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Abstract

In this paper we have considered a non convex optimal control problem and presented the weak,
strong and converse duality theorems. The optimality conditions and duality theorems for frac-
tional generalized minimax programming problem are established. With a parametric approach,
the functions are assumed to be pseudo-invex and v-invex.
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1. Introduction

Parametric nonlinear programming problems are important in optimal control and design optimization problems.
The objective functions are usually multi objective. The constraints are convex, concave or non convex in nature.
In [1]-[3], the authors have established both theoretical and applied results involving such functions. Here we
have considered a generalized non-convex programming problem where the objective and/or constraints are
non-convex in nature. Under non-convexity assumption [4] on the functions involved, the weak, strong and
converse duality theorems are proved. Mond and Hanson [5] [6] extended the Wolfe-duality results of mathe-
matical programming to a class of functions subsequently called invex functions. Many results in mathematical
programming previously established for convex functions also hold for invex functions. Jeyakumar and Mond [7]
introduced v-invex functions and established the sufficient optimality criteria and duality results in multi objec-
tive problem [8] in the static case. In [9] under v-invexity assumptions and continuity, the sufficient optimality
and duality results for a class of multi objective variational problems are established. Here we extend some of
these results to generalized minimax fractional programming problems. The parametric approach is also used in
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2. Preliminaries

Consider the real scalar function f (t,x,u), where te(to,tf), xeR" and ueR".Here t isthe independent
variable, u(t) is the control variable and x(t) is the state variable. u is related to x by the state equations
G(t,x,u)=%, Where - denotes the derivative with respect to t.

If x=(x1,x2,---,x”)T,the gradient vector f with respectto x is denoted by

T

= ilizi where T denotes the transpose of a matrix.
ox" o ox"

For a r-dimensional vector function ~ the gradient with respect to x is

oR! OR"
R=| ¢ .
oR oR"
x'

Gradient with respect to u is defined similarly. It is assumed that f,G and R have continuous second de-
rivatives with the arguments. The control problem is to transfer the state variable from an initial state x, at t, to
afinal state x, at t, so as to optimize (maximize or minimize) a given functional subject to constraints on the
control and state variables.

Definition 1. A vector function F=(F,,F,,---,F,) issaid to be v-invex [8] if there exist differentiable vector

functions 77(t,%,X):1xX,x X, —R" with 7(t,x,X)=0 such that for each x,Xe X, andto i=12,,p,
ty

F(X)=F (%)= J[fix (63(1), X(0)) (6 (1), K (1)) +-So (6 x(0), K (1) £ (t,x(t),Y(t))}dt

. dt

Definition 2. We define the vector function F =(F,F,,---,F,) to be v-pseudo invex if there exist functions

n:ilxX,xX,—>RP with =0 foreach x,Xe X, [4][9][11] [12].
Definition 3. Let S be a non-empty subset of a normed linear space X . The positive dual or positive conjugate
core of S (denoted S*) is defined by S* ={x+ e X" :ix"(x)=0,vxe X} (where X* denotes the space of all

continuous linear functionalson X ,and x* (x):(x+,x)) is the value of the functional x* at x.

3. The Optimal Control Problem
Problem P (Primal):

ty

Minimize F(x)= tj f, (t.x(t),u(t))dt

subject to
X(t)) =%, X(t; ) =X @)
G(t,x,u)=x )
R(t,x,u)>0 ®)

The corresponding dual problem is given by:
Problem D (Dual):
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Maximize F (x)—j[/l(t)T [G-X]-u(t)" R ]t
subject to

X(th) =%, X(t; ) =x;, f, =G A(t)-Ru(t)=A(t), f,~G,A(t)-Ru(t)=0, u(t)>0

where A:[to,tf]—ﬁ{“ and e y:[to,th—>R’

x(t) and u(t) are required to be piecewise smooth functions on [to,tf], their derivatives are continuous
except perhaps at points of discontinuity of u (t) , Which has piecewise continuous first and second derivatives.
[13] [14].

4. Previous Results
Theorem 1: (Weak Duality)

tf
If J'[fi—/lT(G—X)—yTRJdt, for any 1eR" and peR" with x(t)=0, is pseudo invex with respect
)

to 7 then inf(P)>Sup(D) [3][6][9] [11].
Theorem 2: (Strong Duality)
Under the pseudo invexity condition of theorem 1, if (x*,u*) is an optimal solution of (P) then there exist

A(t) and u(t) such that (x*,u*,/l,y) is optimal for (D) and corresponding objective values are equal.

[1] [2] [5] [6].

Theorem 3: (Converse duality)

fixx_ Gx/l - Rx fiux_ Gxﬂ’ - Rx

If (x',u",2", 4"} is optimal for (D), and if (6.A), = (Rus), (6.A), ~(Run),
1:ixu _(Guﬂ’)x _(Ru/u)x 1:iuu _(Gu/ﬁt)u _(Rulu)u
for all te[to,tf] then (x*,u*) is optimal for (P), and the corresponding objective values are equal [1] [2] [5]
[6].

