
International Journal of Modern Nonlinear Theory and Application, 2022, 11, 11-30 
https://www.scirp.org/journal/ijmnta 

ISSN Online: 2167-9487 
ISSN Print: 2167-9479 

 

DOI: 10.4236/ijmnta.2022.112002  Jun. 28, 2022 11 Int. J. Modern Nonlinear Theory and Application 
 

 
 
 

Evaluate All the Order of Every Element in the 
Higher Order of Group for Addition and 
Multiplication Composition 

Md. Abdul Mannan1*, Nazmun Nahar1, Halima Akter1, Momtaz Begum2, Md. Amanat Ullah3, 
Shabnam Mustari4 

1Department of Mathematics, Uttara University, Dhaka, Bangladesh 
2Department of Computer Science & Engineering, Prime University, Dhaka, Bangladesh 
3Department of Computer Science & Engineering, Uttara University, Dhaka, Bangladesh 
4Department of Mechanical Engineering, Sonargaon University, Dhaka, Bangladesh 

 
 
 

Abstract 
This paper aims at treating a study on the order of every element for addition 
and multiplication composition in the higher order of groups for different 
algebraic structures as groups; order of a group and order of element of a 
group in real numbers. Here we discuss the higher order of groups in differ-
ent types of order which will give us practical knowledge to see the applica-
tions of the addition and multiplication composition. If G is a finite group, n 
is a positive integer and a G∈ , then the order of the products na. When G is 
a finite group, every element must have finite order. However, the converse is 
false: there are infinite groups where each element has finite order. For exam-
ple, in the group of all roots of unity in C× each element has finite order. Fi-
nally, we find out the order of every element of a group in different types of 
higher order of group. 
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1. Introduction 

A group is a particular type of an algebraic system. Here, we propose to study 
the groups of the order of an element of a group, order of group and the integral 
powers of an element of a group etc. There are a number of common conven-
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tions regarding group notation. The group notation is o or *. We will frequently 
omit the symbol for the group operation but we will also often write the opera-
tion as · or + when it represents multiplication or addition in a ring, and write 1 
or 0 for the corresponding identity elements respectively. It’s addition +, multip-
lication × or (.) is used as binary operation. If the group operation is denoted as 
a multiplication, then an element a G∈  is said to be order n if n is the least 
positive integer such that na e=  or ( )O a n≤  i.e., if na e=  and ra e≠  

r N∀ ∈  s.t. r n< . The order of a is denoted by ( )O a . If na e≠  for any 
n N∈ , then a is said to be of zero order or infinite order. It is currently a feature 
of finite group theory that many theorems on finite groups [1] can only be 
proved by reducing them to a check that some property holds for all finite sim-
ple groups. Then the classification of finite simple groups (see i.e. [2] [3] [4]) 
comes into play and one has to be able to handle the three different families of 
simple groups with appropriate techniques. A further extension of Thompson’s 
characterization was obtained much later in [5], using the full force of the classi-
fication of finite simple groups. Thus, each element of a finite group appears ex-
actly once in each row of the table. It follows that each row (respectively column) 
is a rearrangement of the elements of the group. Next, we discuss the extension 
of the associative property to products with any number of factors. More specif-
ically, we will prove the so-called generalized associative law which states that in 
a set with associative operation, a product of factors is unchanged regardless of 
how parentheses are inserted as long as the factors and their order of appearance 
in the product are unchanged, as we use additison and multiplication related 
theorem of group of different orders. As a result we find out the order of group 
of higher order group. But here we discuss the order of group of higher order 
group as 50. Finally, we find out the order of every element of a group in differ-
ent types of the higher order groups ([6]-[15]). 

2. Characterization of the Order of an Element of a Group 

We begin this section related to definition with the following characterization of 
the order of an element of a group 

Definition-1 (Multiplication Composition) ([16] [17]):  
Let e be the identity element in (G,). An element a G∈  is said to be order n 

if n Z +∈  such that na e=  or ( )O a n≤ . i.e., if na e=  and ra e≠  r N∀ ∈  
s.t. r n< . The order of a is denoted by ( )O a . If na e≠  for any n N∈ , then 
a is said to be of zero order or infinite order. 

Definition-1 (Addition Composition) ([18] [19]): 
Let e be the identity element in (G, +). An element a G∈  is said to be order 

n if n Z +∈  such that na e=  or ( )O a n≤ . i.e., if na e=  and ar e≠  
r N∀ ∈  s.t. 0 r n< < . The order of a is denoted by ( )O a . If na e≠  for any 

n N∈ , then a is said to be of zero order or infinite order. 
Example: 
1) In multiplicative group 0Q , ( ) 1O a = , ( )1 2O − =  and ( )O a = ∞  
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0a Q∀ ∈  s.t. 1a ≠ ± . 
2) In (Z, +), ( )0 1O =  and all other elements have infinite order. 
Torsion free group [20]: A group G is called a torsion free group if the iden-

tity element e is the only element of finite order. 
Example: (Z, +), (Q, +), (R, +). 
Torsion group or periodic group [21]: A group G is said to be a torsion 

group or periodic group if every element of G is of finite order. 
Example: The multiplication group is { }1, 1, ,i i− − . 
Mixed Group [22]: A group G is said to be a mixed group if ∃  at least two 

elements ,a b G∈  s.t. 
1) ( )o a  is finite, a e≠  2) ( )o b = ∞ . 

Example: The multiplicative group ( )0 ,.Q , where 0 0Q ≠  is a mixed group.  
For ( )1 2o − = , 1e ≠ − , ( )0 a = ∞  if 1a ≠ ±  and 0a Q∈ . 

3. Properties of the Order of an Element of a Group 

We begin this section of the following theorem related properties of the order of 
an element of a group. 

3.1. Theorem [23] 

Show that the order of every element of a finite group is finite. 
Proof: Let G be a finite group with multiplication composition. 
Let a G∈  be an arbitrary element. 
Now we will prove that ( )O a  is finite. 
By closure property, all the elements a2 = a ∙ a, a3 = a ∙ a ∙ a, ∙∙∙ etc. belong to G 
i.e. a, a2, a3, a4, a5, a6, a7, … etc. belong to G. 
But all these elements are not distinct. Since G is finite. 
Let e be the identity in G, then 0a e= . 
Let us suppose that: 

0

where

, where 0, as

m n

m n n n

m n p

a a m n
a a a a a e
a e a e p m n m n

− −

−

= >

⇒ = = =

⇒ = ⇒ = = − > >

 

also m and n are finite and hence p is a finite positive integer. 
Now p is a positive integer s.t. pa e= . 
This proves that: 

( )
( ) ( )

finite number

. . a finite number is finite

o a p

i e o a o a

≤ =

≤ ⇒
. 

