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Abstract 
The purpose of the study is to investigate the characteristics of the discounted 
cash flow (DCF) as a measure of startup financial success. In general, DCF is 
found the most popular method in startup valuation followed by the internal 
rate of return (IRR) and the payback period methods. However, the conse-
quences of using this method in startup valuation are rarely analyzed in fi-
nancial research. In this study, a simplified mathematical model is developed 
to describe the time-series development of the cash flow. This model is based 
on the growth of expenditures and their ability to generate revenues from the 
founding of the startup. The model employs IRR as the measure of true prof-
itability and the average lagin revenue generation as a proxy of the payback 
period. Numerical experiments are used to show the sensitivity of DCF to the 
parameters of the model. The results indicate that the use of DCF favors star-
tups that grow slowly and have a short payback period but that also exhibit a 
high IRR. The longer the time series of the startup used in the analysis, the 
more significant role IRR tends to play in DCF. Empirical evidence extracted 
from a sample of Finnish startups supports the numerical findings. 
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1. Introduction 

The success of startups is important for economies investing on innovations and 
growth. Therefore, especially the early years of startups have been popular 
themes of business research, literature, and government policy debate [1]. Star-
tups are necessary for the creative destruction process as they enter the market 
and replace old and stagnant firms [2]. However, this process is potentially com-
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plicated since startups typically have insufficient financial resources to follow 
their plans for the early years. Startups are often faced by difficulties to raise eq-
uity or debt finance and are therefore forced to rely heavily on internal finance. 
Zingales [3] in fact regards internal finance as the main source of financial capi-
tal for startups. The determinants of the sufficiency of this finance are related to 
the early-stage growth and profitability of startups. Therefore, it is important to 
the investors, financers, and entrepreneurs that the determinants of internal 
finance in the early years of startups are well understood. 

Internal finance is based on the cash flow generated by the startup. Therefore, 
cash flow is a significant indicator of a startup facing financial constraints. Star-
tups with strong cash flows continue to operate and grow, while startups with 
weak cash-flow close and eventually die [2]. It is often suggested that highly 
cash-flow sensitive firms are those facing the least constraints [4]. Some re-
searchers further argue that cash flows reveal information about investment 
quality [5]. Cash flow is not connected with the characteristics of financial re-
porting as strongly as accrual flows. This is important, since one of the objectives 
of financial reporting is to make managers and entrepreneurs accountable to in-
vestors so that there is efficient allocation of capital. The most efficient firms 
should receive financing and have higher valuations, than worse firms [6]. For 
mature firms living in steady conditions and generating predictable cash flows, 
investors can generally agree with their value. However, in the early stages star-
tups typically suffer from unstable development making the valuation for an ex-
ternal investor very challenging. 

Because of the importance of cash flows for the development of startups, val-
uation methods based on the discounted cash flow (DCF) are recommended by 
prior studies [7]. DCF is also the most commonly used valuation method em-
ployed by investors [8] [9] [10]. Especially, DCF is the preferred method when 
there is little information available to compare with. That is the reason why DCF 
is the method most widely used in startups that typically have lower income and 
high growth expectations. Reverte, Sánchez-Hernández & Rojo-Ramírez [7] 
however emphasize that in using the DCF method to estimate the fair value of 
an investment, the investor should derive the present value of the investment, 
using reasonable assumptions and estimations of expected future cash flows and 
the terminal value, and the appropriate risk-adjusted rate that quantifies the risk 
inherent to the investment. It is clear that these important variables (cash flows, 
terminal value, and discount rate) require substantial subjective judgement to be 
made. This study does however not focus on these obvious estimation difficul-
ties, which are well known to investors. 

Thus, instead of concentrating on the estimation problems the objective of 
this study is to analyze the consequences (outcomes) of using DCF to assess 
time-series of startups. Therefore, the objective is here to investigate what kinds 
of startups are preferred to or neglected when using DCF in assessment. This 
means that the time-series of cash flow are in this study described using para-
meters that characterize the target startup in a relevant way. In reality, the 
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time-series of startups are usually nonstationary [1] [11] [12] [13]. Prior studies 
generally indicate that the development of startups is non-linear and prone to 
interruptions and setbacks, which are stochastic and quite difficult to explain 
using different variables and processes [11]. However, to avoid these difficulties 
Laitinen [14] constructed a simplified model to explain the early development of 
financial ratios. He showed that in the early years of startups profitability ratios 
give a very unreliable estimate of the real profitability of the startup. In this 
study, a similar mathematical model is developed to depict the development of 
cash flow to be used to analyze DCF in a simplified framework. 

In the present framework, the growth of expenditure in a startup is described 
by a steady growth model. Following the basic idea of identical investment 
projects, it is assumed that each periodic expenditure generates a proportionally 
identical infinite (geometric) flow of revenue. The profitability in terms of the 
internal rate of return (IRR) and the lag structure of revenue flows are assumed 
constant. In this framework, steady growth rate refers to the growth of the star-
tup, IRR to the true profitability, and the lag structure parameter to the payback 
period of periodic investments. The behavior of the cash flow in this simple 
framework is analyzed using numerical experiments. In these experiments, the 
periodic revenue is assumed stochastic and a discount rate is used to calculate 
the present value of the cash flow to act as a surrogate of DCF. These experi-
ments clearly show that the real profitability (IRR) is an important determinant 
of DCF. However, the use of DCF obviously prefers startups with a low growth 
rate and a short payback period to startups with a higher growth rate and a 
longer payback period. These conclusions are supported by empirical evidence 
extracted from Finnish startups. These kinds of consequences are not favorable 
for a valuation method, since it disregards high growth startups with long pay-
back period. These characteristics are typical for high technology startups, which 
are essential for innovations and growth. 

