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Abstract 
This paper proves a power balance theorem of frequency domain. It becomes another circuit law 
concerning power conservation after Tellegen’s theorem. Moreover the universality and impor-
tance worth of application of the theorem are introduced in this paper. Various calculation of fre-
quency domain in nonlinear circuit possess fixed intrinsic rule. There exists the mutual influence 
of nonlinear coupling among various harmonics. But every harmonic component must observe in-
dividually KCL, KVL and conservation of complex power in nonlinear circuit. It is a lossless net-
work that the nonlinear conservative system with excited source has not dissipative element. The 
theorem proved by this paper can directly be used to find the main harmonic solutions of the 
lossless circuit. The results of solution are consistent with the balancing condition of reactive 
power, and accord with the traditional harmonic analysis method. This paper demonstrates that 
the lossless network can universally produce chaos. The phase portrait is related closely to the in-
itial conditions, thus it is not an attractor. Furthermore it also reveals the difference between the 
attractiveness and boundedness for chaos. 
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1. Introduction 
For the nonlinear differential equation which can not be found from time-domain, the harmonic analysis method 
attempts to find the harmonic solutions of frequency domain. The attempt can not be completely realized. All 
harmonic terms of Fourier series expansion can not be solved. However, the main part of the harmonic compo-
nents can be obtained. It is a feasible way to find the qualitative solution of nonlinear differential equation 
through combining physics practice. Tellegen’s theorem is the power balance theorem of time domain. This pa-
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per extends the theorem to the frequency domain of nonlinear networks. The correlation between time domain 
and frequency domain solutions can be established.  

In fact, it’s impossible to use the law of dynamic mechanics to analyze and research the variation rule of vol-
tage and current in the circuits. It can only be a means of analogy. The movement of phase point (not a particle) 
does not obey law of mechanics; but it must obey the constraint of state equation. If the state equation is a kind 
of balance relation based on KCL and KVL, solving the equation may not be directly supported from dynamic 
mechanics. It can only seek its physical meaning on the field of Electrical Science Theory. The principle of 
power balance is the universal truth of nature. It can be used to overcome the difficulties encountered in solving 
the nonlinear equations. It supports the qualitative analysis of the nonlinear equations. The first harmonic can 
correctly be obtained from the complex power balance theory of the frequency domain [1]-[10]. The main har-
monic component in non-autonomous circuits can further be solved by extending the balance theory [11]-[14]. 
The literatures [15] put forward that this is a new research topic in the nonlinear circuit and chaos field. As for 
the harmonic analysis method, the literatures [16] put forward some comments about the main harmonic solu-
tions of odd terms equation. The literature [17] applies the energy balance method to analyze the solution of 
nonlinear equations which involves the balance concept of active power. But it’s unable to analyze the important 
conclusion of reactive power balance.  

There is no definition and academic term of reactive power in dynamics or other disciplines. The power bal-
ance theory of the electrical science develops in the forefront of all disciplines. The electrical science establishes 
the concept of reactive power. It cannot be replaced by other disciplines. Its important significance is to promote 
the application of balance theorem from active to reactive power. 

In domestic and foreign literature, with regard to researching nonlinear circuits and chaos all are established 
on the basis of dynamic mechanics except the mathematic method of finding differential equations. The balance 
theory of power opens up a new field for researching nonlinear circuits and chaos. The harmonic analysis me-
thod based on complex power balance theory should obtain much more correct and rational result. The theorem 
proved by this paper propels the Tellegen’s theorem of time domain to frequency domain in nonlinear circuit. Its 
important contributions on theory are to replenish a vacancy at home and abroad in the academic field today. 

2. Each Harmonic Component Individually Obeys KCL and KVL  
The instantaneous value of the voltage and current obeys KCL and KVL. Supposing the voltage and current of 
each branch in the network can be expressed as the sum of multi-harmonic components. The frequency spectrum 
is discrete and the quantity of harmonic components is limited. Then it can be proved that each harmonic com-
ponent in the network obeys individually KCL and KVL.  

( ) ( ) ( ) ( ) ( ) ( ) ( )
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( ) ( ) ( ) ( ) ( )There are  branch circuits in totalk ka kb kcx t x t x t x t X= + + +                  (2) 

Suppose the ( )x t  represents the sum of X branch currents or voltages. If ( )x t  represents the currents, the 
total number X are equal to all branches connecting to a node; if ( )x t  represents the voltages, the total number 
X are equal to all branches around the loop. The ( )x t  is decomposed into a sum of all harmonic components as 
shown in (1). The 0A  is considered as a zero harmonic. In (2), ( )kx t  represents the sum of thk  harmonic 
component for all branch currents flowing into a node that connects with X branches. 

