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Abstract

We demonstrate a possibility of computation of inelastic scattering cross-section in a multi-peripheral model by
application of the Laplace method to multidimensional integral over the domain of physical process. Founded
the constrained maximum point of scattering cross-section integral under condition of the energy-momentum
conservation. The integrand is substituted for an expression of Gaussian type in the neighborhood of this
point. It made possible to compute this integral numerically. The paper has two parts. The hunting procedure
of the constrained maximum point is considered and the properties of this maximum point are discussed in
the given part of the paper. It is shown that virtuality of all internal lines of the “comb” diagram reduced at
the constrained maximum point with energy growth. In the second part of the paper we give some the argu-
ments in favor of consideration of the mechanism of virtuality reduction as the mechanism of the total had-
ron scattering cross-section growth, which is not taken into account within the framework of Regge theory.

Keywords: Inelastic Scattering Cross-Section, Total Scattering Cross-Section, Laplace Method, Virtuality,
Multi-Peripheral Model, Regge Theory

1. Introduction with

Despite the fact the multi-peripheral model [1] has been 1= \/ (EPz )2 -(MM, )2 (2a)
used for description of hadron scattering for a long time,

formal difficulties, which appear in calculating of inelas- = |T (n. PPy Py BB B E, )| (2b)
tic scattering cross-section, in our opinion, are not over-
came until now. These difficulties are caused by the fact
that inelastic scattering cross-section with production of
a given number of secondary particles in the finite state
Figure 1 is described by the multidimensional integral of
scattering amplitude squared modulus over the phase Py

where M, and M, are the masses of colliding parti-

P, Py

volume of finite state: [ &
!
1 j‘ dp; dp, ﬁ dp, P,
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Figure 1. A general view of an inelastic scattering diagram.
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cles with four-momentums £ and P, ;
T(n,pl,pz,u-,pn,Pl,Pz,PpB‘) is scattering amplitude
corresponding to inelastic process shown in Figure 1;
6™ is a four-dimensional delta function describing the
conservation laws of energy and three momentum com-
ponents in this process. Here it is also assumed that par-
ticles with four-momentums P2 and P, are the same
sorts as B and P,, respectively, and n seconddary
particles with four-momentums p,,p,,---,p, are iden-
tical. Since scattering amplitude is, in general, not a
product of functions of some variables, and also due to
the complexity of integration domain, the multidimen-
sional integral in Equation (1) is not a product of small-
er-dimensional ones. In considered inelastic process this
domain of phase space of finite state particles is deter-
mined by the energy-momentum conservation law. As a
result, the integration limits for one variable depend on
the values of others. In order to overcome these difficult-
ties one usually deals with the multi-Regge kinematics
[2-10].

In our approach we will adopt well-known Laplace
method [11] for scattering amplitude, which represented
by set of multi-peripheral diagrams Figure 2 within the
framework of the perturbation theory in order to over-
come these difficulties. The essence of this method con-
sists in finding the constrained maximum point of scat-
tering amplitude squared modulus in Equation (1) under
four conditions imposed by &“ -function of Equation
(1). Then, expressing the scattering amplitude squared

modulus as |T|2 = exp(ln(|T|2 )) , it is possible to expand

the exponent in Taylor series in the neighborhood of
constrained maximum point, coming to nothing more
than quadratic items. After that we obtain Gaussian inte-
gral, whose calculation is reduced to computation of ma-
trix determinant of second derivatives with respect to
1n(|T |2) Now let us consider solution of the listed
above problems step by step.

—
nhH—
—h,
P, P,

Figure 2. An elementary inelastic scattering diagram in the
multi-peripheral model (“the comb”).
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2. Consideration of the Scattering Amplitude
Symmetry Properties

At first we examine some simplifications, which is pos-
sible to make before hunting for the solution of con-
strained maximum problem. According to Feynman dia-
gram technique, the expression for scattering amplitude,
which corresponds to a diagram Figure 2 has form:

T(”,Ppopppzn”'oPnnR,Pz)

n+l

= (—ig(Zn)4 )2 ><(—i/1(2n)4 )n - T 3)
(2n)
XA(n9P35Et’pl$p25“"pn’R’PZ)’
with
A(’/l)P}’Pzpp19p2’.”’pn’P1’P2)
_ 1
m* —(R-PR) —ic
1
X 2
m* —(B-P—p,) —ie
- | . )
m* ~(R-P—-p —p,) ~i¢
1
x— 2.
m* (B =P =p —p,—=p,,) —i¢
1
x 3 2
m _(PI_P3_pl_pz_'“_pnfl_pn) —le

where g is a coupling constant in the outermost verti-
ces of the diagram; A is a coupling constant in all other
vertices; m is the mass of virtual particle field and also
secondary particles. As in the original version of multi-
peripheral model [1], pions are taken both as virtual and
secondary particles. It was assumed that the particle
masses with four-momentums £, P, B, P, are
equal, ie, M,=M,=M,=M,=M . The proton mass
was taken as M. Note that the concrete choice of nu-
merical value of mass M has no importance for the re-
sults presented in the paper.

As it was noted in [2], for the most ratios of particle
masses in the initial and final state, the virtual particles
four-momentums on the diagram of Figure 2 are space-
like, i.e., their scalar squares are negative in Minkowski
space. The negativity of scalar squares of virtual four-
momentums at the given mass configuration
M, =M,=M,=M,=M is easy to prove (see Appen-
dix A).

Since the virtual particle squared four-mometum
(R-R). (R-P-p) . (R-B-p-p,—-p,)
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are negative at the physical values of four-momentums
of particles in the finite state, denominators in Equation
(1) do not equal to zero nowhere in the physical region.
Therefore it is possible to reduce ie to zero before all
calculations.

Due to negativity of virtual particle squared four-
momentums the magnitude Equation (4) is real and
positive. Therefore the search of the constrained maxi-
mum point of scattering amplitude squared modulus
reduces to the search of the constrained maximum point
of function Equation (4). Hereinafter we’ll refer the
expression Equation (4) as well as Equation (3), which
differs from it by constant factor, as scattering ampli-
tude, for short.

Let us examine Equation (4) in c.m.s. of colliding par-
ticles £ and P . In such a frame of reference the ini-
tial and finite states have some symmetry, which is pos-
sible to use for solving the constrained maximum prob-
lem. In particular, the consideration of symmetries makes
it possible to reduce the search of the constrained maxi-
mum of scattering amplitude to the search of the maxi-
mum of its restriction on a certain subset of physical
process domain shown in Figure 2. This restriction is the
function of substantially smaller number of independent
variables than the initial amplitude.

For the further discussion of these symmetries and re-
lated simplifications, it would be convenient at first to
take into account the conservation laws, expressing the
scattering amplitude as a function of independent vari-
ables only. After decomposition of the three-dimensional
particle momentums in c.m.s. frame to components,
which are parallel p,, and orthogonal &, to collision
axis, and lets name them longitudinal and transversal
momentums, respectively.

Energy of each particles in the finite state can be ex-
pressed by their momentum using the mass shell condi-
tions, having n+2 particles in finite state Figure 2,
that give us 3(n+2) momentum components of these
particles. Since we are looking for a constrained extre-
mum, it is necessary to take into account four relations,
which express an energy-momentum conservation law. It
will result in the fact that amplitude Equation (4) can be
represented as a function of 3n+2 independent vari-
ables. The first 3n variables we choose are longitudinal
and transverse components of momentums p,, p,,**, p,
of particles produced along the “comb* in Figure 2. The
other two variables are the transverse components of
momentum P, .

If z-axis coincides with momentum direction P, in
c.m.s. and x and y axes are the coordinate axes in the
plane of transverse momentums, the conservation laws
look like

Copyright © 2011 SciRes.

Py + P, :\/;_(plo + Dy +"'+pno)
B+ 8 :_(Plu TPy +"'+Pnu)
P, = _(Pux R 2T +])3Lx)

I)4Ly = _(plLy +p2Ly +”'+any +])4Ly)

©)

with

s=(R+R)

2

Pro = \/m2 +(Pk\|)2 +(Pise )2 +(pku)
Py = \/M2 +(Psm )2 +(P., )2 +<1)3Ly )2

Po= M +(B,) +(PL) +(R.,)

Let’s enter the following denotations:

(6)

E, E*/__(plo+pzo+"'+pno)
g, _(PI\\+1’2\\+"'+PnH)
pr _(pllx+p2Lx+.”+pnlx)

Ppy _(plLy+p2Ly+m+p’”--V)

)

Then solving the system Equation (5) for the unknown
Py, By, B, B, ,wehave:

2
£ 4(m2+(Py Y )E,
By =—-| R, T E,1- 2
2E,| 7T E
(3)
£ 4(M (P ) )E,
where
Ppl = (PPX’ Ppy) (93)
2 2 2
E,=E.-P,-P} -2(P,-P,) (9b)
2 2
E, :(Ep _Fﬂp) (9¢)

We will discuss the choice of sign in Equation (8) fur-
ther in the paper. Note that the value of B will not
change, if we change the signs of all transversal momen-
tums in Equation (8) simultaneously.

Substituting P from Equation (8) to Equation (6),
and resulting P, from Equation (6) into Equation (4),
give us the scattering amplitude as a function of inde-
pendent variables, for which the conversation laws of all
components of energy-momentum four-vector are taken
into account. Below, referring to Equation (4), we as-
sume that these substitutions have already been done.
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Taking into account this fact, we can define the ampli-
tude Equation (4) as

A(n, Piis P Passess p»u_’pnppz”s-"’pnn) (10)

enumerating only independent variables in the argument
list. When the scattering amplitude will be expressed in
terms of independent variables only, it is possible to find
the ordinary extremum, but not constrained extremum.

Now let us examine symmetries of the scattering am-
plitude in c.m.s. Obviously, the system has a symmetry
under rotations around the collision axis, it means that
there is no preferred direction in the plane orthogonal to
collision axis. Hence, if the scattering amplitude has the
constrained maximum point, it must be achieved at zero
values of the particle momentums components in finite
state transversal to collision axis. Otherwise these mo-
mentums must be somehow directed in the plane of
transversal momentums, while all directions are equiva-
lent in this plane.

