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tive-free iterations. We give necessary and sufficient conditions for deriva-
tive-free three-point iterations with the eighth-order of convergence. We also
establish the connection of derivative-free and derivative presence three-point
iterations. The use of the sufficient convergence conditions allows us to de-
sign wide class of optimal derivative-free iterations. The proposed family of
iterations includes not only existing methods but also new methods with a
higher order of convergence.
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1. Introduction

At present, there are a lot of iterative methods for solving nonlinear equations
and systems of equations (see [1] [2] [3] and reference therein). In particular, the
derivative-free methods are necessary when the derivative of the function fis
unavailable or expensive to obtain. In the last decade, the derivative-free two and
three-point methods with better convergence properties were developed (see
[4]-[19] and references therein). It should be pointed out that most of these me-
thods were proposed mainly for the concrete choice of parameters (see Table 1).
Evidently, a systematic theory or an approach for constructing derivative-free
methods is still needed. It is therefore of interest and necessity to develop a glob-

al theory. The aim of this paper is to fill up the above mentioned gap
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Table 1. The derivative-free three-point iterative methods.

c+(d~”c+d)9” + w6’

Methods z, H(6,)= _
! c+db, +bo;
M,,M,, M, . Thukral [24]
1+ ~ 1
Kung-Traub’s method T c=ld=-d ,b=——,0=
8 (1+74,-6,)(1-6,) 1+74,
Thukral [7]
Pl Thukral [24] B
1+d,6, c=lLd=b=w=0
Soleymani, Khattri [5]
P2 Thukral [24] 1+6, {
- 0, c=ld=———b=0=0,
Sharma [14] 1+ 79, 1+79,
> 1
M2 [24] 1+ 0, + A = |- ! b=0,c=1,d=-l,0=——
L4, (1+9,) ) 1-6, (1+74,)
method in [3] h(6,.5,)=1+0,+s5,+20" +b0s, + <5 c=ld=b=0,0=| 2 ¢4 ¢
0> Sy 5 HS0 . 55 5 1479
Soleymani [23] 1 .
l c=ld=-d b=w=0
Zheng et al. [12] 1-4d,0,
17 0’ 1
Soleymani [8] I+ ——t—" c=1,d=b=0,0=———
ym L+, (1+79) (1+79,)
Cordero et al. [17] v, (xn,y,,,w,,),(V :0)
1+ 0 1
. G(6 2 - ~
Sharifi et al. [16] 1+(ﬂ—2)9ﬂ1 0, (@) c=1,b=7ﬁ,EU=—ﬂ,d=ﬂ—dn—l
ey 1+ 74,
g H(0)
- —=zav, 1 _ n
Chebyshew-Halley 1 Terd c=ld=—|2a+ 1 b= 20 =H(0)
type method [4] 79, 1+ 9, 1+,
H(0)=1,H'(0)=1-2a
2
1+6 +ad O, -
n n 2 1 ad
Lotfi et al [15] R E— c=,b=0d=———,0=—"
1-—2 1+79, 2
1+ 7,
Behl. [18] v, (x5, 0,)

and to obtain the wide class of optimal derivative-free three-point methods. The
paper is organized as follows. In Section 2, we give the necessary and sufficient
conditions for derivative-free three-point iterations to be optimal order eight.
We also establish the connection between derivative presence and derivative-free
three-point methods. In Section 3, we apply the sufficient convergence condi-
tions to obtain the optimal derivative-free methods which are dependent on pa-
rameters in the third-step of considered iterations. We obtain families of optimal

derivative-free three-point methods. They include many existing methods as
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particular cases as well as new methods with the higher order of convergence. In
last section, we present the results of numerical experiments that confirm the
theoretical conclusion about the convergence order and make comparison with
other known methods of the same order of convergence. Finally, numerical re-
sults show that new iterative methods can be significant by its high precision and
practical use.