The content of the study is organized as follows. Firstly, the introductory sec-
tion presented the motivation, objective, and contribution of the study that all 
are associated with the use of DCF to assess startups. Secondly, an analytical 
model of the time-series of cash flow is drawn up and analyzed in the second 
section. The purpose is to show how the model parameters endogenously affect 
the development of cash flow in the early years of a startup. The model is used to 
derive analytically the expected present value of the cash flow (DCF) but also the 
variance of DCF incorporating a simple stochastic variable in the model. The 
mean and variance of DCF are used to include risk aversion in the framework. 
Thirdly, the analytical results are used to build up numerical experiments to 
show the sensitivity of DCF to the parameters of the model. Fourthly, numerical 
results are presented and discussed in the fourth section. In this section, also 
empirical evidence from Finnish startups is used to assess the relevance of the 
numerical results. Finally, the last section discusses and concludes the main 
findings and limitations of the study and gives hints for future research on DCF. 
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2. Cash Flow Model 

The development of cash flow for a startup in the early years is a complicated 
and stochastic process [11]. Therefore, Reid [12] applied a dynamic theory to 
predict trajectories for key financial variables of a startup whereas Coad et al. 
[13] used Gambler’s Ruin framework by arguing that startup performance is best 
modelled as a random walk process. In the present framework, a simplified set of 
assumptions are first applied to depict the development of cash flow under de-
terministic circumstances. Later, a simple stochastic process is incorporated in 
the model. In this framework, such aspects as continuing (terminal) value, 
depreciations and tax savings are excluded [15]. The framework is similar with 
the approaches used to explain the relationship between the accounting rate of 
return (ARR, ROI) and the internal rate of return (IRR) [14] [16] [17] [18] [19]. 
In these frameworks, growth plays an important role. For a startup, growth is 
critical for survival in the early stages, since new firms that do not grow are more 
likely to fail or close [11] [13]. It is assumed here that the entrepreneur periodi-
cally invests on the startup an expenditure that grows periodically at a steady 
rate [14]. Thus, the time series of periodic expenditure can be described as fol-
lows: 

( )0 1 t
tM M g= +                           (1) 

where Mt refers to expenditure spent in period t and g is the steady rate of 
growth (g > 0). For simplicity, random elements [13] are thus far neglected in 
this framework. 

It is important for the survival of the startup that the business starts to gener-
ate revenue as quickly as possible after founding. In this way, the startup streng-
thens internal finance and ensures a successful entry to the market. Gilbert, 
McDougall & Audretsch [20] review 48 empirical studies on new firm growth 
concluding that growth of sales revenue is one of the most important measures 
of growth. The present model assumes that the business process of the startup is 
proportionally fixed and repetitive so that periodic expenditure generates a sim-
ilar but steadily growing flow of revenue beginning from the investment period. 
It is assumed that the lagged flow of revenue generated by periodic expenditure 
follows a geometric distribution, which leads to the following expression: 
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where K is the level parameter of the lagged revenue distribution whereas q is 
the lag parameter describing the geometric lag structure. The lag parameter q is 
defined as being greater than 0 but less than 1. 

Equation (2) shows that the resulted time series of revenue is a non-steady 
process where the growth path is largely determined by the difference between g 
and q. In the early growth process the growth rate of revenue converges towards 
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g faster, the lower is q. When n approaches the infinity, the growth rates of ex-
penditure and revenue are equal and the startup lives in a steady state. If it is as-
sumed that the lag distribution is infinite, IRR or r can be incorporated in the 
model as follows: 

( )
0

1 11
1

ii
t t

i

rM M K q r K
r=

∞
− + −

= + ≥ =
+∑                  (3) 

where K is less than unity. 
Each proportionally identical periodic expenditure generates a flow of revenue 

yielding the same IRR, which means that r equals IRR also at the level of the 
firm. Thus, r refers to the true or principal profitability of the startup. IRR is 
solely based on expenditure and revenue concepts and is therefore independent 
of expense concepts. In the present framework, the lag parameter q is also an 
important concept being associated with the payback period of periodic expend-
iture investments. The payback period and IRR are popular assessment methods 
in capital budgeting and investing. The lag parameter tells how quickly invested 
expenditure generates revenue to the startup. The revenue lag is increasing in q 
with the average lag defined as ( )1q q−  (weighted average of all lags) and with 
the median lag defined as – log 2 log q  (time when 50% of revenue contribu-
tions are generated). However, the payback period of each identical project de-
pends on IRR in addition to q. It can be presented as ( )( )log 1 logr r q q+ − . It 
shows the time when the accumulated revenue flow for the first time exceeds the 
periodic expenditure. 

In this framework, the cash flow is defined as the difference between revenue 
and expenditure. Using Equation (2) the present value of the cash flow can be 
presented in the following form: 
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where d is the rate of discount. 
Solving the summation terms in Equation (4) and rearranging the terms leads 

to the following solution: 
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Equation (6) depicts the steady state value of the revenue-expenditure ratio 
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that exceeds unity if r > g and equals unity if r = g. It is less than unity if r < g. 
Equation (5) shows that the effects of the parameters on DCFt are dependent on 
the length to f the cash flow time-series. The marginal effect of IRR or r on DCFt 
is positive. However, its effect can increase or decrease with the length of the 
time-series depending on the relation between g and d: if g > d, then the effect is 
increasing in t and vice versa. Similarly, in that case, the effect of growth on 
DCFt is increasing in t, and decreasing in the opposite case. However, the mar-
ginal effect of g is complicated and difficult to interpret. The effect of lag para-
meter q on DCFt is decreasing with the length t of the time series, since q/(1+d) 
< 1. If r = g, DCFt only depends on M0, q and d through the second term of (5). 