If ( ) 0=kx t , then ( )x t  which represents the sum of all harmonic current flowing into the node shall be 
equal to zero. Conversely, if the total current ( ) 0=x t , whether the current ( )kx t  of each harmonic is equal to 
zero or not. That is, for arbitrary t, if ( ) 0=x t , whether the current of each harmonic flowing in a node can be 
( )1 0≠x t , ( )2 0≠x t ,   but the sum is ( ) ( ) ( ) ( )0 1 2 0= + + + =x t x t x t x t  or not. Taking t as the abscissa, 

various harmonics ( )0x t , ( )1x t , ( )2x t ,   as the ordinate, drawing them on the plane graph of rectangular 
coordinate. Each harmonic component is sine and cosine function with different frequency. We desire the sum 
of those functions should be a straight line overlapping with abscissa. Obviously, it is impossible.  

If ( )x t  represents the sum of the voltage of all branches in a loop, ( ) 0=kx t  is the necessary and sufficient 
condition for ( ) 0=x t . The conclusion demonstrates that the correlation between time domain and frequency 
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domain. If ( ) 0=x t , each periodic component should be equal to zero as well. The conclusion shows that un-
balanced volume of kth harmonic component can only be replenished by self, and cannot be replenished by 
non-kth harmonic. Each harmonic must individually comply with KCL and KVL but they cannot replenish each 
other. Up to now, the proof of the proposition has been completed. The instantaneous value ( )x t  complies 
with the circuit laws such as KCL and KVL, so does each harmonic component of frequency domain. Above 
laws are independent of specific characters of each branch (active, passive, linear, nonlinear, volt-ampere cha-
racteristic is continuous or piecewise definition). It’s tenable within the range of all nonlinear characteristics.  

We have to emphasize the following points. 1) The ( )x t  shown in (1) are Fourier series expansions. On 
discrete spectrum, the interval between two frequency components can be equally spaced, that is 2 2ω ω=k k ; 
However, it can also be unequal interval, then 2 2ω ω≠k k . 2) In the network, the total number of all branches is 

≠m X . 3) The voltage and current in network is divided into 1+n  harmonic components according to the 
discrete frequency. They are not split into isolated part; the mutual coupling influence exists among the various 
harmonic components. For example, first harmonic voltage will affect third harmonic current, and the existence 
of third harmonic voltage will affect first harmonic current. 

3. Power Balance Theorem of Frequency Domain 
A nonlinear network complies with Tellegen’s theorem, and the network total dissipation of instantaneous pow-
er is equal to zero. Thus, it can be proved that the complex power formed by each harmonic component in the 
network obeys individually the law of conservation. The complex power of each harmonic component here re-
fers to the power produced by the voltage and current with same frequency. It can be expressed as complex 
power conservation. The power produced by the voltage and current with different frequency cannot be defined 
as complex power. 

Assuming there are m branches in the network, we need to calculate the sum of the instantaneous power. The 
total power is marked by ( )p t . It possesses two types of decomposition.  

1) The first one is decomposed into the sum of power of m branches. Obviously, a network comprises the ac-
tive branch producing power and the passive branch consuming power. The total power ( )p t  should equal to 
zero. Thus the formula can be expressed as: 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
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In (4), =a a ap u i  represents the instantaneous power of branch-a, the au  and ai  have individually ( )1+n  
harmonic items, thus ap  contains ( )21+n  harmonic items. Each branch contains the total power of ( )21+n  
harmonic components. There are two kinds of different product terms. One product containing n + 1 items in to-  

tal, is formed by the voltage and current with same frequency. The other product contains ( ) ( )21 1 + − + n n   

items which are formed by the voltage and current with different frequency. The total power ( )ap t  of the 
branch-a consists of ( )21+n  harmonic components as shown in (4).  
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In (5), each harmonic comprises the total power of m branches. The ( )21+n  harmonic components can be 
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divided into two types, where the same frequency component kkp  is denoted as kp  while different frequency 
component is denoted as yzp .  

If the frequency of each harmonic of the voltage and current is rational number, then the sun, difference and 
product of two components have to be a periodic function. Therefore, each harmonic ( )kp t  is periodic func-
tion, and the direct current component is zero harmonic.  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )= + + + = + + + k ka kb kc ka ka kb kb kc kcp t p t p t p t u t i t u t i t u t i t            (6) 

( ) ( ) ( )sin , sin , , ,ka kam k U ka kam k I kam kam pamu U t i I t I f U U p kω φ ω φ= + = + = ≠              (7) 

There are m branches in total for the segment network composed by the kth harmonic shown in (6). Moreover, 
( )21+n  harmonic components are all periodic functions. According to the correlation between the time domain 
and the frequency domain, each periodic component should equal to zero if ( ) 0=p t . Therefore, each harmon-
ic component of samep  is ( ) 0=kp t . Notice, the current ( )kai t  and amplitude kamI  of kth-harmonic is related 
to the non-kth-harmonic voltage amplitude pamU  as shown in (7). It is explained that every harmonic must ob-
serve individually conservation law under the condition of considering mutual coupling influence. 