2. The Optimal Derivative-Free Three-Point Iterations

Typically, the optimal three-point iterative methods have a form [9]

L Se) SO L, SGE) .
PTGy PTGy Ty

in which the parameters 7, and ¢, are given by

T, =1420,+ B0’ +76° +---, (2)

and

a,=1+20, +(,B+1)49j+(2ﬂ~+77—4)6j+(1+49n)f(z") +0(f(xn)4), (3)

()
()

where ﬁ~, 7€R,and 6, =-——"=.1In [9] was proven the following theorem.

f(x,)

Theorem 1. Let the function f (x) be sufficiently smooth and have a simple
root x" € 1. Furthermore, let the initial approximation x, be sufficiently close
to x" . Then, the convergence order of the iterative method (1) is eight if and
only if the parameters T, and o, satisty conditions (2) and (3), respectively.

Remark. The second sub-step in (1) can be rewritten as any two-point optim-
al fourth-order method

Zn :l//4(xn7yn)7

where y,(x,,y,) isa real function using the evaluation of f(x,), f'(x,) and

f ( yn). Each method in y, has a parameter 7, given by (2) with own S

and 7.
Now we consider the derivative-free variant of (1)
X
Vo =W (%,50,) =%, — £ "),

#,

Zn:y/4('xn’yn):yn_i:n f(¢y”)’ (4)
xn+l =z, - dn f (Z”)’
#,

where
Wn :xn +7/f(xn)9

fw)-f(x,) zg[ﬂm
w, = X, r\ f(x,)

@, = —lsz'(xﬂ),yeR. (5)
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Here y,(x,,,) is any second-order method. Actually, in Formula (4), the

fundamental quantities are

PRAC) RN /) A G

TrGe) " f(w) f()

Then 6,=0(f(x,)), o,=0(f(x,)) for x, >x", where x" is a simple
root of f(x) If v, (xn,yn) is any two-point optimal fourth-order method
then f(z,)= O(f(xn )4) , therefore v, = O(f(x)z). The iteration (4) obtained
from (1) replacing f '(xﬂ) by ¢,. Due to change (5), the parameters in (4)

does not remain as before and we denote them by 7, and «&,. We call the ite-
rations (1) and (4) the derivative presence (DP) and derivative-free (DF) variants

respectively. If we use the notations
1 ~

¢, =——, d,=1+c¢,
1+,
then we have
O-n = Enen’ 9)1 + o-n = d~n0n' (6)

DP can be derived from DF by substituting o, =8, . The following is the
main result of our work [11].

Theorem 2. Let the assumptions of Theorem 1 be fulfilled. Then, the conver-
gence order of the iteration (4) is eight if and only if the parameters 7, and

a, in(4) are given by formulas
£,=1+d,0, + O + 70, +-, )
and
G,=1+d,0,+(B+¢,)0; +(7+d,(B-1-2))0)

+(1+2¢§n9n)un+0(f(xn)4). ®

The proposed method (4) with parameters given by (7) and (8) is three-point
derivative free and optimal in the sense of Kung and Traub. Kung-Traub con-
jecture [20] states that the multi-point iterative methods, based on & evaluations,
could achieve optimal convergence order 2*'. Our proposed method is in
concurrence with the conjecture as it needs only four function evaluation per
iteration ie, k=4. Moreover, using ideas in [3] [10] one can propose more
general construction for 7, and ¢, as following:

Define 7,=4(0,,0,).a,=g(6,,0,.v,) as sufficiently smooth functions of
0,,0,,0, . It is easy to show that f(z,) =0(f(xn )4) if and only if
hoy = g = hyy =1, where h, = h%(0,0), (i>0,/>0). Hence, under the re-
striction Ay, =hy, =h,, =h,, = h; =1, (4) is optimal if and only if

oo =1,
Zi00 = &oto = &oo1 =1,
8101 = & =2,
200 =M 8110 =1 &ono =0,
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8o =Ty + 13y =1, €219 =Ty =1, &5 = 8o3p =1

Those can be easily checked with using (6). For the optimal formula, the re-
mainder term is O(f(xn )4) in (8) because v, = O(f(x)z). In this sense, we
can say that (4) is optimal if and only if 7 ,&, can be written as (7) and (8).

