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Abstract: This paper consider the parallel variable distribution (PVD) approach proposed by Ferris and
Mangasarian for solving optimization problem. This paper propose to apply the PVD approach to problems
with general convex constraints and show that the algorithm converges, provided certain conditions are
imposed on the change of secondary variables. In this paper, we choose to use the projected gradient direction
for secondary variables and replace the minimization problem with a sufficient descent condition in the

parallelization stage.
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1 Introduction

We first describe the PVD algorithm proposed in [1].We
consider the nonlinear program: )r(mn f(x) where X is
a nonempty closed convex set in R" and f R" 5 R
has continuous first partial derivatives in R". Suppose
there are p processors which divide the variable
xeR" into blocks x4, X2, X, Where X en , g =1,
among p processors. Given iteration x':é R"
processor | has primary responsibility for updating
block xlI cR™M of the iterate x' .The general framework
of PVD algorithm is as follows:

Algorithm 1. Start with any x’ eRr". Having xi, stop if
vi (x') - 0. Otherwise, compute x' ™
® Parallelization: For each processor

(1.1)  compute (yllﬂil)

as follows:
| e {1,..., p}

earg m|n Y| (XI ’ﬂi) =f (xl,xlj + Dljﬂi)
I/LII

® Synchronization: compute X" such that
f(xi+1)< |?1|n v (yl,,ul)

We will sometimes refer to X' as the base point at
the (i+1) -st iteration. In the above algorithm |
denotes the complement of | in the set{l..,p} and
w €RPY . The matrix D' is an n.x(p-1) block
diagonal matrix formed by placing the blocks
df,...d,, (dfeR",t=1.,p-1) of an arbitrary
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direction d' e R" along its block diagonal.

We consider in this paper the following problem!?

(1.2) minf( ) such that g( )<0

where f : R" 5 R and g: R" 5 RMare ¢ ( ) If
the constraints are not separable, having a stationary
point that results from minimizing the objective function
with respect to individual blocks of variables
X Xg e Xy and subject to the problem constraints
g(x) <0 does not result in a useful point. This is easily
illustrated by the following simple example in R:

(2.3) min X12 +x§ such that x, +x, >2

This strongly convex problem has a unique global
solution at x; =x,=1 However, the point
% =0.5,x, =15 is a global minimum with respect to
each of x, and x, separately, subject to the problem
constraint. That is

0.5 = arg min,, {x2 +22805]
1

15 =argmin, {o.zs+x§\xzz1.5}
2

This property is possessed by all points in the first
quadrant lying on the constraint x; +x, =2. None of
these points are of any use except the solution

X =X =1.
2 PVD with inexact subproblem solution

In this paper, we choose projected gradient residual
function!?

(2.1) r(x)=x=P[x=Vf(x)]
as PVD direction.
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(22) d' =r, (xi):z [r(x‘ )]I I=1---p
Furthermore, we replace the minimization problem in
(1.1) with the following sufficient descent condition:

(2.3) Computer (y;yll) such that

v| (y|' ,ﬂl—')ﬁvq' (X| -7, (X'),—niei)
where € is a vector of ones of appropriate dimension,
and (2.4):

wemnlun(137) ] et

So we can get a new inexact PVD algorithm for
problem (1.2).
Algorithm2.5. Start with any x’ er". Having X', stop if
vf (xi) = 0. Otherwise, compute " as follows:
® Parallelization: For each Processor 1 e {1,...,p}

Ti?‘”li(xl'ﬂi):: f(%.x +Dju)
Computer ( y,i , ,ul—i ) such that
v (Y|i:ﬂii ) <y (X| —7h (Xi ):_Uiei)
®  Synchronization: compute X" such that
f(xm) = mm W| (y| ,U|)

Theorem 2.6. Let f()eCi"( "). Suppose {x'}| is
any sequence generated by PVD algorithm 2.2. Then
either f(-) is unbounded from below on C or the
sequence {f(xi )} converges, the sequence {r(x‘)}
converges to zero and every accumulation point of the
sequence {x'| satisfies the minimum principle
necessary optimality condition.

