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ABSTRACT 

In this paper, we show that if an injective map   on symmetric matrices  nS C  satisfies  

 then          , , nABA A B A A B S       C ,  Φ t
fA SA S   for all  nA S C , where f  is an injective 

homomorphism on ,  is a complex orthogonal matrix and C S fA  is the image of A  under f  applied entrywise. 

 
Keywords: Symmetric Matrices; Orthogonal Matrix; Jordan Homomorphism 

1. Introduction 

It is an interesting problem to study the interrelation be- 
tween the multiplicative and the additive structure of a 
ring or an algebra. Matindale in [1] proved that every 
multiplicative bijective map from a prime ring containing 
a nontrivial idempotent onto an arbitrary ring is additive. 
Thus, the multiplicative structure determines the ring 
structure for some rings. This result was utilized by P. 
Šemrl in [2] to describe the form of the semigroup iso- 
morphisms of standard operator algebras on Banach 
spaces. Some other results on the additivity of multipli- 
cative maps between operator algebras can be found in 
[3,4]. Besides ring homomorphisms between rings, 
sometimes one has to consider Jordan ring homomor- 
phisms. Note that, Jordan operator algebras have impor- 
tant applications in the mathematical foundations of 
quantum mechanics. So, it is also interesting to ask when 
the Jordan multiplicative structure determines the Jordan 
ring structure of Jordan rings or algebras. 

Let  be two rings and let  be a map. 
Recall that  is called a Jordan homomorphism if 

,R R : R R 


     
         

,A B A B

AB BA A B B A

    

      
 

for all ,A B R . There are two basic forms of Jordan 
multiplicative maps, namely,  

1)        ABA A B A    
,

 (Jordan semi-triple 
multiplicative map) for all A B R , 

2)        1 1 1 1

2 2 2 2
AB BA A B B A         

 
  

(Jordan multiplicative map) for all ,A B R . It is clear 
that, if   is unital and additive, then these two forms 
of Jordan multiplicative maps are equivalent. But in gen- 
eral, for a unital map, we do not know whether they are 
still equivalent without the additivity assumption. 

The question of when a Jordan multiplicative map is 
additive was investigated by several authors. Let be a 
bijective map on a standard operator algebra. Molnár 
showed in [5] that if   satisfies  

        ,ABA A B A     

then   is additive. Later, Molnár in [5] and then Lu in 
[6] considered the cases that   preserve the operation  

 1

2
AB BA  and AB BA , respectively, and proved  

that such   is also additive. Thus, the Jordan multipli- 
cative structure also determines the Jordan ring structure 
of the standard operator algebras. Later, in [7] we proved 
these Jordan multiplicative maps on the space of self- 
adjoint operators space are Jordan ring isomorphism and 
thus are equivalent. In this paper, we consider the same 
question and give affirmative answer for the case of Jor- 
dan multiplicative maps on the Jordan algebras of all 
symmetric matrices. In fact, we study injective Jordan 
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semi-triple multiplicative maps on the symmetric matri- 
ces , and show that such maps must be additive, 
and hence are Jordan ring homomorphisms. 

 nS C

Let us recall and fix some notations in this paper. Re- 
call that  is called an idempotent if  nP S C 2P P . 
We define the order between idempotents as follows: 

 if and only if PQ  for any idempo- 
tents , . For any 1 , , let 


P  Q

P
QP P 

j k nQ S C n jkE  be 
the matrix with 1 in the position  and zeros else- 
where, and 

 ,j k 
jI  be the unit of .  jS C

2. Main Results and Its Proof 

In this section, we study injective Jordan semi-triple 
multiplicative maps on , the following is the main 
result. 

 nS C

Theorem 2.1. An injective map 

   : n nS S C C  

is a Jordan semi-triple multiplicative map, that is 

         , , nA B A A B S       CABA  (2.1) 

if and only if there is an injective homomorphism f  of 
 and a complex orthogonal matrix  such that C S

 Φ t
fA SA S  for all .  nA S C

Firstly, we give some properties of injective Jordan 
semi-triple multiplicative maps on .  nS C

 S CLemma 2.2. Let  be an injective 
Jordan semi-triple multiplicative map. Then 

 : n nS C
  sends 

idempotents to tripotents and moreover, 
1)  n 

2
I  is an idempotent and 

 
     
     
     
       

3

3

2

n n

n n

n n

n

A

I A I

I A I

I A I
2

nI A A I

   

   

   

     



 

for all  nA S C , in particular  

       2 2
;n nI A I A       

2)  n I  commutes with  Φ A  for every  nA S C ;  
3)     n 2

P I  
 nP S C
 

P  is an idempotent for each 
idempotent ; 

4) A map  n nS

   
: S C C  defined by 

 nA I A     

for all , is a Jordan semi-triple multiplicative 
map, which is injective if and only if  is injective. 

 nA S C


For  defined in Lemma 2.2, we can see that 

   2
,P P    

and for any idempotents    P Q P Q     

 , nQ S C
Corollary 2.3
P we have . Therefore, 

. Let ,n mN  and 

  n mS SC C  
be an injective Jordan semi-triple m ltiplicative map. 