When y — 0 the Formula (7) leads to (2) and the Formula (8) leads to (3). A
query may arise that there exists an optimal (DF) variant (4) for each optimal
(DP) variant (1) and vice versa. If yes, how to find its (DF) variant? To respond
this we use the connection of formulas (3) and (8). Actually, from (3) and (8) we
deduce that

G, =a,(%,.5,.6,)+(d,~2)(1+6,+(d, + B)6; +2,)0,, 9)

where «,(x,,y,.4,) is obtained replacing f'(x,) by ¢, in «a, (xn, v /' (x, ))
in (1). From (9) we find that

an (xn’yn’f,(xn )) = dn (xn’yn’¢n)

1 =8,(%,.2,.1'(x,)).  (10)

o =1"(x,

These relations (9) and (10) give the rule of mutual transition of (DP) and (DF)
variants. There exists the one optimal (DP) variant (4) for each optimal (DF) va-

riant (1). The converse does not true. Namely there are several (DF) variants of
(DP).

3. Application of Sufficient Convergence Condition to Derive
New DF Iterations

Now we give the application of Theorem 2 to construct new iterations. The suf-
ficient convergence conditions (7) and (8) allow us to design new derivative-free
optimal methods. Depending on the form of &, we can obtain different itera-
tions. We consider some special cases.

1) Let &, in (4) beaform

f(x)

where @, , and u are smooth enough functions. As regarding the iteration

a, =¢(9n)+w(vn)+ﬂ(f(z”)], (11)

(4) with @, given by (11) we give the following result.
Theorem 3. The iteration (4) with 7, given by (7) and with a, given by
(11) have the order of convergence eight, if the following conditions hold:

p(0)=1, ¢'(0)=d,, ¢"(0)=2(B+¢,),
¢"(0)=6(7+d,(B-1-¢)),
w(0)=0, y'(0)=1, (12)
#(0)=0, 4/(0)=2d,.

Proof. Using the Taylor expansion of smooth enough functions ¢(6,),y (v,)
and y(& Un) we obtain an expression for (11). The comparison of this ex-

n’

pression with sufficient condition (8) gives conditions (12).

DOI: 10.4236/ajcm.2020.101007

104 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2020.101007

T. Zhanlav et al.

When ﬂN =7 =0 in (7) the Theorem 3 leads to a theorem in [5]. That is to
say, the similar theorem was proved in [5] only for special case of 7, :

£ =1+d0,. (13)

Therefore, Theorem 3 is more general, than that of [5]. Note that, in [5] are
proposed four variants of @, that include redundant terms like v’ and

4

loss of the order of convergence. When y =0 the condition (12) reduced to
p(0)=1, ¢'(0)=2, ¢"(0)=2(B+1), ¢"(0)=6(7+28-4),
w(0)=0, y'(0)=1, u(0)=0, x'(0)=4. (14)

It means that the derivative presence variant (1) with parameters given by (7)

can be simplified essentially without

n

2
) . By neglecting these terms, &

and (11) has a convergence order eight under conditions (14).
Thukral and Petkovi¢ considered in [1] the particular case of (1) with &,
given by (11) and with
- 1+ 56,

=~ 1420 +2(2-b)0* +2(2-b) O .
P (b-zge, TR TRETNG2CE0)

In this case ﬁ’=2(2—b) and ;7:2(2—b)2 and the condition (14) coin-
cides with that of [1]. They also considered another particular case of (1) with
¢, givenby (11) and

T, =0+

n n

=1+20,+60’ +6 +---.