3. Numerical Experimentation 

Equation (5) gives an insight of how the parameters of the present model affect 
the discounted value of cash flow or DCFt. However, the intrinsic effects of pa-
rameters are complicated and difficult to assess analytically especially when the 
parameters change at the same time. Therefore, the interpretation of the results 
is here facilitated using numerical experimentation. This kind of experimenta-
tion makes it possible to include stochastic variables in the deterministic model. 
For a startup, the time series of sales are typically characterized by random 
chocks, which makes the cash flow to follow a stochastic process [11] [12] [13] 
[21]. Thus, it is assumed here that the periodic sales revenue does not realize ac-
cording to the deterministic formula (2) but is in each period exposed to a ran-
dom chock as described by the following equation: 

( ) ( )
( )

1 1(1 )
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                (7) 

where X(t) is a random variable that makes a proportional impact on Rt. 
For simplicity, it is assumed that X(t) follows a uniform distribution U(a,b) 

with the minimum value a and the maximum value b which are constant for 
each period t. It is also symmetrically assumed that the expected value of the 
random variable is ( )( ) ( ) 2 1MEAN X t a b= + =  so that the expected value of 
Rt equals to (2). The constant variance of the random variable X(t) is 

( )( ) ( )2 12VAR X t b a= −  leading to the following variance of the discounted 
cash flow DCFt: 
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which is a quite complicated function of the parameters of the model. Equation 
(8) however indicates that the effect of g is increasing and the effect of q is de-
creasing in the number of period. 

In the numerical experiments, each of the four model parameters r, g, q, and d 
have three different representative values (low, average, high) so that the number 
of combinations of values is 34 = 81 (cases). For each combination or case, 100 
simulation runs were executed to randomize the analysis allowing X(t) be de-
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termined in each period according to U(a,b) which totally led to 81∙100 = 8100 
runs. Then, for each of the 81 randomized cases, the mean and the variance of 
DCFt were calculated. The robustness of the results was evaluated re-running the 
8100 runs ten times and comparing the results got from every re-run. The results 
differed in these re-runs very little and did not lead to any changes in 
interpretation of the results. Table 1 presents the values of the parameters used 
in the experiments. Table 2 shows the payback period of the periodic projects 
for each combination of q and r. The longest payback period is 6.23 years (q = 
0.75 and r = 0.05) whereas the shortest time is only 1.00 year (q = 0.25 and r = 
0.25). The 8100 runs are calculated separately for startups with 5- and 10-year 
time series (N = 5 or 10) to analyze the effect of the life cycle stage (respectively, 
launch and growth stages). Furthermore, the effect of risk in revenue generation 
on DCFt is assessed calculating the runs separately for a lower and a higher risk 
condition determined by a and b. 

The experiments provide us with four different outcome variables used in as-
sessing the effects on DCFt. Firstly, for each of the 81 cases the mean and, se-
condly, the variance of DCFt are numerically calculated over the 100 randomized 
observations. Thirdly, in order to assess the efficiency of a case in the set of the 
81 cases (portfolio) it was calculated for each case how many of other 80 cases it 
dominates on the mean-variance relationship. Case A is here said to dominate 
case B if the mean of DCFt for A is greater than or equal to that for B and, at the 
same time, the variance of DCFt for A is lower than or equal to that for B. The 
number of dominated cases is called here “dominance” and theoretically, it va-
ries between 0 - 80. Fourthly, following the mean-variance utility theory the 
weighted difference of the mean and the variance of DCFt that measures the ex-
pected utility of DCFt, is calculated in the following form: 

( )( ) ( ) ( )
2t t tE u DCF MEAN DCF VAR DCFλ

= − ⋅                (9) 

where λ is the rate of risk aversion. For investors, the values of risk aversion rate 
vary significantly in practice [22]. In Finland, the average rate for executives is 
slightly over unity allowing approximating utility by a logarithmic function [23]. 
Thus, three different levels of λ are used in experimentation to show the effect of 
risk aversion (low 0.5; average 1.0; and high 1.5) and the average value is set 
equal to unity. 

4. Results of Experiments 
4.1. Launch Stage 

Figure 1 presents graphically the resulted relationship between the mean and the 
variance of DCFt under lower risk circumstances (a = 90 and b = 110) for the 
launch stage. This stage makes use of the five first years of the simulated startup 
to calculate DCFt (N = 5). It is remarkable that all 81 cases have a negative mean 
of DCFt indicating how difficult the first years are for a startup even with a good 
IRR. Table 3 presents the cases with three highest and lowest values for the  
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Table 1. Parameters of the model used in the experiments. 

      
Lower risk: Higher risk: 

M0 r q g N d Lower limit Upper limit Lower limit Upper limit 

100 0.05 0.25 0.05 5 or 10 0.025 0.90 1.10 0.80 1.20 

100 0.15 0.50 0.15 5 or 10 0.050 0.90 1.10 0.80 1.20 

100 0.25 0.75 0.25 5 or 10 0.075 0.90 1.10 0.80 1.20 

 
Table 2. Payback period t for different experimental values of q and r. 

q 0.2500 0.5000 0.7500 0.2500 0.5000 0.7500 0.2500 0.5000 0.7500 

r 0.0500 0.0500 0.0500 0.1500 0.1500 0.1500 0.2500 0.2500 0.2500 

t 2.0000 3.4594 6.2283 1.2925 2.1155 3.4094 1.0000 1.5850 2.4094 

 
Table 3. Highest and lowest values of the outcome variables for N = 5 and a = 0.9 & b. 