:

u
Then m n . In the case m n , for each idempotent 

 n C  P S the rank of  P  is  equal to the rank of P . 
r,  In particula

   
   2

0 0 0

I I I

  

   
 

and 

   22 .A A    

Now we give proof of Theorem 2.1. The main idea is to 
us

o pro  2.1, 
it 

e the induction on n , the dimension of the matrix 
algebra, after proving t  result for 2 2  matrices. 

Proof of Theorem 2.1. In order t ve Theorem
he

suffices to characterize  . Note if 

  f
tA SA S   

then 

n   2
,n nI I I     

 nIthat is  is invertible and   

By Lemma 2.1,

   I I  1
.n n


 

  nI  commutes ith  w  Φ A  for all 
 nS C . It foll hat  nA ows t I  comm with utes 

 A  for all  nA S C . Therefore, i    t
ff A SA S  , 

 nI  must be atrix. As  a scalar m 2
,n nI I   

 n nI I    and hence has the de
, we mainly haracterize . The pr

sired f
fs are

orm. 
ooTherefore c  

gi
r

ven in two steps. 
Step 1. The proof fo   2S C . 

n idemThe matrix 11E  is a potent of rank one. By 
Corollary 2.3,  11E  is a rank one idempotent. It is 
well known that dempotent matrix in 


 every i  nS C  can 

be diagonalizable by complex orthogonal m hus, 
there exists a 2 2

atrix. T
  orthogonal matrix S  such that 

 11 11 .tE SE S   

Without loss of generality, we may assume that   

 11 11.E E   

By Corollary 2.3 and from the following fact 

    2 2

12 21 2 12 21E E I E E       

and  

 
    

11 12 21 11

11 12 21 11 0 0

E E E E

E E E E
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we conclude that  

or  

Let , by replacing   with 

 12 21

0 1

1 0
E E

 
    

 
 

 12 21

0 1
.

1 0
E E

 
     

 

1 0

0 1
V

 
   

 tV V   if  

necessary, we may assume that 

 rank one idempotent and 
satisfyin

 12 21 12 21E E E E  . 

For 22E , since  22E  is a
g      11 11 0E 

    
22E E 


 and 

. Now for any 

 21 12 21 11 11,E E E E E E         

we have 

12 22E

 22 22E E

   2 ,ijA a S  C  

let B b Then   ij A  . 

     
   .

ii ii ii ii ii ii

ii ii

E E A E

E a E

    

   
 

ii iiAE

b E E B

Thus, the  entry of  , thi i  A  depends on the 
 ent , thi i ry of A only. Th e, there exist injective 
als  s

erefor
uch that function , ,:f g C C ,f g  satisfy 

respectivel   2
y  2  f a b f a f d 

     22

b  an

g a b g a g b , 

and  

 
 

1111 12

12 2212 22

f aa a

b g aa a

  
    
   

. 12b

From 1, it is easy to verify    1 1f g  that ,f g  is 
multip e that licative. Next we prov f g . Let 

1 1

2 2 ,
1 1

A


  
 

 since    12 21 21E E A E A 

2 2

 


 
 

12 E  

A and 2A A , we  have 

and 

    
      

12 21 12 21

12 21

E E A E E

E E E A

  

    
 

12 21E A

     2 2A A A     , hence  A A   or 

 
1 1

2 2
1 1

2 2

A

  
  
  
 

 with 2

4
b

1
 .  

1 1

2 2

1
f g   Thus, 

2
    

  
 and 2  since  

 is multiplicative. Let , then  

. Note that


   2 2f g 

,f g
1 1

1 1
J

 
  
 

 J   
1

1

a

a

 
 
 

12 21 2 ,J E and E J J   

       12 21 12 21

2
,

2

b
J E E J J E E J

b

 
        

 
 

that is 

b 



implies 

1 0 1 1 2
.

