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Abstract

This paper researches the following inverse eigenvalue problem for arrow-like matrices. Give two character-
istic pairs, get a generalized arrow-like matrix, let the two characteristic pairs are the characteristic pairs of
this generalized arrow-like matrix. The expression and an algorithm of the solution of the problem is given,

and a numerical example is provided.
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1. Introduction

The Inverse eigenvalue problem for matrices in the pro-
blems involved in the field of structural design, pattern
recognition, parameter recognition, automatic control
and so on, it has a good engineering background, and its
research has obvious significance [1]. Many experts and
scholars have addressed more extensively and in-depth
studied, get a lot of conclusions about inverse eigenvalue
problem for Jacobi matrices [2], but there is less research
about the inverse eigenvalue problem for arrow- like
matrices [3,4]. This paper researches the following in-
verse eigenvalue problem for generalized arrow-like ma-
trices.

Generalized arrow-like matrices refer to the matrix as
follows:

& bl bm—l bm
Cl aZ
C a
‘] — m-1 m (1)
Cm am+1 bm+1
Cm+l am+2
) bn—l
Cn—l an

When m=1, J becomes generalized Jacobi matrix
[1]; when m=n, J is an arrow-like matrice. This
article studies the following characteristic value inverse:

Question IEPGAM. Given two real numbers
A, u(A = u) and two nonzero real vectors
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X=X, %) €R y=(y, ¥, ¥,)  €R".

Find the nxn real generalized arrow-like matrice J,
such that Jx=Ax,Jy = uy.

The expression and an algorithm of the solution of the
problem is given in Section 2, and a numerical example
is provided in Section 3.

2. The Solution of Question IEPGAM

Because (A4,Xx) and (u,y) are two characteristic pairs
of the generalized arrow-like matrices J,

Init,
Let:
X0:Xn+l:y0:yn+l:b0:bn:COZCn:01 (2)
X; Yi |,
D = (i=01--,n), ©))
Xia  Yia
X%,
E = (i=23-,m+l1) (4)
oY
So
X o X, o b X 0 X, =A%, (5-1)
C X Fa,X, = AX, , (5-2)
Co X, X, = AX,,, (5-m)
Con X+ 1 X1 + bm+1xm+2 = ﬂ“xmﬂ ! (5'm+1)
Cm+le+l+am+2Xm+2 + bm+2Xm+3 = /,Lxm+2 ’ (5-m+2)
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Cn—zxn—z +an—1xn—l + bn—lxn = lxn—l ' (S'n_l)
Cn—lxn—l+an Xy = ﬂ’Xn ' (5'n)

a’.lyl+b1y2 +“'+bm—1ym +bm ym+1 = ,Uy1 ’ (6_1)

CyitasY, = Y, (6-2)

Cm—l yl + a'm ym = ﬂym ’ (G_m)

CoYs T8 Yma + bm+1ym+2 = HY¥mas (6-m+1)
Cm-¢-1 ym+1 + am-¢-2 ym+2 + bm+2 ym+3 = ,uym+2 Il (6'm+2)
Cn—z yn—z + an—l yn—l + bn—l yn = ,uyn_1 ’ (G'n—l)

Coa¥Yna t3,Y, = 1Y, (6-”)
e Forinverse b,c(i=m+1m+2,.--,n-1),
a(i=m+2,m+3,--,n).
From (5) and (6), we can get
CaXgtaX +b X, =Ax({=m+2,m+3,---,n), (7)
CiaYiataY; +0 Yy =y (i=m+2,m+3,---,n). (8)
In order to eliminate a , multiply by vy, on both

sides of (7), multiply by x, on both sides of (8), then
cut on both sides, we can get
b.D,=(u—A)%Y,+¢, D, (i=m+2,m+3,---,n). (9)
To problem A, because ¢, =kb,,(i=2,3,---,n-1), so
(9) become
bD, =(u—A)xy, +kb D,
i |. (,U ) |y|+ i-1~7i-1 (10)
(i=m+2,m+3,---,n)

Let i=n, because D,=0,so

XY,
nJn g _ ,
" (A-n)

bn—an—l =
Let i=n-1, b,_,D, ,=(2-p) {—ka +—X”-1ky"-1} :

