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Abstract 
A novel flotation froth image segmentation based on threshold level set method is put forward in 
view of the problem of over-segmentation and under-segmentation which occurs when the exist- 
ing method segmented the flotation froth images. Firstly, the proposed method adopts histogram 
equalization to improve the contrast of the image, and then chooses the upper threshold and lower 
threshold from grey value of histogram of the image equalization, and complete image segmenta-
tion using the level set method. In this paper, the model which integrates edge with region level 
set model is utilized, and the speed energy term is introduced to segment the target. Experimental 
results show that the proposed method has better segmentation results and higher segmentation 
efficiency on the images with under-segmentation and incorrect segmentation, and it is meaning- 
ful for ore dressing industrial. 
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1. Introduction 
Flotation is a most extensive mineral processing method in mineral mental refining application. Its froth surface 
characteristics such as shape, size and so on are the key to judge the mineral quality. In recent years, much re-
search has been carried out by many researchers and scholars. For example, Vincent [1] put forward the novel 
methodology based on immersion watershed in 1991. Along with deeper research, Guoqing Zhao [2] et al. has 
introduced morphological reconstruction in order to overcome the over-segmentation problem. Nowadays at 
home and broad such as Liu Jinping [3] et al. put forward a novel segmentation algorithm based on the charac- 
teristics of grayscale distribution of flotation froth image by analyzing the grayscale distribution of each segment 
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region to extract the features. Mohammad [4] proposed a method based on modified mark watershed to measure 
the size of flotation froth which can measure the size of froth more accurate and automatic. 

There are so many methods for segmenting image. However, recently the level set method [5]-[7] in the field 
of image segmentation is becoming one of the most popular and successful methods. There are two broad cate-
gories in the existing active contour model, such as the boundary-based active contour model [8] and the re-
gion-based active contour model [9]. In 1997, Caselles and Sapior [10] et al. put forward geodesic active con-
tour (GAC) model with no free parameters which has utilized the gradient information of image to makes the 
evolving curve to stop on the target boundary. In 2002, Chan and Vese [11] proposed the region-based model 
called Chan-Vese (C-V) model which overcome the boundary-based model in the sensitivity of original location. 
And the model used the target and the difference of relevant pixel values to extract the targets. In order to im- 
prove the accuracy of object edge positioning, Sagiv [12] put forward the integrated active contour model (IAC) 
in 2005 which merges the boundary-based model with the region-based model. Jianmin Qiao [13] combined 
energy constraints with the traditional GAC mode to stabilize in numerical calculation. In addition, in order to 
improve the efficiency of segmentation, Khalif [14] presented a new speed function to achieve the target seg-
mentation from the background of the image. 

Recently, flotation froth image segmentation method at home and abroad mainly concentrates edge explora-
tion method and watershed segmentation method, due to edge exploration method claims to the high light inten-
sity, so the accuracy of the algorithm will be greatly influenced. Although watershed segmentation method 
avoids this issue, it is so easy to cause the problem of under-segmentation and incorrect segmentation that the 
accuracy of segmentation decreases. 

In order to solve the shortcomings arising from conventional flotation bubble image segmentation method, a 
novel flotation froth image segmentation based on threshold level set method is put forward in view of the prob-
lem of under-segmentation and incorrect segmentation which occurs when the existing method segmented the 
flotation froth images. Firstly, the proposed method adopts histogram equalization to improve the contrast of the 
image, and then chooses the upper threshold and lower threshold from grey value of histogram of the image 
equalization, and complete image segmentation using the level set method. In this paper, the model which inte- 
grates edge with region level set model is utilized, and the speed energy term is introduced to segment the target. 
Experimental results show the feasibility and effectiveness of threshold level set model. 