To show more formally previous conclusion we use an
explicit form of amplitude Equation (4), which trans-
forms to itself, when the signs in front of all transversal
momentums are changed:

A(}’l, P}J_’ pu_; pZJ_s"" an.7p1H’p2H"“’an) (11)
:A(n’_Pw_pu_’_puv"w_pm_vplu’pzuv-wpnu)

Take derivative from Equation (11) with respect to
any of transversal momentum arguments and after that
assuming all transversal momentums equal to zero, we
obtain that all partial derivatives with respect to trans-
verse momentum arguments are equal to zero if this ar-
guments are equal to zero.

Thus, for the further search of the constrained maxi-
mum we can limit ourselves to reduction of the scattering
amplitude on a subset of the values of its independent
arguments, which corresponds to zero values of trans-
versal momentums of all particles in finite state. This
reduction is a function of longitudinal components of
momentum  py, p, .-+, p,, Which we designate as
4, (n,le,pZH,- -, p, ) and from Equation (4) we get:

4 (n’ Dy Py Py )

= (mz _(PIO -B, )2 +(Pl|| _P}H )2 )7 x!jl(mz _0512 +ﬂ12 )_1

(12)
where
!
Q =P10_P30_Zpk0 (13a)
k=1
!
B = Pm _P3H _zpku (13b)
k=1
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Pro =M +(pkH )2 (13¢)
Py =yM*+(P,) (13d)

At the same time, assuming that all transversal mo-
mentums equal to zero, we have from Equation (8):

1
By :5
(14)
1 B AM*
A S TN TS,

Moreover, we have in c.m.s. B, = \/E/Z and

B, = \Js/4—M? , where s is determined in Equation (6).

For the further analysis it is convenient to switch from
longitudinal momentums of secondary particles to rapid-
ities y, , defined by following relation:

Py =m-sh(y,), k=1,2,-n. (15)

The function 4, can be written as
4‘(n,ylH,yZH,-~~,ynH). The initial state in c.m.s is sym-
metric with respect to changes in positive direction of
collision axis. In addition, those type of diagrams of pre-
sented in Figure 2 have an axis of symmetry shown in
Figure 3 for the case of even number Figure 3(a) and
for the case of odd number Figure 3(b) of secondary
particles.

From the explicit expression for amplitude Equation
(12) can be shown that this expression will transform to
itself, if we place instead the rapidity of every particle,
the rapidity of particle symmetrically arrangement along
the axis of symmetry Figure 3 and at the same time
change the rapidity sign. Other words, if we change the
variables for even number of particles

N7V Vs 27V _yﬁ_H’

2 2 (16)
Vu, 7 TVus V0 2N

2 2

the expression of restriction amplitude
4 (n,y,H,yzu,---,ynH) will transform to itself. In case of
odd number of particles the transformation similar to
Equation (16), but instead of the rapidity Y(nty2per
which forms the axis of symmetry in Figure 3, must be
substituted “Y((-ty2)er into the expression for the am-
plitude. The examined features of function
4 (n,y,H,yzu,---,ynH) can be expressed in the following
symmetry relations for even number n of secondary
particles:

JMP



1484

I. SHARF ET AL.
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Figure 3. An elementary inelastic scattering diagram in the multi-peripheral model with even (a) and with odd (b) number of
particles on the “comb” and it symmetry axis.

4[n,ypyz,“'ay,,,ynﬂ»'“,ynJ = A(U,—yn,—yn1,"',—}/”“,—)’,,,'“,—)/1} (17)
2 2 2 2

and for odd number of secondary particles 7, respectively

_ynfl ’_ynfl ’_ynflﬂu
—+2 —+1 —
2 2 2

'a_yza_)ﬁj (18)

A"{”»)’n)’zf‘ynl,yn1+1,)/nl+2»”'ayn1:)’;1J:An(”»_yn»_yn1:“'7

2 2

Proof of symmetry relations Equation (17) is given in Now let us switch to new variables for even number of

Appendix B. n.
n+y Y+ Yty Y
+ - 71 noyt =22 nl oyt =2k ksl o 2 2
1 2 :yz 2 > ’yk 2 s ﬂyg 2
by (19)
R e T e TS S
N 5 > V2 > > Vi > > :yg 5
and for odd number of n
ynfl ynfl
yl-i-:y1+yn’ ;:y2+yn71 o, ;:yk+yn7k+1 9"',y;,1: 2 TJr ’y;LI :yn71
2 2 2 > 2 TH Tl
by (20)
n-1 n-1
R Bt ST e e U | S o 0t L SR T
by > s V2 5 > Ve > ) ».VT_1 - 5
In these variables, the symmetry relation Equation (17) becomes
4, (n,yf,yLw,yZ,yl,yz,w,yn l,ynJ=4 (n,—yf,—y;'--,—yi,yl,yz,--‘,y,, I,y,,j 21
2 2 2 2 2 2
and relation Equation (18) becomes
A1|£n»y1+>y2+a"'sy:rzl’y::lﬂayl’yza""ynlJ:A1(ns_yr’_y;"'U_y;l>_y:ryl+lsy1»yzs"'synlJ (22)
2 2 2 2 2 2
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Computing step by step the partial derivative of func-
tion Equation (21) with respect to variables y,", y;, -,
V., » We obtain

'»y;aylﬂyza'"’yn]synJ

2 2 2

0 + L+
gf‘% (”a)’l s Yyt

' (23)
S 4(!1 RN CEEELIC APS VI DRI y]
RPN | s T V1 s T Voot s T Vo Vi o Vst s Yy s Vg,

Wy 2 P

where k=1,2,---,n/2.

It follows from relation Equation (23) for zero values
of y, the derivatives of the function

Aﬂ(nayray;a"':y;/2>y;’y;>'"9y(r;/2)—19y;/2)

vanish. In the same way it can be shown that in case of
odd number n of particles that for zero values of y,
the derivatives of scattering amplitude

Aﬂ (n,yr,y;,'",y&n,l)/2+l),yf,yg,'"»y(:,,l)/z)

also vanishes.

This shows that for the extremum search we can con-
sider a further reduction of the scattering amplitude on a
subset of zero values of variables y, . By virtue of Equ-
ations (20)-(21) on this subset we have y, =y, ,
k=1, 2,--~,(n—1)/2 ateven n and y, =y,,
k=1, 2,---,n/2 at odd n. Designating this reduction as
A, we obtain ateven n:

A()(naylayZ:"'ayn/z):

(24)
Aﬂ (”s)ﬁaJ’z»"’aJ’(n/z),l,yn/zo_Y(n/z),p'"»_Yp_J’l)

and at odd n
Ao(nsyl’yZ’.“’y(n—l)/Z):

4 (n,yl,yz,- Xty T 0, _y((n—l)/2)+1’_y((n—l)/Z)’_yl)
(25)

If we now examine the formula Equation (12) on sub-
set, where reduction 4, is considered, we will have
P, =0 by virtue of Equation (7). And therefore instead
of Equation (14) we have the following expressions:

E 4M* -E 4M*
B :7,, 1 ( )zstw 2,, 1- P )2 (26)
P 14
or
-E aM? E aM?
3 = 2,, 7By 7p 1- 2 @7
(£,) (£,)

Let us take into account that if we decompose all sca-
lar square terms in denominators of Equation (4) they
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will include the following difference

B - P, =+/s/4-M* - P, and negative Equation (27),
chosen as the P in the end will give us greater value

in the denominator than in the choice of Equation (26).
Therefore it is naturally to suppose that the main contri-
bution to cross-section Equation (1) gives the range of
constrained maximum point determined by the scattering
amplitude, where P and P, are given by Equation

(26), but not by Equation (27). Hence, considering the
expression Equations (24) and (25) for the reduction of the
scattering amplitude at zero transverse momentum region,
and performing further transformations, we assume that

P and related with it B, = MQ—(P3H)2 are ex-

pressed in terms of the longitudinal momenta of secon-
dary particles by the relation Equation (26).

After we move on to the appropriate amplitude reduc-
tion A, both in case of diagrams with even and odd
number of particles we obtain function of particles rapid-
ities located above the axis of symmetry in the diagram.
The considered features of symmetry make it possible to
simplify the energy parametrization of virtual particles,
to which correspond the transversal lines located above
axis of symmetry of diagrams in Figure 3.

Applying symmetry relation and conversation of en-
ergy, it follows that on subset, on which the considered
amplitude reduction 4, is defined, the energy corre-
sponding to the line connecting n/2 and n/2+1 ver-
tices of the diagram in Figure 2 is equal to zero in case
of even number of particles at any values of independent
variables (on which A4, depends). Similarly, for an odd
number of particles the energy transferred along the line,
which joins (n-1)/2 and (n-1)/2+1 vertices, is
equal to m/2. The corresponding proof is given in Ap-
pendix C.

Taking into account these results, reduction of 4, for
the diagram in Figure 2 with even number of particles
can be written in the form, which is convenient for the
further numerical and analytical calculations:

P -2

5
Aﬂ{n’ylayz""’ynjz mz_ ZEk +(SM)2

2 k=1

-
=
+
%)
<
|
Mz
S
—
1
—
)
o0
N

JMP



1486 I. SHARF ET AL.

where
Sy =+s/4-M> P, (29a)
E =m-ch(y,) (29b)
Py = m~sh(yk) (29¢)

The similar expression in case of odd number of parti-
cles in comb looks like:

Y N
m & 2
Ao[ngylayzs"'9yn—1J: mz_ _+ZE/£ +(SM)
= o=
nt ISR 22
2 5 m & il
xH m-— —+ZEk + SM—ZpkH
j=2 2 5 k=1
n—1 2 -
mY &
X mz—(—) + SM—ZpkH
2 k=1
(30)

As it follows from Equations (28)-(30), it is conven-
ient for the further calculations to make all quantities
dimensionless by mass m . In dimensionless form, these
relations were used for numerical and analytical solution
of the extremum for the reduction of the scattering am-
plitude 4, .

