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ABSTRACT 

In this paper, we consider the two-sided first exit problem for jump diffusion processes having jumps with rational 
Laplace transforms. We investigate the probabilistic property of conditional memorylessness, and drive the joint distri- 
bution of the first exit time from an interval and the overshoot over the boundary at the exit time. 
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1. Introduction 

Consider the following jump diffusion process 
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common density . Moreover, it is assumed that the 
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where , , ˆ ˆ, , ,j jJ J m m  ˆ,ij ijp p   Re 0j  , 

j  and that  ˆRe  0 i j  ˆ ˆi, j   for all i j . 
Moreover, 
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ij ij
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Define   to be the first exit time of tX  to two flat 
barriers  and  a b  <a b , i.e. 

 inf 0 : or .t tt X b X a      

Recently, one-sided and two-sided first exit problems 
for processes with two-sided jumps have attracted a lot of 
attentions in applied probability (see [1-7]). For example, 
Perry and Stadje [1] studied two-sided first exit time for 
processes with two-sided exponential jumps; Kou and 
Wang [2] studied the one-sided first passage times for a 
jump diffusion process with exponential positive and 
negative jumps. Cai [3] investigated the first passage 
time of a hyper-exponential jump diffusion process. Cai 
et al. [4] discussed the first passage time to two barriers 
of a hyper-exponential jump diffusion process. Closed 
form expressions are obtained in Kadankova and 
Veraverbeke [5] for the integral transforms of the joint 
distribution of the first exit time from an interval and the 
value of the overshoot through boundaries at the exit 
time for the Poisson process with an exponential compo- 
nent. For some related works, see Perry et al. [8], Cai and 
Kou [9], Lewis and Mordecki [10] and the references 
therein. 

*This work was supported by the National Natural Science Foundation 
of China (No. 11171179) and Natural Science Foundation of Shandong 
Province (No. ZR2010AQ015). 
#Corresponding author. 

Motivated by works mentioned above, the main objec- 
tive of this paper is to study the first exit time of the 
process (1.1) with jump density (1.2) from an interval 
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and the overshoot over the boundary at the exit time. In 
Section 2, we study the roots of the generalized Lund- 
berg equation and conditional memory lessness. The 
main results of this paper are given in Section 3. 

2. Preliminary Results 

It is easy to see that the infinitesimal generator of 
 is given by   0t t

X


      

     

21

2

d

L x x c x

u x y u x p y y

   






  

    
 

for any twice continuously differentiable function  x  
and the Lévy exponent of   0t t
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By analytic continuation, the function  g z  can be 
extended to the complex plane except at finitely many 
poles. In the following, we consider the resulting 
extension  G z  of  g z , i.e., 
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In [11], Kuznetsov has studied the roots of the 
equation  G z  . However, for this particular Lévy 
process X , we will give another simple proof for the 
roots of this equation. 

Lemma 2.1. For fix 0  , the generalized Cramér- 
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on the boundary of the half circle in . For C a R , we 
have  2 iG a   (see Lewis and Mordecki [10]). On 
the other hand, 
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Thus we have    1 2iG a G a i . Since  
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ˆ jmJ
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  has ˆ 1M   roots with negative  

real parts, so equation  G z   has ˆ 1M   roots with 
negative real parts. Similarly, we can prove 
  ,G z   0   has 1M   roots with positive real 

parts. 
In the rest of this paper, we assume all the roots of 

equation =)(zG  are distinct and denote  
   , 1i M  1,2,i i  
 

 ,  
 ˆˆ , 1M  ˆ 1,2,i i i  

uE
  for notational simplicity, 

and denote  (or  in the sequel) representing the 
expectation (or probability) when 

uP

tX  starts from . 
We denote a sequence of events 

u

 0 :K X b  ,   0 :G X  a

jilK  = { :  X   crosses b  at time   by the th 
phase of th positive jump whose parameter is 

l
i j }, 
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j i l  = {G     :  X   crosses  at time a   by the 
th phase of th negative jump whose parameter is l

ˆ
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for , , 
} 
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(2.2) and (2.4) can be obtained similarly. This completes 
the proof. 

The following results are immediate consequences of 
Theorem 2.2. 
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have  as sa X b  s  . 
For any 0  , we can easily obtain from the above 

equation that 
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ˆ1 1
ˆ

0
1 1

0

ˆ ˆe e e

1

ji
M M

a ub uu
i jX b

i j

u a

E I a u

u b



  
 

  
 

 



      
 

  ,b                      (3.7) 

 
where 

 T
ˆ1 2 1 1 2 1

ˆ ˆ ˆ ˆ ˆ ˆ ˆ: , , , , , , ,M M
       

    

is determined by the linear system 1ˆD I  . Here 

   
T

ˆ1 1 2
1,1, ,1,0,0, ,0 .