 
Highest value 

 
Lowest value 

 

 
1. 2. 3. 1. 2. 3. 

Mean −0.76 −2.82 −4.69 −434.10 −407.96 −385.94 
r 0.250 0.250 0.250 0.050 0.050 0.050 
q 0.250 0.250 0.250 0.750 0.750 0.750 
g 0.050 0.050 0.050 0.250 0.250 0.250 
d 0.025 0.050 0.075 0.025 0.050 0.075 

Variance 781.41 716.04 647.17 85.80 106.63 130.22 
r 0.250 0.250 0.050 0.050 0.050 0.150 
q 0.250 0.500 0.250 0.750 0.750 0.750 
g 0.250 0.250 0.250 0.050 0.050 0.050 
d 0.025 0.025 0.025 0.075 0.050 0.075 

Dominance 69 52 51 0 0 0 
r 0.250 0.250 0.150 0.250 0.050 0.150 
q 0.250 0.500 0.250 0.250 0.500 0.500 
g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.050 0.050 0.075 0.025 0.025 0.025 

λ = 0.5 −45.12 −61.40 −62.35 −507.07 −466.11 −434.64 

r 0.250 0.250 0.250 0.050 0.050 0.050 

q 0.250 0.250 0.250 0.750 0.750 0.750 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.050 0.075 0.025 0.025 0.050 0.075 

λ = 1.0 −87.42 −116.62 −118.01 −580.04 −524.25 −492.72 

r 0.250 0.150 0.250 0.050 0.050 0.150 

q 0.250 0.250 0.500 0.750 0.750 0.750 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.050 0.075 0.050 0.025 0.050 0.025 

λ = 1.5 −129.73 −165.41 −166.15 −653.02 −633.25 −616.55 

r 0.250 0.050 0.150 0.050 0.250 0.250 
q 0.250 0.250 0.250 0.750 0.750 0.500 
g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.050 0.075 0.075 0.025 0.025 0.025 
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Figure 1. The relationship between the mean and the variance of DCF for N = 5 and a = 
0.9 & b = 1.1. 

 
outcome variables. First, the highest values of the mean DCFt are associated with 
high r, low q, and low g whereas the lowest values are related to high q and high 
g. Secondly, the variance of DCFt is an increasing function of g but a decreasing 
function of q. Third, dominance is strongly determined by g: the lower g, the 
higher is dominance. Fourth, the comparison of the outcome for different rates 
of risk aversion shows that the higher risk aversion, the higher are the negative 
effects of q and g in a relation to the effects of r. 

The effect of the parameters is further analyzed using the ten cases with the 
highest values of the outcome variables (TOP 10). Panel of Table 4 shows that 
TOP 10 for the mean of DCFt includes eight cases with the highest value of r 
(0.25), eight cases with the lowest value of q (0.25), and seven cases with the 
lowest value of g (0.05). Thus, the three parameters show a quite strong impact 
each, since if randomly distributed, TOP 10 only includes 3 - 4 such extreme 
values. For other four outcome variables, TOP 10 includes all ten cases with the 
lowest value of g (0.05) except for the variance whose TOP 10 includes all ten 
cases with the highest value of g (0.25). In TOP 10 for the variance, six cases with 
the highest value of r (0.25) and five cases with the lowest value of q are in-
cluded. For the four other outcome variables, TOP ten includes five cases with 
the highest value of r (0.25) and eight cases with the lowest value of q (0.25) with 
an exception for the outcome variable of the highest risk aversion (λ = 1.5) with 
only six such cases. These analyses show the strong effects of q and especially g 
on the outcome variables. The mean of DCFt seems to be the only outcome va-
riable that is strongly associated with r. 

Table 5 presents the Spearman rank correlation coefficients between the out-
come variables. These coefficients show that the outcomes of the three risk aver-
sion rates are highly correlated with each other reflecting here a rather weak ef-
fect of aversion. Moreover, dominance is highly correlated with these outcomes. 
Table 6 presents the Spearman correlation coefficients between the parameters 
of the model and the outcome variables. It shows that r is positively correlated  

-500.000 -450.000 -400.000 -350.000 -300.000 -250.000 -200.000 -150.000 -100.000 -50.000 0.000

Va
ria

nc
e 

of
 p

re
se

nt
 v

al
ue

Mean of present value

https://doi.org/10.4236/tel.2019.98185


E. K. Laitinen 
 

 

DOI: 10.4236/tel.2019.98185 3006 Theoretical Economics Letters  
 

Table 4. The contents of TOP 10 solutions for different outcome variables. (a) Panel 1. N 
= 5, a = 90, b = 110 (launch stage). (b) Panel 2. N = 10, a = 90, b = 100 (growth stage). 

(a) 

Outcome variable 
Number of cases  

with r = 0.25 
Number of cases  

with q = 0.25 
Number of cases  

with g = 0.05 

Mean 8 8 7 

Variance 6 5 10# 

Dominance 5 8 10 

λ = 0.5 5 8 10 

λ = 1.0 5 8 10 

λ = 1.5 5 6 10 

(b) 

Outcome variable 
Number of cases  

with r = 0.25 
Number of cases  

with q = 0.25 
Number of cases  

with g = 0.05 

Mean 10 2 8 

Variance 4 4 10# 

Dominance 8 4 10 

λ = 0.5 8 4 10 

λ = 1.0 5 4 10 

λ = 1.5 4 3 10 

Legend: # = 0.25. 

