbits of the individual particles in cS  are [1] 

( ) ( )2
1 ,

1 cos
m M P

e
θ

θ
= −

+
r I                                      (1.5i) 

( ) ( )1
2 .

1 cos
m M P

e
θ

θ
=

+
r I                                       (1.5ii) 

2. Equivalent Characterizations of an Orbit 
We may look on one orbit { },P e  as a representative of a class of equivalence of orbits which result from one 
orbit through rotation, inversion, or translation. The latter fact follows from the homogeneity of the space with 
respect to our closed two-body system, and hence its isotropy [10]. 

We present here various characterizations of a class of orbits { },P e  [1]. At an arbitrary point of the system’s 

trajectory, both components of the relative velocity I Jv v= +v I J  in the moving system ( ),I J  are non-zero in 

general. At the perihelion, pr r= , the radial velocity vanishes ( )0 ,v r= =I   and the velocity is purely tangential; 

it is given by .p p pv r h rθ= =  In terms of ( ),p pr v  we write (1.4) as follows [1]: 

( ) ( )
2 2 2

i , ii 1.p p p pr v r v
P e

GM GM
= = −                                  (2.1) 

By (1.4ii) and (2.1ii) we obtain the equivalent inequalities 

( ) ( )2 2 2 2i 2 , ii .p ph G M r v GMε ≥ − ≥                              (2.2) 

Assuming that the motion takes place in the positive sense ( )0θ >  and M is fixed, it is easy to show that the 

pairs 

{ } { } { }, , , , , ,p pP e r v h ε                                          (2.3) 

are in 1-1 correspondence. Changing the variable v  to ,v Mϑ =  each of the pairs 

{ } { } { }, , , , , ,p pP e r h h M Mϑ ε ε≡ ≡                            (2.4) 
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can be expressed conclusively in terms of { },p pr ϑ  and independently of the total mass M. Again, it is easy to 
prove that the pairs (2.4) are in 1 - 1 correspondence. This means that there corresponds to each given value of one 
pair unique values to other pairs, and therefore, the same orbit { },P e  is also realizable by the corresponding 
value of { },p pr ϑ  or { }, .h ε  Thus the same orbit can be realized for different values of M provided pr  is kept 
fixed and pv  is proportional to M . Contrary to the correspondences (2.3) in which M is fixed, M in (2.4) is 
arbitrary, and thus it determines orbits with the same { },P e  and different total masses. The correspondences (2.3) 
are a particular case of (2.4) in which M becomes fixed. 

3. Hodographs and Laplace-Runge-Lenz Vectors 
We have shown in [1] that, upon knowing the energy and the angular momentum vector, any additional inde- 
pendent constant of motion can only specify the axis of symmetry of the orbit, i.e. the angle pθ  it makes with 
the polar axis. In particular, the role of the LRL vector under the given data, is confined to determine the 
orientation of the orbit in the plane of motion. 

The LRL vector emerges from the inverse square law (1.1) 

2

d d ,
d d
v GM GM GM
t h h tr

θ= − = − =
JI I                              (3.1) 

which shows that the vector field 

ph GM eGM≡ − =B v J J                                        (3.2) 

is constant of motion. The constant value of this vector on an orbit is obtained from its value at the perihelion 

( )2 ,p p pr v GM eGM= − =pB J J                                   (3.3) 

where equation (2.1ii) has been used. It is clear that the vector field B  which is defined on an orbit is perpen- 
dicular to its axis of symmetry since it always has the value .peGMJ  Because B  makes an angle π 2 pθ+  with the 
polar axis, the orientation of an orbit is determined by the angle pθ  between its axis of symmetry and the polar axis. 

The familiar LRL vector [1-6] is obtained by taking the cross product of both sides of (3.2) from right by k  

.GM eGM= × ≡ × − = pA B k v h I I                                (3.4) 

It is clear that ,A B eGM= =  2 ,A× =A B k  0.⋅ = ⋅ = ⋅ =A B L A L B  It is to be noted that the alternative 
LRL vector HB  found by Hamilton [4-6] 

2
1 2
2

Gm m
L r

 
= − × 

 
HB p L r                                       (3.5) 

is an approximation of the vector hµB . Indeed 
2

1 2 1 2
2 2 2 2 22 2

2

.H
Gm m Gm mm m h m

hm h
 

= − × = − 
 

B v k I v J                   (3.6) 

When the mass𝑚𝑚1 is dominant, 2 2 ,m µ≈v v  and hence 

.G M
h h
µ µµ= − =H

BB v J  

Assume that the angular momentum hµ=L k  of the system is known, and hence the plane of motion is known. 
Now, each orbit ( ), , pP e θ  determines a vector field B  which takes the value peMGJ  at all points of the given 
orbit. We shall show that the converse is true; each vector field phv GM eMG≡ − =B J J  determines the orbit 
( ), , .pP e θ  

Theorem: The mapping ( ), , p pP e eMGθ ↔ =B J  is 1 - 1. 