( ) ( )
( ) ( )

sin sin

cos cos 2 2
ka ka ka kam kam k U k I

kam kam U I k U I kar kax

p u i U I t t

U I t p p
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= = + +

 = − − + + = + 
               (8a) 

( ) ( )cos 2, cos 2 2kar kam kam U I kax kam kam k I Up U I p U I tφ φ ω φ φ= − = − + +              (8b) 

= + + + = + + + + + + + = +  k ka kb kc kar kbr kcr kax kbx kcx kr kxp p p p p p p p p p p p          (9) 

( ) ( ) ( ), 0,0 when 0kr kx kp p p t= =                             (10) 

The (8) can be obtained from (7). The kth harmonic power ( )kap t  in (8) is not only related to the kth-har- 
monic voltage, but also affected by the mutual coupling of non-kth-harmonic voltage. The (8) shows the instan-
taneous power kap  of the kth harmonic for branch-a, where the karp  denotes active power which is a direct, 
namely considered as a zero harmonic; kaxp  denotes reactive power which is a alternate. The karp  and kaxp  
are two kinds of waveforms of the kap . The total instantaneous power kp  of the kth harmonic for all m 
branches is shown in (9). The kp  can be expressed as the sum of krp  and kxp . If ( ) ( ), 0,0=kr kxp p , then 

0=kp . Conversely, if 0=kp , then ( ) ( ), 0,0=kr kxp p  hold also. For any t, two kinds of waveforms have to 
be balanced individually, while cannot replenish each other. Therefore, the proof of the proposition regarding 
complex power conservation has been completed as shown in (10).  

4. Coupling Relation among Various Harmonic Must Be Commonly Obeyed  
The complex power of each harmonic component has to be conserved individually. However, there is interaction 
influence of nonlinear coupling among various harmonic. The two general rules are not contradictory. The for-
mer refers to the complex power produced by the kth harmonic excited source should equal to the active and 
reactive power consumed by load impedance. The latter, for nonlinear network, there is nonlinear coupling of 
interaction influence among various harmonics due to the voltage-controlled nonlinear admittance. The power 
balance theorem of frequency domain must include coupling relation among various harmonic. Therefore, for 
the nonlinear network, the balance equations of all harmonic should jointly be solved.  

3
1 3 1sin sin , ,a ha pa ham h pam p a a a a ha pau u u U t U t i u u i i iω ω α α= + = + = + = +             (11) 

( )2 2 2
1 3, 3 2 4,ha eqh ha eqh ha ha ham pam ha ha ha ha eqhi g u g i u U U p u i u gα α= = = + + = =           (12) 

Supposing the voltage au  of nonlinear branch-a as shown in (11) includes two harmonics hau  and pau . 
where ωh  denotes the frequency of hau , while ωp  denotes the frequency of pau . The current ai  includes 
various harmonics, among these harmonics, the hai  and pai  are two main components denoted by 1ai  as 
shown in (11). The program Twoωhp.nb proves the branch current ( )hai t  of hth-harmonic is related to the pth- 
harmonic voltage pamU  as shown in (12), where the eqhg  is defined as equivalent h-harmonic conductance. 
However, the power hap  consumed by the hth harmonic can only be balanced by the power produced from the 
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harmonics voltage hau . The hap  cannot be replenished by the power produced from the pau . When the non-
linear factor 3 0α = , the ( )hai t  is only determined by the harmonic voltage hau , and 1α=eqhg  is a linear 
conductance. 

( ) ( )3 2 2
0 3 0 3 0 0 0d d , 1 , 1d L L S N S S N Si i i t u L u L u a C L L a CL u CL wω= = = = + = + = =         (13) 

( )2
0 3 01 3 4= = +eq sm dsm SmL U I L a CL U                            (14) 

( ) ( )2 2
0 3 0 0 3 0

2 2 2 2 2 2

1 3 4 , 1 3 4 ,

2 , 2

eqh eqmh eqp eqmp

eqmh hm pm eqmp pm hm

L L a CL U L L a CL U

U U U U U U

= + = +

= + = +
                 (15) 

It is established that the nonlinear relationship between d d= =d L Li i i t  and Su  is shown in (13), where the 
NL  denotes nonlinear voltage-controlled inductance, the 3a , C and 0L  are constants. Using sinusoidal vol-

tage sinS Smu U tω=  excites NL , and the current differential di  includes multiple harmonics. Among those 
harmonics, dsmI  is amplitude of the first harmonic, the amplitude ratio Sm dSmU I  can be defined as equivalent 
first harmonic inductance eqL  shown in (14).  