3. Numerical Solving the Constrained
Maximum Problem for Multi-Peripheral
Scattering Amplitude Squared Module

Numerical solution of the constrained extremum problem
was done using Mathcad 2001 [12,13]. As it was shown
in the previous section, since scattering amplitude corre-
sponding to Figure 2 is real and positive, we can search
for amplitude maximum instead the maximum of ampli-
tude squared module. For cases of low values of secon-
dary particles n we search not for the maximum of
reduction 4, but for the maximum of total amplitude
A defined by Equation (4) with allowance for Equation
(14) with the choice of positive sign in the front of P
(in order to transform this expression to Equation (26),
when the symmetry properties will be taken into ac-
count). These calculations are numerical verification of
validity of the discussed above simplifications related to
the symmetry properties. A typical result of such calcu-
lation for the case of n =12 and energy Js =55 Gev
using Maximize function of Mathcad 2001 is shown in
Table 1. As it follows from Table 1, the numerical

Copyright © 2011 SciRes.

Table 1. A typical output of numerical computation of the
maximum point of scattering amplitude corresponding to
the diagram presented in Figure 2.

index y Px Py Pax Psy
1 3.33917 0 0 0 0
2 2.75454 0 0 - -
3 2.15274 0 0 - -
4 1.54160 0 0 - -
5 0.92590 0 0 - -
6 0.30901 0 0 - -
7 —0.30901 0 0 - -
8 —0.92590 0 0 - -
9 —1.54160 0 0 - -
10 —2.15274 0 0 - -
11 —2.75454 0 0 - -
12 —3.33917 0 0 - -

computation confirms above conclusion that all the trans-
verse momentums must vanish at the maximum point.
Note also that the set of rapidities corresponding to the
maximum point in Table 1, which are determined by
numerical computation, confirms conclusion that the dia-
grams centered at the axis of symmetry have mutually
opposite values in the point of rapidity extremum. Simi-
lar results were obtained for different numbers of parti-
cles n and energies Js .

Now let us examine properties of the constrained
maximum point following from the results of numerical
computations. Some typical results are shown on Figure
5 and corresponding to it Table 2.

The column y in Figure 5 contains the rapidities of
particles obtained using Maximize procedure (Mathcad)
for which scattering amplitude A4, defined by Equation
(28) in the case of even number particles and by Equa-
tion (30) in the case of odd number particles has maxi-
mum reduction. Moreover, note that the order of num-
bers in the columns match to the order of arguments in
the corresponding function.

For instance, in Figure 4 at n =30 the reduction de-
termined by Equation (28) is the function of 15-teen va-
riables A4, (n=15,y,,y,,--,y5) corresponding to the
particles rapidities joined to the upper 15-en vertices of
the diagram in Figure 2. The column shown in Table 2
contains fifteen numbers, in which the function
A, (n=15,,,9,,-+,»5s) has a maximum and at the
same time the first number in the column is the value of
¥, » the second number is the value of y, etc.

As it is apparent from Figure 4, there is an interesting
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in

—=— n=30; Vs=60 GeV
@ n=17; Vs=45 GeV

25

2.0

1.5

1.0

0.5

I!IIIIIIIIIlIIIIIlI\IIIIIIIII‘IIIIIlI\IIIlI

l[IIIIIIIIIIIIIIIIITIIIIII|II‘lllllll\llllll

0.0

-
w
o
~
©
-
>
-
@
-
o

Figure 4. Rapidity dependence on vertex number in the
diagram Figure 2 at the constrained maximum point.
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5 =
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1.4 4
Ay F n=10 .
1.2 ------n=20 =
10 7 3
r —n=40 7
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061 e
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= _——
02 =
0.0 | |/|'|VV|‘|T|(' |v Ll | 1 ||1||rF
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(b)
Figure 5. The dependence of rapidity step Ay of an arith-
metic progression, which constrainedly maximizing the

scattering amplitude, on energy Js for the different num-
bers n of particles on “the comb”. At high energies this de-
pendence become logarithmic.
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Table 2. Resulting rapidities obtained using Maximize pro-
cedure (Mathcad) for which scattering amplitude A, de-
fined by Equation (28) in the case of even number particles
and by Equation (30) in the case of odd number particles
has maximum reduction. The column Ay contains a differ-
ence between every column element and the successor of
this column. The last column contains ratios Y,/y;s, K =
1,2, -, 15 and yi/ys, k=1,2, -, 8.

Figure 4,n=30 /s =60 GeV

index Y AY =Yi = Yis1 YilY1s
1 3.475 0.2461 29.07
2 3.229 0.2417 27.01
3 2.987 0.2399 24.99
4 2.747 0.2392 22.98
5 2.508 0.2389 20.98
6 2.269 0.2387 18.98
7 2.03 0.2387 16.98
8 1.792 0.2387 14.99
9 1.553 0.2387 12.99
10 1.314 0.2388 10.99
11 1.075 0.2389 8.997
12 0.8365 0.2389 6.998
13 0.5976 0.239 4.999
14 0.3586 0.2391 3
15 0.1195 - 1

Figure4,n=17 s =45GeV

index Y Ay =Yk — Yk YidYs
1 3.207 0.3929 7.951
2 2.814 0.3972 6.977
3 2.416 0.4016 5.992
4 2.015 0.4017 4.996
5 1.613 0.4061 4
6 1.207 0.3392 2.993
7 0.8079 0.4046 2.003
8 0.4033 - 1

feature, which consists in the fact that the maximizing
rapidities in the case of even 7n and in the case of odd
n, are approximately equal to the numbers producing
arithmetic progression. It is confirmed by the presented
dependences in Figure 5. Ay values are approximately
equal to each other (see Table 2).
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In addition, the proximity of the sequence of Y,
column elements to an arithmetic progression follows
also from calculations of Y, /y, and Y,/y,s columns,
which are constructed by the following principle. If we
assume that Yy, form an arithmetic progression with
difference Ay , in the case of even N we obtain
Yo2s1 = Yaa —AY. On the other hand, from symmetry
relations obtained in Section 2 we have VY, ., ==Y, -
From these two relations we obtain Y,,, = Ay/2. Then
Yoso1 = Yo +AY =3Ay/2=3y,, and in the similar
manner Y,, , = Y,, +2Ay =5Ay/2 =5y, ,, etc. Hence,
in case of the diagram with even n the rapidity ratios
Yoist/ Yo s Yarea/ Yoz > s Yi/ Yo, must form the se-
quence of odd whole numbers. The columns Y, /Y, and
Y./Y,s contains these ratios constructed by the column
elements Yy, obtained with the help of Maximize func-
tion [12]. As seen from Table 2, the column elements
Y./Ys and Y, /y,s are really close to odd numbers.

In case of odd n with allowance for Yin-1y241 =0
we have
yn;1 = yn;1+1 +Ay = Ay
2 2 (31)
qu_l = qu +Ay =2Ay
2 2

Then the ratios Y, 5/ Yo 1 y(n—l)/2—1/yn—l/2 >
Yino1y2-2 / Yo12» must produce the sequence of whole
numbers 1, 2, ---. And Table 1, where columns yk/y8
and Yy, /y,; consist of such ratios, shows that these
ratios are really close to the corresponding whole num-
bers. The similar results are obtained for different num-
bers of particles n and energies Js .

The analytic form of arithmetic progression at any n
and /s will be considered in more detail below the
text, when we will given an analytical solution of the
extremum problem for reductions Equations (28) and
(30).

Moreover, the results of numerical computations con-
firm the well-known multi-peripheral model assumption
about particle rapidity ordering, because at the maximum
point the particle rapidities monotone increase at move-
ment upward along the diagram in Figure 2.

Besides of these results numerical computation allows
to trace several other properties of the extremum point.
In particular, if the rapidities in the maximum point form
an arithmetic progression, the question arises, how the
difference Ay of this arithmetic progression depends
on the energy Vs and the number of particles n? Re-
sult of numerical computation of the dependence of dif-
ference of an arithmetic progression Ay on Js at
different numbers of particles on the “comb” Figure 2
are shown in Figure 5. At the same time the arithmetical
average of column elements Ay (the similar to shown
in Table 2) was used as the value of Ay .
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As it’s obvious from Figure 5, the Ay is a mono-
tonically increasing function of energy Js for a fixed
number n of particles. At the same time the depend-

ence Ay =(«/§,n =Const) has some energy threshold.

It is obvious, that at given n such dependence makes
sense only at

Js = nm+2M (32)

(where Js is not dimensionless by m), that corre-
sponds to the total rest energy of particle in finite state.
Note that function Ay(\/g ) reaches asymptotic quite
quickly. Since Figure 5 has a logarithmic scale on the
energy axis, its seen that this asymptotic behavior is
characterized by the linear dependence on logarithm of
energy normalized to 1 GeV.

Output computation of the dependence of difference of
an arithmetic progression Ay on the number of parti-
cles for set of energies «/g =10 GeV, 100 GeV, 1000
GeV is presented in Figure 6. From Figure 6 (where
dependences Ay(n) are given in linear and logarithmic
scales) it is evident that, when n is small in comparison
with the boundary value determined by Equation (32),
this dependence is close to inversely. In particular, if we
examine In(Ay) as a function of In(n), it is possible
to calculate corresponding difference of an arithmetic
progressions for the given energy (they are marked as
Ay,,Ay,, -, Ay, in Figure 8). As it follows from Table
3, ratios

ln(ij )—1n(Ay2)

ln(nj )—ln(2)
where j=1,2,---,k are close to (—1), which suggests
that if we fix \/g and examine N < (\/g—ZM )/m , that

(33)

is much smaller value than the maximum allowable by
Table 3. The difference of rapidity Ay from Figure 6. From
these results it is evident that the dependence is close to
inverse proportion.