Proof: Let ( )p pθ=I I  be the value of I  at a point ( ),p pr θ  of an arbitrary relative possible orbit ( )r r θ=  
of two gravitating bodies. Now: 
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( )
( )

( )
( )

( ) ( )
( )

( ) ( )

2

on the orbit

on the orbit

on the orbit

1 cos

on the points of the orbit

, , .

p

p

p

p

p

h GM eMG r r

GMI eGM r r

GM e

r r

rGM e h

r r

r P e

θ

θ

θ

θ θ

θ

θ θ

≡ − = =

↔ = × − = =

 ↔ ⋅ + = ⋅ × 
∀ =

 ↔ + − = × ⋅ = 
=

↔ ≡

B v J J

A v h I

r I I r v h

r

r v h

 

Infinite Set of LRL Vectors: Starting from B  we may construct an infinite set of LRL vectors each of which 
plays the same role as .B  If O is an arbitrary orthogonal matrix ( )3 3 ,×  then each vector O′ = =B B  

phO GMO eGMO− =v J J  is a constant of motion ( )( )d d d d 0 .t O t′ = =B B  The equivalence 

( ) ,pO eMG′= ↔ =pB B B J  

shows that the same information concerning the orientation of an orbit is contained in an LRL vector as much in its 
transforms; the vector 1O− ′B  is perpendicular to the symmetry axis of the orbit. By the properties of an ortho- 
gonal matrix we have .O B eGM= =B  To obtain the Equation of the orbit from O′ = pB B  we take the inner 
product of both sides by the vector OJ : 

( ).pO O eMG O O⋅ = ⋅J B J J                                   (3.7) 

Since the inner product is invariant under orthogonal transformations, we have 

( )peMG⋅ = ⋅J B J J  

( ). . cos pi e hr GM eMGθ θ θ− = − , 

( )2or cos ,ph r GM eMG θ θ− = −  

which yields the orbit: 

( ) ( )( )1 2 1 cos .pr GM h e θ θ− = + −  

Relative Velocity Hodographs: From (3.2) we have 

( )( )pGM h e= +v J J                                       (3.8) 

which asserts that the velocity is GM h  times the sum of a fixed vector e pJ  of length e and a vector J  of 
fixed length 1 and variable direction. Thus the velocity vector depicts in the -spacev  a full circle for 1e < , a 
circle less a point for 1e = , and a proper circular arc for 1e >  (Figure 2). The latter statements utilize the fact 
that the velocity’s direction takes all possible values for elliptic orbits, constrained in the range ( )0,π  for para- 
bolic orbits, and in the range ( ) ( )( )1 1cos 1 π, cos 1e e− −− − + −  for hyperbolic orbits. 

For elliptic orbits the vector v  rotates on the circle with a period equal to the period of motion. For unbound 
motion the vector v  takes, starting from a point, an infinite time to reach an end of the circular arc. In hyperbolic 
motion, the circular arc tends to a circle less a point when e tends to 1, gets smaller with increasing values of e, and 
tends to a point when e tends to infinity. The above simple method in obtaining the velocity hodographs refines 
Butikov’s results [3] which were obtained in a lengthy manner for motion of a body in a central field. 

4. The Angular Momentum and Energy of an Orbit 
Inserting 0pr =  and p ph r v=  in (1.2i) we get 

( )2 22 1p
p p

GM GMv e
r r

ε = − = − ,                              (4.1) 
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Figure 2. Hodographs of a gravitational 2-body system; they are (a) circles with radii GM r  for circular motion, 
(b) a full circle for elliptic motion, (c) a circle less a point for parabolic motion, and (d) a proper circular arc for 
hyperbolic motion. The radii of the hodographs in non-circular motions are GM h .  
 
where we have used (2.1ii) to write the last equality. Substituting ( )1pr P e= +  in the latter relation yields 

( )
2 1 , 1
2 2

e GMGM e
P a

ε −
= = ± ≠ ,                             (4.2) 

where a is the semi-major axis of the trajectory, and the + (-) sign corresponds to hyperbolic (elliptic) orbits. We 
already know that 0ε =  for parabolic orbit. 

With M is fixed, equivalent orbits are characterized by the same ( ), .h ε  Although a given relative orbit has 
specific values of angular momentum and energy reduced densities, there correspond to the same relative orbit 
different angular momenta L hµ=  and energies E µε=  depending on the distribution of the total mass M 
between the two particles. By (4.2) the energies of the system when in an elliptic or hyperbolic orbit { },P e  are 

( )1 2 2 , 1E Gm m a e= ± ≠                                   (4.3) 

When the total mass is fixed, the reduced mass 

( )2 21m m Mµ = −                                         (4.4) 

is an increasing function in 2 ,m  with a minimum value 2mµ =  for 2 ,m M  and a maximum value 
4 2M mµ = =  for 2 1 .m m m= =  

Thus the angular momentum and energy associated with the same relative orbit (and fixed M) may vary in 
absolute value from infinitesimal values corresponding to an infinitesimal reduced mass µ  (i.e. infinitesimal 2m ) 
to the maximum values: 

max 4 4p pL Mh Mr v= =                                      (4.5) 

2
max 4 8E M GM aε= =                                   (4.6) 

corresponding to 1 2 .m m=  The latter Equation applies to elliptic and hyperbolic orbits; whereas the energy va- 
nishes in case of a parabolic orbit. 