When the connection of two sinusoidal voltage ( ),hm pmU U  in series excites NL , then the eqhL  and eqpL  
represent respectively the equivalent inductance of the two main harmonics ωh  and ωp . The amplitudes eqmhU  
and eqmpU  of equivalent voltages represent respectively the equivalent contribution after mutual coupling of 
two main harmonics shown in (15). The equivalent reactance ω=h h eqhX L  shows reactive power consumed by 
harmonic ωh  is related to voltage amplitudes of harmonic ωp . The program Leq.nb solves the above equiva-
lent values [18] [19]. 

For example, for an autonomous circuit without external excitation source, the active power cannot be ba-
lanced to maintain sustained self-excited oscillation owing to positive damping. There is only forced component 
for the steady state oscillation. After adding the external excited-source with different frequency, the free self- 
oscillation component in transient process will finally fail and disappear. The power supplied by the external ex-
cited source cannot replenish the vacancy of power of self-excited component. This is the best example which 
show each harmonic component power must be individually conserved. 

5. Solving Main Harmonic of Lossless Circuit Using Power Balance Theorem 
The study takes lossless network shown in Figure 1 as an example, it comprises nonlinear inductance NL . In 
the network, the circuit includes the components of self-excited and forced oscillation.  

On the one hand, the balance equation of the reactive power of the self-oscillation component relates to the 
forced oscillation component; on the other hand, the reactive power vacancy of self-oscillation component can-
not be filled by the external excited source. It can only be balanced by means of adjusting own oscillation fre-
quency. Similarly, the forced reactive power supplied by excited source has to be equal to the reactive power 
consumed by reactance in the network. However, the forced reactive power consumed by nonlinear reactance 
relates to the existence of self-oscillation component. 

The Figure 1 shows a lossless circuit which doesn’t include energy dissipating elements and consume no ac-
tive power. 

Its oscillation character is determined by two oscillation components simultaneously obeying the balance 
conditions of reactive power. The excited source only supplies reactive current to the circuit which consists of 
LN and C. After an excitation period, the LNC circuit maintains the energy obtained in initial moment. Taking the 
Figure 1 circuit as example, this paper demonstrates that the reactive power of two main harmonics is indivi-
dually conserved; however, there is interaction influence of nonlinear coupling between two main harmonics 
[18]-[20]. 
 

C
Fi

Fi u
LiCi

CFi u NL

 
Figure 1. Typical circuit. 
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5.1. Applying Power Balance Theorem and Phasor Method 

( ) ( ) ( ) ( )2 2 2
3 0 0 3 0 01 , , , 1L N L F Fi u L u a CL u L u i i C u u w a u i C w L Cω= = + = − + + + = = = 

        (16) 

( ) ( ) ( )2 2 6 4
0 3 0 0 3 01 1 0.36 0.01 , 25 9, 10 , 10000, 1 36 10NL L a CL u u L C a w L C−= + = + = = = = = ×    (17) 

( ) ( )sin cos sin , arctanF Fmr F Fmx F Fm F Fmx Fmri I t I t I t I Iω ω ω θ θ= + = + =               (18) 

1 1, sin cos sin cosN ht pt hmr h hmx h pmr F pmx Fu u u u u u U t U t U t U tω ω ω ω= + = + = + + +           (19a) 

2 2 2 2 2 2,hm hmr hmx pm pmr pmxU U U U U U= + = +                           (19b) 

( ) ( )10 1 1 0 10 , 0 ,hmx pmx d h hmr p pmr F pu u U U u u U Uω ω ω ω= = + = = + =                (20) 

Example 1. The state equations and scalar equation of the circuit Figure 1 are shown in (16), parameters of 
circuit is shown in (17).  

The excited source Fi  is shown in (18). We suppose the solutions of variable u including main harmonic 1u  
and non-main harmonic uN as shown in (19), where htu  and ptu  represent individually self-excited and forced 
oscillation component. Its synthesis is denoted as main harmonic solution 1u . The relationship between the ini-
tial condition and the amplitude of two main harmonics is shown in (20). The above frequency domain theorem 
and phasor method are applied to Program Power.nb for obtaining the main harmonic solutions in Table 1. The 
phasor method expressed by complex number is only used for linear circuit to obtain the superposition solution 
of two harmonic components before. It has been proved that each harmonic component should obey individually 
various balance theorems after the consideration of coupling influence. Therefore the phasor method can also be 
applied to seek the coupling solutions of two main harmonics. We obtain the data in Table 1. 