NS

10GeV 100GeV  1TeV
% ~1.009 -1.005 -1.002
% -1.011 -1.006  —1.003
% -1.057 -1.011 -1.002
% -1.203 -1.02 -1.009
% -1.82 -1.029  -1.012

JMP



I. SHARF ET AL. 1489

\III\‘IIIIIlHIllllHll‘Il\Hlllll\‘ll 5‘7\1\\Illlll\‘lllll‘ll\II|\I\II|IIIH|\I_

I3 T i 8 il ]

s B —o—s=10Gev | o % —G—V5=10GeV
< 61~ -0-V8=100GeV —{ < . -0-5=100GeV |
H A5 =1000 GeV - -5 = 1000 GeV

K ] 1 =

lo: 4 - ]
e _] o B, ]
[ B ~oL_ A
LA i To-l g
Fr - 01— —
2oA — L ]

L 1 001 =
o -] o b ]
v b b B T Trn Ty RRETI ARRRRL ARTERY ARRET] RRRRTA RRRRTRLT!

0 10 20 30 40 50 60 0 10 20 30 40 50 60

n n

Figure 6. Dependence of difference Ay in an arithmetic pro-
ession, which constrainedly maximizing the inelastic scat-
tering amplitude for the different number of particles n on

the “comb” at the fixed energies Js: 10 GeV, 100 GeV
and 1000 GeV.

law of conservation of energy for a given value s,
then we have Ay ~n"'.

More specific information about the dependence

Ay = (n,\/g ) can be obtained from analytical solution of

the constrained extremum problem for scattering ampli-
tude, which will be considered in the next section.

However, the greatest interest is the dependence of the
absolute values of virtualities on energy (i.e. the virtual
particle squared four-momentums corresponding to the
diagram in Figure 2, calculated at values of real particle
four-momentums for which the scattering amplitude has
a constrained maximum). Discussion of this problem
leads us to possible mechanism of inelastic scattering
cross-section growth with energy.

Let us designate the virtual particle four-momentums
according to Figure 2:

K =R-PBk)=R-P—p,
, 4 34)
k(f) :Pl _P3 _zpls'"
1=1
The numbers of four-momentums are taken in brackets
to distinguish them from the four-momentum compo-
nents notation. For example, notation £“° denotes
zero component of contra variant four-vector &* .
As was noted above, all the quantities were made di-
mensionless by the mass m before calculations, there-
fore we introduce the notation

) — k'

m

q (35)

At the same time the magnitude A, which is deter-
mined by Equation (4) and coincident with scattering
amplitude accurate within constant, can be written in

Copyright © 2011 SciRes.

dimensionless form like:
n+l -1
A :H(1+‘(q(j) )ZD (36)
Jj=1

From numerical computation we know particles four-
momentums in finite state, for which function A has
constrained maximum. Therefore, with help of relations
Equations (34) and (35) we can calculate four-momen-
tums ¢ and whereupon calculate the corresponding
dimensionless virtualities. Results of such calculation
presented on Figures 7 and 9.

L B H L s S B B S B S B B s s e s e |
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Figure 7. The virtuality variation along “the comb”. (a)
shows particles virtuality dependence on vertex number on
diagram Figure 2, for even number of particles (n = 20).
Only the upper half of the diagram was considered, because
as it follows from symmetry relations, discussed in Section 2,
virtualities at the maximum point on the lines symmetrical
to symmetry axis are equal. This also evident from (a),
which shows the virtuality variation along the whole “the
comb” for odd number of particles (n = 7).
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Figure 8. Comparison of the results of the numerical solu-
tion of Equation (74) (solid line) with the results of numeri-

cal maximization (circles) of the magnitude Ay:(n,x/g )

at n = 20 for the different energy ranges, GeV: 5 + 16000
(8(a)); 5 + 2000 (8(b)); 5 + 200 (8(c)). Here, it is taken into

account that Ay = (n,\/g) =2Y,,-
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Figure 9. Variation of the modulus of virtuality on energy
for n = 20 at different energies.

As it well known, that there is reference frame where
the particle energy vanishes [11] for particles with nega-
tive virtuality. Such a reference frame is called the stan-
dard reference system according to terminology of [11].
Obviously that the particle momentum in the standard
reference system has the smallest possible value of all
inertial frames of reference, and this smallest value is
defined by particle’s virtuality.

Taking into account the Heisenberg uncertainty prin-
ciple, we find that the virtuality characterizes a size of
the domain, in which a particle can be detected with high
accuracy, if the measurements were made in the standard
reference system of this particle. At the same time, the
more particle‘s virtuality, the smaller this size. Thus, the
virtuality of particles makes it possible to judge the spa-
tial extension of those domains, where inelastic proc-
esses take place described by the diagrams of type Fig-
ure 2. These space domains form the virtual “coats” of
colliding particles, therefore these spatial extensions de-
fine typical sizes of colliding particles £, and P, see
Figure 2. From Figure 7 it is evident that virtualities
increase with movement from the diagram edges to its
center. This is easy to explain, because all the virtualities
are negative and therefore

2 2 2 2
(k") =(B=P) =(R=By) =(P.) <0 (37
Taking into account that transversal components of

momentum are equal to zero at the maximum point, we
have:

(PIH _P3H )2 > (PIO _Pso) (38)

According to the law of conservation of energy we
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have P < B’. At the same time

i :VM2 +(Plu)2
P :\]MZJF(PM\)Z ;

therefore (P3H )2 <(PIH )2. Since both these expressions

and

are positive, we have P, < B, . Therefore due to positiv-
ity of expressions in brackets, we obtain from Equation
(38):

B, -P

1) 3| > PIO _on' (39)

However, when we move from k" to £®, we sub-
tract ch(y,) from the lower side P°-P’ and sh(y,)
from the higher side F — B . Consequently, the differ-
ence of these quantities increases, and so naturally to
expect that the difference of squares, i.e., virtuality
(k®)?, increases too Figure 7. Turning to each subse-
quent virtuality, we will subtract a hyperbolic cosine of
corresponding rapidity from the energy and subtract a
hyperbolic sine of the same rapidity from the longitude-
nal momentum. The difference between the longitudinal
momentum and the energy will increase, which explains
the increase in the differences of their squares, i.e. virtu-
alities.

Behavior of virtuality at the maximum point for dif-
ferent energies is shown in Figure 9. From the results in
Figure 9, it follows that at the maximum point the virtu-
ality monotone decreases with the energy growth. As it is
evident from Equation (36), that the decrease of the vir-
tuality should lead to amplitude increasing with energy at
the maximum point, and for reasons outlined in Section 1
this should lead to increase of partial cross sections with
energy Js growth. Such an effect is a consequence of
rapidity increasing at the maximum point, and therefore
in principle cannot be taken into account within frame-
work of multi-Regge kinematics [7,9,10,14] due to the
fact that this dependence is neglected in the integrand of
Equation (1).

Further, in the second part of our paper we will discuss
the question of whether the amplitude growth can lead to
growth in cross-section o, calculated by Laplace me-
thod and in total scattering cross-section o, -
4. Analytical Solution of the Constrained

Extremum Problem for Inelastic

Scattering Amplitude at the

Approximation of Equal-Denominators

We first consider in more detail the case of even number

of particles # in the diagram of Figure 2. The scattering
amplitude reduction 4,(n,y,,¥,,"**,»,,) defined by
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Equation (28) undimensioned by mass m takes a form:

Ao(n:ypyz’“'ayn/z)

5 -2

n

=|1- kzz_‘;ch(yk) +(Pm_Psn)2

2\!

3 (40)
| 14| By =By = sh(y,)
k=1

) -2

n

2

Senin)| +[A-n

k=j

Sani)]

k

xﬁ 1-
=2

Here B =.s/4-M’ and instead of /s and M

we use their dimensionless by mass m values. Since we
search for the constrained extremum, under condition of
energy-momentum conservation, it is assumed that P,
is described by Equation (26), in which again all values
are undimensioned by mass m . In particular, taking into
account the symmetry relation, normalization and the
introduction of rapidity (see Equation (15)), we obtain
for E, instead Equation (7):

%
E, =f—220h(yk) (41)
=1
For further calculations we use the following denota-

tion

E= (42)

N

ch(yk) and AP:PIH _P3\|

=
’\_\‘

Note that due to Equations (26), (41) and (42) quantity
AP depends on rapidity as the composite function of E,
which is denoted as AP(E) and the first term of Equa-
tion (40) depends on rapidity only via E .

Instead of looking for the maximum of function
A4, (n,yl,yz,---,yn/z) we can look for the maximum of
its logarithm, which we define as L :

L:—21n(1—E2+(AP(E))2)

—2jizln - kzz:jch(yk) {AP(E)—Zsh(yk))

2

sh(yk)

1

~In| 1+| AP(E)~-

n
2
k=

43)
In addition, we make following denotation:
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2

Z, =1+ AP(E)—kZz:]sh(yk)

—+1
2

Since after taking into account Equation (7), all vari-
ables of function 4, (n,y,,,,*+,,,) and hence loga-
rithm became independent, then the extreme point can be
found under condition that partial derivatives with re-
spect to all variables are equal to zero. The equations for
the extreme point problem can be written down in a
form:

oL oL gAP(E)—klsh(yk)
—=—3sh 4ch =
o, OE (1) +4e WE Z,
(43)
AP(E)—Zsh(yk)
+2ch () Z::I =0
5+]
éh( ¢)
c
oL oL L
—=—ush(y,)+4sh(y
S =g )
j-1
%AP(E)— sh(yk)
+4ch(y,) D] A1 (46)
Jj=l+1 Zj
B
AP(E)—Zsh(yk)
+2¢h(y,) Zi:l =0
241
2

where 1:2,3,---,%—1.