In this case ,l? =y =1 and the condition (14) leads to that of [1]. The func-
tion qo(Hn) in (11) can be written as
0(0,)=%,+¢,0, +d,(B-1-¢])6,. (15)
Due to generating function method [10] instead of 7, we can take any func-
tion H

_c+(H'(0)c+d)0, +0b;
c+df, +b0’

s bacadza)ER’ (16)

satisfying conditions

H(0)=1, H'(0)=d

L H'(0)=25, H"(0)=6.
As a result, we have a family of optimal derivative-free three-point methods (4)
with (11), (15), and (16). The constants ,B and 7 can be expressed through

b,c,d and ® as:

w—-b—dH'(0) d(2b-w)

p=—— 77:—2+(H,(0)C+d){_3__2J__3'

C c

That is we have the iterations (4) with 7, is given by (16) and &, is given
by
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a,=,+6,0,+d,(B-1-2)0; +(1+2d,0,)v,. (17)

Note that the choice of parameter 7, defined by (16) includes almost all the
choices listed in Table 1 as particular cases. Thus the family of iterations (4) with
(16) and (17) represents a wide class of optimal derivative-free three-point iterations.

2) Let & in (4) be a form

n

a,=7,+K(0,0,), (18)

where 7, is given by (7) and K(6,,0,) is sufficient smooth function of 6,
and v,.

Theorem 4. The iteration (4) with 7, given by (7) and @, given by (18)
has the order of convergence eight, if the following conditions hold:

K(0,0)=K,(0,0)=0, K/(0,0)=1, Kj,(0,0)=2d,,

K3(0,0)=28,, Kpy,(0,0)=6d,(4-1-2). (19)

Proof. From (7) and (8) it is clear that

K(6,:0,)=5,0; +d,(F-1-¢)0} +(1+24,6,)v, +O(/ (x)') (20)

n-n

which holds under conditions (19).
The (DP) variant of this iteration is obtained from (4), (7), and (18) when
y — 0. Note that the similar scheme was considered in [2].

In some cases, the form

a =f,,[1+K(9+’“”)]=an(9n,un) 1)

T

obtained from (18) is useful. Using (20) we obtain
w(0,0,)=1+&6 +(—5,,cin +d,(B-1-2))0

n-n

+(1+c7n9n)un+0(f(xn)4). 22

For the iteration (4) with (7) and (21) we can formulate the following:
Theorem 5. The iteration (4) with (7) and (21) has the order of convergence
eight, if the following conditions hold:

w(0,0)=1, W;(0,0)=0, Wz (0,0)=2Z,,
Wi (0.0)=6(-¢,d, +d,(B-1-2)), (23)
w!(0,0)=1, W (0,0)=d,.

Proof. If we take (22) into account in the Taylor expansion of function
W(6,,v,) wearrive at (23).
When y =0 the conditions (23) take a form

w(0,0)=1, W;(0,0)=0, Wy(0,0)=2,

W (0,0)=12(B-3), W,(0,0)=1, W}, (0,0)=2. (24)
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Remark. Obviously, as for T, one can take any function H given by (16) in
the formulas (17) and (21).

Note that in [3] were obtained some conditions that guarantee order eight of
the method (4) with (7) and (21) ie,

£ =h(0,s,)=1+0,+s, +§ej +b0,s, +§sj o,
_af()
Sn— ,
f(x)
a,=h(6,.s,) u(6,.s,.v,),

d -2
u1(0,,s,.0,)=1+uv, +Euj +0s +0v +s.0, +a79n3

c—23 ﬂuj+a+2b—4 , 2b+c-4_ ,

+ s+ 0s. + 0.
2 2 (25)
=146,00+(1+d,0,)v, +(d,8-(2+8 +2¢,)d, )0
+0(f(x")4)

d m
that does not coincide with (22). Moreover, the terms Euj and EUS seem to

be redundant, because it suffices to determine ¢, with accuracy O( f(x, )4) .