5.2. Above Results Verified by Harmonic Analysis Method 

( ) ( ) ( ) ( ) ( ) ( ) ( )33 3
3 3 1 1 3 1 1 1,N M N M Nf u a u a u u f u f u f u a u f u f u= = + = + = = +            (21) 

( ) ( )1 1 0+ + + + + − =

 M N N N Fu u w f u u u w f u i C                         (22) 

( ) 0+ + =N N Nu u w f u                                   (23) 

( ) ( ) ( ) ( )2 2 2 2
1 14 4 10% when 15%gno M M M N N hm pm hm pm Ni f u f u f u u u U U U U u u= − = + + + ≤ ≤       (24) 

( ) ( ) ( )1 1 1 1,  M F M Mu u w f u i C f u f u+ + = ≈

                          (25) 

( )2 2 0, 1 0h hm ih ih C L h h eqhQ U B B b b C Lω ω= = = − = − =                     (26) 

( )2 2 2 2 2 2
0 31 3 4, 2h eqh eqmh eqmh hm pmCL a U U U Uω ω= = + = +                     (27) 

( )2 2 0, 1F pm iF iF F F eqpQ U B B C Lω ω= ≠ = −                         (28) 

The cube nonlinear term ( ) 3
3=f u a u  are shown in (21). The (22) can be obtained by substituting (21) into 

(16), where ( )Mf u  denotes the main harmonic of ( )f u ; the ( )Nf u  denotes the non-main harmonic of 
( )f u . The equilibrium equation of non-main harmonic is shown in (23). The ( )1Mf u  represents the main 

harmonic component caused by 3
3 1a u . It is shown by Program ignore.nb that the difference between ( )Mf u  

and ( )1Mf u  can be ignored when 1 15%≤Nu u , as shown in (24), thus the balance equation of main harmonic 
can be obtained as shown in (25).  

The status is difference between self-excited and forced oscillation components. If sinh hm hu U tω=  is an in-
dependent source, and the reactive power hQ  can be calculated according to hmU  and ωh . However, the op-
posite question must be considered now. In order to obey the equilibrium of the reactive power, let 0=hQ , we 
have (26). The (27) can be obtained from the (15) and (26). The Program whwh.nb is applied to solve the rela-
tionship between amplitude eqmhU  and frequency ωh  as shown in (27). The reactive power FQ  of the forced 
component sent out by excited source is equal to the reactive power consumed by the iFB  as shown in (28). 

javascript:showjdsw('showjd_0','j_0')
javascript:showjdsw('showjd_0','j_0')
javascript:showjdsw('showjd_0','j_0')
javascript:showjdsw('showjd_0','j_0')
http://dict.youdao.com/w/equilibrium/
http://dict.youdao.com/w/equation/
http://dict.youdao.com/w/equilibrium/
http://dict.youdao.com/w/equation/
http://dict.youdao.com/w/equilibrium/


B. H. Huang et al. 
 

 
1103 

Program harmo.nb solves five un-determined coefficients hmrU , hmxU , pmrU , pmxU , ωh  of the main har-
monic solutions in (19) by harmonic analysis method. We can verify that the data of results from Program har-
mo.nb accords with the data found by Program Power.nb. These data is listed in Table 1. 

The phase portraits of Table 1 for Example 1 are shown in Figure 2. They are all chaotic. In order to prove 
the phase portraits to be chaotic, the (16) is transformed into three dimension autonomous Equation (29). The 
associated initial conditions are shown in (30). The Jacobi method is adopted, three Lyapunov Exponents LE = k 
are calculated and are listed in Table 1. Then the results k is one positive, one negative and one zero, it con-
forms to the typical conclusion of chaos.  
 
Table 1. The main harmonic solutions and Lyapunov Exponent LE of the Example 1 under various iF, when the initial val-
ue ( ) ( )10 1 0, 0,0du u = . 

 
( )sin cos mAF Fmr F Fmx Fi I t I tω ω= + ; r Fmri I= ; x Fmxi I= ; ( )arctan x ri iθ = ; LE k=  

max hm pmu u u= +  ( )V ; du u= ; hdm hm h hmu u uω= = ;  pdm pm F pmu u uω= = ; max d pdm hdmu u u= +   

(a) 
1.2ri = ; 1.6xi = ; 2FmI = ; 6.24hmu = ; 6.83pmu = ; max 13.06u ≈ ; 0.295θ π= ; 1 12.55k = ; 2 12.49k = − ; 3 0k =  

[ ] [ ] [ ] [ ]1 4.1cos 1000 4.1cos 1162 5.46sin 1000 4.70sin 1162u t t t t= − − + ; max 14076du ≈  

(b) 
5ri = ; 8.66xi = ; 10FmI = ; 7.63hmu = ; 10.07pmu = ; max 17.7u ≈ ; 3θ π= ; 1 18.40k = ; 2 18.32k = − ; 3 0k =  

[ ] [ ] [ ] [ ]1 5.035cos 1000 5.035cos 1522 8.72sin 1000 5.73sin 1522u t t t t= − − + ; max 21680du ≈  