M M
I

  
    

2) For any 0  , we have 

 

 
   

ˆ1 1
ˆ

0
1 1

1

ˆ ˆˆ ˆe e e

0

ji
M M

a ub uu
i jX a

i j

u a

E I b u

u b



  
 

  
 

 



     
 

  > > ,a                    (3.8) 

 
where 

 ˆ1 2 1 1 2 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ: , , , , , , ,T

M M
       

    

is determined by the linear system . Here 2
ˆ̂D I 

   
T

ˆ2 1 2
0,0, ,0,1,1, ,1 .

M M
I

  
    

Corollary 3.5. 1) For  and any   X a yf X I
    0  , , we have 0y 

 

 
   

ˆ1 1
ˆ

1 1

0 ,

e e e

1

ji
M M

a ub uu
i jX b y

i j

u b b y u a

E I a u b

u b y



  
 

  
 

 

 or

,

  

       
  

  
                 (3.9) 

where 

 T
ˆ1 2 1 1 2 1

, , , , , , ,M M
       

         

is determined by the linear system 1= ID
 . Here 

   

 

1
1 1

11
1T

1
0 0

ˆ1 2

0,e , , e , , e , , e ,0, ,0 ;
! !

J
J J

tt mm
Jy yy y

t t
M M

yy
I

t t
    

  

 
  

 
 
 
 

 


     

2) For  and any    <X a yf X I
    0 



, , we have 0y 

 
   

 

ˆ1 1
ˆ

<
1 1

1

e e e

0 ,

ji
M M

a ub uu
i jX a y

i j

u a y

E I b u a

u a y a u b



  
 

  
 

 

 

       


,

or  

 
  

              (3.10) 

where 

 T
ˆ1 2 1 1 2 1

, , , , , , ,M M
       


             


 

is determined by the linear system . Here 2D I 
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ˆ1
ˆ ˆ1 1

ˆ 1ˆ 1
ˆˆ ˆˆ ˆ1T

2
0 0

ˆ1 2

ˆˆ
0, ,0,0,e , , e , , e , , e .

! !

J
J J

tt mm
y yJy y
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M M
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I
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Note that the difference of   0eu
X bE I



 

 
    0eu

X aE I



 

 
   and  >0eu

X bE I





 
    is 

exactly  

  <0eu
X aE I





 
 

 eu
X bE I





 
    e X aE I




 u  

  . Thus we obtain the following results.  

Corollary 3.6. 1) For , and for any   X bf X I
   0  , we have 

 
   

ˆ1 1
ˆ

1 1

0 o

e e e

1

ji
M M

a ub uu
i jX b

i j

u b u a

E I a u b

u b



  
 

  


 

 

       
 

  

r

,

I

                   (3.11) 

where 

 T
ˆ1 2 1 1 2 1

, , , , , , ,M M
       

         

is determined by the linear system . Here 1D  

   
T

ˆ1 1 2
1,0, ,0,0, ,0 .

M M
I

  
    

2) For  and any   X af X I
   0  , , we have 0y 

 
   

ˆ1 1 ˆ ˆ 1

1 1

0 o

e e e

1

M M a ub uu i M
i jX a

i j

u a u b

E I b u a

u a



  
     


 

r

,

 

      
 

                   (3.12) 

 
where 

 T
ˆ1 2 1 1 2 1

, , , , , , ,M M
       

    

is determined by the linear system 2D I  . Here 

   
T

ˆ2 1 2
0,0, ,0,1,0, ,0 .

M M
I

  
    

To end the paper, we give an example. 
Example 3.7. When ,  1 1

ˆ ˆ 1J m J m   
1 1ˆˆˆ ex xp I      11 1 11 10 0e x xp x p I 

   and  

11 11ˆ 1p p  , the equation  G z   has  real roots: 4

1 , 2 , 1̂  and 2̂   
. Let  2 1 1 20     1 1  ˆ    ˆ ̂ 

   

   

   

   

1 2

1 2

1 2

1 2

ˆ ˆ

ˆ ˆ
1 1 1 1

1 1 1 2 1 1 1 2

1 1 1 1

1 1 1 2 1 1 1 1

1 1 e e

e e

ˆ ˆ
.

e e 1 1

ˆ ˆ ˆ ˆe e

ˆ ˆ ˆ ˆ ˆ ˆ

b a b a

b a b a

a b a b

a b a b

D

 

 

 

 

   
       

   
       

 

 

 

 

 
 
 
       
 
 
      

 

Denote  by 1D

11 21 31 41

12 22 32 421

13 23 33 43

14 24 34 44

1
.