5. Laws of Equivalent Relative Orbits 
When we let, the perihelion unit vector ,pI  the rotation angle ϕ  about ,pI  and the center of mass (its coor- 
dinates in an inertial frame S ) vary and take all their possible values while pr  and pv  are held constant, we 
obtain a 6-parameter family ( )Γ , , ,p p pr vϕ ′I CC  of equivalent orbits which result from one orbit { },p pr v
through the action of orthogonal transformations [11] 

,O= +R r b                                           (5.1) 

where O is an arbitrary orthogonal ( )3 3×  matrix and b  is an arbitrary ( )3 1×  vector signifying an arbitrary 
displacement ′CC  of the center of mass. Indeed, and because the space is homogeneous with respect to a closed 
two-body system, the latter remains equivalent to itself after a rotation, translation or inversion applied to it as a 
whole. 
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Employing the 1 - 1 correspondences (2.4) we obtain the mass-independent LRL vector 

h G h G
M M

′ = = − = −
BB v J Jϑ                           (5.2) 

which is constant on an orbit with perihelion vector p pr I  at the value p peG′ =B J  whatever was the total mass. 
The following laws [1] govern equivalent orbits with different total masses: 
L1. Given 1m  and pr , the same relative orbit occurs whether the mass of the second body is 2m′  or 2m  

provided the respective relative velocities are such that 

( ) ( )1 2 1 2
1 2 1 2p pm m v m m v− −′ ′+ = +                            (5.3) 

L2. No matter how a fixed total mass M is distributed between the two particles, the same relative trajectory 
occurs for the same initial conditions ( ),p pr v . 

For equivalent orbits with different total masses M  and M ′  we have ,h h ε ε′ ′= = , and hence 
L3. The Law of Areal Velocity: 

.h M h M GP′ ′= =                                 (5.4) 

L4. The Law of Orbit’s Energy 

( )1 .
2
G e

M M a
ε ε ′

= = ± ≠
′

                                 (5.5) 

But since ,E Eµε µ ε′ ′ ′= =  we have 

1 2 1 2 .E m m E m m′ ′ ′=                                      (5.6) 

From the last equation and from Newton’s law in gravitation we have 

( )1 2 1 2 , 1 ,F F E E m m m m e′ ′ ′ ′= = ≠                         (5.7) 

where 0F >  is the length of the force vector at ( )( ),r θ θ . The relation (5.6) shows that the energy of a system 
with a total mass 1 2 1 2M m m M m m′ ′ ′= + < = +  can exceed the energy of a system of total mass M, occupying an 
equivalent orbit, if 2m  was sufficiently small while both 1m′  and 2m′  are finite, say 1 2m m′ ′≈ . By (5.7), the 
same statement applies to the corresponding attractive forces. 

Inserting the expression of F at a distance r in the relation F E F E′ ′=  we obtain 

( )2 2 1E F E F r a e′ ′= = ± ≠                              (5.8) 

From the latter relation we obtain the obvious relation 

( )22 1F a E r e= ≠                                      (5.9) 

which could also have been obtained through expressing 1 2Gm m  in Newton gravitational law in terms of the 
orbit’s energy (4.3). 

L5. Law of Periods: Because two equivalent bound orbits have the same area ,A  which equals to the product 
of the period by the areal velocity, we have 

2 .h h Aτ τ′ ′= =                                          (5.10) 

Dividing the latter equations side to side by (5.4) we obtain 
3 22πM M a Gτ τ ′ ′= = ,                             (5.11) 

which states: the periods of motions in equivalent orbits are inversely proportional to the square root of the 
corresponding total masses. If the mass of Jupiter, which is about 1000 times of the Earth’s mass, was just equal to 
the Earth’s mass then its period, which is about 12 years, would increase by about 50 hours. 

Two systems of total masses M  and M ′  can have equivalent trajectories if ( ) ( ), , .p p p pr rϑ ϑ′ ′=  It follows 
that, for equivalent orbits 
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.p pv M v M′ ′=                                      (5.12) 

Denote the points of two equivalent orbits { },p pr ϑ  corresponding to total masses M  and M ′  by ( ),r θ  
and ( ),r θ′ ′  respectively, and take .p pθ θ ′′=  

L6. The Law of Angular Velocity: For ,θ θ ′=  we have ,r r′=  and by (5.4), 

( )forM Mθ θ θ θ′ ′ ′= =                              (5.13) 

L7. The Law of Velocities: The relative velocities associated with the two equivalent orbits are 

d d,
d d

r rr rθ θ
θ θ

′   ′ ′ ′ ′ ′= + = +   ′   
v I J v I J                       (5.14) 

The parenthesized quantities in the latter two equations are equal in magnitude for θ θ ′= , because r r′=  and 
d d d dr rθ θ′ ′= . It follows that 