Remark: The order of any element of a finite group can never exceed the or-
der of the group. 

3.2. Theorem [24] 

If an element a of a group G is of order n, then ma e=  if and only if n is a divi-
sor of m, i.e. m = nq. 
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Proof: Let a G∈  be arbitrary element, s.t. ( )o a n=  and so na e= . 
Suppose that ma e= . Now we will prove that n is a divisor of m: 

( ) ( ), mo a n a e o a m n m= = ⇒ ≤ ⇒ ≤  

if n = m, then clearly n is a divisor of m, 
if m > n, then by division algorithm, 

, s.t. , where 0q r Z m nq r r n∃ ∈ = + ≤ <               (1) 

now ( )qm nq r n r q r r r m r r ra a a a e a ea a a a e a a e+= = = = = ⇒ = ⇒ = ⇒ =  
hence 

, where 0ra e r n= ≤ <                     (2) 

if 0 < r < n, then ra e=  is not possible as ( )o a n= . 
if r = 0, then ra e=  is possible. So that r = 0. 
From (2), then we get, m = nq. 
Conversely, Let m = nq. Now we will prove that ma e= . 
Now ( )qm nq n q ma a a e e a e= = = = ⇒ = . 
Remark: This theorem can also be expressed in the following ways. 
Let a G∈  be arbitrary element. 
1) If ( )o a n= , then ,ma e m nq q Z= ⇔ = ∈ . 
2) If a G∈  is of order n, then there exist an integer m for which ma e=  if 

m is a multiple of n. 

4. Results and Discussion 

Here, we discuss the result of order of every element for addition and multipli-
cation composition in the higher order of group. As usual we can use addition 
and multiplication related theorem to evaluate order of group of different orders 
such as order 2,3,4,5, , 20  etc., i.e. whose order not so high (Not Higher Or-
der Groups). As a result we use addition and multiplication related theorem to 
evaluate order of group of higher order group as like as 40,41,42,43, , 49  etc. 
Finally, here we discuss the order of group of higher order group as 50.  

4.1. ([25]-[31]) Find Order of Every Element of the Group  
{0, 1, 2, 3, …, 49} the Composition Being Addition Modulo 50 

Solution: Let (G, +50) is a group. Where { }0,1,2,3, , 49G = 
 and +50 denotes 

addition modulo 50. Here e = 0. 
In addition notation,  
na = e and n is a least positive integer, 

( )O a n⇒ =  ( )0 1O∴ =  

for ( ) 1O e =  for identity element of every group. 
To determine O (1): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

2 1 1 1 2, 3 1 1 2 1 1 2 3,

4 1 1 3 1 1 3 4, 5 1 1 4 1 1 4 5,

6 1 1 5

1 1 1,

1 1 5 6, 7 1 1 6 1 1 6 7,

= + = = + = + =

= + = + = = + = + =

= + = + = = +

=

= + =
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( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50 50

50 50 50 50

50 50

8 1 1 7 1 1 2 8, 9 1 1 8 1 1 8 9,

10 1 1 9 1 1 9 10, 11 1 1 10 1 1 10 11, ,

50 1 1 49 1 1 49 0 e

= + = + = = + = + =

= + = + = = + = + =

= + = + = =


 

Thus 50(1) = e and n (a) ≠ e for n < 50. ( )1 50O∴ = . 
To determine O (2): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 2 2 4, 3 2 2 2 4 6,

4 2 3 2 6 8, 5 2 4 2 8 10,

6 2 5 2 10 12, 7 2 6

1 2 2, 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2

2 12 14,

8 2 7 2 14 16, 9 2 8 2 16 18,

10 2 9 2 22 18 20, , 25 2 24 2 48 0 e

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + =

=

+ =

= + = + = = + = + = =

 

Thus 25(2) = e and n (a) ≠ e for n < 50. ( )2 25O∴ = . 
To determine O (3): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 3 3 6, 3 3 2 3 6 9,

4 3 3 3 12, 5 3 4 3 12 15,

6 3 5 3 15 18, 7 3 6 3 18 21,

8 3 7 3 21 24, ,16 3 15 3 45 48,

17 3

1 3 3, 3 3 3

3 3 9 3 3

3 3 3 3

3 3 3 3

3 3 3 316 3 48 1, 18 3 17 3 1 4,

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = = +

=

+ =





 

  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

50 50

3 3 3 3

3 3 3 3

3 3

26 3 25 3 25 28, 27 3 26 3 28 31,

28 3 27 3 31 34, ,38 3 37 3 11 14,

39 3 38 3 14 17, 40 3 39 3 17 20, ,

48 3 47 3 41 44, 49 3 48 3 44 47,

50 3 49 3 47

3 3

3 3 3 3

03 3

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + =





e=

 

Thus 50(3) = e and n (a) ≠ e for n < 50. ( )3 50O∴ = . 
To determine O (4): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 4 4 4 8, 3 4 4 2 4 4 8 12,

4 4 4 3 4 4 12 16, 5 4 4 4 4 4 16 20,

6 4 4 5 4 4 20 24, 7 4 4 6 4 4 24 28,

8 4 4 7 4 4

1 4

28 32, ,16 4 4 15 4

4,

4 10 14,

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

=



 

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50 50

50 50 50 50

50 50

17 4 4 16 4 4 14 18,18 4 4 17 4 4 18 22, ,

23 4 4 22 4 4 38 42, 24 4 4 23 4 4 42 46,

25 4 4 24 4 4 46 0 e

= + = + = = + = + =

= + = + = = + = + =

= + = + = =



 

Thus 25(4) = e and n (a) ≠ e for n < 50. ( )4 25O∴ = . 
To determine O (5): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

50 50

2 5 5 5 10, 3 5 5 2 5 5 10 15,

4 5 5 3 5 5 15 20, 5 5 5 4 5 5 20 25,

6 5 5 5 5 5 25 30, 7 5 5 6 5 5 30 35,

8 5 5 7 5 5 35 40, 9 5 5 8 5 5 40 45,

1

10 5 5 9 5 0

5

5 5

,

4

5

e

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = =

=

 