d d d d

d d d d
D

d d d dD

d d d d



  
   
  
 
  

 

Then we have 

 

       1 2 1 2ˆ ˆ
1 2 3 4

e

e e e e

u

u b u b u a u a

E f X


      



  

  

    ,
 

where 

   

   

   

   

11 21 11 31 41 11
1

12 22 11 32 42 11
2

13 23 11 33 43 11
3

14 24 11 34 44 11
4

,

,

,

,

u d

u d

u d

u d

d f b d f d f a d f

D

d f b d f d f a d f

D

d f b d f d f a d f

D

d f b d f d f a d f

D
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11 10

e dyu ,f f y b y
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11 1ˆ e d ,ydf f y a y
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1 2

1

2 1 1 2
1 1

1 1 1 2 1 1 1 2

ˆ ˆ1 2 1 2 1 1 2 2 1 1

1 2 1 1 1 1 1 2 1 1 1 2

ˆ ˆ2 2 1 1 1 2 2 1

1 2 1 1 1 1 1 2

ˆ ˆ
ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ e
e e

ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ
e e

ˆ ˆ ˆ ˆ ˆ ˆ

a b
b a b a
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D


 



   
 

       

         
           

       
       


 



 


   

    
         

   
 

   
 

 

  

  
     

  

2
2

1 2 1 2

1 1

1 2 1 1

ˆ ˆ1 2 2 1
1 1

1 1 1 2 1 1 1 2

ˆ e
ˆ

ˆ ˆ
ˆ e ,

ˆ ˆ ˆ ˆ

a b
b a

b a




   

 
   

   
 

       




   

 
     

 


   

 

 
   

   

  
   

   
 2 1 2ˆ ˆ

1 1 1 2 2 1 2 2 1 1
11

1 2 1 1 1 2 1 2 1 1 1 1 1 2 1 2

ˆ ˆ ˆ ˆ ˆe e ˆ e
,

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

b a b a a b

d
           

               

     
    

         
 

   

     
   

   
   

  




2 1 ˆ

1 1 2 2 1 1 1 2 1 1 1 2
13

1 1 1 2 1 2 1 2 1 1 1 2 1 2 1 1 1 2

ˆ ˆ ˆ ˆ ˆe e e
,

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

a b a b a b

d
             1 2 2  

                 

   
  

        

  

 

 
  

         2 1 2ˆ ˆ
1 1 2 2 1 2 2 1

21
1 1 1 2 1 1 1 2 1 2

ˆ ˆ ˆ ˆ ˆe e ˆ e
,

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

b a b a a b

d
         

         

     
    

      
 

   

   
   

  
   

  

1 2 1 ˆ
1 2 1 1 2 2 1 1 2

23
1 1 1 2 1 2 1 2 1 1 1 2

ˆ ˆ ˆ ˆ ˆe e e
,

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

a b a b a b

d
           

           

    
  

     

2 2 

 

   

   
   

    
   

   




1 2ˆ ˆ ˆ ˆ

1 1 1 2 1 1 2 2 1 1 2 1
31

1 2 1 1 1 2 1 2 1 2 1 1 1 1 1 2 1 2

ˆ ˆ ˆ ˆ ˆ ˆ ˆe e e
,

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

b a b a b a

d
            

                 

   
  

        

1 2 2    

 

 
    

   

  
   

  
 2 1 2ˆ

1 1 2 1 1 2 2 2 1 1
33

1 1 1 2 1 2 1 1 1 2 1 2 1 1 1 2

ˆ ˆ ˆe e ˆ e
,

ˆ ˆ ˆ ˆ

a b a b b a

d
           

               

     
    

          ˆ
 

   

  
   

  
   

   

1 2 1ˆ ˆ ˆ ˆ
1 1 2 1 2 2 1 2 1

41
1 2 1 1 1 2 1 2 1 1 1 2

ˆ ˆ ˆ ˆe e e
= ,

ˆ ˆ ˆ ˆ

b a b a b a

d
           

           

    
 

     

2 2 

 

 
  

         2 1 2ˆ
1 2 1 1 2 2 2 1

43
1 1 1 2 1 1 1 2 1 2

ˆ ˆe e e
.