( )for .v vθ θ θ θ′ ′ ′= =   

Multiplying the latter equation side to side by equation (5.13) yields 

( )for .v M v M θ θ′ ′ ′= =                              (5.15) 

It states: the relative velocity of the system in a given orbit is proportional to the square root of its mass. 
L8. The Law of Radial Velocity: Squaring both side of (5.15) yields for θ θ ′=  

( ) ( )1 2 2 2 1 2 2 2 .M r r M r rθ θ− −′ ′ ′ ′+ = + 

   

By (5.13) and since r r′=  for θ θ ′=  we have 

for .r M r M θ θ′ ′ ′= =                                   (5.16) 

L9. Law of Relative Acceleration: From (1.1), we have 
2 for .M M G r θ θ′ ′ ′= = − =a a I                             (5.17) 

L10. Relative Areal Velocity: The relation 

( ) ( )222
1 2 1 2 ,h r r r h hθ θ= = + = +                            (5.18) 

determines the areal velocity in terms of the areal velocities of the two particles in cS . For 1 2 ,m m=  1 2h h=  
and 24 .h h=  When 1m  is dominant, 2 .h h≈  

L11. Angular Momenta of the System and its Parts: The angular momentum of the system is the sum of the 
angular momenta of the constituent particles: 1 2 .= +L l l  It follows that the magnitudes of these angular momenta 
satisfy the relation 

1 2 1 1 2 2L l l m h m h= + = +                                     (5.19) 

in which ( )2 , 1, 2 .i ih r iθ= =  An expression equivalent to (5.19) can be obtained from (5.18) and from the facts, 
,L hµ=  ( )1,2 :i i il m h i= =  

1 1 2 2 .L l m l mµ = +                                    (5.20) 

When 1m  is dominant we have 2 ,L l≈  and when 1 2 ,m m=  we have 1 2l l=  and 22 .L l=  
The laws of equivalent orbits can be deduced from (1.4) which shows that two orbits with different total masses 

are equivalent provided that 2h M  and 2 2h Mε  are the same for both orbits. The latter conditions are equiv- 
alent to 

and .h M h M M Mε ε′ ′ ′ ′= =                            (5.21) 

Since ( )r θ  is the same for equivalent orbits we deduce from the relations (5.21) and (1.2) written in the form 

OPEN ACCESS                                                                                          AM 



C. P. VIAZMINSKY, P. K. VIZMINISKA 63 

2 2
2

2

2 2 ,r h G h r
M M rMr M M
ε θ
= + − =





                          (5.22) 

that 

and .r M r M M Mθ θ′ ′ ′ ′= = 

                         (5.23) 

Hence ,v M v M′ ′=  and consequently .M Mτ τ ′ ′=  

6. Revision of Galileo’s Law of Free Fall 
We discuss here the fall of two bodies towards each other in a straight line. Straight motion is realized if and only 
if 0.θ =  In this case 0,h =  and by (1.2) 

22 2 .E r GM rε µ= = −                                     (6.1) 

The latter relation shows that the two bodies recede from each other from a point r to infinity if their relative 
velocity r  is such that 2 ;r GM r≥  they reach infinity with zero velocity when the equality sign holds. 

For the initial conditions ( )0at 0, & 0 ,t r r r= = =  02GM rε = −  and by (6.1), 

( )2

0

1 12r t GM
r r

 
= − 

 
 ,                                     (6.2) 

or 

0

0

d 2
d

r rr GM
t r r

−
= − .                                      (6.3) 

Separating the variables and integrating we obtain 

( ) 10 0
0 0

0

sin ,
2

r r r
t r r r r

GM r
− − = − + 

  
                            (6.4) 

which shows that the duration of falling from an initial altitude 0r  to a final altitude r is inversely proportional to 
the square root of the total mass M. 

The duration of the complete fall of two particles towards each other starting from an initial separation 0r  is 

( ) 3 2
00 π 2 2 .t r r GM→ =                                    (6.5) 

The invalidity of GLFF in general is apparent from (1.1) which shows that the acceleration acquired by a mass 
2m′  falling freely from rest due the attraction of 1m  is 2a GM r′ ′ ′= − , where r′  is its distance from 1,m  and 

1 2.M m m′ ′= +  It follows that at the same distance r r′=  from 1m  the relative acceleration is proportional to 
the total mass: 

.a M a M′ ′=                                          (6.6) 

By (6.3) the velocity of a body falling freely from the altitude 0r  is proportional to the square root of the total 
mass 

for .v v r r
M M

′
′= =

′
                                  (6.7) 

From (6.4) we obtain the revised GLFF; it states that the duration of a free fall from 0r  by a distance 0h r r= −  
is inversely proportional to the square root of the total mass: 

.t M t M′ ′=                                          (6.8) 

When the free fall covers only a small distance 0 ,h r r r= −   the following approximations hold 

( )0 0 0, ,r r r r r r r h≈ − ≈  
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1 0 0
0 0 0 0

0 0

sin .
r r r r

r r r r r h
r r

− − −
≈ ⋅ =  

Substituting in (6.4) we obtain 

2 2 .t r h GM≈                                   (6.9) 

Solving for h we find the familiar expression, 

2 2
2

1 1 ,
2 2

GMh t at
r

= =                                (6.10) 

where we used (1.1) to set 2GM r a= , which is approximately constant over a small change h in r. 