2. The Novel Proposed Model 
2.1. IAC Model 
2.1.1. GAC Model 
Caselles [15] proposed the active contour model which is not dependent on the free parameters. The energy 
functional is as follows: 

( )
( )inside

d d d
C

C

E C g s c g x y= +∫ ∫∫                                (1) 

Though the variational level set method, the above formula will be revised as functional on the embedding 
function: 

( ) ( ) ( )( )d d 1 d dE u g H u x y c g H u x y
Ω Ω

= ∇ + −∫∫ ∫∫                        (2) 

where variational level set the gradient descent of flow is as follows: 

u udiv g cg
t uεδ µ

  ∂ ∇ = +   ∂ ∇   
                               (3) 

The c is a constant speed function, g is the edge function, ( )H zε  is a Heaviside function, εδ  is a derivative 
of regularized Heaviside function. That is: 
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The GAC model is only suitable for the single value image, in order to realize the vector image segmentation, 
Caselles and Sapiro [16] proposed a new vector image GAC model, the gradient descent flow of variational level 
set method is: 

color color
u udiv g cg
t uεδ µ

  ∂ ∇ = +   ∂ ∇   
                           (7) 

In the formula colorg  is a function of image edge vector. That is, 

( )color 1 2g g λ λ= −                                   (8) 

where 1 2,λ λ  are the two characteristic values. 

2.1.2. C-V Model 
When the image not only has no obvious boundary but also the lack of obvious texture feature, it is difficult to 
achieve a successful segmentation. In the image, the difference between object and background may also re- 
present the average gray value was different. The image is divided into two parts of internal and external 1Ω , 

2Ω , the internal and external average gray level image exactly reflect the gray level between the object and the 
background of the average value, then the closed curve can be seen as the object contour. Based on the idea, 
C-V model is proposed. The energy functions as follows: 

( ) ( ) ( )
1 2

2 2
1 2 1 1 2 2, , d d d d d

C
E c c C s I c x y I c x yµ λ λ

Ω Ω

= + − + −∫ ∫∫ ∫∫                   (9) 

It has three variables: scalar 1c , 2c , and the curve C. The first one C is the whole arc length. The second and 
third respectively are the square error between internal and external area’s grey value with scalar 1c , 2c . 

In the literature the C-V model will be extended to functional for vector images. 
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where ( ) ( ) ( )( ) ( ) ( ) ( )( )1 2 1 2
1 1 1 1 2 2 2 2, , , , , , ,m mc c c c c c c c= =   express the two m dimensional vector. 

The above formula utilizes the variational level set method to be revised as functional on the embedding func-
tion: 
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So in the function u of fixed conditions, relative to 1c  and 2c  minimization can be obtained: 
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That is the internal and external average vector images in current zero level set. 
Under fixed 1c  and 2c  conditions, with respect to the u minimization can be obtained: 
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2.1.3. IAC Model 
Although the region-based C-V model overcomes the drawback of GAC model, it is not in favor of the contours 
evolving into the object boundaries quickly and accurately. However the boundary-based GAC model lacks the 
ability of global segmentation. So the Integrated Active Contour (IAC) Model put forward, the energy functional 
is as follows: 
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where variational level set the gradient descent of flow is as follows: 
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In the function u of fixed conditions, the minimization results of 1c  and 2c  is the same as formula (12). 
And under fixed 1c  and 2c  conditions, the relative to u minimize type can be obtained: 

( ) ( )( ) ( ) ( )( )2 2
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i i i i
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u udiv g I c I c
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= =
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2.2. The Threshold Speed Item 
The GAC model cannot accurate segment the object with deep low-lying regions, therefore this paper intro-
duces a constant speed which set to c in IAC model to guide curve evolution, the energy functional is defined 
the by: 
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where variational level set the gradient descent of flow is as follows: 
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However, the parameter by improperly choosing will lead to edge leakage or slower convergence speed, thus 
a speed function is introduced V as follows: 

( )color 1V g βκ= −                                   (19) 

where β is the constant parameter which controls the smoothness of active contour, and κ  denotes curvature. 
Edge function can only reflect the local gray level change of image rather than the actual image edge. There is 

a segmentation method called threshold segmentation method which seeks a suitable grey value and then the 
two classifications are obtained by comparing it with each of image gray level value. Finally, the image of ob-
ject and background are formed to complete the image segmentation. The novel threshold speed function is in-
troduced V as follows: 

( ) ( )1V P Iα α κ= + −                                  (20) 

The constant α  is a weight number of curvature κ . And ( )P I  is a function of image intensity I as fol-
lows: 
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( )
2 2

U L U LP I I− + = − − 
 

                              (21) 

where U, L are represent upper threshold and lower threshold, respectively. In the formula (21), the intensity I is 
equal to the value ( ) 2U L+ . 