Note that (DP) methods with (7) and (21) are often used. For example,
Kung-Traub’s eighth-order method [21] has a form (1) with

W(6,,)= f(y")(fz("")+f(zyn)(f(y»)—f(zn))) _140,(0,-00,) 7
(S () =7 (z)) (f(3)-1(2)) (1-60,) (1-v,)
The Bi-Wu-Ren’s optimal eighth-order method [22] has a form (1) with
7, =h(6,),
o, LI () +A1(z) . o)
T fG)+(B-2)1(z) flan ]+ flEexsn ]z 5,)
where
flz9.]= f(y;):j(z"), flzx,x,] = f'(xnx—l_‘[zzn,xn])'

But (27) is not the example for (21).
The Sharma and Arora’s optimal eighth-order method [21] has a form (1)
with

46 (1-6,) (1-v,) (28)

"(-1+6,0,)((1-26,)" +(3-46,)6,0,)

n—n

1]
l

DOI: 10.4236/ajcm.2020.101007 107 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2020.101007

T. Zhanlav et al.

Moreover, we suggest that more general theory for 7, as
£ =140, +0, +hy0: + 1,00, + hy,o! + hy0;
2 2 3
+h,0,0,+h,0,0, +hzo, +---.

3) Let ¢, in (4) be a form

. ?
= n (29)
T e Y CI V1 ERTE S B CRpy | PRy 7] FRy

that often used in practice, see [4] [12] [14] [15] [16]. Of course, 7, and ¢,
given by (7) and (29) satisfy the sufficient conditions (7) and (8). The (DP) va-
riant of (4) with (7) and (29) has a form (1)

_. _S()
Y =Xy f'(x,,)’
Zn:l/lzt(xn’yn)’
I i C9)
xn+l_Zn an f/(xn)’ (30)
/(%)

where o, =

f[Zn’yn]+ (Zn _yn)f[yn’xn’xn] .
In [6] is proposed the eighth-order iteration (1) with (29) (  — 0) and special

T

n

_ 1
T”—1+9—n+ 1+W Hn' (31)
/(%)

Our iteration (1) with (2) and (30) is more general than that of [6].
4) Let ¢, in (4) be a form
_ 4,(1+40,+B0; + 0, +(0+A0,)v,)

a,= ,a+b+c=1, (32)
af[‘xlz’zn]+bf[znﬁyn]—i_cf[‘xn’yn]

where a,b,ceR.
We shall find the coefficients 4, B,C and @, A such that the iteration (4)
with (7) and (32) has the order of convergence eight and state the following:
Theorem 6. The iteration (4) with (7) and (32) has the order of convergence
eight, if the following conditions hold.

A=(1-b)(d,-1), B=(B-d,)(1-b)+¢,(1-a),
C=a-1+(b-a)p+(1-b)y+(a+p-2)¢, +(c-2)c -¢, (33)
w=1-b, A=-a+b-1+d,(2-b).
Proof. Using the following relations

f[x”’y”]:¢'l (l_en)’ f[Zﬂ’yn]:@(l_Un),

T

n
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Tlem) =g (=00,

9,

L .
f—nzl—dﬁnJr(df—ﬁ) +(2B,d, -7 -d})0} +- (34)
H;ﬁn:1—0”+(1—5n)¢9,f+(2cin—ﬁn—1)03+

L:1+x+x2+x3+---, |X|<1,

1-x

we get
¢n

af [x,.2,]+bf [2,.9,]+ o/ [x,.3,]
~t+(ave+bd, )0, +(a(d, ~1)+b(F-d2)+ (a+c+pd,) 6

((/3+1 2d,)+b(7+d} -2,
+2(a+c+ba7n)(( —1)+b(4-
bd,

+(b+(a+2b(a+c)+(2b—l)

) (35)
a:))+(a+e+bd,))o;
6. )e.+0(s (=)

Substituting (35) into (32) and using the sufficient convergence condition (8)
we arrive at (33).

Thus, we have a family of optimal three-point (DF) the iteration (4) with (7)
and (32) that contains three parameters a, b and ¢. Now, we consider some par-
ticular cases of the iteration (4) with (7) and (32). Let a=b=1 and c=-1.
Then from (33) we find that

A=B=0, C=(

Hence we obtain

(1+((1+98,)B-d,-3-14,)860; +E,6,0,)4,

T e ] ]
e e
SIxoz ]+ flz0 0] f[%00.] ’
or
a, = 4 ., (37)
(g e L0 bl e )
where C=(1+y4,)~d,~3-74,. The sign ~ in (37) indicates that it holds

with accuracy O( f (x ) Now, we consider concrete choice of 7,

1

=—, N. 38
T de +peo PS (38)
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For the choice (38) we have

p=d;-re,
and
C=—-(p+1).