2

Seh(r,)

oL oL % k=
=—sh(y,,)+4sh(y, !
ay}‘n/z OE ( /2) ( /2)1; Zj
" (47)
2
AP(E)=2 sh(y,)
+2¢h(y,,) an:l =0
—+1
2

Equations (45)-(47) form the system of equations for
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the extreme point search. An approximate solution of this
system is the purpose of this section. The simplification of
this system of equations can be attained in approximation,
which we call “the equal-denominators approximation”.
As seen from Equation (36), the amplitude is a product
of fractions whose denominators contain the expression
greater than unit. However, function f(x)=1/x slowly
varying at x>1, that follows from its derivative. In
addition, as discussed in Section 3, virtualities increase,
and hence, as it evident from Equation (38) and argu-
ments made after this relation, the denominators increase
with movement from the edges of the “comb” to its cen-
ter. However, as we are looking for the maximum point,
virtualities at this point should be as small as possible.
Therefore, they should increase as we move from the
edges of the “comb” to the center as slowly as possible.
Hence, we can expect that the denominators lightly dif-
fers from each other in the desired maximum point, then
for the further analysis of the system of equations at the
maximum point we adopt an approximation, in which all
the denominators are equal between themselves. Their
approximate common value will be denoted as Z ,

) n
ijZ,]=1,2,---,E+l. (48)

The equations for the maximum point as result of the
approximation take form

n

ZaL+20h(y1) 2( J-l
20 sh(y)o

" (49)
ch(y,) ~ 2 B
+—sh(yl) (E) kZ::‘Sh(yk) =0
Z oL :

here [=2,3,--, 21
2

zol &
——+2 h
2 OF jZ; kzjc (%)
(51)
Ch(yn/z) 2
+ AP(E)-) sh(y,)|=0
Sh(yn/z) ( ) kZ:; (k)
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From approximation Equation (48), in particular, we
obtain Z, ,=Z, ,,, . Taking into account the notation
Equation (44) leads to equality:

1

M(E)—Zsh(yk)zm

Substituting Equation (52) to the system of equations
Equations (49)-(51) we have

n n

(52)

2ch(y,) 2 1 +ish(yk)

sh (J’1 ) ; 2sh (yn/Z ) k=j

(53)
zoL,  aln)
20E 2sh(y,,)sh(y,)
Z oL %
——t2 ch
2 oF ]2[; J’k
) 22: Jé: h(y)| (54
Sn\Yy,
Sh()’/)j:lﬂ 25}1()’»/2) k=j ‘
ch(yl) 0
ZSh(yn/Z)Sh(yl)
here [=2,3,, 21
2
Z(?L % g Ch(yn/Z)
— V) |[+———"—=0  (55)
i3] S

Equations (53)-(55) form a system of equations for
search the point of the constrained maximum of inelastic
scattering amplitude as approximation of equal denomi-
nators Equation (48). To solve this system we consider
Equation (54), which corresponds to / =n/2-1:

LY
ZoL .3
£ h
20 ,zz ,;c (%)

(56)

ch ()’11/271 )( 3 ]
+ +2sh(y, =0
sh (yn/Z—l) 2sh (yn/Z) ( /2)

Subtracting Equation (56) from Equation (55) we get

ch (.Vn/z )

(Sh (yn/z ))2

+2sh(y,, )] =0

2ch( n/Z)

(57)
ch (yn/2—1 )

3
sh (y"u,l ) [25}1 (yn/Z )
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From this relation follows that

+2sh(yn/2)

ch (yn/Z)

2(Sh(yﬂ/2 ))2

Taking into account that a hyperbolic tangent is a
monotonous function on whole real axis, from Equation
(58):

3
2Sh(yn/2)

2ch(yn/2)+

th(yn/Zfl): = th(3yn/2) (58)

YVuina =3Vun (59

Note that this result agrees with the numerical results
shown in Figure 4 and related to it Table 2 (see column
¥ /»s for n=30). Now let us prove by induction that

= (2k+1)y,,,k =1,2,---,n/2=1  (60)

Yurr-k

In the Equation (60) is already proved at k£ = 1, since it
coincides with Equation (59). Let us assume that this
equation is true for

k=1,2,-,n/2-1-1 (ie, at Y, 1, V205"
and prove thatitis trueat k=n/2 — [ (i.e., at y,).

Subtracting Equation (54) from Equation (55) we ob-
tain:

7y/+1 )

ZE:C}’ () +—Ch Ua)

A& S )
ch(y,) > >
-2 y (e1)
Sh(yl)J/+1 2Sh(yn/2) Z; ( k)
ch(y,)
i LV A—
2sh (yn/Z ) sh ()’1 )
n/2 n/2
Note, that sums Y ch(y,) and ) sh(y,) under
y y

[+1<j<n/2 include only those y,, that covered by

induction hypothesis. Then from Equation (60) we have
n/2
D sh(y,). This makes it easy to calculate the sums

from Equation (61), which after transformations takes a

form:
th(y,)=th ((2 [g—zj + 1j me (62)
It follows that
n
=|2| ==1|+1
Vi [ (2 j Jyn/Z (63)
Vit = (21 + l)yn/Z
i.e., it coincides with proved Equation (60).
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Thus, for diagrams with even number of particles we
have shown that in the approximation of equal-denomi-
nators (see Equation (48)) analytically can be reproduce
results shown in the previous section of numerical com-
putation that rapidities at the maximum point form an
arithmetic progression and that ratios of all rapidities to
the minimum rapidity form the sequence of odd integers.

In order to determine the values of r pidities, for which
scattering amplitude has a constrained maximum we still
need to calculate the value y,,, used to express all
rapidities. This can be done using the equal-denomina-
tors approximation Equation (48).

Calculating the sums in Equation (55) with allowance
for Equation (60), we have:

za_L+ch((n—l)yn/2)
20 2(sh(y,,))

Now using relation Equation (60) for the L we cal-
culate the derivative OL/OF . The corresponding expres-
sion will be looks like:

=0 (64)

e Yt (65)

AP(E) 3 =
= + —
LR g
2 (66)
AP(E)=35h(5)
+ k=1
2 VA

Using the equal-denominators approximation Equation
(48), we obtain:

zoL . . ,OAP(E)
S =W (67)
gg':AP(E)+ZZ:[AP(E)—ish(yk)
L (68)
+2| AP(E)- 3 sh(y,)
k=1

Taking into account Equation (52), after transforma-
tions we get:

Za_L _ Sh(ny"/z) N Sh((n2+1)yn/2) 61)3\\ (E) =0 (69)
2 OE sh(yn/z) 2sh (y"/z) OF

Put Equation (69) into Equation (64), we simplify ob-
tained equation to form
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+ch((n+1)y,,)=0 (70)

sh((n+l)yn/2)

Derivative 0P, (E ) / OF can be calculated from Equ-
ation (26) with allowance for Equations (41) and (42).
Based on these relations expression for P, which is
made dimensionless by mass m, can be written as

N s

where it is assumed that the values /s and particle
masses M at the ends of the “comb” are also made
dimensionless by mass m . Recall that in the numerical
calculations described in previous section pion mass was
setto m and proton mass —to M ).

Calculating the derivative of Equation (71) and put it
into Equation (70), we obtain the equation, which after
simple transformations reduces to the form:

A

T_E :M-ch((n‘*‘l)yn/z)

oFy (£)
OE

(71)

(72)

Note that the rapidity corresponding to momentum
P isequalto (n+1)y,,, as it follows from Equations
(71) and (72).

This expression would be obtained from Equation (60)
if we accept k =n/2, i.e., arithmetic progression Equa-
tion (60) lengthens by one term. We can say that the rapid-
ities of particles in the ends of the “comb” at the maxi-
mum point “continue”, as it were, an arithmetic progress-
sion, formed by the rapidities of internal particles of the
“comb”. This again indicates the close relation between
the equal-denominators approximation Equation (48) and
the fact that rapidities at the maximum point form an
arithmetic progression. In other words, the arithmetic pro-
gression formed by rapidities at the maximum point is
the result of equal-denominators approximation.

It is also possible to verify permissibility of this ap-
proximation in the following way. Taking into account
that

& sh(ny,,)
E kZ:;ch(yk) 2sh(yn/2) (73)

(as it follows from Equations (60) and (42) we get in-
stead of Equation (72):

\/; sh (nyn/Z )

2 2sh(y”/2)

This equation does not admit exact analytical solution,
and further we will examine an approximate solution of
this equation. However, we can verify permissibility of
the approximations made above, which led to Equation
(74), using Mathcad 2001 (or any other computer soft-
ware for engineering and scientific calculations) to solve

=M -ch((n+1) ym) (74)
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this equation numerically for different energies Js and
compare result with that was obtained in numerical de-
termination of the maximum point and shown in Figure
5. The results of such comparison are shown in Figures
11 and 10.

As evident from Figures 10 and 11, the “exact” nu-
merical solution of Equation (74) practically does not
differ from the results of numerical computation. This
means that equal-denominators approximation Equation
(48), which leads to Equation (74) is admissible ap-
proximation.

Now let us consider an approximate analytical solution
of Equation (74). Note that function
sh(ny,,)/2sh(y,,) in the left-hand side of Equation

(74) varies slowly at small values of y, , and can be

I T A
)
=3
Tf‘ L
S04
>
z
K L numerical maximization |
= numerical solution T
0.08 . . -
0 5000 10000 15000
Energy, \s[GeV]
(a)
EREEE IR | R . IRREEE
)
=3
I
I
g
>
<
0.2
©  npumerical maximization |
I
numerical solution
0.0-° —
P IR L4 w0 | T | T
0 1000 2000 3000 4000

Energy, \s|GeV]
(b)

Figure 10. The numerical solution of Equation (74) (solid
line) and numerical maximization (circles) of the magnitude

Ay = (n,JE ) at n = 40 (10(a)) and n = 50 (10(b)).
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replaced for the limiting value equal to n/2 and
¥,;» — 0. In this approximation we obtain the following
solution:

(75)

_ ! arccosh
T = 2M

The approximate solution of Equation (75) and the re-
sults of numerical computation are presented in Figure
11, where it is evident that Equation (75) gives a some-
what overstated value in comparison with numerical
computation. It is naturally, because using approximation
sh(ny,,)/2sh(y,,)~n/2 in Equation (74), we under-
estimate value of function sh(ny,,)/2sh(y,,) and
thereby overstated the value of the hyperbolic cosine in
the right-hand side of Equation (74).