7. The Approximation of a Central Gravitational Field 
We discuss here the effect of the smaller mass’ value 2m  on the duration of a fall towards a given (constant) 
mass 1m  in case of a straight trajectory, or on its period of rotation about 1m  in a bound orbit. According to the 
value of 2m  three cases are distinguished: 

(i) The mass 2m  is infinitesimally small. 
(ii) The mass 1m  is dominant ( )1 2 ,m m  in which case 

2 1
1 1 2, 0,

m mm M
M M

≈ = − ≈ = ≈r r r r r                          (7.1a) 

1 2 1 20, , 0, .≈ ≈ ≈ ≈v v v a a a                                 (7.1b) 

where as the ratio 2 1m m  is small but finite in case (ii), it is infinitesimally small in case (i), and hence the ap- 
proximations (7.1) hold effectively as equalities in case (i). 

(iii) The masses of the particles are equal ( )1 2 .m m m= =  Here we have 

1 2
1 1, ,
2 2

m r r rµ = = =                                        (7.2i) 

1 2 1 2
1 1, .
2 2

− = = − = =v v v a a a                                 (7.2ii) 

(A) Straight Trajectory: The free fall’s duration given by (6.3) can be written as 

2 11 ,nt T m m= +                                            (7.3) 
where 

( ) 10 0
0 0

1 0

sin ,
2n

r r r
T r r r r

Gm r
− − = − + 

  
                         (7.4) 

is the free fall duration of a minute object with a negligible mass, n, in comparison with 1m , call it “the nothing” . 
Thus the nothing in this context is an infinitesimal mass n with the property, ( )1nT n m  is negligible. In fact, it is 
the fall’s time nT  of the nothing, what corresponds to GLFF; it results from t in (7.3) on letting 2 0m → . 

Equation (7.3) reduces to 

1 22 for ,nt T m m= =                                        (7.5) 
and to 

2
1 2

1

1 for .
2 n
mt T m m
m

 
≈ − 
 

                                   (7.6) 

Equation (7.6) shows that the free fall’s time t of a mass 2m , with 2 1 1,m m   is less than the n fall’s time by 
( )2 12 ,nm m T  which is directly proportional to its mass with a proportionality constant 11 2 .m  
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Example: Free Fall towards the Earth. 
We consider here the free fall corresponding to the gravitational force between the Earth and objects that have 

much smaller masses. We neglect of course the effect of air resistance. With the earth’s mass: 24
1 6 10 kg,m ≈ ×  

the masses of a hammer or a feather can be counted as the nothing. Corresponding to the fall duration 
100 secondsnT =  of the nothing, the fall time of a mass 2m  falling freely to earth from the same point at which 

the nothing starts will be 

2 2
24

1

kg
1 1 100 sec.

2 12 10 kgn
m mt T
m

   
= − = − ×   ×  

 

For a difference ( )2 12 nm m T  not exceeding 19 se s10 cond−  we have to choose the falling mass such that 

192 2
24

1

100 sec 10 seconds,
2 12 10n
m mT
m

−= × ≤
×

 

which yields: 3
2 12 10 kg 12 Ton.m ≤ × =  That is, the falling body with mass not exceeding 12 Ton will advance n 

in a fall trip of duration 100 seconds by less than 1010 ns− . The advance period for a body of mass 120 kg will be 
1210 ns− , and if the fall time is only 5 seconds ( 122.5 meters≈  height) then the advance period will be about 

145 10 ns,−×  during which light travels only 515 10 Angestrom.−×  
On the other hand, and if Earth and Venus, that have roughly equal masses, fall freely towards each other (in the 

absence of the sun and other planets) then there corresponds to 100 secondsnT =  the fall’s period 
2 70 seconds.nt T= ≈  

(B) Bound Motion: Setting 1M m′ =  in (5.11) gives the nothing’s orbit’s period nτ τ ′=  in the field of the 
body 1,m  

3 2
12πn a Gmτ = .                                          (7.7) 

The same Equation (5.11) yields the orbital period τ  of a mass 1 2M m m= +  tracing the same nothing’s orbit 
by: 

2 1 ,1n m mτ τ= +                                         (7.8) 

The period (7.8) reduces to 

for then nτ τ= ,                                             (7.9) 

( )2 1 2 11 2 for ,nm m m mτ τ≈ −                                 (7.10) 

2 12 for .n m mτ τ= =                                       (7.11) 

It is noted that the relations (7.8-7.11) are valid only for equivalent orbits, and consequently the corresponding 
relative velocity depends, by (5.15), on the mass 2m  through the relation 

2 11 ,nv m m v= +                                           (7.12) 

with the nothing velocity at the perihelion is constrained by 

1 12p np pGm r v Gm r≤ < .                                  (7.13) 

In particular 2 nv v=  for 2 1.m m=  
The relation (7.8) shows that the period τ  of a bound motion of a mass 2m  is less than the corresponding 

period nτ  of the nothing by the factor appearing on its right hand-side. Because this factor decreases when 2m  
increases, the heavier the body the shorter period it has. 