Thus 10(5) = e and n (a) ≠ e for n < 50. ( )5 10O∴ = . 
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To determine O (6): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 6 6 6 12, 3 6 6 2 6 6 12 18,

4 6 6 3 6 6 18 24, 5 6 6 4 6 6 24 30,

6 6 6 5 6 6 30 36, 7 6 6 6 6 6 36 42,

8 6 6 7 6 6 42 48, 9 6 6 8 6 6 48 4,

1 6 6,

,

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

=



 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50 50

50 50 50 50

50 50 50 50

16 6 6 15 6 6 40 46, 17 6 6 16 6 6 46 2,

18 6 6 17 6 6 2 8, , 23 6 6 22 6 6 32 38,

24 6 6 23 6 6 38 44, 25 6 6 24 6 6 44 0 e

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + = =

  

Thus 25(6) = e and n (a) ≠ e for n < 50. ( )6 25O∴ = . 
To determine O (7): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 7 7 7 14, 3 7 7 2 7 7 14 21,

4 7 7 3 7 7 21 28, 5 7 7 4 7 7 28 35,

6 7 7 5 7 7 35 42, 7 7 7 6 7 7 42 49,

8 7 7 7 7 7 49 6, ,16 7 7 15 7 7 5 12,

17 7 7 16 7 7 12 19, 18 7 7 17 7 7 19

1 7 7, = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = +

=

+ = =



26, ,

 

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

50 50

26 7 7 25 7 7 25 32, 27 7 7 26 7 7 32 39,

28 7 7 27 7 7 39 46, ,38 7 7 37 7 7 9 16,

39 7 7 38 7 7 16 23, 40 7 7 39 7 7 23 30, ,

48 7 7 47 7 7 29 36, 49 7 7 48 7 7 36 43,

50 7 7 49 7 7 43 0

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = =





e

 

Thus 50(7) = e and n (a) ≠ e for n < 50. ( )7 50O∴ = . 
To determine O(8): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 8 8 8 16, 3 8 8 2 8 8 16 24,

4 8 8 3 8 8 24 32, 5 8 8 4 8 8 32 40,

6 8 8 5 8 8 40 48, 7 8 8 6 8 8 48 6, ,

16 8 8 15 8 8 20 28, 17 8 8 16 8 8 28 36,

18 8 8 17 8 8 36 44, 19 8

1 8 8

8 18 8

,

8

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = +

=



( ) ( ) ( ) ( )50 50 50 50

44 2, ,

24 8 8 23 8 8 34 42, 25 8 8 24 8 8 42 0 e

=

= + = + = = + = + = =



 

Thus 25(8) = e and n (a) ≠ e for n < 50. ( )8 25O∴ = . 
To determine O (9): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

50 50 50

2 9 9 9 18, 3 9 9 2 9 9 18 27,

4 9 9 3 9 9 27 36, 5 9 9 4 9 9 36 45,

6 9 9 5 9 9 45 4, ,16 9 9 15 9 9 35 44,

17 9 9 16 9 9 44 3, 18 9 9 17 9 9 3 12, ,

26 9 9 25 9 9 25 34, 27 9 9 26 9 9

1 9 9, = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = =

=

+ = +





50 34 43,=

 

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50 50

50 50 50 50

50 50 50 50

50 50

28 9 9 27 9 9 43 2, ,38 9 9 37 9 9 33 42,

39 9 9 38 9 9 42 1, 40 9 9 39 9 9 1 10, ,

48 9 9 47 9 9 23 32, 49 9 9 48 9 9 32 41,

50 9 9 49 9 9 41 0 e

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = =




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Thus 50(9) = e and n (a) ≠ e for n < 50. ( )9 50O∴ = . 
To determine O (10): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

1 10 10, 10 10 10

10 10

2 10 10 20, 3 10 2 10 20 30,

4 10 3 10 30 40, 5 10 4 10 4 0 ,10 10 0 e

= + = = + = + =

= + = +

=

= = + = + = =
 

Thus 5(10) = e and n (a) ≠ e for n < 50. ( )10 5O∴ = . 
To determine O (11): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 11 11 11 22, 3 11 11 2 11 11 22 33,

4 11 11 3 11 11 33 44, 5 11 11 4 11 11 44 5,

6 11 11 5 11 11 5 16, ,16 11 11 15 11 11 15 26,

17 11 11 16 11 11 26 37, 18 11 11 17 11 11 37

1 11 11

48

6

,

, ,

2

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

=





( ) ( ) ( ) ( )50 50 50 5011 11 25 11 11 25 36, 27 11 11 26 11 11 36 47,= + = + = = + = + =

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50 50

50 50 50 50

50 50 50 50

50 50

28 11 11 27 11 11 47 8, ,38 11 11 37 11 11 7 18,

39 11 11 38 11 11 18 29, 40 11 11 39 11 11 29 40, ,

48 11 11 47 11 11 17 28, 49 11 11 48 11 11 28 39,

50 11 11 49 11 11 39 0 e

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = =





 

Thus 50(11) = e and n (a) ≠ e for n < 50. ( )11 50O∴ = . 
To determine O (12): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 12 12 24, 3 12 2 12 24 36,

4 12 3 12 36 48, 5 12 4 12 48 10, ,

16 12 15 12 30 42, 17 12 16 12 42 4,

18 12 17 12

1

4 16

12 12, 12 12 12

12 12 12 12

12 12 12 1

, , 24 12

2

12 2312 12 12 12 26 38,

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

=





( ) ( )50 5012 1225 12 24 12 38 0 e= + = + = =

 

Thus 25(12) = e and n (a) ≠ e for n < 50. ( )12 25O∴ = . 
To determine O (13): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 13 13 26, 3 13 2 13 26 39,

4 13 3 13 39 2, 5 13 4 13 2 15, ,

16 13 15 13 45 8, 17 13 16

1 13 13, 13 13 13

13 13 13 13

13 13 13 1 13 8 21, ,

26 13 25 13 25 38, 27 13 2

3

13 6 113 1 33 13 38 1,

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = +

=

=





 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50 50

50 50 50 50

50 50 50 50

28 13 27 13 1 14, ,38 13 13 37 13 13 31 44,

39 13 38 13 44 7, , 48 13 47 13 11 24,

49 13 13 48 13 13

13 1

24

3

13 13 13 13

133 137, 50 13 49 13 37 0 e

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + = =



  