Sufficiency:

It can be shown that, pseudo-convex functions together with positive dual conditions are sufficient for opti-
mality [11] [12].

J is non-singular

5. Main Result
Optimality conditions and duality for generalized fractional minimax programming problem:
We consider the following generalized fractional minimax programming problem:

(GP)A’(t)=min maxtf M

» dt, h =G, —Xx, where
xeX I<iss - h, (t, X,U)
0

1) X:{XeRn,UERn,Rj(t,X,U)SO,j=1,2,-~~,m} is non empty and complete setin R".
2) f.,h,i=12,---s, R;,j=12,---,m be differentiable functions.

3) h(tx,u)>0,i=12:s.

4)If h isnotaffinethen f >0 forall i=12,---,5s and xe X.

Consider the following minimax nonlinear parametric programming problem.

ty
(P)¢(2)= min max [fi (tx,u)—2"(t)h (t, x,u)]dt :

Lemma 1: If (GP) has an optimal solution (x",u”) with an optimal value of (GP)-objective function as
A", then ¢(/1*)=0. Conversely, if ¢(/1*)=0 at t, and t,, then (GP) and (P; have some optimal solu-
tion.

Lemma 2: In relation to P, we have an equivalent programming problem for given l(t)

©,
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tf
EP, Minimize [ f(t,xu)dt

fo
subject to [fi(t,x,u)—l*(t)hi(t,x,u)]s/i(t), R; (t,x,u)<0.
Lemma 3: If (t,x,u,4) is (EP,)-feasible, then (t,x,u) is (GP)-feasible. If (t,x,u) is (GP)-feasible
then there exist 4(t) and A(t) suchthat (t,x,u) is (EP,)-feasible.
Lemma 4: (t,x*,u*) is (GP) -optimal with corresponding optimal value of the (GP)-objective equal to
A" if and only if (t,x,x*,l*,/i*) is (EP,)-optimal with corresponding optimal value of the (EP,)-objective

equal to zero i.e. A" (t)=0.

Theorem 4: (Necessary conditions)

Let (t, x*,u*) be an optimal solution of (GP) with an optimal value of (GP)-objective equal to A". Let
the conditions of lemma 1 be satisfied i.e. (x",u”) be a feasible solution for P and B(x*,u*) be the set of

binding constraints. i.e. je R(x*,u*) ifand only if R, (t,x*,u*) =0
Then R, <0 for

jeB(x*,u*) 4
and R;, <o for
jeB(x*,u*) (5)

Hence from (4) and (5) xeF
Then there exist A" eR", " eR", & eR?, te[to,tf] such that (t,x*,u*,l*,é*y*) satisfy
tf

Jle [nle ) -2 (b wr)] () Ry(txu) =0

fo

0
>0 (6)

Theorem 5: (Sufficient conditions)
For some £eR®, pueR™, A" eR", let fT[f (.)—ﬂh(.)]erTR(-) be proper v-pseudo invex. At

x"eR" and u”eR™ let éT[f (t,x",u")—/lh(t,x*,u")},uT (t)R(t,x*,u*) be finite and conditions (6) be

satisfied. Then (x*,u*) is an optimal solution for (GP) with corresponding value of the objective function
A",
Two duals (GP) are introduced Wolfe-type dual.

(D,) Max tj[;ﬂ[f (tx,u)=2h(t,x,u) ]+ u" (HR(L, x,u)}dt

subject to
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E[f (txu)=2h, (txu)]-R (txu)u (t)20, [ f,(t,xu)-2h, (t,xu)]-R (txu)u'(t)=0

S

EeR, £(1)20, Y &=1, u(t)eR™, u(t)20, (t,x,u)eR", 21eR

i=1
Weir and Mond type dual.

tf

(D,) Max [[£7f(t,xu)-A(t)h(t,xu)]dt

subject to
ET[ £ (w)-2h, (w)]-u"R (W)=0, u'R >0; &'[f,(w)-2h,(w)]-4"R,(Ww)20, 4R, >0

£eR®, f(t)ZO, Zs:gfi:l, (t,X,u)eWeR”, u eR™, y(t)ZO, AeR

i=1

Proof of the corresponding duality results for the above two duals follow the same lines as the proofs of the
theorems 2, 3, 4.

7. Conclusion

Here in this presentation we have considered a non convex optimal control problem in parametric form and es-
tablished the weak duality theorem, the strong duality theorem and the converse duality theorem. The results
which are available in literature for v-invex functions are hereby extended to v-pseudo invex functions in a mi-
nimax fractional non convex optimal control problem.
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