The formula (21) makes the active contours enclose the boundary of region whose intensities are in the inter-
val [ ],L U . The term ( )P I  based on image intensity I causes the model to contract regions and expand over 
with gray values within the specified interval [ ],L U . The threshold level set model controls the active contours 
to capture the regions of interest by adjusting parameters L and U. 

2.3. Combining Threshold Speed Item and IAC Model 
In this section, threshold speed item is combined shape priors and IAC model. The total energy is defined by 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )
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1 1, , d d d d d d d
m m

i i i i i i

C C
i i

E c c C g s V g x y I c x y I c x y
m m

µ λ λ
= =Ω Ω

= + + − + −∑ ∑∫ ∫∫ ∫∫ ∫∫   (22) 

where variational level set the gradient descent of flow is as follows: 
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3. Algorithm Implementation 
3.1. Histogram Equalization 
Gray histogram of the image reflects the friendship between image grayscale and the probability of occurrence 
of this kind of grayscale. In order to enhance image contrast, this article adopts the method of histogram equali-
zation [17]. 

Firstly, an array containing G element is set up, statistics of the original image grey values, and then draw the 
gray-level histogram. Finally, the mapping of gray-scale is realized by histogram transformation, which is writ- 
ten as: 

( ) 0,1, , 1kh k n k G= = −                              (24) 

where kn  is the number of the pixels of the same grey value k. And the formula (24) is written as the probabil-
ity of normalized expression 

( ) 0 1, 0,1, , 1s k k kP S n n S k G= ≤ ≤ = −                      (25) 

where ks  denotes the kth level of grey value of image, and n denotes the total number of pixels in the image. 
In addition, image enhancement function is shown as: 
a) ( )HE s  is single value increasing function, and 0 1S G≤ ≤ −  makes the grayscale still from small to 

large order after equalization. 
b) ( )0 1HE s G≤ ≤ −  always keeps the dynamic range of grayscale unchanged. 

Cumulative Distribution Function (CDF) must meet the above two requirements at the same time, and the uni-
form distribution of t transforms by the distribution of s. While the cumulative distribution functions of s is the 
cumulative histogram of original image in fact, and then: 

( ) ( )
0 0

k k
i

k H k s i
i i

n
t E S P S

n= =

= = =∑ ∑                           (26) 

where kt  is a single value increasing function of k, the dynamic range of grayscale is unchanged, and 
0 1kt≤ ≤ . 

3.2. Obtaining Upper and Lower Threshold 
According to the concrete forms of histogram and the position of peak to extract the threshold, convenience is 

javascript:void(0);
javascript:void(0);
javascript:void(0);
javascript:void(0);
javascript:void(0);
javascript:void(0);
javascript:void(0);


J. Zhao et al. 
 

 
43 

provided for the accurate segmentation process. The original image and the gray level histogram of before and 
after the equalization of shown as are Figure 1. 

This section will be introduced how to obtain the threshold in detail. Such as Figure 1(d), there are two peak 
valleys which are a and b ( )a b< . The gray value which is less than a and greater than b is of smaller propor-
tion in the histogram. In the analysis, grayscale less than a is caused by uneven light irradiation in image collec-
tion process and then leads to the edges of froth darker shade. While the latter is due to lamplight illuminate the 
top of the froth. Another crest of figure shows that the number of gray levels between ( ),c d  is the most and 
threshold should be expanded to select in order to avoid excessive under segmentation in the process of seg-
mentation, a L c≤ < , d U b< ≤ . The two values are substituted into formula (21), we obtain ( )P I  as fol-
lows: 

( )
2 2

b a b aP I I− +   = − −   
   

                                (27) 

And then the new speed function V can be gained by substituting ( )P I  into Formula (20). 
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Figure 1. (a) Original image; (b) The histogram of original image; (c) After the equalization image; (d) The histogram of 
after the equalization image. 
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4. Experimental Results and Analysis 
In this section, we will use the novel segmentation algorithm proposed in this paper to do experiment, at the same 
time we also use the watershed segmentation algorithm, the C-V segmentation algorithm and the segmentation 
algorithm based on IAC method to do experiments. 

4.1. Experimental Results 
Now we choose the following four images as the experimental images. The sample images used for experiment 
are shown in Figure 2 and after histogram equalization images are shown in Figure 3. 