We finally mention that the mass n, which is not zero, has no intrinsic value; its values belong to a range that 
depends on the dominant mass and the degree of accuracy sought, or within which is the resolution power of our 
equipments. 
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8. Perturbation of the Nothing’s Orbits 
It is clear that a finite mass 2m  perturbs the gravitational field generated by the massive body 1.m  To quantify 
the order of perturbation, we revert to equation (2.1) and specify the relative orbit by the ordered pair: 

( ) ( )
2

2

2 1 1

1, 1 , .
1

p
p p

v
P e r r

m m Gm
+ =

+
                              (8.1) 

Letting 2 0m →  we obtain the n orbit, ( ), ,n nP e  in the gravitational field of 1m : 

( ) ( )
2

2

1

, 1 , .np
n n p p

v
P e r r

Gm
+ =                                     (8.2) 

It follows from (8.2) that, given a mass 1,m  then for each fixed value of pr  there exists an one-to-one cor-  
respondence between each value of npv  in the range 1np pv Gm r> and an orbit ( ),n nP e  of the nothing. Thus  

when pr  is given, a nothing’s orbit is determined solely by npv . Equivalently, the orbits of the nothing are un- 
iquely determined by its initial conditions. 

We discuss here the perturbation in the n orbit in the gravitational field of a mass 1m  when n is replaced by a 
finite mass 2m . On fixing pr  the orbit of the system is determined by pv  and 2m . We already know that the 
same nothing’s orbit ( ),n nP e  is maintained for 2m  if its velocity pv  is such that 

2 11p npv v m m= +                                       (8.3) 

If we replace n by 2m  and keep ( ) ( ), ,p p np npr v r v= , the orbit ( ),n nP e  of n will change to the orbit ( ),P e  
given by (8.1). We determine here the element of the new orbit in terms of the n orbit and 2.m  For brevity we set 

2 1 .m mβ =  From (8.1), 

,
1 1

n nP e
P e

β
β β

−
= =

+ +
                                    (8.4) 

The latter equations show that the eccentricity and the semi-latus rectum of the new orbit decreases with an 
increasing mass 2m . Direct consequences of the last statement are the following: 

C1. Since nP P<  and ne e< , the new orbit can be qualitatively different, in the sense that an unbound mo- 
tion may be converted to a bound one. Indeed, by (8.4), 

1 1 2ne e β< ↔ < +                                      (8.5) 

If in particular the n’s orbit is unbound with 1 1 2 ,ne β≤ < +  then the mass 2m  with the initial conditions  
( ) ( ), ,p p np npr v r v=  will trace a bound orbit. 

C2. An increase in mass leaves bound orbits bound, provided the lower constraint (2.2ii) on velocity remains 
valid. In particular the new orbit is circular if .ne β=  

C3. A curious case occurs for the nothing’s circular orbits. As implied by (8.4), the replacement of the nothing 
when in a circular orbit ( ). . 0ni e e =  with minute mass results in the absurd, a negative eccentricity. This implies 
that no material body can be in any of the nothing’s circular orbits with the same initial conditions. Or as to say, 
the n circular orbits do not exist physically. The latter results is well justified on recalling that the nothing is merely 
a mathematical abstraction of a small mass. It is clear of course that the n’s circular orbits can be occupied by 
material bodies but with velocities determined by (8.3). 

The semi-major axis and the period of the new orbit are easily found to be 

( ) ( )1 1 2 1 ,n na a eβ β = + + −                               (8.6) 

( ) ( ) 3 2
1 1 2 1 .n neτ τ β β

−
 = + + −                              (8.7) 

To the first order in β  we have 

( ) ( )1 1 1 ,n n na a e eβ = − + −                                 (8.8) 
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( ) ( )1 2 1 .n n ne eτ τ β = − + −                                 (8.9) 

From (8.1) and (8.4), we deduce the following relation 

( ) ( ) 1
1 cos

1 1
1 cosn

e
e

θ
β β

θ

−
+ 

= + + + 
r r ,                           (8.10) 

which shows that the n orbits are at larger distances from that at which 2m  orbits 1.m  Equality holds for 0θ =  
or πθ = . 

9. Discrepancies between the Equivalence Principle and Newton’s Theory 
Newton’s laws of motion, which hold in inertial frames, form one whole entity by which the motion of a system 
can be specified. The newly introduced physical entity by Newton, “the force”, was not specified by his second 
law 2 2m=f a  alone, but also by the supplementary law of action and reaction, 12 21 0+ =f f . For a closed sys-  
tem of N free particles, 1 0N

i ii m
=

=∑ a , and the force exerted on a particle N is 1
1

N
N N N jjm −

=
= = −∑f a f , where jf   

is the force exerted on jm  by .Nm  Although it was not stated explicitly, the concept, “force”, was coined to 
refer to interactions between particles, or systems of such. Newton’s second law specifies the acceleration of a 
body of mass Nm  in any inertial frame S, while the motions of the remaining bodies in the closed system are 
pragmatically overlooked. 