1 1 0 1 2

a a

a a b

    
    

    
 

 and  J J This 1a  . Now by the fact 
AJA J  and    A J A J   , we get  A A  . 

For any aC , since 

 
  

     
 

11

11 ,

f a J

     11J f aE Ja E J J

f a b
aJE J aJ

b g a

   

 
      

 

 

thus    f a g a . 
Next we prove that f  is additive. Since  

and thus we have  
2 2

0 0
,

0 0

a a

b b

             
 



  00 f aa

 00 f bb
    
   

 
  

. Moreover by the fact   ,JAJ a b J   ,a bCfor any 
one can get that  

    


    
  

 

f a f b J

J A J JAJ 

f a b c
a b J

c f a b



 

 
      

 

and      f a b f a f b   . 
ally, we prove Fin

   
  

f a f ba b

f b f cb c

  
    
   

 

for any , ,a b cC . Let 

By the fact that 

 
 

f a da b

d f cb c

  
    
   

. 

 2
ba

J J a b c J
b c


   

 
 



and 
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      2 ,
a b

a b
J J

b c

J J a b c
b c

 
 

        
 

 

 
 

J

we get  and  d f b
   
   

f a f ba b

f b f cb c

 
   
  





 for  

any
The indu  

, ,a b cC . 
Step 2. ction.
Let 

 1 0 ,nP I    

th  idempotent, so is en P  is a rank 1n   P
onal m
by the m

 by 
Co 2.3. Th ere exists a orthog atrix 

that . Replacing ap 
rollary erefore, th

 P S S  such tPS   
  ,tA S A S y assum   we e that  ma  P P  . 

For any 1
ˆ ,nA S  C  let  ˆ 0A A  . Then  

PAP A  implies  

          .P A P AP      P A P P A   

It follow  for some  

matrix . Define the map  on 

s that  Â      ˆ0 0A X    
ˆ 1

ˆ
nX S  C   1nS  C   

by  ˆ ˆˆ A X  . It is easy to check that is an  

le multiplicative map on

̂   injective 

Jordan semi-trip   C . Fur- 1n

thermore,  implies that 1 1
ˆ

S
 n n P P  I I

1

 

    . By
induthe pothesis there is a    1n n    ortho-  ction hy

gonal matrix Ŝ  and an injective homomorphism f  on 

C  such tha ˆ ˆ ˆ .t
ft ˆ  Â SA S  

Let S  be the matrix 

 

 ˆ 1S  . ene-  Without loss of g

rality, we assume that  ˆ ˆˆ
fA A   for all  ˆ  C . 1nA S 

Th q

 with 

is is e uivalent to  ˆ 0fA A   . For any    ˆ  0

 11

22

A x
A S

x a

 
  
 

C Snt  1
11 1 , Cn

nA x 
    C  

and , we have22a C   11 0PAP A  . 
Thus, 

 
           110 0

f

P A P

P A P A



      
 


  (*) 

Let us define matrices  for each 
by 

or an arbitrary , From (*) we have 

iR  1, 2, , 1i n   

.niR I E E E E      i n ii nn in

F i

     1 0 .i n iiP R P I E     

Then there exists 1nx C  and yC

  1 .n ii
i t

I E x
R

x y
  

   


 


From the equality nI  we 
get that 

     2 2 ,i i nR R I     
1 1

t
i nn iI E xx I   and 2 1tx x y  . Th

t
ii

 
plies that 

ese 
equality im xx E  and  

   1 1 iitr xx tr E2 1 ty x x 0.t  

Hence only the i es ia  o

     

 entri f xth  are nonzero 
and 2 1ia  . It fo at llows th

  .n iE E a E a E     i ii nn i in ni

Ne e any two distinct

R I  

xt, tak 1 . From   , 1, 2, ,i j n 
E E Ei j i n ii jj ij jiR R R I E      

and using (*) , we get 

 
   

,

n ii jj ij ji

j i

n ii jj i j ij i j ji

I E E E E

R R iR

I E E a a E a a E

    



    

   

1i ja a   1 1nD I   . Let which implies that , then 
 1 1

tD R D R  , s y asso we ma ume that  1 1R R  . 
Furthermore by the equality  

1 1 11 1 1i n ii i iR R R EI E E E     

and    1 1 1 1i iR R R R R R   , we obtain 
Next we prove that 

  .i iR R   
 

 such that 

fA A  y  A S C for an n . 
Let us fix some   1, 2, , 1i n . As is 2n , there   

another  , 1n1,2,j   su ch that 

  .in j ij jR aE a  ni ji

Then f

aE aE E R 

,a bC , or any

 
     
   
1 11 1

1 11 1

nn

nn

aE

R aE R

R f a E R f a E



  

 

 

and 

 
  

   
    

   

ni in

j ij ji j

 j ij ji j

j ij ij

ni in

bE bE

R bE bE R

R bE bE R

R f b E f b E R

f b E f b E

 

  

    

 

 

j

. 

