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Abstract: The stability of nonlinear impulsive stochastic differential systems is discussed in this paper. The 
comparison criterion of stability in probability and almost sure stability of trivial solution of the systems with 
impulses at fixed times is established by using the impulsive stochastic comparison theorem based on vector 
Lyapunov function. 
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1. Introduction 

The impulsive stochastic differential system (ISDS) has 

been widely used in sorts of technology and social sci-

ence aspects such as information technology, communi-

cations, genetics, epidemiology, interest rate control and 

financial crisis precaution. Many works have been made 

on the stability of nonlinear ISDS in recent years, mainly 

reflects of the aspect of Moment Stability [1-3]. Besides, 

the stability problem of nonlinear differential systems 

with the random impulse is discussed in Wu [4] and 

Xiong [5], The condition of exponential stability and the 

almost-sure stability of the zero solution of system are 

obtained from the characteristics of Lyapunov function 

of deterministic differential system corresponding. 

Comparison approach is one of the main methods to 

prove the stability of differential system. It was widely 

used in the study of the stability of deterministic nonlin-

ear impulsive differential systems [6]. But it is rarely to 

apply comparison approach in the research of the stabil-

ity of ISDS. A kind of impulsive stochastic differ-

ential system is considered in Liu [7]; the exponential 

stability criterion of trivial solution of system is given by 

the comparison theorem. 

ˆIto's

The stability problem of ISDS is studied using com-

parison theorems in this paper. By using the basic com-

parison theorem of impulsive stochastic differential sys-

tem, the comparison criterion of stability in probability 

and almost sure stability of ISDS is established.  

2. Preliminaries 

We consider the nonlinear stochastic differential sys-

tem with impulse given by 
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a.s. exists, ( , , )f t x   satisfies the conditions of Caratheo-

dory existence theorem, ( ,0,f t ) 0  ( ) nS R .  is the 

ρ-neighborhood of the origin. 
: n

kI R R n  is a.s. continuous, (0, ) 0kI   , 1, 2,k   .  

In the following text, expression of relation with ran-

dom variable, random function, random inequalities, and 

so on were established on the assumption with the prob-

ability 1. 

The functions and notations referred in this paper are 

as follow: 

Class-K、Dini derivative defined as usual.
 

{ : , , ( , , )m nPC R D R D R t x       denote the con-

tinuous decomposable stochastic function, and for each 
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Definition 1 We say that the trivial solution of ISDS 

(1) is stable in probability, if for any given>0 ,>0  

and t , there exists R0 0,( , ) 0t     which is con-

tinuous for  such that 0t

0{ ( ) }P X      implies
0{ ( , ) } , P X t t t     . 

If the above δ is independent of , then the trivial 

solution of system (1) is uniformly stable in probability. 
0t

Definition 2 We say that the trivial solution of ISDS 

(1) is almost sure stable. For any given >0 and t R0
, 

there exists
0,( ) 0t    such that 

0 ( )X   implies
0( , , )X t t   , . 

0t t

if the above   is independent of t0, then the trivial so-

lution of system (1) is uniformly almost sure stable. 

k




Consider the auxiliary compare system: 
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where, , )l lg PC R R R ( , ( , , )g t y   is the random 

measurable function, and is quasi-monotone non-de-

creasing for each fixed (t, y). 
k  is continuous and 

non-decreasing with y, ( ,0g t , ) 0  . 
The stability definition of the trivial solution of auxil-

iary system (2) is defined by replacing the 0 ( )x  and 

( , )x t  in definition 1 and 2 by 0 ( )i
i

y  and 

( , )i
i

y t  , where 0 ( )iy  and ( , )iy t  are the compo-

nents of 0y ( ) and ( ,y t ) , . 1,...,i l
Lemma 1 (Ladde [8]),  

Assume that the definition of function ( , , )g t y   is 

the same as in system (2), ( , )m t  is a continuous di-

vidable random process in , and 0 0[ , )t t a

0 0( , ) ( , ( ), ),  [ , )D m t g t m t t t t a      

( , )r t  is the maxima solution of the system 

0 0'( , ) ( , , ), ( , ) ( )y t g t y y t y     0 0[ , )t t t a , . 

If 0 0( , ) ( )m t y  , then  

( , ) ( , )m t r t  , . 0 0[ , )t t t a 
Lemma 2 (comparison theorem for impulse stochastic 

system)  

For system (1) and auxiliary system (2), if there exists 

a function
0( , , )V t x V  , such that 

H1: ( , , ) ( ( , , ), , )fD V t x g V t x t    ,  
kt t

H2: ( , ( ), ) ( , ( , , ), )k k k k kV t x I x t V x t      kt t,   

H3: 0 0( , , , )x t t x  is a solution of (1), such that 

0 0 0, ) (x y( , )V t   。 

Let ( , )r t  is the maximal solution of auxiliary system 

(2) when , then 
0t t

( , , ) ( , )V t x r t   

3. Comparison Criterion of Stability 

The main conclusions of this paper are as follow. 