The iteration (4) with (38) and (36) (or (37)) is converted to one given by So-
leymani in [23] for p =0 and one given by Thukral in [7] for p=1. For the
choice p=-1 the parameter &, issimplified as

[T

- : (39)
flxz]+ flz00,]= fF1x00.]
or using 1+ ]J:((j/i)) = - fl(zn) +0(f(xn)6) we have
f(w,)
a, = 4 : (40)
(- (Z")J(f[xnazn]+f[2n,yn]—f[xn,yn])
/(@)
Let
z, =1_;~=1+a7n9,, + SO+ 70+, (41)
with
p=d;, 7=d).
Then C=-¢ and we have
(1-20;+¢,0,)4, )

T TR PR P

The iteration (4) with (41) and (42) coincides with one given by Soleymani in
[23] with

i ()L )
[l ) ey £ )

a, = ,

! f[xn’zn]+f[znﬂyn]_f[xn’yn]

here we can neglect the redundant terms &' —v’+60’v>. Let a=1, and
b=c=0.Then from (33) we find that

A=d,-\, B=p-d, C=p(d,-2)+7-¢d,

n’n?

~vl+E 0,0 +(t9,,un)2 &,

n’n"n

w=1, Azz(a?n —1).
The Formula (32) is converted to

] (1+(&n ~1)0,+(B-d,)0 +(F(d,-2)+7-2d>)6; +(1+2(d, —1).9,,)un)¢
z,]

L (43)

n f[xn:
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On the other hand, the direct calculation using relations (34) gives
[l_f(zn)Jl(l_n £(v,) fo[xn,y,,]
f(@,) (@)% (x,)) 23]
=1+(d,-1)0,+(B-d,)0; +(7 - B-né, )6, (44)
+u+2@@y%+ow(%f)nek

We choose parameter 77 in (44) such that the expression (44) coincides with
the numerator of (43) within accuracy O( f(x, )4) . That is to say, that

n=-p+d,.
As a result, (43) can be rewritten as
] f(zn)jl[ oo () J JAERAL)
=1- 1-(d: - . 45
& [ o) P ey e [ ]

Thus, we find a family of optimal (DF) iteration (4) with (7) and (45), that
contains some existing iterations as particular cases. Thukral in [24] proposed

eighth-order derivative-free iterations (called M,,M,,M,) for some special

T :

n

f=——————=1+d,0,+(d} -¢,)0; +--.

In this case f=d’—¢, and hence 1=¢,, the @, given by (45) leads to
that of M, and M, in [24]. So, the Thukral’s method ( M,,M,,M,) are in-
cluded in our family of (4) with (7) and (45). Thukral in [24] proposed also
Petkovi¢ type methods (P1,P2). For Pl we get 7,=1+d,0,, ie. f=0.In
this case 7 :jf in (45) and our family of method (4) with (45) converted to
Pl.For P2 we get

£ =l (46)
1-¢,0,

In this case f=¢d, and 5 =d,. Thus, our family of method (4) with (45)
converted to P2 . It means that the ( P1,P2) methods are also included in our
family of (4) with (7) and (45). As stated above for the choice of (41) we have
B= c?nz , 80 (45) is simplified as

i {1 f(zn)J /%,.2,14, )
S

f(wn) xn’zn]f[zn’yn]'
Thus, we have optimal (DF) methods
yn :xn - f(xn)’
#,
%:%—@fUJ,a: L (48)
¢Vl 1 - dngﬂ
xn+l = Zn - dn f(Z”),
é,
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where ¢, is defined by (47). This is (DF) variant of Sharma and Sharma’s op-
timal methods given in [19] [21] within accuracy O( f(x, )4) . It means that we

develop (DF) variant of Sharma and Sharma’s method.