Nevertheless, as evident from Figure 11, the absolute
uncertainty of approximation Equation (75) does not
increase with the energy growth, as the very of y, ,
increases, the relative error—falls. It can also be ex-
plained on the basis of Equation (74). Since
sh(ny,,) / 2sh(y,,) becomes small in comparison with
M -ch((n+1)y,,) at sufficiently high energies Js (and
v, accordingly) therefore, the accuracy of approxima-
tion of the function sh(ny,, )/ZSh (»,,) ceases to play
a significant role. Neglecting sh(ny,, )/Zsh(yn,z) in
Equation (74) in comparison with M -ch((n+1)y,,)
and neglecting n in Equation (75) in comparison with

s we obtain the same result. It means that approxima-
tion Equation (75) ensures the “correct” asymptotic of
value y,, athigh Js .

Let’s draw attention to some interesting features of
Equation (75). Firstly, the approximate solution of Equa-
tion (75) has a threshold branch-point at Js=n+2M
(dimensionless by mass m ). This means that such a
feature has a difference an arithmetic progression of the
rapidity, for which inelastic process amplitude has max-
imum. The contribution of the considered inelastic proc-
esses to an imaginary part of the elastic scattering am-
plitude after calculation by Laplace method will be in
some way expressed in terms of the difference of an ari-
thmetic progression Ay(\/; ,n). Therefore we can expect
that noted threshold feature will be included into the imagi-
nary part of the elastic scattering amplitude via Ay(x/g ,n).
And this feature is required by unitary condition.

Equation (75) has logarithmic asymptotic behavior at
the high energies Js and for the case when ~/s sub-
stantially exceeding a threshold value from Equation (75)
we get Ay =2y,,n ', that coincides with the results of
numerical computation (see Section 3).

For the diagram in Figure 2 with odd number of parti-
cles the sequence of iterations is similar to diagrams with
even number of particles, which was described above.
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applicability of the approximation of equal denominators Equation (48) resulting in the Equation (72).
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At first we differentiate the logarithm of amplitude re-
duction Equation (30) with respect to all rapidities y,,
Yasts Vayra- After that we can use the equal-denomi-
nators approximation

Zl N m n—1 ~ Zn—] = Z (76)
2 27
From the condition of equality Z(n—l)/Z—l ~ Z(n—l)/Z we
get relation similar to Equation (52):
_ 1
"71 ch (zy(nl)/Z)
Pl||_P3||_zSh(yj): T (77

= 1
=1 2sh (2 y(m)xzj

In view of Equation (77), in same way as we obtained
Equation (58) from equality to zero of the derivatives of
logarithm of scattering amplitude reduction with respect
O Vi and Yn-1y2-1 WE get
Yt | =2Vua (78)

2

2

This result agrees with results of the numerical calcu-
lation presented in Table 2 (see column y,/y, forn=
17). Then, just as was done above, we can prove by in-
duction that

Voo =hy, s k=12, ——=1  (79)
=~k - 2

Thus all the rapidities, for which the considered scat-
tering amplitude reduction has constrained maximum,
can be expressed in terms of  y, ;-

Making computation similar to those that led to the
relations Equations (64)-(74) for this rapidity at the ap-
proximation of equal-denominators we obtain:

n
h| —y
\/E S (2 ()1—1)/2) n—1
<= Mech (Tﬂ)ym_mz (80)

zsh[y(n—l)/Z j
2

In an approximation similar to that, which results in
Equation (75), we get
Vs - n]

_ 2 arccosh
S 2M

2

81)

From Equation (81) it is evident that in the case of odd
number n the rapidity difference of an arithmetic pro-
gression, for which scattering amplitude has constrained
maximum, also has a threshold branch-point.

Note, that a difference of an arithmetic progression is
equal to y,.,, in case of odd n and it is equal to
2y,,, in case of even n, which shows in accepted ap-
proximation that difference of an arithmetic progression
Ay(«/g ,n) is expressed by the same relation as for the
even n and odd n. The analytical results, which were
obtained, allow us to trace how “works” the mechanism

Copyright © 2011 SciRes.

of virtuality reduction with the energy‘s growth. In ap-
proximation of equal-denominators Equation (48) with
allowance for Equation (52) the amplitude value at the
maximum point (in case of even n ) can be written as:

1 7(n+1)
A" = 4 ——— (82)
( 4sh’ (yn/Z )j

The quantity 1/ 4sh® ( yn/z) included in this expres-
sion sets the characteristic value of virtuality at the maxi-
mum point of amplitude at the approximation of equal-
denominators.

Taking into account increase of y,, with energy
Js growth, which is approximately described by Equa-
tion (75), note that virtuality at the maximum point really
decreases and the maximum value of amplitude grows
with energy Js growth.

The demonstrated results were obtained in the ap-
proximation of equal denominator Equation (48). This
approximation is acceptable in order to show that the
scattering amplitude has a constrained maximum point
and in order to find that maximum. However, to calculate
the value of the amplitude at this point, this approxima-
tion provides insufficiently accurate result, so for the
next section will be calculated amplitude at the maxi-
mum point in a more accurate approximation.

5. The Approximate Calculation of the Sum
of Logarithms at the Point of Constrained
Maximum

Taking into account the aforementioned results (see Fig-
ure 4 and Equations (60), (79)) for the calculation of con-
strained maximum point of multi-peripheral scattering am-
plitude, one gets the following representation of 4" :

n/2

A0 — exp[—g In(Z, )) - exp(—zkz_(;ln(zk )) (83)

where
2

sh ((n —2k) AZyJ

2sh (Ay/2)

+ /%—M2 — Msh ((n +1)%j (84)

ch (n ij —ch ((n —2k) Ay]
B 2 2

2sh(Ay/2)

X =
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Through Ay we denote (as before) the difference of
arithmetic progression at the point of constrained maxi-
mum. The aim of this chapter is to obtain the approxi-

n/2
mate solution for the » In(Z

k=0
ponent of Equation (83).

In the previous sections (see Figures 7 and 9) has
been shown that Feynman denominators grow if one
moves from comb’s edges to its center. In other words,
the maximum of Z, values Equation (84)is Z,,. Fur-
thermore, since Feynman denominators are obliged to
grow while moving towards the comb’s center, the
maximum of scattering amplitude is attained when the
aforementioned growth is minimal. This means that the
denominators at the point of maximum differ little from
each other.

The results of numerical calculations enable to claim
that the higher is the energy, the smaller is the difference
of each Feynman denominator from the central one on
the comb, with the exception of two outermost denomi-
nators (see Section 3 and Figures 7 and 9). This can be
also shown analytically (see Equation (105)) Thus, one
can try to express all denominators except two outermost
ones in terms of Z, ,.

m(zk):m[z;j

) which enters the ex-

+In| 1-

2si( ) [l_ch[(”_%)%jj

(85)
Taking into account that Z, differs little from Z,,,,
we get

) =h 2,
( ] (86)
ey

Substituting approximation Equation (86) into expres-
sion for scattering amplitude leads to:

'\"% '\"w
Ne———
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1

A(O)," —
(2,) (2,,)"

[P_P ch(ny,,) (87)
W 2sh (yn/Z) [ sh ((”_l)yn/z)J
X exp n—1-
Z,,sh (yn/Z) Sh(yn/l)
where

Z, = (\f/z Mch((n+l)A2yD2
+(\/s/4—7]\/[2—Msh((nﬂ)%)]2

(88)

n/2
2

ch(n&)—l (89)
=1+| s/4-M* - Msh((n+1)ij 2
2 2sh(gj
2
Equations (87)-(89) are expressing scattering ampli-
tude in terms of solution Ay of transcendental Equation
(74). Our next goal is to express scattering amplitude
A" in terms of energy +/s , the parameter which is
characterizes the scattering process. Furthermore, we can
restrict ourselves to considering energies far from thre-
shold (\/; ) =2M +n . This is due to the fact that near
the threshold the behavior of partial cross-section is de-
termined mostly by the volume of final-state particles
phase space, which vanishes in the limit of
Js > (+/s) +0, while 4©" remains restricted with
some non-zéro value. Therefore, the exact value of mag-
nitude 4" at such energies is insufficient.

6. The Approximate Solution of the
Transcendental Equation Expressing
the Difference of Rapidity Arithmetic
Progression at the Point of Constrained
Maximum of the Scattering Amplitude

Consider the transcendental equation Equation (74) tak-
ing into account the fact that Ay(«/g,n) =2y,,. At en-

ergies sufficiently higher the threshold value, when is
Ay/2 not small anymore, the energy of final-state pro-
tons

P, + P, = 2Mch ((n + 1)%} (90)

is much higher than the pions energy

(5o )flsv)

which is caused with the greatness of proton mass M
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(in the units of pion mass) and with the fact that at not
small Ay/2 one gets

chh((nﬂ)A_zyj - exp((n+1)A—2yj 1)

while
n
nl LA
’ (2 yj

1
sh| —A
(2 yj

The fact that most of energy in c.m.s. framework is
carried by secondary protons in its turn means that the
rapidity of each of these protons is close on absolute
value to initial proton’s rapidity (let’s denote it ¥").

~ exp ((n—l)%j (92)

x A
Namely, ¥ —(n+ I)Ty <1 (see Figure 12). Let’s enter
the new variable instead of Ay
AY:Y*—(n+1)% (93)

Taking into account \/§/2=Mch(Y *) we’ll represent
Equation (74) as

AT\ (AT sh(n(Y*—AY)j
2Mch(Y*—Tjsh(7J: ntl (94)

ZSh( L (¥ —AY))
n+l1

Neglecting the small magnitude AY with respect to
large magnitude Y~ one gets

nY"
AY sh { n+1 j
sh [—j = - (95)
2 . Y
AMsh(Y )sh( j
n+l
Taking into account the smallness of AY
sh (nY j
n+l
AY = - (96)
2Msh(Y")sh [”Y]
n+1

Since the arguments of hyperbolic sine and cosine
functions are large

sh(2) ~ ! . 1 ©7)

2

2M(exp(ﬁY*)—l) . [\/;j“l_l

or

AY ~ ! (98)

M[(x/E/M)"z“ —1}
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Figure 12. The dependence of difference between initial and

final-state protons rapidities on energy Js , calculated in
the point of constrained maximum of scattering amplitude
at n =10 (solid line), and n = 20 (dash line).