(c) 
0ri = ; 15xi = ; 15FmI = ; 7.08hmu = ; 12.2pmu = ; max 19.3u ≈ ; 1 5.02k = ; 2 4.95k = − ; 3 0k =  

[ ] [ ]1 12.2sin 1000 7.08sin 1723u t t= − + ; ( )0 0hu = ; 2θ π= ; max 24407du ≈  

(d) 
15ri = ; 0xi = ; 15FmI = ; 9.82hmu = ; 9.82pmu = ; max 19.63u ≈ ; 1 24.39k = ; 2 24.28k = − ; 3 0k =  

[ ] [ ]1 9.82cos 1000 9.82cos 1590u t t= − ; ( )0 9.82hu = − ; 0θ = ; max 25424du ≈  

 

    
(a) Table 1(a)                                               (b) Table 1(b) 

    
(c) Table 1(c)                                               (d) Table 1(d) 

Figure 2. Phase portraits of Table 1 abscissa denotes u and ordinate denotes ud = du/dt.  
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3
0 3 , sin cos , ,L L r x F Fi u L a Cu u i C i z C i z C z z tω ω= + = − + + = =

                (29) 

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 0 0, , ,0,0 , 0 , 0 , 0 , 0 0L Fmx L L di u z I i i u u z z u u= = = = = =             (30) 

5.3. Two Method Mutually Verify the Correctness of Result  
Two programs (power.nb and harmo.nb) obtain identical data in Table 1. Two programs show that the active 
power of self-excited and forced oscillation components identically equal to zero under various situations. They 
obey simultaneously the balance of reactive power. For the forced component, the initial phase angle θ  is de-
termined when current source Fi  is connected to the circuit in the first instant. Although the θ  is an arbitrary 
value, the included angle between phasors FmI  and pmU  always identically equal π 2 . Active power in-
jected to the loop NL C  is equal to zero always. 

The reactive power of each harmonic is individually conservation and mutual coupling. The reactive power 
FQ  of forced component sent out by the excited source is equal to the reactive power consumed by admittance 

with same frequency in (28), where the eqpL  is related to the self-oscillation amplitude hmU . On the other hand, 
the ωh  in (27) is determined according to the reactive power balance of self-oscillation component, where the 

eqhL  is related to the forced voltage pmU  as shown in (15). The reactive power of self-oscillation component 
can’t be replenished by excited source. The reactive power consumed by the parallel loop NL C  must be ba-
lanced by itself. 

5.4. Change of Initial Values Results in the Change of Main Harmonic Solution and Phase 
Portrait 

, ,hmx pmx hmr pmr p h pmr hm pmU U U U U U Uω ω= = ≈ ≈                     (31) 

Under initial zero-state condition ( ) ( )10 1 0, 0,0=du u , when the ωh  and ωF  is not too different the (31) can 
be derived from the (20). The (31) shows there is no more difference between hmU  and pmU  in Table 1. Nei-
ther of them will be overwhelmed. Therefore, it’s impossible to produce periodic oscillation. They generally 
produces non-periodic chaos [18]-[20]. 

The intensity of self-oscillation is decided by the energy obtained at initial instant, non-zero-input value relat-
ing to the initial phase angle θ  which depends on the first instant of connecting current source. Owing to the 
different θ , it will make the changes of main harmonic solutions and chaotic phase portrait as well. Refer to 
Table 1(c) and Table 1(d), on condition that current amplitude FmI  is the same, only θ  is different, the main 
harmonic solutions and phase portrait 2 (c) and (d) are different as well. 

5.5. The Exclusive Circuit with Typical Significance 
The lossless circuit proposed differs from any chaotic circuit in the academic field today. Its important contribu-
tions on theory are many aspects. The study of chaos produced by lossless circuit is still a vacancy at home and 
abroad [18]-[20]. 

1) The scientific significance of the circuit is to promote the theory of Hamilton equation. The conservative 
circuit consists of capacitor and inductor in parallel. Suppose ( )E t  represents the total stored energy in con-
servative circuit for arbitrary instant t. The ( )0E t  represents the total stored energy obtained in the first instant 

0t , named Hamiltonian function. The T represents excited periodic, and n is an arbitrary positive integer. Thus, 
for conservative circuit without excitation source, we have (32). While lossless circuit with excitation source, we 
have (33). 

( ) ( )0 0const    E t E t t t= = ∀ >                               (32) 

( ) ( )0 0 const    0= + = ∀ >E t E t nT n                             (33) 

The Figure 2 is a phase portraits of steady-state, there is no transient process for the lossless system. The cir-
cuit will enter immediately steady-state oscillation in the first instant when excitation source switches on. 