4. Numerical Experiments

In this section, we make some numerical experiments to show the convergence
behavior of the presented derivative-free method (4) with parameters 7, and
a,. We also compare them with the ones developed by Soleymani [23], Thukral
[7] [24] and Sharma et al [19]. For this purpose, we consider smooth and

non-smooth nonlinear functions, which are given as follows:
fi(x)=¢ +§— 1,x" =4.9651142
X -x 2 3 *
fi(x)=e —cos(x —1)+x +1Lx =-1

f3(x)=sinx+ex2 -1,x" =0

f4(x):l—|x|,x* =1.

X

All computations are performed using the programming package Maplel8
with multiple-precision arithmetic and 2500 significant digits. The test functions
have been used with stopping criterion |xn — x*| <107, where x is a root of
f (x) and the approximation x, to x . In all examples, we consider that the
parameter y =-0.01 andthat a=-2 in Chebyshew-Halley’s method.

Nowadays, high order methods are important due to scientific computations
in many areas of science and engineering use. For instance, planetary orbit cal-
culation, radiation calculations and many real life problems demand higher pre-
cision for desired results [4] [13]. The first example addresses this situation and
we apply the presented methods to solve one such physical problem. In [4] have
considered one of the famous classical physics problem which is known as
Planck’s radiation law problem. First nonlinear function f; arises from this
problem.

/1(x)=0 has two zeros. Obviously, one of the roots x=0 is not taken for
discussion. Another root is x ~4.965114231744276303699 . Now, we give
some numerical experiments and compare new methods with some well-known
methods for the smooth function £, using the initial guess x,=6.In Table 2
and Table 3, we exhibit computational order of convergence (COC) and abso-
lute error |x,, - x*| as well as iteration numbers 1 are displayed. For presented

methods and test functions, by using (see, e.g., [4] [11] [16])

| o)
|

1 * *
n |xnfl —-X |/|xl172 —-X

we have computed the order of convergence.

*
X,.1—X

COC~=

From Table 2, we can observe that computed results completely support the
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Table 2. Convergence behavior of scheme (4) for f, (x),x0 =6.

methods a, Z, n - x, coc
(32), (a=b=1lc=-1) (38), (p=-1) 3 0.3130e—674 8.00
(32), (b=la=1lc=-1) (13) 3 0.3422e-670 8.00
(32), (b=la=c=0) (13) 3 0.1346e—667 8.00
4)
(32), (b=lLa=c=0) (38), (p=0) 3 0.1078e-670 8.00
(32), (b=l,a=-lc=1) (13) 3 0.3285e—665 8.00
(32), (b=la=-lLec=1) (38), (p=0) 3 0.3378e—668 8.00
Soleymani [23] (32), (a=b=1c=-1) (38), (p=0) 3 0.2023e-673 8.00
Thukral [7] (32), (a=b=1c=-1) (38), (p=1) 3 0.1239¢—672 8.00
1
M, M, M, [24] (45), [ = j (38), (p=1) 3 0.4813e—670 8.00
1+74,
P1 Thukral [24] 45), (B=0) (13) 3 0.1271e-667 8.00
P2 Thukral [24] (45), ( -4 } (46) 3 0.3112e-669 8.00
1+,
Sharma et al. [19] (45), (n=0) (38), (p=0) 3 0.7836e—671 8.00
Table 3. Some particular cases of (4) with 7, (16) and &, (29).
£,=H(0,) n - x, coc
methods
choices of parameters fi(x),x, =6
1 d
Lotfi [15] c=ld=- ,b=0,0=—= 3 0.2785e—672 8.00
1+ 2

. 5 2-p8
King’s type [16] c:m:l,d:ﬂ—l—d”,b:Hw (B=2) 3 0.1004e—674 8.00
Zheng [12] c=ld=-d ,b=w=0 3 0.9462e—674 8.00

1
Sharma [14] c=lLd=- b=0=0 3 0.4414e-673 8.00
1+ 79,
1 20

Chebyshew-Halley [4] c=lLd=-|2a+ b= ,o=H(0,) 3 0.7466e—671 8.00

L+yp, 1+ 7o,

theory of convergence discussed in previous section. In addition to the compar-
ison of new methods with other methods we include some special cases of pro-
posed family (4) in Table 3.