 
Table 5. Spearman rank correlations between the outcome variables for N = 5 and a = 0.9 
& b = 1.1. 

 
Outcome 

     

Outcome Mean Variance Dominance λ = 0.5 λ = 1.0 λ = 1.5 

Mean 1.000 0.134 0.700 0.884 0.730 0.587 

p-value 
 

0.234 0.000 0.000 0.000 0.000 

Variance 0.134 1.000 −0.545 −0.274 −0.508 −0.662 

p-value 0.234 
 

0.000 0.013 0.000 0.000 

Dominance 0.700 −0.545 1.000 0.940 0.988 0.976 

p-value 0.000 0.000 
 

0.000 0.000 0.000 

λ = 0.5 0.884 −0.274 0.940 1.000 0.959 0.886 

p-value 0.000 0.013 0.000 
 

0.000 0.000 

λ = 1.0 0.730 −0.508 0.988 0.959 1.000 0.977 

p−value 0.000 0.000 0.000 0.000 
 

0.000 

λ = 1.5 0.587 −0.662 0.976 0.886 0.977 1.000 

p-value 0.000 0.000 0.000 0.000 0.000 
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Table 6. Spearman rank correlations between the parameters and the outcome variables 

for N = 5 and a = 0.9 & b = 1.1. 

 
Outcome 

     
Parameter Mean Variance Dominance λ = 0.5 λ = 1.0 λ = 1.5 

r 0.464 0.272 0.200 0.330 0.218 0.127 

p-value 0.000 0.014 0.074 0.003 0.051 0.260 

q −0.796 −0.353 −0.368 −0.587 −0.404 −0.254 

p-value 0.000 0.001 0.001 0.000 0.000 0.022 

g −0.347 0.775 −0.811 −0.681 −0.825 −0.886 

p-value 0.002 0.000 0.000 0.000 0.000 0.000 

d 0.023 −0.283 0.259 0.139 0.198 0.247 

p-value 0.837 0.011 0.020 0.216 0.077 0.026 

 
with the mean and the variance of DCFt but its correlation with the risk aversion 
outcomes significantly diminishes in λ. It also shows that q and g are strongly 
negatively correlated with the mean and the risk aversion outcomes. The va-
riance of DCFt has a high positive correlation with g, which makes the correla-
tion between g and risk aversion outcomes correlate the stronger, the higher is λ. 
There are only relatively low correlations between d and the outcome variables 
indicating a weak effect of the discount rate. 

Appendix 1 shows that an increase in the risk level (a = 80 and b = 120) does 
not remarkably change the cases with the extreme values for the outcome va-
riables. The most remarkable effect is that the negative impact of q on the risk 
aversion outcomes is here not as systematic as under lower risk circumstances. 
Moreover, Appendix 2 indicates that the positive rank correlations between the 
mean and these risk aversion outcome variables have significantly decreased. 
However, at the same time the negative correlation between the outcomes and 
the variance of DCFt has become clearly more significant. The rank correlations 
between dominance and the risk aversion outcomes with higher rates λ (λ = 1.0 
or 1.5) have also decreased. Appendix 3 shows that the significance of the rank 
correlations of the risk aversion outcomes to r and q have significantly decreased 
and even changed their sign. At the same time, the negative correlations between 
the risk aversion outcome variables (especially with lower λ) and g have become 
more significant. 

4.2. Growth Stage 

Figure 2 shows the scatter diagram for the mean-variance relationship when the 
ten first years are used to calculate DCFt (N = 10). There are a number of obser-
vations with a positive mean concentrated on the lower right corner of the dia-
gram. Table 7 shows the extreme values of the outcome variables for the growth 
stage. There are only some systematic changes in the determinants of the ex-
treme values of the outcome variables. Mainly, the highest values of the mean  
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Figure 2. The relationship between the mean and the variance of DCF for N = 10 and a = 
0.9 & b = 1.1. 

 
Table 7. Highest and lowest values of the outcome variables for N = 10 and a = 0. 

 
Highest value 

 
Lowest value 

 

 
1. 2. 3. 1. 2. 3. 

Mean 135.63 100.73 78.06 −1171.44 −1018.73 −884.69 
r 0.250 0.250 0.250 0.050 0.050 0.050 
q 0.750 0.750 0.500 0.750 0.750 0.750 
g 0.050 0.050 0.050 0.250 0.250 0.250 
d 0.025 0.050 0.025 0.025 0.050 0.075 

Variance 6231.55 5889.77 5571.55 184.22 224.26 250.84 
r 0.250 0.250 0.050 0.050 0.050 0.150 
q 0.750 0.250 0.250 0.750 0.750 0.750 
g 0.250 0.250 0.250 0.050 0.050 0.050 
d 0.025 0.025 0.025 0.075 0.050 0.075 

Dominance 66 65 61 0 0 0 
r 0.250 0.250 0.250 0.150 0.050 0.150 
q 0.750 0.250 0.500 0.500 0.750 0.750 
g 0.050 0.050 0.050 0.250 0.250 0.250 
d 0.075 0.075 0.075 0.025 0.025 0.025 

λ = 0.5 −17.39 −36.02 −45.90 −2024.19 −1818.04 −1776.08 
r 0.250 0.250 0.250 0.050 0.150 0.250 
q 0.750 0.750 0.250 0.750 0.750 0.750 
g 0.050 0.050 0.050 0.250 0.250 0.250 
d 0.075 0.050 0.075 0.025 0.025 0.025 