ˆ

a b a b b a

d
         

         

     
    

      
 

 
We define 12  ( 22d , 32 , 42 ) and 14  ( 24d , 34 , 

44 ) as follows: let  ( 22d , 32 , 42 ) be obtained 
from  ( d , , 41 ) by changing 

d

21 d

d d
d

d

2

d
d 12d

31 d
d

11d   to 1  in 

11  ( 21d  31 , 41 ); let 14  ( 24d , 34 , 44 ) be 
obtained from 13  ( 23d , 33 , ) by changing 
d d d d d d

d d 43d 2̂  to 

1̂  in  ( , , ). 13d 23d 33d 43d

 If   ef X X
  , then we have 

   
    

1 2

1 2

1 2

ˆ ˆ
3 4

e e e e

e e ,

u b u bXu b

u a u a

E

a u b

    

 

 

 

  

 

     

   

where 

    1 1
11 11

1 1

ˆ
e , e , e , e ,

ˆ
a b u b d af a f b f f    

   
   

 
 

   1 1
11 21 31 41

1 1
1

ˆ
e e

ˆ
a b a bd d d d

D

  
  



   
    

   1 1
12 22 32 42

1 1
2

ˆ
e e

ˆ
a b a bd d d d

D

  
  



    

,
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   1 1
13 23 33 43

1 1
3

ˆ

ˆ
a b a bd d d e d e

D

  
  



   
  


 

   1 1
14 24 34 44

1 1
4

ˆ
e e

ˆ
a b a bd d d d

D

  
  



    
  



,



 

 If 0X b , then we have   f X I
  

 
   

   

1 2

1 2

1 20

ˆ ˆ
3 4

ˆ ˆe e e

ˆ ˆe e ,

u b u bu
X b

u a u a

E I

a u b



 

 

 

 

 
 

 

    

  
 

where 

    11 110, 1, 1, 0,u df a f b f f    

11 21 12 22
1 2

13 23 14 24
3 4

ˆ ˆ, ,

ˆ ˆ, ;

d d d d

D D

d d d d

D D

 

 

  
 

  
 

 

 If 0X a , then we have   f X I
  

 
   

   

1 2

1 2

1 20

ˆ ˆ
3 4

ˆ ˆˆ ˆe e e

ˆ ˆˆ ˆe e ,

u b u bu
X a

u a u a

E I

a u b



 

 

 

 

 
 

 

    

   ,



 

where 

    11 111, 0, 0, 1,u df a f b f f    

31 41 32 42
1 2

33 43 34 44
3 4

ˆ ˆˆ ˆ, ,

ˆ ˆˆ ˆ, ;

d d d d

D D

d d d d

D D

 

 

  
 

  
 

 

 If , 0y  , then we have    X b yf X I
  

 
   

   

1 2

1 2

1 2

ˆ ˆ
3 4

e e e

e e ,

u b u bu
X b y

u a u a

E I

a u b



 

 

 

 

 
 

 

    

  

 

 
,
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11 110, 0, e , 0,yu df a f b f f    

1 1

1 1

21 22
1 2

23 24
3 4

e e
, ,

e e
, ;

y y

y y

d d

D D

d d

D D

 

 

 

 

 

 


 


 

 

 
 

 If    X a yf X I
   , 0y  , then we have 

 
   

   

1 2

1 2

1 2

ˆ ˆ
3 4

e e e

e e ,

u b u bu
X a y

u a u a

E I

a u b



 

 

 

 

 
 

 

    

,  

  

   
 

where 
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11 110, 0, 0, e ,yu df a f b f f      

1 1

1 1

ˆ ˆ
41 42

1 2

ˆ ˆ
43 44

3 4

e e
, ,

e e
, ;

y y

y y

d d

D D

d d

D D

 

 

 

 

 

 


 


 

 

 If   f X I
 X b , then we have 

 
   

   

1 2

1 2

1 2

ˆ ˆ
3 4

e e e

e e ,

u b u bu
X b

u a u a

E I

a u b



 

 

 

 

 


 

    

,  

 

  
 

where 
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1311 12 14
1 2 3 4, , ,

dd d

D D D
   

 
       ;

d

D
 

 If   f X I
 X a , then we have 

 
   

   

1 2

1 2

1 2

ˆ ˆ
3 4

e e e

e e ,

u b u bu
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u a u a
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a u b



 

 

 

 

 


 

    

,   
 

where 

    11 111, 0, 0, 0,u df a f b f f     
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1 2 3 4, , ,
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D D D
   

 
    .

d
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1
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2
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ˆ
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d
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3 4 3 4 3 4ˆ ˆ 0.               

Therefore, we have 

 
 

 
 

12 1 1 1 1 20

1 2 1 1 2 1

e e bE        
     

   
      

2e ,b  

 

   
   2 1 1

0

1 1 1 2

1 2 1

e

e e e

X b y

b b

E I




     
  


 

  

 
 

 
 


,y

 

 
1 20 1 1 1 2

2 1 2 1

e e b b
X bE I


     
   

 


       
e .  

These results are all consistent with that of Theorem 
3.1 of Kou and Wang [2] for the one-sided exit problem 
of the doubly exponential jump diffusion process. 
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