Thus 50(13) = e and n (a) ≠ e for n < 50. ( )13 50O∴ = . 
To determine O (14): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 14 14 28, 3 14 2 14 28 42,

4 14 3 14 42 6, ,16 14 15 14 10 24,

17 14

1 14 14, 14 14 14

14 14 14 14

14 1414 16 14 14 24 38, ,18 14 17 14 38 2,

24 14 14 14 114 23 14 22 36, 25 14 24 14 36 04

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

=





e=

 

Thus 25(14) = e and n (a) ≠ e for n < 50. ( )14 25O∴ = . 
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To determine O (15): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

2 15 15 15 30, 3 15 2 15 30 45,

4 15 3 15 45 10, ,8 15 7 15 5 20,

9 1

1 15 15, 15 15

15 15 15 15

15 15 8 15 20 35, 15 15 150 15 9 15 5 0 e

= + = = + = + =

= + = + = = + = + =

= + = + = = = +

=

+ = =

  

Thus 10(15) = e and n (a) ≠ e for n < 50. ( )15 10O∴ = . 
To determine O (16): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50

2 16 16 32, 3 16 2 16 32 48,

4 16 3 16 48 14, ,16 16 15 16 40 6,

17 16 16 16 16 16 6 22, , 24 16

1 16 16, 16 16 16

16 16 16 16

16 123 16 18 34,

25 16 24 16

6

1 3 016 46 e

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

=

=

+ = + = =





 

Thus 25(16) = e and n (a) ≠ e for n < 50. ( )16 25O∴ = . 
To determine O (17): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 17 17 34, 3 17 2 17 34 1,

4 17 3 17 1 18, ,16 17 15 17 5 22,

17 17 16 17 22 39, , 26 1

1 17 17, 17 17 17

17 17 17 17

17 17 17 17 25 17 25 42,

27 17 26 17 42 9, ,38 17 37 17

7

17 291 17 17 47

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

=







( ) ( ) ( ) ( )
( ) ( )

50 50 50 50

50 50

6,

39 17 38 17 46 13, , 49 17 4817 17 17 17

1

17 16 33,

50 177 1749 17 33 0 e

= + = + = = + = + =

= + = + = =



 

Thus 50(17) = e and n (a) ≠ e for n < 50. ( )17 50O∴ = . 
To determine O (18): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50

2 18 18 36, 3 18 2 18 36 4,

4 18 3 18 4 22, ,16 18 15 18 20 38,

17 18

1 18 1

18 16 18

8, 18 18 18

18 18 18 1

18 38 6, , 24 18 23 18 14 32,

2

8

18 18

185 18 24 18 3218 0 e

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= +

=

= + = =





 

Thus 25(18) = e and n (a) ≠ e for n < 50. ( )18 25O∴ = . 
To determine O (19): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 19 19 38, 3 19 2 19 38 7, ,

16 19 15 19 35 4, 17 19 16 19 4 23, ,

26

1 19 19, 19 19 19

19 19 19 19

19 19 19 1919 25 19 25 44, 27 19 26 19 44 13, ,

38 19 37 19 3 22, 39 19 38 19 219 19 19 19 2

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = +

= 





( ) ( ) ( ) ( )50 50 50 50

41, ,

49 19 48 19 12 319 19 11, 50 19 49 19 31 09 19 e

=

= + = + = = + = + = =



 

Thus 50(19) = e and n (a) ≠ e for n < 50. ( )19 50O∴ = . 
To determine O (20): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 20 20 40, 3 20 2 20 40 10, ,

8 20 7 20 40 10, 9 20

1 20 20,

8

20 20 20

20 20 20 20 20 10 30

20 2

,

10 20 9 20 3 00 0 e

= + = = + = + =

= + = + = = + = + =

= + = + =

=

=



 

Thus 10(20) = e and n (a) ≠ e for n < 50. ( )20 10O∴ = . 
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To determine O (21): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 5

2 21 21 42, 3 21 2 21 42 13, ,

16 21 15 21 15 36, 17 21 16 21 36 7, ,

26 21 25 21 25 46, 27 21 2

1 21 21, 21

6 21 46 1

21 21

21

7, ,

38

21 21 21

21 21 21 21

21 21 37 21 21 27 48, 39 21 38 2121 21

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = +

=

= +







( ) ( ) ( ) ( )
0

50 50 50 50

48 19, ,

49 21 48 2121 21 218 29, 50 21 49 21 29 021 e

=

= + = + = = + = + = =



 

Thus 50(21) = e and n (a) ≠ e for n < 50. ( )21 50O∴ = . 
To determine O (22): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

1 22 22, 22 22 22

22 22 2

2 22 22 44, 3 22 2 22 44 16, ,

16 22 15 22 30 2, 17 22 16 22 2 24, ,

24 22 23 22

2 22

22 2 6 28, 25 22 22 22 24 22 28 02 e

= + = = + = + =

= + = + = = + = + =

= + = + = = +

=

= + = =



  

Thus 25(22) = e and n (a) ≠ e for n < 50. ( )22 25O∴ = . 
To determine O (23): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 5

2 23 23 46, 3 23 2 23 46 19, ,

16 23 15 23 45 18, 17 23 16 23 18 41, ,

26 23 25 23 25 48, 27 23 26 23 48 21, ,

38 23 37 23 1 24, 39 23 3

1 23 23, 23 23 23

23 23 23 23

23 23 23 23

23 23 23 238 23

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + = +

= 





( ) ( ) ( ) ( )
0

50 50 50 50

24 47, ,

49 23 48 2323 23 234 27, 50 23 49 23 27 023 e

=

= + = + = = + = + = =



 

Thus 50(23) = e and n (a) ≠ e for n < 50. ( )23 50O∴ = . 
To determine O (24): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

1 24 24, 24 24 24

24 24 2

2 24 24 48, 3 24 2 24 48 22, ,

16 24 15 24 10 34, 17 24 16 24 34 8, ,

24 24 23 24

4 24

24 2 2 26, 25 24 24 24 24 24 26 04 e

= + = = + = + =

= + = + = = + = + =

= + = + = = +

=

= + = =



  

Thus 25(24) = e and n (a) ≠ e for n < 50. ( )24 25O∴ = . 
To determine O (25): 

( ) ( ) 502 25 21 25 25 5 25, 0 e= = + = =  

Thus 2(25) = e and n (a) ≠ e for n < 50. ( )25 2O∴ = . 
To determine O (26): 

( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 26 26 2, ,16 26 15(26) 26 40 16,

17 26 16 26 16 42, , 24 26 23 26 48 24,

25 26 24 26

1 26 26, 26 26

26 26 26 26

26 26 24 0 e

= + = = + = + =

= + = + = = + = + =

+ +

=

= = = =



  

Thus 25(26) = e and n (a) ≠ e for n < 50. ( )26 25O∴ = . 
To determine O (27): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 50

2 27 27 27 4, ,16 27 15 27 27 5 32,

17 27 16 27 32 9, , 26 27 25 27 25 2,

2

1 27 27, 27

27 27 27 27

27 27 27 277 27 26 27 2 29, ,38 27 37 27 49 26,

39 27 38 27 26 3, , 49 27 4827 27 2 27 277

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + =

=

+









( ) ( )50 50

46 23,

50 27 49 2727 27 23 0 e

=

= + = + = =

 

https://doi.org/10.4236/ijmnta.2022.112002


Md. A. Mannan et al. 
 

 

DOI: 10.4236/ijmnta.2022.112002 20 Int. J. Modern Nonlinear Theory and Application 
 

Thus 50 (27) = e and n (a) ≠ e for n < 50. ( )27 50O∴ = . 
To determine O (28): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 28 28 6, ,16 28 15 28 20 48,

17 28 16 28 48 26, , 24 28 23 28

1 28 28,

44

28 28 28

28 28 28 28 22,

25 28 24 28 228 2 2 08 e

= + = = + = + =

= + = + = = + = + =

= =

=

+ + = =



  

Thus 25(28) = e and n (a) ≠ e for n < 50. ( )28 25O∴ = . 
To determine O (29): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 5

2 29 29 8, ,16 29 15 29 35 14,

17 29 16 29 14 43, , 26 29 25 29 25 4,

27 29 26 2

1 29 29

9 4 33, ,38 29 37 29 23 2,

39 29 38 29 2 31, , 49 29

, 29 29 29

29 29 29 29

29 29 29 2

48 29

9

29 29 29 29

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + +

=

=









( ) ( )
0

50 50

42 21,

50 29 49 29 21 029 29 e

=

= + = + = =

 

Thus 50(29) = e and n (a) ≠ e for n < 50. ( )29 50O∴ = . 
To determine O (30): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 30 30 10, 3 30 2 30 10 40, ,

8 30 7 30 10 40, 9 30

1 30 30,

8

30 30 30

30 30 30 30 30 40 20

30 3

,

10 30 9 30 2 00 0 e

= + = = + = + =

= + = + = = + = + =

= + = + =

=

=



 

Thus 10(30) = e and n (a) ≠ e for n < 50. ( )30 10O∴ = . 
To determine O (31): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50

2 31 31 12, ,16 31 15 31 15 46,

17 31 16 31 46 27, , 26 31 25 31 25 6,

27 31 26 31 6 37, ,38 31 37 31 47 28,

39 31

1 31 31, 31 31 31

31 31 31 31

31 31 31

38 31 28 9, , 49 31 48 31

31

31 31 31 31

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + =

=

= + =









( ) ( )
50

50 50

38 19,

50 31 49 3131 31 19 0 e

+ =

= + = + = =

 

Thus 50(31) = e and n (a) ≠ e for n < 50. ( )31 50O∴ = . 
To determine O (32): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 32 32 14, ,16 32 15 32 30 12,

17 32 16 32 12 44, , 24 32 23 32

1 32 32,

36

32 32 32

32 32 32 32 18,

25 32 24 32 132 3 8 02 e

= + = = + = + =

= + = + = = + = + =

= =

=

+ + = =



  

Thus 25(32) = e and n (a) ≠ e for n < 50. ( )32 25O∴ = . 
To determine O (33): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50

2 33 33 16, ,16 33 15 33 45 28,

17 33 16 33 28 11, , 26 33 25 33 25 8,

27 33 26 33 8 41, ,3

1 33 33, 33 33 33

33 33 33 33

33 33 38 33 37 33 33

33 33 3

3 21 4,

39 33 38 33 4 37, , 49 3 3333 48 33

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = +

=

= + =









( ) ( )
50

50 50

34 17,

50 33 49 33 17 033 33 e

=

= + = + = =

 

Thus 50(33) = e and n (a) ≠ e for n < 50. ( )33 50O∴ = . 
To determine O (34): 
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( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 34 34 18, ,16 34 15 34 10 44,

17 34 16 34 44 28, , 24 34 23 34

1 34 34,

32

34 34 34

34 34 34 34 16,

25 34 24 34 134 3 6 04 e

= + = = + = + =

= + = + = = + = + =

= =

=

+ + = =



  

Thus 25(34) = e and n (a) ≠ e for n < 50. ( )34 25O∴ = . 
To determine O (35): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 35 35 20, 3 35 2 35 20 5, ,

8 35 7 3

1 35 35, 35 35 35

35 35 35 35 45 30, 9 35 8 35 305

35

15,

10 35 9 35 15 035 e

= + = = + = + =

= + = + = = + = + =

= = +

=

+ = =



 

Thus 10(35) = e and n (a) ≠ e for n < 50. ( )35 10O∴ = . 
To determine O (36): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 36 36 22, ,16 36 15 36 40 36,

17 36

1 36 36, 36 36 36

36 36 316 36 36 12, 24 36 23 36 28 14,

25 36 24 36 14

6 3

0

6

36 36 e

= + = = + = + =

= + = + = = + = + =

= + = + =

=

=



 

Thus 25(36) = e and n (a) ≠ e for n < 50. ( )36 25O∴ = . 
To determine O (37): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50

2 37 37 24, ,16 37 15 37 5 42,

17 37 16 37 42 29, , 26 37 25 37 25 12,

27 37 26 37 12 49, ,38 37 37 37

1 37 37, 37

19,

37 37

37 37 37 3

39 37

7

37 37 37 37

38 37 19 6, , 49 37 4837 37 37 3737

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = =

=

+ = +









( ) ( )
50

50 50

26 13,

50 37 49 37 13 037 37 e

=

= + = + = =

 

Thus 50(37) = e and n (a) ≠ e for n < 50. ( )37 50O∴ = . 
To determine O (38): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 38 38 16, ,16 38 15 38 20 8,