4.1.1. Watershed Segmentation Method 
Watershed segmentation method whose characteristics are intuitive and rapid is chosen to segment flotation forth 
image, the results are shown in Figure 4. 

Because gradient image of many images have a lot of local minimum, so can see the results as shown Figure 
4 that there are a myriad of small area boundaries. At the same time watershed algorithm is sensitive to noise. 
The final segmentation result is not ideal due to the problem of over and under segmentations. 
 

       

(a)                         (b)                          (c)                          (d) 

Figure 2. Color sample images. 
 

       

(a)                         (b)                          (c)                          (d) 

Figure 3. After the histogram equalization processing sample images. 
 

       

(a)                         (b)                          (c)                          (d) 

Figure 4. Watershed segmentation result. 
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4.1.2. Level Set Method 
There are results of three level set segmentation methods in the section. 

a) C-V model 
Figure 5 shows the segmentation results of the C-V which based on region, where the parameters are set to: 

100τ =  (Step Length), 1.0ε =  (Parameter of Heaviside function and Dirac function) and the iterations 
Nb_iter = 1300. 

As is evident from Figure 5, the results of C-V model are better than watershed method, but the C-V model is 
initialized again every once in a while which takes more time for segmentation. In addition, the gray level of 
image is too uneven to correct segmentation. The final segmentation result is not also ideal. 

b) IAC model 
Figure 6 shows the segmentation results of the IAC, where the parameters are set to: 100τ = , 1.0ε =  and 

the iterations Nb_iter = 800. 
The results compared with the above two methods are also improved. Although all the bright spot in the 

whole picture can be segment and the speed is faster than C-V, the darker regions still cannot be segment. The 
problem of under segmentation is not solved and the results are unsatisfactory. 

c) The novel proposed model 
In this paper, the model which integrates edge with region level set model is utilized, and the speed energy 

term is introduced to segment the target. The segmentation results are shown as Figure 7, where the parameters 
are set to: 100τ = , 1.0ε = , 50µ =  (Parameters of Controlling the relative size of bound term), 0.95α =  
(A weight number of curvature κ ) and the iterations Nb_iter = 360. 

The image contrast is enhanced by histogram equalization and then on this basis the upper and lower thre-
sholds are selected. Finally, the speed function which contains the thresholds guides the curve evolution. The 
method proposed in this paper for the region of non-uniform gray image has much better segmentation effect 
than the above methods. Moreover, compared with C-V and IAC, the time of segmentation is also shortening. 

4.1.3. The Evaluation and Analysis of Segmentation Results 
We mainly analyze and evaluate the experimental results from the segmentation time and accuracy. 

At first we compare the segmentation efficiency of the segmentation method using watershed, C-V, IAC and 
the proposed method. 
 

       

(a)                         (b)                          (c)                          (d) 

Figure 5. The model of C-V segmentation result. 
 

       

(a)                         (b)                          (c)                          (d) 

Figure 6. The model of IAC segmentation result. 
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The statistical graph of the time efficiency of four kinds of segmentation method is shown in Figure 8 
through experiments and analysis. 

As you can see in Figure 8, the segmentation time of the proposed method is much faster than that of C-V 
and IAC methods, but which is slower than watershed method and the result is that the characteristics of wa-
tershed method are intuitive and rapid. 

Next the Similarity Index (SI) is utilized to compare the results described on above on the segmentation accu-
racy. 

In Figure 9, the statistical situation of the SI is shown, respectively. 
As you can see in Figure 9, the segmentation accuracy of the proposed method is superior to that of wa-

tershed method, C-V method and IAC method. 

5. Conclusion 
This paper utilizes the Histogram Equalization to enhance image contract to see the size and shape of froth easi-
ly, and chooses the upper threshold and lower threshold from grey value of histogram of the image equalization, 
and complete image segmentation using the level set method. The threshold speed function is introduced in the 
model which integrates edge with region level set model is adopted to solve the problem of over segmentation 
and under segmentation. Via the comparison of several groups of experiments, it is proved that the segmentation 
precision and efficiency of the novel level set segmentation method are improved. 
 

       

(a)                         (b)                          (c)                          (d) 

Figure 7. The model of the present paper segmentation result. 
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Figure 8. Time efficiency contrast. 
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Figure 9. Segmentation accuracy contrast. 
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