2) When the initial values change, the steady orbit of the limit cycle won’t change. Moreover, the phase points 
will return to a fixed orbit automatically if interfered by external random factors. Therefore, the limit cycle is an 
attractor. For the Figure 1, chaotic oscillations have not attractiveness for adjacent trajectories. It is a nonlinear 

http://dict.cnki.net/dict_result.aspx?searchword=%B2%A2%C1%AA%BB%D8%C2%B7&tjType=sentence&style=&t=parallel+loops
javascript:showjdsw('showjd_1','j_1')
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bounded function but not an attractor. Hamiltonian cycle is a periodic orbit rather than an attractor. For the loss-
less system, the main harmonic solution and phase portrait will change with the variation of initial values. It fol-
lows that the chaotic trajectories will change if interfered by external random factors. It proves that the (16) is 
locally unstable and cannot attract adjacent trajectories. Thus it is not an attractor. Moreover it also reveals the 
difference between the attractiveness and boundedness for chaos 

6. Numerical Simulation Solutions Approached by Main Harmonic Solutions 
6.1. Differences between the Linear and Nonlinear Equation Solutions 

( )2 6
0 01.2cos 1.6sin 10 , 600, 1000F F Fu u t tω ω ω ω ω+ = − × = =                  (34) 

( ) 3
0 01.875cos 1.875cos 25sin 6 2.5sin 10F Fu t t t tω ω ω ω= − − + ×                 (35) 

There is only one factor 3a  causing nonlinearity in (16) of Example 1, This is the key to cause the chaos. If 
setting 3 0=a , the Figure 1 becomes a periodic oscillation of linear circuit. We select the parameters of Table 
1(a), obtains the linear equation shown in (34). It is a periodic solution as shown in (35) with common funda-
mental frequency 100ω =com .  

We draw the phase portrait of the (34) as shown in Figure 3, we can discover that there is no transient process 
for the lossless system. The trajectories show endless repetition after the beginning first instant of simulation. 
No matter how short the simulation step is, or how long the simulation time is, its trajectories show infinite re-
petition being a closed periodic orbit.  

If 3a  starts from zero gradual increase, it can be found that the quantity of the circular trajectories in the 
phase plane increases progressively as well, the greater 3a , the more circular trajectories. It shows the evolu-
tionary process from periodic state to chaos. It is similar to the process from period-doubling leading to chaos. It 
profoundly shows that the chaos is the infinite or sufficient extension of oscillating period. It can be concluded 
as follows: if equations generally include nonlinearity term ( )f u , its solutions should be chaotic. That is a 
universal form of the solutions of nonlinear oscillation equations. The solution is periodic when taking the spe-
cial circumstances of linearity. Hence, it proves that the nonlinearity and chaos are universal while linearity and 
period are special. 

6.2. Main Harmonic Balance Equation Belong to Linear Equation 
Taking Table 1(a) as an example, the main harmonic balance Equation (25) is listed through Program Linear.nb 
by means of converse thinking. We obtain the (36) which is concrete form of the (25). 

( )2 61.436cos 1.91233sin 10 , 1162 1162.3421, 1000h F F h Fu u t tω ω ω ω ω+ = − ∗ = ∼ =         (36) 
 

 
Figure 3. Phase portrait of the Equation (34). 
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The main harmonic equilibrium Equation (36) is a linear equation which is from the data in Table 1(a). Its 
solution is based on the linear theory. The main harmonic solution shown in Table 1(a) can be obtained. The (36) 
listed by means of converse thinking can show the solution of the linear equation has to be a periodic function. 
In accordance with the calculation in (36), if taking 1162.3421ω =h , the common fundamental frequency is 

0.0001ω =com . 
We draw the phase portrait of the (36). The Figure 4 shows that the phase plane is full filled by infinite infi-

nitude trajectories. In addition, they have not completed a cycle within the simulation interval. The (34) and (36) 
are all linear equations which have fixed periodic solutions. However, the extraordinary difference of common 
fundamental frequency can reach 100 × 104 times. Comparing phase portrait Figure 3 with Figure 4, we can 
find extraordinary differences between them as well. But comparing phase portrait Figure 4 with Figure 2(a) is 
quite close.  