Proof:
(XI -1 (Xi)!xi _UiDiiei)

=(X| —1ih (Xi)1xi /A (Xi))

=x —pr(x')

=(1-n)X +nP. [x‘ - Vvf (xi )] eC
where the first e_quality follows from the block diagonal
structure of DiI and (2.2), the last equality follows

from (2.1), and the inclusion is by convexity of the set

C . We further obtain
£(x')=1(%+Dx)
=y (X,0)-vi (v, 4)
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21 (%,0)=vi (x = (¥ ). ~ne,)

= (%)= f (% - (<) -7Dje;)

= 1)1 (¢ -nr(4)

where the inequality follows from (2.3). Furthermore,
f(x=nr(x))-1(x)
= —IO”' <Vf (xi —tr (X )) r(x )>dt
=7 <Vf (xi),r(x‘)>
—J‘: <Vf (xi —tr(xi))—Vf (x‘),r(xi )>dt

s—m<Vf X r(x‘)>+LJ‘0mt" r(x)

==, (VF (), r (X )>+I£z—::“r(x)

where the equality follows from the Holder continuity of
Vf () and the Cauchy-Schwarz inequality. Hence

@7) f(x')-f(y,x+Diu)

> (V8 (¢ )or ()~

1+ “
By properties of the projection operatort®
xeR" andany yeC, itholds that

<X_Pc(x)’y_Pc(X)>S0

Taking x=x -Vf(x') and y=x eC,we have:
0> <xi—Vf x')-P, i—Vf(xi)), - C(xi—Vf(xi))>

RIS
<r(x‘)—Vf(xi),r(X )>
Hence <r(Xi),r( -)>S<Vf(xi)’r<xi)>

The latter relation combined with (2.7) yields
f(x')=1(vx+Dx)
. . _a+1 .
>, <r<x' ),r(x' )>—|;Z—'O[Hr<x')
i L7, i
el o e

I )=l

>(1- ) min

{“ I (1j I (xi)““*“)/“} wiere. the

last two inequalities follow from the choice of 77,. By

l+a

1+a

, for any

l+a

the synchronization step , we have

28) f(x')-f(x?)z



Proceedings of 2009 Conference on Communication Faculty

(1+a)/a }
i

Thus the sequence {f (x is nonincreasing. If
f(-) is bounded below on C , then {f(x‘)} is
bounded and hence it converges. In the latter case,
{f(x‘)—f(x‘”)}—m and therefore {r(x‘)}—>0 by
(2.8). By continuity _of r(x‘) , it follows that for every

e i) (52 )

accumulation point X of the sequence {x'}, r(%):o.

Thus all accumulation points of {x'| satisfy the
minimum principle necessary optimality condition.

Consider the problem (1.3) above, start with the
point x =05, x)=15. It is easy to check that
R(x°)=-1, r(x°)=-1. Thus the two parallel
subproblems in the PVD algorithm are

(X1: Xg + 1,1 (XO )) (Xl)z +(:u2 )2 +2X3,uz +(Xg )2

0< g(xi,x§+yzr2(x°))=x1+yz—0.5

min f =

X1ty
s.t.
and

min f

Xo 1t

St.

(3¢ + 1 () 5 ) = =2X0 s+ (1) + (%, + ()

0< g(xlo +,L11I‘1(X0),X2): X, =iy =15
The solution of the first subproblem is y’ =1,
45 =-0.5, and the solution of the second is y; =1,
u =-05. It is easy to see that x+'r,, (X°)=1
Xp +u5r,(X°)=1. So both subproblems produce the
solution of the original problem.
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3 Conclusions

It was established that the parallel variable distrib-
ution approach can be successfully applied to solve
optimization problems with general convex constraints.
Furthermore , conditions imposed on solving parallel
subproblems were considerably relaxed, thus yielding a
more practical framework.
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