17 38

1 38 38, 38 38 38

38 38 316 38 8 46, 24 38 23 38 38

38 3

8 24 12,

25 38 24 38 18 2 0 e

= + = = + = + =

= + = + = = + = + =

= + = + =

=

=



 

Thus 25(38) = e and n (a) ≠ e for n < 50. ( )38 25O∴ = . 
To determine O (39): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50

2 39 39 28, ,16 39 15 39 35 24,

17 39 16 39 24 13, , 26 39 2

1 39 39, 39

5 39 25 14,

27 39 26 39 14 1

39 39

39 39 39 39

39 39 39 39

39 39 3

3, ,38 39 37 39 43 32,

39 39 38 39 32 21, , 49 39 489 39

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = +

= 







( ) ( )
50

50 50

39 22 11,

50 39 49 39 1139 39 0 e

= + =

= + = + = =

 

Thus 50(39) = e and n (a) ≠ e for n < 50. ( )39 50O∴ = . 
To determine O (40): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 40 40 30, 3 40 2 40 30 20, ,

8 40 7 40 30 20, 9 40

1 40 40,

8

40 40 40

40 40 40 40 40 20 10

40 4

,

10 40 9 40 1 00 0 e

= + = = + = + =

= + = + = = + = + =

= + = + =

=

=



 

Thus 10(40) = e and n (a) ≠ e for n < 50. ( )40 10O∴ = . 
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To determine O (41): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50 5

2 41 41 32, ,16 41 15 41 15 6,

17 41 16 41 6 47, , 26 41 25 41 25 16,

27 41 26 4

1 41 4

1 16 7, ,38 41 37 41 17 8,

39 41 38 41 8 49, , 49 41 4

1, 41 41 41

41 41 41 41

41 41 41 41

41 41 4 8 411 41

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = + +

=

=









( ) ( )
0

50 50

18 9,

50 41 49 414 41 9 01 e

=

= + = + = =

 

Thus 50(41) = e and n (a) ≠ e for n < 50. ( )41 50O∴ = . 
To determine O (42): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 42 42 34, ,16 42 15 42 30 22,

17 42 16 42 22 14, , 24 42 23 42 16 8,

25 42 24 42

1 42 42, 42 42 42

42 42 42 42

42 42 8 0 e

= + = = + = + =

= + = + = = + = + =

= + = +

=

= =



  

Thus 25(42) = e and n (a) ≠ e for n < 50. ( )42 25O∴ = . 
To determine O (43): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50

2 43 43 36, ,16 43 15 43 45 38,

17 43 16 43 38 31, , 26 43 2

1 43 43, 43

5 43 25 18,

27 43 26 43 18 1

43 43

43 43 43 43

43 43 43 43

43 43 4

1, ,38 43 37 43 41 34,

39 43 38 43 34 27, , 49 43 483 43

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = +

= 







( ) ( )
50

50 50

43 14 7,

50 43 49 43 743 43 0 e

= + =

= + = + = =

 

Thus 50(43) = e and n (a) ≠ e for n < 50. ( )43 50O∴ = . 
To determine O (44): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 44 44 38, ,16 44 15 44 10 4,

17 44 16 44 4 48, , 24 44 23 44 12 6,

25 44 44 24 44 6

1 44 44, 44 44 44

44 44 44 44

4 04 e

= + = = + = + =

= + = + = = + = + =

= + = +

=

= =



  

Thus 25(44) = e and n (a) ≠ e for n < 50. ( )44 25O∴ = . 
To determine O (45): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

2 45 45 40, 3 45 2 45 40 35,

8 45 7 45 15 10, 9 45

1 45 45, 45 45 45

45 45 45 458 45

4

10 5,

10 45 9 445 55 5 0 e

= + = = + = + =

= + = + = = + = + =

= + = + =

=

=



 

Thus 10(45) = e and n (a) ≠ e for n < 50. ( )45 10O∴ = . 
To determine O (46): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

1 46 46, 46 46 46

46 46 46

2 46 46 42, ,16 46 15 46 40 16,

17 46 16 46 16 12, , 24 46 23 46 8 4,

2

46

465 46 4 46 4624 0 e

= + = = + = + =

= + = + = = + = + =

= + +

=

= = =



  

Thus 25(46) = e and n (a) ≠ e for n < 50. ( )46 25O∴ = . 
To determine O (47): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

1 47 47, 47 47 47

47 47 47 47

2 47 47 44, ,16 47 15 47 5 2,

17 47 16 47 2 49, , 26 47 25 47 25 22,

27 47 2647 47 47 22 19, ,38 47 37 47 347 4 36,7 9

= + = = + = + =

= + = + = = + = + =

=

= + = + = = + = + =






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( ) ( ) ( ) ( )
( ) ( )

50 50 50 50

50 50

39 47 38 47 36 33, , 49 47 447 47 47 47

4

8 47 6 3,

50 47 497 47 47 3 0 e

= + = + = = + = + =

= + = + = =



 

Thus 50(47) = e and n (a) ≠ e for n < 50. ( )47 50O∴ = . 
To determine O(48): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

50 50 50

50 50 50 50

50 50

1 48 48, 48 48 48

48 48 48

2 48 48 46, ,16 48 15 48 20 28,

17 48 16 48 28 26, , 24 48 23 48 4 2,

2

48

485 48 4 48 2824 0 e

= + = = + = + =

= + = + = = + = + =

= + +

=

= = =



  

Thus 25(48) = e and n (a) ≠ e for n < 50. ( )48 25O∴ = . 
To determine O (49): 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

50 50 50

50 50 50 50

50 50 50 50

50 50 50

2 49 49 48, ,16 49 15 49 35 34,

17 49 16 49 34 33, , 26 49 2

1 49 49, 49

5 49 25 24,

27 49 26 49 24 2

49 49

49 49 49 49

49 49 49 49

49 49 4

3, ,38 49 37 49 13 12,

39 49 38 49 12 11, , 49 49 489 49

= + = = + = + =

= + = + = = + = + =

= + = + = = + = + =

= + = + = = +

= 







( ) ( )
50

50 50

49 2 1,

50 449 499 49 49 1 0 e

= + =

= + = + = =

 

Thus 50(49) = e and n(a) ≠ e for n < 50. ( )49 50O∴ = . 
The order of every element of the group {0, 1, 2, 3, …, 49}, the composition 

being addition modulo 50 in the following figure as follows: 
 

+50 
(na = e) 