Thus, for any 

ii
t

aE x
A

x a

 
  
 

 

1nwhere x C
position, we have 

 has only one nonzero entry in the thi  
  fA A  . For any  nA S C , let 
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ˆ
t

A x
A

x a

 
   
 

 

and  

 
ˆ

f
t

A y
A

y b

 
    

 
. 

From , we have 

And 

nn nn nnE AE aE

       
   

nn

nn nn nn nn

nn nn

bE

E A E E E

E AE f a E

     

  

 

nn

 

A

f a b . For any , since   1,2, ,  1i n 

   
ˆ

in ni in ni t

B z
E E A E E B

z 

 
      

 
 

where  1 C  andˆ
nB S   z  have only ro  one nonze

entry  in nna  and ina the  , thi i  and n thi  positio
respectively,   is equal t of o the i i , th  entry A , 
thus we



and so 

 have 

    
 

in ni

in

in ni

E E E

E A E

E

  



 

   
    

in ni

ni in ni

in ni

A E

E E

E E A E

    

 

fy x .
By Theorem

 The proofs are complete.  
 2.1, we can characterize a her two 

forms of Jordan multiplicative maps on 
Theorem 2.4. An injective map 

not
 nS C . 

   : n nS S C C  

satisfies 

 

           

 

1
ABC CBA

2

1 1

, , n

2 2
A B C C B A

A B C S

 
 

      

  C

 (2.2) 

if and only if there is an injective homomorphism

  



 f  on 
and a complex orthogonal matrix  such thaC  S t  

 Φ t
fA SA S   for all  nA S C . 

Proof. Let C A  in Equation (2.2), we get 

       ,ABA A B A      

that is,  is a Jordan s  multiplic map. 
C ,  2.1.  

y ring identity 
map, thus by Theorem 2.1, Theorem 2.4, we

Corollary 2.5. Let 

 emi-triple ative 
onsequently has the desired form by Theorem
Since ever homomorphism on R is an 

  

 get 
   : n nS S R R  

tive map. Then the following condition are equivalent, 
1)          , ,ABA A B A A B S       R  n

2)  1

2
ABC CBA

     
 

           1 1

 
2 2
, , ,n

A B C C B A       

A B C S  R
 

here is a real orthogonal matrix such that 3) t S

 Φ tA SAS   for all 

At the end of this section, we characterize bijective 
maps on 

 nA S R . 

 nS C  preserving ABC CBA . 
Theorem 2.6. A bijective map    nS   : nS C C

satisfies 

 
       

ABC CBA

 
 , , ,n

A B C

 

C B A      

A B C S  C

 (2.3) 

if and only if there is a ring isomorphism f  on  and 
a complex orthogonal matrix such that 

 C
S

 Φ t
fA SA S   for all 

Proof. It is enough to check the “only if” part. 

 .nA S C  

Letting A B  in Equation (2.3), we get 

    2 2     2 2
.A C CA A C      C A  

be an injec- 

Taking 
2

I
A   and  C I  , we get  

2

2 ,
2

I
I

   
 

 and thus 

2

22

I I   
 

     (2.4) 

Letting 

         

A C  in Equation (2.3), we get 

       2 2ABA A B A     . 

Taking 
2

I
A  , we get 

   2
2 2

I I
B B

          
   

. 

Multiplying this equality by 
2

I  
 

 from the left  

side, by Equation (2.4) we get 

   I

2 2

I
B B

       


   
  

for any  nB S C , and hence
2

I
I   

 
  for some  
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scalar C . By Equation (2.4), we obtain  if and only if there is a real orthogonal matr such that ix S

 Φ tA SAS   for all 

Remark 2.8. We do not know whether the surjective 
2

tive?” Proceedings of the American Mathematical 
Society, Vol. 21, No. 3, 1969, pp. 695-698.  
doi:10.1090/S0002-9939-1969-0240129-7

 nA S R . 
.

2 2

I I      
 

assumption in Theorem 2.6 and Corollary .7 can be 
omitted. If 

2

I

2

I 



  


, let   A A   , then   

also meets Equation (2.3) and 
2 2

I I   
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