For a closed system of N  particles that interact mutually trough gravitational forces, the acceleration Na  of 
the -thN  particle, 

( ) 31
1

N
N j j jjG m

m
−

=
= = − − −∑fa r r r r ,                         (9.1) 

where m is its mass, r  is its position vector, and jr  is the position vector of the j-th particle, is independent of its 
mass but depends on its position and the masses and positions of the remaining particles { }, 1, , 1jRem m j N= = − . 
It is important to note that Na  is the absolute acceleration of m; it is its acceleration relative to the CM frame (or to any 
other inertial frame). However, only when the mass m is negligible in comparison with the total mass of  

Rem ( )1
1. ., N

iii e m m−

=∑ , the center of mass CM can be identified with the center of mass CM ′  of Rem , and the  

absolute acceleration Na  will be identical to the acceleration a  relative to CM ′ . In the latter case we can 
speak of a time-dependent acceleration field, or a gravitational field, ( ), ta r , generated by Rem  and defined at 
each point r  by the right hand-side of (9.1); it changes with time because the elements of Rem  are moving. 

For a 2-body system ( )2N = , the concept of a gravitational field can be substantiated only when one mass, say 
1m , is dominant, in which case the system’s center of mass can be identified with the center of 1m  and consi-

dered stationary in cS  and thus the system’s total mass can be approximated by 1.m  In this case a stationary 
gravita- tional field a  set up by the dominant mass 1m  can be defined throughout the space by 

2
1Gm r= −a I                                      (9.2) 

where r=r I  is the position vector of a point relative to the center of mass 1m . A body of a negligible mass 
placed at a position r  acquires an absolute acceleration a , and its motion is determined indeed by its initial 
conditions and does not depend on its mass. 

The equivalence principle (EP), on which the general theory of relativity (GR) hinges, is based on the fact that 
the acceleration, inherent to inertial forces (centrifugal, Coriolis, ···) and to locally uniform gravitational forces, is 
independent of the mass of the body acted on by these forces. Therefore, the properties of motion in a uniformly 
accelerated frame of reference and in a uniform gravitational field are the same. To express it in a different way, no 
mechanical experiment carried out inside a laboratory can tell whether the laboratory is at rest on the earth’s 
surface or moving far away from matter at a constant acceleration g , where g  is the acceleration due to earth’s 
gravity at its surface. The latter fact was elevated by Einstein to a level of a principle [10-14], which states that: all 
laws of physics are the same in a uniform gravitational field and in a uniformly accelerating frame of reference. 
More general: gravitational fields and inertial fields are equivalent with respect to physics laws. During a short 
period of time the gravitational field subtended in a freely falling chamber can be considered uniform, and cancels 
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out with the fictitious acceleration field in the falling chamber, and thus the motion inside the chamber is identical 
to it in an inertial frame [10-14]. Indeed, particles that are not subjected to forces remain at rest or move at constant 
velocities relative to the chamber. Since our article is concerned with motion under gravity we shall restrict the EP 
to its weak from, the mechanical meaning. 

We explore here the domain of applicability of the EP and highlight the deviations of Newtonian predictions 
from that of the EP and GR in general. We shall also show that Newton’s law of gravitation, which imposes no 
restriction on the interacting masses, is not truly a limiting case of Einstein field Equations, as stated in most 
textbooks [10-13], unless the approximation of central gravitational field holds. Indeed, 
 The central gravitational field contained in a falling chamber deviates slightly from uniformity, which results 

in tidal forces [10,12] by which particles on the same horizontal level approach each other and particles on the 
same vertical line recede from each other. 

 Moreover, and as it was explained in earlier sections, heavier particles acquire greater acceleration. Treating 
the chamber containing freely falling particles as one rigid body of a mass much greater than its contents, 
results in the chamber falling faster than the particles inside. Thus the particles leave gradually the chamber’s 
ceiling in the course of time, with lighter particles leaving faster than heavier ones. The latter effect can be 
attributed, in the chamber frame, to a weak force that decreases when the mass of the falling particle increases. 
It may worth to investigate if this force has any effect on comets tails, pointing away from the Sun, and which 
is mainly due to solar wind. The same weak force may have an effect on the relative motion of the system, 
Earth-Moon, considered as a chamber falling in an elliptic orbit round the Sun. 

 We have seen that the relative acceleration between two bodies depend on the sum of their masses, with no 
distinction between an active and a passive mass (Equation (1.1)). The EP looks on the force exerted by a 
massive body 1m  on a test mass 2m  as being mediated by a gravitational field ( ) 2

1r Gm r= −g I  gener-
ated by 1m , with ( )2m r=f g . The interaction of two masses of the same order of magnitude is outside the 
do- main of the EP. In fact, there is no known exact solution for the two-body problem in GR [13]. 