Let i=m+2,

Xﬂ yn XH— yﬂ— Xm+ ym+
bm+1Dm+l = (ﬂ’_ﬂ)[kn—(mﬂ) + kn—1(m+2; oot zk 2}

Under normal circumstances,

n—(j+l)X y )
bD;=(A-u) 2. e (i =maLm 20 -1).

s=0

(11)

If D;=0(j=m+Lm+2,--,n-1), then x,y; can
not be zero at the same time ,so

b. = (A-n) n—fl) Xn_s yn_—s

J Dj = kn—(su)

(j=m+1lm+2,---
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Cj:kbj,(j=m+1,m+2,~--,n—l), (13)
AX; —Ci X, —biX. )
i XJ. i X, #0;
a; = :
/Jyj—Cj_lyj_1_bjyj+1,yj¢0' (14)
Yi
(j=m+2,m+3,---,n)

e Forinverse a_.,,cC.,b,.

From (5) and the m + 1 equation of (6),
Cn Em+1 :(/1 - /u) X1 Yme1 +bm+1 Dm+1 ' (15)
am+1Em+1 =HX Y — ﬂ“xm+l Y1 — bm+1Em+2 ' (16)

b,=-". 17
= 5
e Forinverse c,c,b(i=23-,m-1),
a,(i=23--,m).
From (5) and 2 to m equation of (6),
C X taX =A% (i =23,---,m), (18)
CaYatay = uy (i=23,--,m). (19)
From (18) and (19), we can get
CE=(A- )%y, (i=23,--,m), (20)

aE=uxy, - A%y, (i=23:,m), (21)
b :%(i=2,3,~-,m—1). (22)

e Forinverse a;,b.
From (5) and (6), we can get

a X +hX, = Ax =D bX.,, (23)
s=2

ay,thy, =uy, - Dby, . (24)
s=2

If D, =0, from (23) and (24), then we can get

AXY, = 1%, Y, _zbs(xs+ly2 =% y5+1)

- =2 (25
a D, (25)
(/’l_ﬂ’) lel _st (ys+1xl - ylxs+1)
b= el
Dl

According to the above analysis, to question IEPGAM,
we can get the follow theorem.

Theorem. If the following conditions are satisfied:

1) D,#0;

2) D0 (i=m+1m+2,---,n-1);

3) EE#0(i=23--,m+1)

Then question IEPGAM has the unique solution, and
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_ ) "-us ) ) b _
bj :(ﬂ ,Ll) Z Xn—_syn'—s (J=m+l,m+2,"',n—1)(27) bl:(,u )lel 2(y3xl y1X3):_Z;
D, & k"¢ D 4
j s=0 1
AX. —C. X, —b:X.
I S o | J+1,Xj¢0; cg:kbzz_g,
a = % 2
i - — , 28
“Y;=Ci4Yia by Ly, £0 (28) ¢, =kb, = _%,
Yi
(j=m+2,m+3,---.n) lezkb“zo’
— L)X
b - (ﬁ“ B ,U) Xm+1ym+l+bm+l Dm+1 (29) Clz(/vElJ =0 ;
" I(Em+1 , 2
“ A% .Vi—b E_ _ i bxtbx 7
am+1: /uxlym+l m+1y1 m+1—m+2 , (30) 31 A Xl 2 1
Em+l i
A )X, LY, _ MY, = A%Ys
bjz(;kll)z—mm(izzlgy...,m_l)’ (31) 8, E 1,
j+1
J m aS::ux1y3_/1X3y1_b3E4 :§
(1= 2% Y; =2 b (Yo Xy = ViXeon) E, 3’
b = S:ZD (32) o AXCX DX 4
1 " ==
X 3
UYL —AXY, 4
i— JE : 1(J:2131"'1m)’ (33) _AX5—04X4—b5X6 -1
j a =—— "L
5
m
stxs+1 SO
A % 20, 73
"l I
bsy5+l
=1 — —
== Y20 J=_30§_10
i 2 3 6
¢;=kb;,(i=2,3,---,n-1), (35) 0 0 —_1 i 0
A — u)X 3 3
=Y g) e (36) 0 0 0 01
2
and Jx=Ax,Jy = uy.
3. Numerical Examples
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