Table 4 illustrates the number of iterations needed to achieve approximate

solution and absolute residual error of the corresponding function | f(x,)

using the stopping criterion |xn - x*| <107,

As 7, in Table 2 is used same in each method, it is shown in Table 4.
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Table 4. Comparisons between different methods.

f(x) £ (x) fi(x)
a, X, —0.6 -15 Methods
a,b,c n ‘f(x“) n ‘f(x”)
a=1
b=1 4 1.60 (—-691) 4 1.37 (-349)
c=-1
a=1
b=1 5 2.44 (-395) 4 2.20 (-260)
c=-1
a=0
b=1 - 5 6.80 (—1233) (4)
c=0
a=0
b= 4 9.48 (—541) 4 9.00 (-300)
c=0
(32)
a=-1
b=1 - 5 8.55 (—988)
c=1
a=-1
b=1 4 7.55 (-316) 5 2.25 (-1777)
c=1
a=1
b=1 4 2.72 (—484) - - Soleymani [23]
c=-1
a=1
b=1 4 1.75 (—449) 4 7.99 (=702) Thukral [7]
c=-1
n= 1+1}/¢" 4 1.75 (—449) 4 9.49 (-267) M, M, [24]
B= 5 1.05 (-875) 5 4.59 (-1301) Pl Thukral [24]
45) )
B= lj;/qﬁ 5 1.09 (-707) 5 1.14 (-1709) P2 Thukral [24]
7=0 5 2.98 (-1069) 4 2.33(-373)  Sharma et al [19]

Furthermore, when the iteration diverges for the considered initial guess x, , we
denote it by “-”.

From Table 4, we see that the convergence behavior of the presented families
with different parameters and the iteration number n are the same as for all con-
sidered methods.

The result of Table 5 demonstrates that new methods iteration numbers are

DOI: 10.4236/ajcm.2020.101007 114 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2020.101007

T. Zhanlav et al.

Table 5. Comparison of various iterative methods for f, (x),xo =-2.

methods a, z n coc
(32), (a=b=1lc=-1) (38), (p=-1) 6 8.00
(32), (b=Lla=1lc=-1) (13) 5 8.00
(32), (b=La=c=0) (13) 6 8.00

4)
(32), (b=la=c=0) (38), (p=0) 6 8.00
(32), (b=lLa=-lec=1) (13) 5 8.00
(32), (b=la=-lc=1) (38), (p=0) 10 8.00
Soleymani [23] (32), (a=b=1c=-1) (38), (p=0) 6 8.00
Thukral [7] (32), (a=b=1c=-1) (38), (p=1) 8 8.00
P1 Thukral [24] 45), (B=0) (13) 14 8.00
P2 Thukral [24] (45), [ B= 15;% J (46) 8 8.00
Sharma et al [19] 45), (n=0) (38), (p=0) 21 8.00

used lesser than other existing methods under condition |xn - x*| <107,
However, the dynamic behavior of iterations may depend on the choices of pa-
rameters and problems under consideration. In sum, numerical results show
that new iterative methods can be significant by its high precision and practical

use.

5. Conclusion

We derive the necessary and sufficient conditions for derivative-free three-point
iterations with the optimal order. The use of these conditions allows us to derive
the families of optimal derivative-free iterations. We propose the families of op-
timal derivative-free iterations (4) with 7, given by (16) and &, given by
(17), (29), (32), and (45). Our families include many existing iterations as par-
ticular cases, as well as new effective iterations. We reveal redundant terms in
well-known methods given in [3] [5] [23]. Dropping these terms allows us to

simplify their algorithms and save computation time.
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