Theorem 1 (stability in probability comparison criterion) 

For system (1) and auxiliary system (2), if exists a 

function
0( , , )V t x V  , such that 

1) ( , , ) ( , ( , , ), )D V t x g t V t x    , k  t t

2) ( , ( ), ) ( , ( , , ), )k k k k kV t x I x t V t x      kt t,  

3) ( ) ( , , ) ( , , )ib x V t x a t x    

( ), ( , , )b a t   K 

The stability in probability of the trivial solution of 

system (2) implies the stability in probability of the triv-

ial solution of system (1). 

Proof: Suppose the trivial solution of system (2) is 

stable in probability, for any given0 , 0     , and 

0 ,t R  there exists 1 1 0( , ,t ) 0     , such that 

0P( ( , , ) ( ))ii
y t t b     ，  0t t

when
0 1P( ( ) )ii

y      , where
0( , , )y t t  is any solu-

tion of system (2). 
From condition 3), y0 can be fond to sat-

isfy
0 0 0( , , ) ( )V t x y  , and

0 0 0( ) (| |, , )i
i

y a x t   . 

a K, there exists 0( , , )t   such that 

0 0 0(| ( ) | ) ( (| |, , ) )P x P a x t 1     
).

 

0 1( ( )ii
P y      

That is
0(| ( ) | )P x     , implies 

0 1i
P( ( ) )iy      . 

We say that the trivial solution of system (1) is stable 

in probability too. 

Otherwise, we can find a solution 0 0( , , , )x t t x   of 

system (1) which satisfies 0(| ( ) |P x )     and 

1' ( , ]k kt t t  , such that ( ( ', ) )P x t      ,and 

( ( , ) )P x t     , 0 't t t  . 

In addition, from Lemma 1,
0 0( , , ) ( , , , )V t x r t u t  , so 

0 0( ( , ) ) ( , , ) ( , , , )i i
i i

b x t V t x r t u t      

Therefore 
' '( ( , ) ) ( ( ( , ) ) ( ))P x t w P b x t b        

( ( , , ) ( )) ( ( ))i i
i i

P V t x b P r b         . 
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Then the uniformly stability properties of the trivial solu-

tion of system (2) implies the uniformly stability proper-

ties of the trivial solution of system (1). 

is contradiction. Hence the theorem is proved. 

Theorem 2 (almost sure stability comparison criterion)  

If the condition in theorem 1 remains the same, the 

almost sure stability of the trivial solution of system (2) 

implies the almost sure stability of the trivial solution of 

system (1). 

Proof: In the proof of Theorem 1, from the trivial so-

lution uniformly stability in probability of system (2), 

1 is independent of , and from  ɑ is independent of t, 

we have 
0t

  is independent of . 0tProof: For any given
00 , t R     , from the almost 

sure stability of system (2), there exists
1 1 0( , ) 0t    , 

such that  

The proof of uniformly almost sure stability is similar.  

4. Conclusions 
0( , , ) ( )i

i
y t t b   ，  

0t t
The stability problem of a stochastic differential system 

with a fixed moment impulse is studied via comparison 

approaches in this paper. Comparison approach is virtu-

ally to convert the stability problem of Higher-order dif-

ferential system into the stability problem of lower-order 

differential system. Firstly, the comparison theorem of 

impulsive stochastic system was generalized from com-

parison theorem based on Lyapunov function vector, by 

using which the comparison criterion of stability in 

probability and almost-sure stability of impulsive sto-

chastic differential systems is established. 

when 
0 ( )ii

y 1   , where 
0( , , )y t t   is any solution 

of system (2) 
From condition 3), we can find  to satisfy 0y

0 0 0( , , ) ( )V t x y  , and 
0 0 0( ) (| |, , )i

i
y a x t   . 

a K, there exists 
0( , )t   to satisfy 

0| ( ) |x   and 

0 0 1, )t(| |,a x    simultaneously. So
0| (x ) |  implies 

0 1( )i
i

y    . 

We say that the trivial solution of system (1) is almost 

sure stability too. 

Otherwise, we can find a solution 
0 0( , , , )x t t x   of 

system (1) which satisfies 0| ( ) |x    and
1]' ( ,k kt t t  , 

such that ( ', )x t    and
0,  '( , )x t t t t    . So 

( , ) ( ),  x t S   . From Lemma 1,  0 't t t 
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