λ = 1.0 −105.81 −111.68 −142.06 −3333.96 −2991.01 −2977.48 
r 0.250 0.250 0.250 0.250 0.050 0.150 

q 0.750 0.250 0.500 0.750 0.250 0.750 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.075 0.075 0.075 0.025 0.025 0.025 

λ = 1.5 −177.45 −194.24 −217.60 −4891.85 −4442.68 −4383.90 

r 0.250 0.250 0.050 0.250 0.250 0.050 

q 0.250 0.750 0.250 0.750 0.250 0.250 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.075 0.075 0.075 0.025 0.025 0.025 
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DCF are now associated with high values of q whereas in the launch stage they 
were associated with low ones. However, in the growth stage also the lowest val-
ues of the mean are resulted for high q. Panel 2 of Table 4 shows that TOP 10 
for the mean DCF includes only two cases with the lowest value of q (0.25). 
However, it includes ten cases with the highest value of r (0.25) and eight cases 
with the lowest value of g (0.05). TOP 10 for the other outcome variables only 
include 3 - 4 cases with the lowest value of q (0.25) indicating that its effect is 
weak in the growth stage. Similarly as in the launch stage, TOP ten for other 
outcome variables than the mean includes all ten cases with the lowest value for 
g (0.05) (except for the variance with ten cases with the highest value). 

Consistently with the results for TOP 10, the Spearman rank correlations be-
tween the outcome variables are in this growth stage different as the correlations 
in the launch stage. Table 8 shows that the rank correlation of the mean with the 
variance is now negative and with the risk aversion outcome variables signifi-
cantly lower than in the launch stage. However, the negative correlations be-
tween the variance and the outcome variables of risk aversion are significantly 
stronger. The risk aversion outcome variables also correlate more with each oth-
er than in the launch stage. Table 9 shows that the effect of r on the mean and 
the dominance is now stronger being however insignificant on the risk aversion 
variables. Moreover, q has a significant (negative) effect only on the mean whe-
reas the rank correlations of g with all outcome variables are very high. The ef-
fect of g on the mean is almost as strong as that of r but remarkably stronger on 
other outcome variables. Thus, longer time series no doubt strengthens the effect 
of growth on the outcome variables making its impact dominant. 
 
Table 8. Spearman rank correlations between the outcome variables for N = 10 and a = 
0.9 & b = 1.1. 

 
Outcome 

     
Outcome Mean Variance Dominance λ = 0.5 λ = 1.0 λ = 1.5 

Mean 1.000 −0.356 0.817 0.726 0.614 0.551 

p-value 
 

0.001 0.000 0.000 0.000 0.000 

Variance −0.356 1.000 −0.776 −0.875 −0.939 −0.964 

p-value 0.001 
 

0.000 0.000 0.000 0.000 

Dominance 0.817 −0.776 1.000 0.972 0.935 0.905 

p-value 0.000 0.000 
 

0.000 0.000 0.000 

λ = 0.5 0.726 −0.875 0.972 1.000 0.983 0.964 

p-value 0.000 0.000 0.000 
 

0.000 0.000 

λ= 1.0 0.614 −0.939 0.935 0.983 1.000 0.995 

p-value 0.000 0.000 0.000 0.000 
 

0.000 

λ= 1.5 0.551 −0.964 0.905 0.964 0.995 1.000 

p-value 0.000 0.000 0.000 0.000 0.000 
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Table 9. Spearman rank correlations between the parameters and the outcome variables 
for N = 10 and a = 0.9 & b = 1.1. 

 
Outcome 

     

Parameter Mean Variance Dominance λ = 0.5 λ = 1.0 λ = 1.5 

r 0.658 0.164 0.298 0.186 0.069 0.006 

p-value 0.000 0.143 0.007 0.097 0.539 0.959 

q −0.374 −0.041 −0.256 −0.162 −0.103 −0.068 

p-value 0.001 0.714 0.021 0.148 0.361 0.547 

g −0.544 0.925 −0.841 −0.923 −0.941 −0.943 

p-value 0.000 0.000 0.000 0.000 0.000 0.000 

d 0.019 −0.279 0.235 0.212 0.265 0.281 

p-value 0.868 0.012 0.034 0.057 0.017 0.011 

 
Appendix 4 presents the results for the growth stage with the longer 

time-series (N = 10) under higher risk circumstances (a = 80 and b = 120). This 
appendix shows that, similarly as under the lower risk circumstances, an in-
crease in the risk level does not significantly alter the cases with the extreme val-
ues of the outcome variables. Appendix 5 indicates that the rank correlations of 
the mean DCF to the risk aversion outcomes however have significantly de-
creased. The negative correlations between these risk aversion variables and the 
variance of DCF have strongly strengthened towards minus unity. Similarly, the 
correlations between the risk aversion variables have now increased close to un-
ity. Appendix 6 indicates that the rank correlation of r with the risk aversion 
outcome variables is in this stage negative but insignificant. Moreover, q has a 
significant (negative) correlation only with the mean. The effect of g on the out-
come variables has stayed very strong. This effect (measured as a rank correla-
tion) is negative except for the variance. The effect of d on the outcome variables 
is similar as in the previous case and is only characterized by relatively lowrank 
correlations reflecting a weak impact. 

4.3. Empirical Evidence 

The findings presented above are based on a simplified mathematical model that 
is assumed to generate a cash flow series analyzed here using numerical experi-
ments. The numerical results show that along the positive impact of IRR, also g 
and q have a strong negative effect on different outcomes based on DCF. The 
crucial question is whether these kinds of relationships are observable in reality. 
This question is assessed in this study using empirical data from Finnish star-
tups. These data have been extracted from the ORBIS database of Bureau Van 
Dijk (BvD). The data were extracted under the restrictions that the firm must be 
Finnish, limited company, founded in the beginning of 2000 decade, and have 
successive financial statements available for at least 10 years. In all, financial 
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statements from 5190 startups were extracted. The median of the founding year 
was 2005 while the youngest firm was founded in 2008 and the oldest firm in 
2004. The average number of employees in the last available year was 10 whereas 
the median was only 3. Therefore, the size distribution is skewed as it is in the 
population of Finnish startups. 