In order to control the applicability of made above ap-
proximations let’s compare the solution of Equation (98)
with the one, which can be obtained from Equation (93)
substituting the “exact” solution of transcendental Equa-

tion (74) (where Ay(x/;,n) =2y,,,). The result of such

a comparison for n = 10 is depicted on Figure 13. These
results enable to conclude that the entered approxima-
tions are applicable at least for rather high multiplicity of
final-state particles.

Now we can pass to the approximations for other
magnitudes, which enter to Equation (87), expressing the
aforementioned scattering a multitude at the point of
constrained maximum.

7. The Analytic Representation of Feynman
Denominator at High Energies

Now, it is possible to analytically show the applicability
of transformation Equation (86). The Feynman denomi-
nators on the comb may be represented as follows

Ay Ay
e(n—Zt)7 _ e_”7

+M (e_y3 _e—(Y3+dY))
e’ —c (99)

x (Z’: T Ly (e’y3 — ) )j

=1
where

Y, = arcsh (P, /M) (100)
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Figure 13. The comparison of approximate solution of Equa-
tion (98) (circle) with results of numerical solution of
Equation (74) with respect to magnitude AY (solid line) at
n =10.

If we consider the energies higher than threshold one

Js < [(\/; )T =2M + n} we can neglect the product of

two small quantities in this expression. Then we get

Ay

20 "

Zomle— (Z e T M (e —e ) )]
e? — e_?

i Ay Ay
I=1

(101)

Then, let’s consider the expression for Z,. Taking
into account Equation (93) one can represent Equation
(88) as follows

Z, =1+4M’sh’ (%j (102)
Taking into account Equation (97) we get
2 -2
Z, =1 +{(\/§/M)"” —1} (103)

Substituting Equation (103) into Equation (101) will
result in

M Y
J— 104
Ij (109

or

i+l

(&)

Namely, one can see that at high energies the differ-
ence between Feynman denominators falls exponentially.
In other words, at high energies, the largest change of
Feynman denominator occurs at the movement from zero

7 7 —e ity

i+l i

(105)
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(1st on the comb) to 1st (2nd on the comb) denominator.
The result Equation (105) is illustrated on a Figure 14.

8. The Analytical Expression for Scattering

Amplitude Dependence on Energy Js at
the Point of Constrained Maximum

In the previous analysis among the other results we de-
rived an expression for Z, Equation (103). In order to
verify a precision of this approximation we’ll compare it
with an exact solution which can be obtained from Equa-
tion (88) by substituting the solution of transcendental
Equation (94). As one can see from Figure 15 this is an
adequate approximation.

FTT T T[T T T T[T T[T T IgprriT

Figure 14. The comparison for the magnitude of Feynman
denominator jump on the comb at the point of constrained
maximum obtained in the approximation Equation (105)
(dashed lines with boxes and circles) with its exact value
(red line) for n =10 at Js =50 GeV and at /s = 200 GeV
(blue line).
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Figure 15. The dependence of (1/Zy)* on energy Js atn=
10 obtained from Equation (88) by substituting the solution
of transcendental equation (Equation (74)) solid line; with
the approximation Equation (103) boxes.
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Thus, we got Z, described analytically. Now let’s
get an analytical expression for two other multipliers
entering to Equation (87). First we’ll rewrite Z,,, Equ-
ation (89) in form

Z,, =1+| 2Msh (%)ch(Y* —gj

ch| - (Y*—AYJ -1
B n+l 2
M[Y —AYJ
n+l
Neglecting as before AY with respect to Y  and

taking the common factor ci(Y") out of the brackets
we get:

Z

2 (106)

n/2

ch(n”ﬂ(y*))—l

s sh[%j—m(sh(nﬂy*j—sh(nY*jj

n+l n+1

(107)

Neglecting the small exponential summands which
enters to hyperbolic sine and cosine leads us to:

(|
(5w

Again, the obtained approximation is compared with
the results of numerical calculations Figure 16. Now the
only thing left is to represent

ch (n ij
Js/a-m? —Msh[(nﬂ)ﬂ}—z
2 2sh (ij
2
in a more convenient form. First let’s rewrite it as fol-
lows:

Z,, =1+ (108)

A ch(nAzyj
Js/4-M> —Msh((n+l)7y)——A:
2sh(yj
2
sh(Y*+n_lAylj—sh ”;{( *—Ayl)
n+l 2 " 2 h(Aylj
S —_—

oM 5
2sh [” Y*j 2
n+1

(109)
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Performing the same trick as before, namely, neglect-

ing AY with respect to Y  and getting rid of small
exponential summands we get:

W—Msh((ml)A_;j_Ch(nA;L_ 1
2

Similarly
sh((n—l)Azy)z (\/E/M)?
(3] ey

Finally, lets gather all the results. Substituting Equa-
tions (103), (108), (110) and (111) into Equation (87) we
get an analytic representation of scattering amplitude at
the point of constrained maximum:

A% =(1+a(J5n)) (1+5(¥5m)) " exp(e(¥5.n))

(111)

(112)
where
a(s.n)= S
(Vs/nm ) -1
b(s.n)= NE/M)ZM (113)
(Vs/m ) -1

e(Vsm)= 2{1 ~(n —1)(«/§/M)‘ﬁ (a(ﬁn))iJ

o)) (s
The a(\/g,}’l) and b(\/g,n) determine the charac-

teristic value of virtuality at the maximum point of scat-

tering amplitude and c(«/g , n) determines the variation

of virtuality along the “comb®. In other words, the fol-
lowing estimate takes place

(<o)

\2
(q“ )) is the absolute value of virtuality corre-

sponding to j-th internal line on the “comb” in the point

Sb(\/;,n)

(114)

where
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Figure 16. The dependence of Zw) ' @) an Zn)” "V (b)
on energy Js at n = 10. Solid line corresponds to Equa-
tion (89) with substituting the numerical solution of Equa-

tion (94), while dashed line refers to approximation Equa-
tion (108).

of constrained maximum. The comparison of scattering
amplitude dependence on energy Js obtained in ana-
lytical way with the one obtained by numerically solving
Equations (83), (84) and substituting numerical solution
of Equation (74) is presented on Figure 17.

Notation 4" was introduced to distinguish the ex-
act value of amplitude defined by the relations relations
Equation (83) and (84) from its approximate value Equa-
tion (112). To characterize the accuracy of approxima-
tion Equation (112) was introduced a relative deviation
(see Figures 17(b) and (c¢)):

Al(O),n _ A(O),n
A(O),n

(115)

9. Discussion and Conclusions

The main results and conclusion of this paper is that the
multi-peripheral scattering amplitude indeed has a point
of constrained maximum under conditions of the en-
ergy-momentum conservation law. This leads to the fact
that the principal contribution to the multi-dimensional
integrals, which representing the inelastic scattering
cross-section with the production of a given number of
particles, makes a small neighborhood of the maximum
point.

Analyzing properties of the maximum point leads to
some differences of the physical picture of the multi-
peripheral processes from ones, which leads to the basic
formulas of Reggeon theory [5,8,15]. In particular, the
rapidities of secondary particles at the maximum point
are arranged and are equidistant from each other, as as-
sumed in the justification of Reggeon formulas. At the
same time in the presented model the distance between

Copyright © 2011 SciRes.
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Figure 17. The dependence of scattering amplitude in the

point of constrained maximum on energy Js (a). Solid
line corresponds to exact solution obtained from Equations
(83), (84) with a substitution of numerical solution of tran-
scendental equation Equation (74), while dashed line re-
presents the approximation Equations (112); (b) the relative

deviation in energy range Js =5 + 155 GeV; (c) the rela-
tive deviation in energy range /s =20 = 155 GeV.

the adjacent rapidities (i.e., difference of an arithmetic
progression) depends on energy Vs and on number of
particles n (see Equations (75) and (81)), but not a
constant value close to unity, as it accepted, for instance,
in [5,8]. The assumption that the interval between adja-
cent rapidities does not depend on energy plays an im-
portant role for the ground of power dependence of the
imaginary part of elastic scattering amplitude on Lor-
entz-invariant s, that results in the Regge pole.

As it follows from Equation (114) energy term in-
cluded in both sides is useful to rewrite it in this form

L) enfsroe()
v P

It is obvious that the growth of exponent with energy
s is much weaker than the corresponding decrease
with the growth of number of particles » . Thus, one can
see that at not very small n the value of

(x/E/M)U(M) ~1 even at high energies (\/; >M). As

the result, the difference of energy and longitudinal mo-
mentum squares is at least not negligible with respect to
transverse momentum for each virtuality on the “comb”.
This result comes in contradiction with the statement that
virtulalities can be reduced to transverse momentum
squares, which is usually claimed in the standard ap-
proach [2-5,7-10].

2/(n+1)
Taking into account the growth of (\/E /M ) with

(116)

energy Js growth, we see that virtuality at the maxi-
mum point really decreases and the maximum value of
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amplitude grows with the growth of energy Js . Note
1/(n+1)
also that at not very small n the (\/E /M ) is close

to unity at rather wide energy range which results in the
much steeper growth than the one which is attained in
Regge-based theories [1,3,6,7, and 16] and described by
factor of In" («/E/M . Moreover, the higher n, the
wider is the energy range. Thus the asymptotic behavior
for different n is reached at different /s which en-
ables to doubt the validity of the asymptotic formulas of
multi-Regge kinematics.