1 2 … 5 … 10 … 25 … 50 

1 1 2 … 5 … 10 … 25 … 0 

2 2 4 … 10 … 20 … 0 × × 

3 3 6 … 15 … 30 … 25 … 0 

4 4 8 … 20 … 40 … 0 × × 

5 5 10 … 25 … 0 × × × × 

6 6 12 … 30 … 10 … 0 × × 

7 6 14 … 35 … 20 … 25 … 0 

8 8 16 … 40 … 30 … 0 × × 

9 9 18 … 45 … 40 … 25 … 0 

10 10 20 … 0 × × × × × × 

11 11 22 … 5 … 10 … 25 … 0 

12 12 24 … 10 … 20 … 0 × × 

13 13 26 … 15 … 30 … 25 … 0 

14 14 28 … 20 … 40 … 0 × × 

15 15 30 … 25 … 0 × × × × 

16 16 32 … 30 … 10 … 0 × × 

17 17 34 … 35 … 20 … 25 … 0 

18 18 36 … 40 … 30 … 0 × × 
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Continued 

19 19 38 … 45 … … … 25 … 0 

20 20 40 … 0 × × × × × × 

21 21 42 … 5 … 10 … 25 … 0 

22 22 44 … 10 … 20 … 0 × × 

23 23 46 … 15 … 30 … 25 … 0 

24 24 48 … 20 … 40 … 0 × × 

25 25 0 × × × × × × × × 

26 26 2 … 30 … 10 … 0 × × 

27 27 4 … 35 … 20 … 25 … 0 

28 28 6 … 40 … 30 … 0 × × 

29 29 8 … 45 … 40 … 25 … 0 

30 30 10 … 0 × × × × × × 

31 31 12 … 5 … 10 … 25 … 0 

32 32 14 … 10 … 20 … 0 × × 

33 33 16 … 15 … 30 … 25 … 0 

34 34 18 … 20 … 40 … 0 × × 

35 35 20 … 25 … 0 × × × × 

36 36 22 … 30 … 10 … 0 × × 

37 37 24 … 35 … 20 … 25 … 0 

38 38 26 … 40 … 30 … 0 × × 

39 39 28 … 45 … 40 …. 25 …. 0 

40 40 30 … 0 × × …. × …. × 

41 41 32 … 5 … 10 …. 25 …. 0 

42 42 34 … 10 … 20 …. 0 …. × 

43 43 36 … 15 … 30 …. 25 …. 0 

44 44 38 … 20 … 40 …. 0 …. × 

45 45 40 … 25 … 0 …. × …. × 

46 46 42 … 30 … 10 …. 0 …. × 

47 47 44 … 35 … 20 …. 25 …. 0 

48 48 46 … 40 … 30 …. 0 …. × 

49 49 48 … 45 … 40 …. 25 …. 0 

4.2. ([32]-[37]) Find the Order of Every Element in the  
Multiplication Group { }G a a a a a e2 3 4 50, , , , ,= =  

Solution: 
The identity element of the given group is ( )50 50a e o a= ⇒ = ( ) 50o a∴ = . 
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We know that ( )mo a
m
λ

= , where λ = l.c.m of m and n. 

To determine o(a2) 

Here, o(a50) = e, l.c.m of 50 and 2 is 50 ( ) ( )2 250 25 25
2

o a o a∴ = = ⇒ =  

To determine o(a3) 

Here, o(a50) = e, l.c.m of 50 and 3 is 150 ( ) ( )3 3150 50 50
3

o a o a∴ = = ⇒ =  

To determine o(a4) 

Here, o(a50) = e, l.c.m of 50 and 4 is 100 ( ) ( )4 4100 25 25
4

o a o a∴ = = ⇒ =  

To determine o(a5) 

Here, o(a50) = e, l.c.m of 50 and 5 is 50 ( ) ( )5 550 10 10
5

o a o a∴ = = ⇒ =  

To determine o(a6) 

Here, o(a50) = e, l.c.m of 50 and 6 is 150 ( ) ( )6 6150 25 25
6

o a o a∴ = = ⇒ =  

To determine o(a7) 

Here, o(a50) = e, l.c.m of 50 and 7 is 350 ( ) ( )7 7350 50 50
7

o a o a∴ = = ⇒ =  

To determine o(a8) 

Here, o(a50) = e, l.c.m of 50 and 8 is 200 ( ) ( )8 8200 50 25
8

o a o a∴ = = ⇒ =  

To determine o(a9) 

Here, o(a^50 )=e, l.c.m of 50 and 9 is 450 ( ) ( )9 9450 50 50
9

o a o a∴ = = ⇒ =  

To determine o(a10) 

Here, o(a50) = e, l.c.m of 50 and 10 is 50 ( ) ( )10 1050 5 5
10

o a o a∴ = = ⇒ =  

To determine o(a11) 

Here, o(a50) = e, l.c.m of 50 and 11 is 550 ( ) ( )11 11550 50 50
11

o a o a∴ = = ⇒ =  

To determine o(a12) 

Here, o(a50) = e, l.c.m of 50 and 12 is 300 ( ) ( )12 12300 25 25
12

o a o a∴ = = ⇒ =  

To determine o(a13) 

Here, o(a50) = e, l.c.m of 50 and 13 is 650 ( ) ( )13 13650 50 50
13

o a o a∴ = = ⇒ =  

To determine o(a14) 

Here, o(a50) = e, l.c.m of 50 and 14 is 350 ( ) ( )14 14350 25 25
14

o a o a∴ = = ⇒ =  

To determine o(a15) 

Here, o(a50) = e, l.c.m of 50 and 15 is 150 ( ) ( )15 15150 10 10
15

o a o a∴ = = ⇒ =  

To determine o(a16) 
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Here, o(a50) = e, l.c.m of 50 and 16 is 400 ( ) ( )16 16400 25 25
16

o a o a∴ = = ⇒ =  

To determine o(a17) 

Here, o(a50) = e, l.c.m of 50 and 17 is 850 ( ) ( )17 17850 50 50
17

o a o a∴ = = ⇒ =  

To determine o(a19) 

Here, o(a50) = e, l.c.m of 50 and 18 is 450 ( ) ( )18 18450 25 25
18

o a o a∴ = = ⇒ =  

To determine o(a19) 

Here, o(a50) = e, l.c.m of 50 and 19 is 950 ( ) ( )19 19950 50 50
19

o a o a∴ = = ⇒ =  

To determine o(a20) 