6.3. Power Balance Theorem of Frequency Domain Is Further Extension of Tellegen’s 
Theorem 

1) On the one hand, it proves that each harmonic component must obey various balance law in the nonlinear 
network; on the other hand, it obtains the nonlinear coupling relation among various harmonic component. Ob-
viously, the frequency domain solutions of nonlinear differential equations include lots of harmonic components. 
The main harmonic is the main basic part of those harmonics. The great contribution of power balance theorem 
is not only confined to obtain the main harmonic solutions itself. Furthermore, it shows that main harmonic so-
lution represents the main basic part of the periodic as well as chaotic solutions. They have become indispensa-
ble major emphasis in this paper. The maximum value on the abscissa and ordinate of the Figure 2 are denoted 
as maxU  and maxdU . We can find quite approximate between ( )max max, dU U  and ( )max ,max du u  in the Ta-
ble 1. It is shown that the main harmonic solutions are the fundamental part of approximate solution of the orig-
inal Equation (16), approximation to the extent of identical order of magnitude. The approximation of phase 
portrait Figure 4 and Figure 2(a) strongly proves the important worth to obtain the main harmonic solution. The 
dense trajectories of two phase portraits have covered the entire phase plane. It is unable to distinguish whether 
the simulating phase portraits have already drawn a complete period or not. The Figure 2(a) contains many 
harmonic components, while the Figure 4 is the main components among them. It approximates to the solution 
of original equation. 

2) Finding the main basic part cannot rely on the mathematical transformation formula, only can rely on the 
power equilibrium theorem to estimate the harmonic terms involving in balance. It is a kind of mathematical 
physics method. For instance, as for the superhet receiver circuit, we have to pre-estimate the three main har-
monic components involving in balance (two signal frequency 1ω , 2ω  and a difference frequency 1 2ω ω− ).  
 

 
Figure 4. Phase portrait of the Equation (36). 
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The approximate proper results can be obtained by the harmonic analysis. But it cannot be achieved by any ma-
thematical transformation formula. The study explains the importance to rely on physical background. The tran-
scendental selection of some components is used to satisfy the equation balance. If the true main harmonic 
component contained in the original equation is consistent with the selected component, we can obtain reasona-
ble real domain solutions by program calculation. It follows that the selection is successful. Supposing the har-
monic component selection is not accurate, it is impossible to get the correct results through program calculation. 
For example, we suppose that the harmonic solutions only contain forced component, and ignore (or don’t know) 
the self-oscillation component in equation. Obviously, a wrong conclusion will be obtained. With the support of 
correct physical background, we can correctly deduce the harmonic components involving in balance.  

7. Conclusions 
1) The phase portraits drawn by numerical simulation of Matlab are all periodic functions with sufficiently- 

long period T. Their discrete spectra are very dense. The non-periodicity of chaotic phase portrait refers to that 
there is no enough time to draw a completely periodic phase portrait due to the simulating time Ts < T. There-
fore, it shows non-periodical on the phase plane. Only the simulating observation time Ts is defined, then the 
numerical simulation phase portrait can be defined as periodic or non-periodic. When the oscillation frequency 
is very low, the spectrum is so dense and nearly continuous that almost no gap exists among the spectral lines. 
For example, the frequency of a periodic function is 910 second−=f , period T = 109 second = 31.7 years. At 
present, the chaotic phase portrait is numerically simulated by Matlab. According to the strict analysis of ma-
thematical theory, the non-periodicity will appear only if the irrational numbers are introduced in the calculation. 
Matlab uses approximating rational numbers to replace irrational numbers. Therefore, it can be valid always that 
there is a sufficient small fundamental frequency minf , and the all harmonic frequency are equal to integral 
multiple of minf . For example 9

min 1  Hz 1 Hz 10f n= = . When simulating time Ts < T the phase portrait drawn 
is a non-periodic function. 

The phase portrait in Figure 4 certainly is periodic functions with extremely low frequency. However the tra-
jectories fully fill whole phase plane. It cannot be almost distinguished from chaotic phase portrait. 

2) The chaotic solution of the equation is judged with a positive Lyapunov Exponent k > 0. However, the 
software can only deal with rational numbers as well. When the operation time interval Td > T the phase portrait 
is a periodic function. If the operation time interval Td < T, the variable u is a non-periodic function within the 
interval Td. Therefore, a Lyapunov Exponent k > 0 is obtained, and we can judge the solution is chaos. Generally 
speaking, Td and Ts are much less than T. 

3) If the time domain solution of differential equations can’t be obtained, it’s impossible to get the adequate 
representative part of the time function. However, finding harmonic solutions of frequency domain possesses 
unique advantages. Although it is unable to obtain all harmonic terms of Fourier series, the main representative 
part can still be obtained. The power balance theorem provides sufficient theoretical basis for harmonic analysis 
method. It is a feasible way to handle the nonlinear oscillating equations with difficulties to find its solution. The 
(36) is the main harmonic component of the original equation. The (34) is the linear part of the original equation. 
The ωCOM  of those two equations differs more than one million times. The comparison between the main har-
monic component and linear part proves the rationality and correctness of former. Currently, this kind of analy-
sis method is still a vacancy at home and abroad. 

4) The study mainly focuses on the analysis of the reactive power equilibrium. It makes important contribu-
tion to obtain the solution. The reactive power is a rare academic term on the field of primary electronic science 
and technology. The study introduces the concept to promote the development of the basic theory of electronic 
science. 
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