In order to assess the effects of the parameters of the model, there stricted li-
near least squares (RLS) estimation method was applied to the nine-year time 
series of total expenditure and total revenue following equation (2) in the steady 
form. This estimation method followed the procedure described in Laitinen [14] 
that is not analytically repeated here. The estimation of the parameters proved 
to be a very challenging task due to sensitivity. First, the growth rate of total 
expenditure g was estimated by the ordinary LS applying it to the logarithmic 
time series of expenditure and time index. Secondly, the parameters r and q 
were estimated using the Koyck transformation and setting a restriction in the 
equation to decrease the level of sensitivity [14]. In spite of the advanced esti-
mation method, a large number of estimates proved to be inconsistent due to the 
non-steady nature of startup development. The consistency of estimates was 
improved limiting the values of q to the interval from 0.15 to 0.85. Then, after 
deleting observations with inconsistent estimates outside the interval, the final 
sample consisted of 2290 startups out of 5190 original firms. 

The estimation period was characterized by the 2008 financial crisis that pro-
duced a significant economic shock to the global economy. This crisis first 
touched the U.S. financial sector in 2007, but the effects spread to several na-
tional economies, resulting in what has often been called the Great Recession. 
Thus, the economic development also in Finland was unstable and quite nega-
tive. Therefore, the median IRR or r in the sample was only 6.3% while the me-
dian growth rate g was as low as 3.6% and the median q 0.37. The present value 
of the cash flow DCF was directly calculated from the official financial state-
ments (without using the theoretical model) discounting the difference between 
total revenue Rt and total expenditure Et using 5.0% as a discount rate. Further-
more, the size effect on DCF was eliminated dividing DCF by total expenditure 
(M0) in the first available period. 

The empirical results should be interpreted cautiously. It is clear that espe-
cially the exceptionally low values of r and g due to financial crisis period at least 
to some degree affect the results [24] [25]. However, alternative values of the 
discount rate applied to calculate DCF did not alter the conclusions. Table 10 
presents the Spearman rank correlations between DCF, r, q, and g calculated for 
the sample of 2290 startups. Empirical evidence strongly supports the findings 
got from the numerical experiments. DCF is strongly negatively correlated with 
the growth rate g (−0.601) and positively with IRR or r (0.506). The sign of the 
correlation between DCF and q is negative (−0.071) as it was found in the nu-
merical experiments. The observed weak effect of the discount rate d on DCF is 
also consistent with the results from the experiments. 
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Table 10. Spearman rank correlations between DCF and the model parameters estimated 
from a sample of 2290 Finnish startups. 

 
DCF r q g 

DCF 1.000 0.506 −0.071 −0.601 

  
0.000 0.001 0.000 

r 0.506 1.000 0.051 −0.154 

p-value 0.000 
 

0.015 0.000 

q −0.071 0.051 1.000 0.217 

p-value 0.001 0.015 
 

0.000 

g −0.601 −0.154 0.217 1.000 

p-value 0.000 0.000 0.000 
 

5. Concluding Remarks 

5.1. Main Findings 

The importance of startups is significant for any economy investing on innova-
tions and growth. The number of new startups is quite large. However, the surviv-
al rate of startups in the first five years is only about 45% - 55% in U.S. and Europe 
[26] [27] [28]. Therefore, it is of importance for investors to understand the con-
sequences of using alternative valuation methods in startups. For the economy, it 
is efficient to allocate scarce financial resources to startups, which show the highest 
profitability and growth. In this way, the resources of the economy are used in the 
most efficient way. The most popular valuation method used by startup investors 
is the discounted cash flow DCF. Therefore, this study concentrated on analyzing 
the consequences of using the discounted cash flow. However, the model used in 
this study also includes IRR and a proxy of the payback period. The purpose of the 
numerical experiments carried out here was to show what kinds of startups would 
most likely get finance if DCF in different forms was used as the main criterion. 
From the point of view of the economy, the most desirable conclusion would be 
that the use of DCF leads to a situation where the most profitable firms with a 
high growth rate are located at the top of ranking. The results got in this study 
do not give much support to these kinds of expectations. 

Table 11 presents a summary of the main effects of the parameters on the 
outcome variables. The results of the study indicate that, in the launch stage, the 
short payback period proxy is the variable that most significantly affects the 
mean of DCF. Thus, startups that generate revenue very quickly after foundation 
such as retailing or service startups enjoy from a high mean. However, high 
technology firms with a long payback period are likely to suffer from this nega-
tive feature of DCF. The profitability of the startup in the form of IRR also af-
fects the mean, which is a recommended feature of the mean. It is, however, not 
a recommended feature that the growth rate has a negative impact on the mean 
leading to that the use of the mean DCF as the criterion gives an advantage to  
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Table 11. The main effects on the outcome variables under different circumstances. 