In GR [10-15], the distribution of matter and energy in the space shapes the geometry of spacetime, which 
ceases to be a flat Minkowski space, but becomes instead a curved 4-dimensional pseudo Riemannian space [16], 
which is Minkowskian in the infinitesimal (i.e. in an infinitesimal open neighborhood of each point). More pre- 
cisely, the metric tensor in the curved 4-space is linked to the energy-momentum tensor by Einstein’s field Equ- 
ations [10-15]. In this curved 4-space, test masses follow geodesics while light follows null geodesics. Each 
geodesic is determined by an initial position and instant of time together with an initial vector velocity. Each given 
set of initial conditions determines a unique geodesic, namely that which passes through the given 4-point in the 
direction specified by the particle initial velocity. In this formalism, the gravitational forces have been foregone 
with and absorbed in the metric. In fact, if the metric of the curved spacetime in the presence of a given 
mass-energy distribution is known then the geodesics of the curved 4-space can be determined [10-15], and it is an 
equivalent alternative to solving Einstein’s field Equations. 

We are now at a position to state what GR says about the results we have obtained using Newton’s mechanics. 
We have seen that each initial condition ( ),p pr v  determines an orbit ( ),n np e  of the nothing n. According to GR 
the same initial conditions yield the same orbit even if n was replaced by a test mass 2m , with no clear cut be- 
tween “small” and “large”. In fact, the test mass can be as large as a planet of the solar system in the gravitational 
field of the Sun [10-15]. This however is not so in Newton’s mechanics by which, upon fixing the initial condi- 
tions and increasing n to 2m , the orbit becomes ( ),p e  given by (8.1). As evidenced by (8.7), the perturbation 
involves also the motion’s period when it is bound. The quantitative change in the period of Jupiter, had its mass 
been replaced by the Earth’s mass, was already given as an example. We showed also in (8.C1) that for some 
specific range of initial conditions this perturbation in orbit can appear qualitatively where an unbound motion 
becomes bound. Conversely, the same orbit in GR cannot be obtained by two different sets of initial conditions. In 
Newton’s mechanics, the same orbit is realized for the nothing and a particle of a finite mass 2m  provided the 
initial velocities for the same pr  satisfy Equation (8.3). 

For a weak static gravitational field generated by a body of mass 1,m  the Einstein’s field Equations yield in 
the non-relativistic limit the gravitational field [11,12] 

2
1Gm r= −g I                                    (9.3) 

in which g  is the acceleration acquired by a body when placed at a distance r from the center of 1m  (and outside 
it) regardless of its mass 2 ;m  it is the acceleration of 2m  relative to 1m , i.e. the acceleration in a frame 1s  
co-moving with 1.m  Confining discussion to 2-body problem, and recalling that only when 1s  is inertial, the 
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force acting on a mass 2m  is its product by ,g  we brief here the points of agreement and disagreements with 
Newtonian predictions: 

1) Only when g  can be identified with the absolute acceleration, which is realized for a negligible mass 2m  
and to the extent that 1m  is effectively the center of mass, the force exerted on 2m would be 

2
2 1 2m Gm m r= = −f g I , which is Newton’s law in gravitation. Thus: the latter agreement with Newtonian 

gravity is valid only when the conditions necessary for a meaningful definition of the gravitational field are ful- 
filled. In this case however, the field expression (9.3) is a limiting case of the Newtonian formula (1.1) corres- 
ponding to 1.M m≈  

2) If 2m  is not negligible then g  is an erroneous expression for the relative acceleration a  as given by (1.1). 
In fact we have seen [1] that the Newtonian gravitational force between the two bodies is .µ=f a  The coinci- 
dental agreement of 2m g  with Newton’s gravitational force is due to the fact that g , which is the relative ac- 
celeration according to GR, coincides with the absolute acceleration of 2 ,m  as is evidenced from Equation (9.1) 
for 2.N =  

Observation of binary stars should judge whether the relative acceleration is g  or .a  In fact, measuring the 
system’s period, semi-latus rectum (or eccentricity), and major axis determines the total mass, the orbit, and hence 
the acceleration. 

10. Conclusion 
An LRL vector which coincides with the vector velocity hodograph of a gravitational 2-body system was de- 
rived. It was shown that corresponding to elliptic, parabolic, or hyperbolic orbits the hodograph is a full circle, a 
circle less a point, a proper arc of a circle respectively. The conditions under which the concept of a gravitational 
field in Newtonian mechanics becomes meaningful were discussed, and the related mathematical concept of “the 
nothing” was introduced. The perturbations in the nothing’s orbits due to a finite mass were determined, and it 
was shown that the nothing’s circular orbits don’t exist physically in the sense that they cannot be occupied by 
any mass with the same initial condition. The equivalence principle is in accord with Newtonian mechanics only 
for nothing-like masses, whereas basic contradictive predictions emerge for non-negligible test masses. It is also 
shown that Newton’s law in gravitation, which applies to arbitrary masses, is not an approximating limit to 
Einstein’s field Equation in case of static weak fields, but that both theories have the Newtonian gravitational 
field as a common approximating limit. 
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