In addition, as it follows from an examination of mul-
ti-peripheral diagrams in [3] and [5], Reggeon formulas
are derived in case of total disregard to the dependence
of the integrand for the cross section of production a cer-
tain number of particles on the rapidity of these particles.
In such an approach a cross-section is defined by the
value of rapidity phase volume. It is also well evident
from the comparison of dependence of a set number par-
ticle production on Vs with the calculation of so-called
volume of “transversal-truncated phase space” [2].

Obviously, that at the described above approach the
dependence of scattering amplitude on rapidity is sub-
stantial, because just this dependence determines the
value of scattering amplitude in the neighborhood of the
most probable configuration of momentums.

Existence of the constrained maximum point in multi-
peripheral scattering amplitude and properties of this
maximum allow us to apply this information for the cal-
culation of inelastic scattering cross-section. This is the
main purpose of our next paper.
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Appendix A. The proof of Spatial Similarity
of Virtual Particle Four-Momentums in the
Diagram of Figure 2

We carry out the proof by “contradiction”. Suppose that
any of the four-momentums of virtual particles, for ex-
ample, B —-P,—p, —p,—-—p, Iis time-like. Note that
this four-momentum must be equal to

P,-P+p,+p, ++p,, by virtue of the law of
energy-momentum conservation.

We assume that the time component of time-like
four-momentum (energy) cannot vanish in any inertial
system. This means that the sign of the time component
of such four-momentum is the Lorentz-invariant quantity,
i.e., cannot be changed when we move from one inertial
system to another.

If we assume that the sign of the time components of
four-momentum £, - P, - p,— p, —---— p, (or four-vector
P,—-P +p,+p, ++p,, ) is positive, the following
inequalities must be simultaneously satisfied in all the
inertial systems:

(PI)O _(PS)O _(pl)o _"'_(pk—l)o _(pk )0 >0 (Al.la)

(B) =(B) +(p,) +(pss) ++(Pes) >O0(ALIb)

Given that both inequalities include the energy com-
ponents of the energy-momentum four-vectors of real
particles, satisfying to the mass shell conditions, we can
rewrite them as

M +(PY =M +(P) =m* +(p,)’
_...—\/m2+(pk_l)2 —\/mz+(p,()2 >0

VM (P =M (R i +(p,
+w[m2+(pn71)2 +"'+\[m2+(pk+1)2 >0

Note that first of these inequalities cannot take place in
the rest frame of particle £, because

M =M +(P) = +(p,)’
_...—\/szr(pk_l)2 —\/mz+(pk)2 <0

If we assume that the time component of considered
four-vector has a negative sign, then we obtain that in all
inertial systems the following inequalities must be si-
multaneously satisfied:

M7 +(R) =M +(P) —\m* +(p,)’
_..._\/m2+(pk71)2 —\/m2+(pk)2 <0

(Al.2a)

(A1.2b)

(A1.3)

(Al.4a)
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VMR =M (R + o +(p,
(B )+ (p ) <0

However, second of these inequalities cannot take
place in the rest frame of particle P, .

Thus, we can satisfy of energy-momentum conserva-
tion law in all inertial systems only in case, if the time
component of considered four-vector changes a sign
when moving from one reference frame to other. How-
ever in this case this four-vector cannot be time-like.
Because presented argumentation is applicable to any of
virtual four-momentums in the diagram Figure 2, they
must all be space-like. Quod erat demonstrandum.

(A1.4b)

Appendix B. The Proof of Equation (17)
from Section 2

Using function 4, (n,y,,y,,-+,y,) defined by Equation
(12), let us examine function 4/(n,y,,y,,"--,,), which
is determined by relation:

4([n,y1,yz,---,yn YoV la-",ynl,yn)
27 2 27

= A[H,—y,,:_yn1a"'a—yn+1,—y,,,—y,,1,"'3—)’2»—)/1]

2 2 2

(A2.1)

The expression

Al (25535500 9,) (A22)

We would obtain if we were choose the direction of
longitudinal momentum P, as the positive direction of
collision axis and interchange the four-momentums of
particles in the diagram, arranged symmetrically about
the axis in Figure 3 (numeration of the diagram vertices
corresponds to Figure 2).

In order to write function Equation (A2.2) in explicit
form, we will at first rewrite it in following way:

2
-1
Lon)sy)

A (n3,y5000,) =| m—

xn—' (m—(Ek)2 +(Sk—mish(y1)] J (A2.3)
k=1 =1
x(m—(En )2 +[Sk —mish(y, )j ]
=1
where
S, =+s/4-M* - B, (A2.4a)
JMP
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E, =~s/2- (1’30+ch}1 (%) J (A2.4b)
E, =~Is/2— (}go+m2ch ¥, j (A2.4¢)
Moreover, as
1 1 aM?
Py (yi.30.9,)=5 R, +<E, [I- (A2.5)
3| 1 2 2 IIp 2 P 122 Hp
with
N
E,,:E,,(yl,yz,...,y,,)=7s—m2ch(yk) (A2.62)
k=1
B, =F, (¥ 0,)=—my.sh(y,)  (A2.6b)

k=1

then we obtain

})3\\ (_yn""s_yZ’_yl)

1 1 4M?
=——h,+-E, 1-———+ P(yy~--y)
llp 22 A\ Y20y
2 2 E -F,
(A2.7)
and accordingly
P}O(_yn’”"_yZ’_yl)
2
:\/m2+(_P4\|(y1:y29"'fyn)) =ﬂ0(y],y2,~~,y,,)
(A2.8)
With this we get

4'(”’%%"“%):{m_[é‘ﬁoJ (s))

-1
n—k+1

xﬁ(m—( 1y [s +sth(yl)j2J (A29)

i=n

-1

x(m—(E;) +[S,; +m§sh(yi )H

where
= Js/4-M? -P, (A2.10a)
= JE/z-(Bm +m"flch( y,.)j (A2.10b)
E' :J.?/z—(a0 +mZ”:ch(y,.)J (A2.10c)

Or in more convenient form expression Equation
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(A2.9) looks like:
: I o))
’41:[ _(TS_HO +(Sk)2)
-1 2 -
x (m—(E,;')2+(S,g+m > sh(yi)jJ (A2.11)
k=1 i=n—k+1

-1

x(m—(E:f+(s;+mish<y,.>ﬂ

i=1

where
E£=\/§/2—(3‘0+m i Ch(yl.)J (A2.12a)
i=n—k+1
B =S ByemSan(n)] a2120)
i=1

We take into account that amplitude depends on the
rapidity, which satisfy the conservation laws of energy
and longitudinal momentum components:

\/E_Pso - Py _mZCh(yi):
= (2.13)
P3H +P, A +sth(yl)

From the conservation of the longitudinal component
of momentum, we obtain

By + mZ sh(y,)==Py -

i sh(y,); k<n

i=n—k+1

(A2.14)
3n+m25h(yz)— —By; k=n

From the energy conservation low we have

ﬁ—ﬂoz—[ﬁ—go—mich(yi)J (A2.15)
2 2 =

and

£ (B‘Oer,-;HCh(yi)j:_[% fgo—mnzkch(y,)J

(A2.16)
Substituting Equations (A2.16) to (A2.11) we obtain:

4= {m—(@—&) J +(s:)

n-1

<[ (m-(E2Y (S”—sth( )ﬂ (A2.17)

k=1 i=1

-1

-1

o(m-(E2Y (s" sth(y,)sz

i=1
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where
Sy =+s/A-M* - P, (A2.18a)
n—k
EL"=\/§/2—(P30 +m20h(yi )J (A2.18b)
i=1
Ew \/7/2 [ 0 —mZCh(J’, )J (A2180)

Replacing index & = n — j in product included in the
expression for amplitude, we obtain the expression coin-
cident with Equation (12) (taking into account Equation

(15))
Aﬂ(noyl’yzf”vyn) = Aﬂ’(n:ylnyz"":yn)

Taking into account Equation (A2.1), we obtain the
required relation Equation (17):

(A2.19)

AH[naylayzzv'”3yn3yn+13”'3ynj
2 2

9_yn9”"_le
] s
2 2

(A2.20)
= Aﬂ (n’_yna_ynl’“.’_yn

Appendix C. Calculation of the Energies of
the Virtual Lines That Intersect with the Axis
of Symmetry of the Diagrams in Figure 3

Let us examine at first the case of an even number of
particles. The law of conservation of energy in c.m.s has

a form:
\/E—Zm ch yk \/M + 3” \/M2 4”
(A3.1)

Since constrained maximum of the scattering ampli-
tude gives a symmetric configuration of y,_ .., =-y,,

k=12,--,n/2 and P, =-P, (that follows from
Equaion (26)), then at the maximum point we get:
n/2
2 m-ch(y,)+2yM* +(B,) =+/s (A3.2)
k=1
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hence

M+ Zm ch(y,)=0

However expression Equation (A3.3) corresponds to
the energy transferred through the central link of the dia-
gram between vertices with numbers of 7/2 and
n/2+1 (Figures 2 and 3); therefore this energy is equal
to zero at the maximum point.

Now let ladder has odd number of particles . Writ-
ing the law of conservation energy, we select in the sum
of pion energies the term corresponding to the central
particle in the diagram:

(A3.3)

é‘ ’ (3\\) 5

(n-1)/2

5 m-ch(yk)+m~ch(ynl+lJ

k=1 2

+ Z m- ch yk \/M + 3H \/M2 4H

k—Z
2

(A3.4)

The maximum of inelastic scattering amplitude is
reached at the symmetric configuration. It is character-
ized by the fact that the central particle has zero rapidity
and the particles located symmetrically about the center
particle have mutually oppositely rapidities, therefore

(n-1)/2

2 Z m-ch(y,)+m+2/M>+(P) =5 (A3.5)
It follows that
f (n-1)/2
> M +(B) = Y mech(y)=2 (A3.6)
k=1

Thus, the energy, which flows between (n—1)/2-th
and (n—1)/2+1-th particles at the most probable con-
figuration, is equal to m/2. As (n—1)/2+1-th particle
takes away energy m (which has zero rapidity at the
maximum point), then the following link in the diagram
will be transferred energy (—m)/2.
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