Here, o(a50) = e, l.c.m of 50 and 20 is 20 ( ) ( )20 20500 25 25
20

o a o a∴ = = ⇒ =  

To determine o(a21) 

Here, o(a50) = e, l.c.m of 50 and 21 is 1050 ( ) ( )21 211050 25 50
21

o a o a∴ = = ⇒ =  

To determine o(a22) 

Here, o(a50) = e, l.c.m of 50 and 22 is 550 ( ) ( )22 22150 25 25
22

o a o a∴ = = ⇒ =  

To determine o(a23) 

Here, o(a50) = e, l.c.m of 50 and 23 is 1150 ( ) ( )23 231150 50 50
23

o a o a∴ = = ⇒ =  

To determine o(a24) 

Here, o(a50) = e, l.c.m of 50 and 24 is 600 ( ) ( )24 24600 25 25
24

o a o a∴ = = ⇒ =  

To determine o(a25) 

Here, o(a50) = e, l.c.m of 50 and 25 is 50 ( ) ( )25 2550 2 2
25

o a o a∴ = = ⇒ =  

To determine o(a26) 

Here, o(a50) = e, l.c.m of 50 and 26 is 650 ( ) ( )26 26650 25 25
26

o a o a∴ = = ⇒ =  

To determine o(a27) 

Here, o(a50) = e, l.c.m of 50 and 27 is 1350 ( ) ( )27 271350 50 50
27

o a o a∴ = = ⇒ =  

To determine o(a28) 

Here, o(a50) = e, l.c.m of 50 and 28 is 700 ( ) ( )28 28700 25 25
28

o a o a∴ = = ⇒ =  

To determine o(a29) 

Here, o(a50) = e, l.c.m of 50 and 29 is 1450 ( ) ( )29 291450 50 50
29

o a o a∴ = = ⇒ =  

To determine o(a30) 

Here, o(a50) = e, l.c.m of 50 and 30 is 150 ( ) ( )30 25150 5 5
30

o a o a∴ = = ⇒ =  

To determine o(a31) 
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Here, o(a50) = e, l.c.m of 50 and 31 is 1550 ( ) ( )31 311550 50 50
31

o a o a∴ = = ⇒ =  

To determine o(a32) 

Here, o(a50) = e, l.c.m of 50 and 32 is 800 ( ) ( )32 32800 25 25
32

o a o a∴ = = ⇒ =  

To determine o(a33) 

Here, o(a50) = e, l.c.m of 50 and 33 is 1650 ( ) ( )33 331650 50 50
33

o a o a∴ = = ⇒ =  

To determine o(a34) 

Here, o(a50) = e, l.c.m of 50 and 34 is 850 ( ) ( )34 34850 25 25
34

o a o a∴ = = ⇒ =  

To determine o(a35) 

Here, o(a50) = e, l.c.m of 50 and 35 is 350 ( ) ( )35 351550 10 10
35

o a o a∴ = = ⇒ =  

To determine o(a36) 

Here, o(a50) = e, l.c.m of 50 and 36 is 900 ( ) ( )36 36900 25 25
36

o a o a∴ = = ⇒ =  

To determine o(a37) 

Here, o(a50) = e, l.c.m of 50 and 31 is 1850 ( ) ( )37 371850 50 50
37

o a o a∴ = = ⇒ =  

To determine o(a38) 

Here, o(a50) = e, l.c.m of 50 and 38 is 950 ( ) ( )38 38950 25 25
38

o a o a∴ = = ⇒ =  

To determine o(a39) 

Here, o(a50) = e, l.c.m of 50 and 39 is 1950 ( ) ( )39 391950 50 50
39

o a o a∴ = = ⇒ =  

To determine o(a40) 

Here, o(a50) = e, l.c.m of 50 and 40 is 200 ( ) ( )40 40200 5 5
40

o a o a∴ = = ⇒ =  

To determine o(a41) 

Here, o(a50) = e, l.c.m of 50 and 41 is 2050 ( ) ( )41 412050 50 50
41

o a o a∴ = = ⇒ =  

To determine o(a42) 

Here, o(a50) = e, l.c.m of 50 and 42 is 1050 ( ) ( )42 421050 25 5
42

o a o a∴ = = ⇒ =  

To determine o(a43) 

Here, o(a50) = e, l.c.m of 50 and 43 is 2150 ( ) ( )43 432150 50 50
43

o a o a∴ = = ⇒ =  

To determine o(a44) 

Here, o(a50) = e, l.c.m of 50 and 44 is 1100 ( ) ( )44 441100 25 25
44

o a o a∴ = = ⇒ =  

To determine o(a45) 

Here, o(a50) = e, l.c.m of 50 and 45 is 450 ( ) ( )45 45450 10 10
45

o a o a∴ = = ⇒ =  

To determine o(a46) 
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Here, o(a50) = e, l.c.m of 50 and 46 is 1150 ( ) ( )46 461150 25 25
46

o a o a∴ = = ⇒ =  

To determine o(a47) 

Here, o(a50) = e, l.c.m of 50 and 47 is 2350 ( ) ( )47 472350 50 50
47

o a o a∴ = = ⇒ =  

To determine o(a48) 

Here, o(a50) = e, l.c.m of 50 and 48 is 1200 ( ) ( )48 481200 25 25
48

o a o a∴ = = ⇒ =  

To determine o(a49) 

Here, o(a50) = e, l.c.m of 50 and 49 is 2450 ( ) ( )49 492450 50 50
49

o a o a∴ = = ⇒ =  

To determine o(a50) 

Here, o(a50) = e, l.c.m of 50 and 50 is 50 ( ) ( )50 5050 1 1
50

o a o a∴ = = ⇒ =  

Remarkable:  
1) The addition modulo m, denoted by +m on the set Z as follows:  

ma b r+ = , 0 r m≤ <  

where r is the least non-negative remainder when ordinary of (a + b) is divided 
by m; 

2) In order to find out the order of an element ma G∈  in which an = e = 
identity element, first find out least common multiple (i.e. (l.c.m)) = λ) of m and  

n. Then ( )mo a
m
λ

= . 

5. Conclusion 

We hope that this work will be useful for group theory related to order of ele-
ment of a group. Our result is the order of every element of a group in different 
types of the higher order group. This result has found extensive use in statistics, 
information theory and geometrics etc. Then all expected results in this paper 
will help us to understand better solution of complicated order. 
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