Circumstances Mean Variance Dominance λ = 0.5 λ = 1.0 λ = 1.5 

1) Lower risk (a = 0.9 & b = 1.1) 
     

N = 5 (launch stage) 1) −Pb−period 1) +Growth 1) −Growth 1) −Growth 1) −Growth 1) −Growth 

 
2) +IRR 2) –Pb-period 2) –Pb-period 2) –Pb-period 2) –Pb-period 

 

 
3) −Growth 

  
3) +IRR 

  
N = 10 (growth stage) 1) +IRR 1) +Growth 1) −Growth 1) −Growth 1) −Growth 1) −Growth 

 
2) −Growth 

 
2) +IRR 

   

 
3) –Pb-period 

     
2) Higher risk (a = 0.8 & b = 1.2) 

     
N = 5 (launch stage) 1) −Pb−period 1) +Growth 1) −Growth 1) −Growth 1) −Growth 1) −Growth 

 
2). +IRR 2) –Pb-period 2) –Pb-period 

   

 
3) −Growth 

     
N = 10 (growth stage) 1) +IRR 1. +Growth 1) −Growth 1) −Growth 1) −Growth 1) −Growth 

 
2) −Growth 

 
2) +IRR 

   

 
3) –Pb-period 

     
 
startups with a low growth rate. In the passage of time, the impact of IRR be-
comes stronger and for the growth stage, its impact is the most significant. This 
result indicates that for a longer time series of a startup, the mean DCF may give 
reasonable results. However, also in this case where the time series is longer, 
both the payback period proxy and the growth rate have a remarkable negative 
effect on the mean DCF. 

For the launch stage, high growth rate and short payback period significantly 
tend to increase the variance of DCF. When the growth stage is considered, the 
positive effect of growth will become dominant. If DCF is used to find out do-
minant startups with respect to the mean and variance, the negative effects of the 
growth rate and the payback period proxy are the only significant determinants 
in the launch stage. Again, when the growth stage is considered the effect of the 
payback period becomes insignificant and IRR makes a positive effect on the 
dominance. However, the negative effect of the growth rate is still the strongest 
impact. When the expected utility of the investor is to be maximized, the rate of 
risk aversion plays an important role. If the rate is low, the expected utility is de-
termined by the negative impact of growth and payback period but also by the 
positive impact of IRR. When the rate of risk aversion increases, the effect of IRR 
will firstly vanish and finally, for higher rates, the negative effect of growth is the 
only significant determinant of the expected utility. However, for the growth 
stage and for riskier circumstances this expected utility is only determined by 
growth. 

The methodology of this study was primarily numerical experimentation 
based on a theoretical model, which may question the relevance of the results 
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from the point of view of practice. Therefore, data from a sample of Finnish 
startups were extracted and used to assess the validity and thus the practical re-
levance of the conclusions. These final data used in the empirical analysis were 
extracted from 2290 startups. The estimates of IRR and the payback period 
proxy proved to be very sensitive, which lead to drop a large number of observa-
tions from the initial sample. However, the rank correlations calculated for the 
final sample clearly supported the experimental results: DCF was positively cor-
related with IRR but negatively with the growth rate and the payback period 
proxy. Thus, empirical evidence supports the conclusions that DCF is sensitive 
to IRR but also to growth and payback period proxy in the way, which may lead 
investors to invest on startups, characterized by a low growth rate and a short 
payback period. 

5.2. Summary 

The findings of this study have a special value since valuation methods based on 
DCF are both recommended by previous studies [7] and widely used by inves-
tors in startups [8] [9] [10]. In its basic form, DCF includes a number of difficult 
tasks to be solved such as to estimate the expected future cash flows and the ter-
minal value, and to choose the appropriate risk-adjusted rate that quantifies the 
risk inherent to the investment. The problems associated with these difficulties 
are widely analyzed in prior research [7] [15] and they are therefore excluded 
from the present study. Unlike prior studies, this approach concentrated on the 
outcomes followed from adopting DCF as a startup valuation method. There-
fore, the findings of this study are novel and important to investors and other 
stakeholders. If the investment policy gives recommendations to finance rapidly 
growing high tech firms with a long payback period, investors should be cau-
tious when using DCF as the primary investment criterion. Technically, the 
findings of this study indicate that DCF may favor slowly growing firms with a 
short payback period at the expense of fast growing high tech firms. Further-
more, the effect of IRR on DCF is weak especially in the launch stage. However, 
the significance of IRR will rise when the time series become longer approaching 
the growth stage. Thus, the results indicate that DCF may include features that 
are not always recommendable for the stakeholders investing on startups. 

This study however includes limitations that should be taken into account 
when considering the findings and outlining future research. Firstly, the mathe-
matical model used here is a simplification based on a constant growth rate and 
other constant parameters (IRR and revenue lag). In future research, more ad-
vanced models with more realistic assumptions should be developed. The 
present approach also neglects the terminal value referring to future growth po-
tential. Models that include the impact of the terminal value should be con-
structed in future studies to investigate DCF in more realistic circumstances. 
Moreover, the methodology employed here is based on numerical experiments 
using three representative levels of values for each parameter. In future, more 
advanced statistical methods should be used. This study employed also empirical 
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evidence to assess the validity of numerical experiments. In future research, 
larger empirical data and advanced analysis methods should be utilized in inves-
tigations. However, it is the hope that the results anyway are fruitful and give 
inspirations to continue future scientific research on DCF following these lines 
outlined in this study. 
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Appendix 1. Highest and lowest values of the outcome variables for N = 5 and a = 0.8 & 
b = 1.2. 

 
Highest value 

 
Lowest value 

 

 
1. 2. 3. 1. 2. 3. 

Mean 0.03 −1.17 −4.26 −436.25 −408.85 −381.09 

r 0.250 0.250 0.250 0.050 0.050 0.050 

q 0.250 0.250 0.250 0.750 0.750 0.750 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.025 0.050 0.075 0.025 0.050 0.075 

Variance 2671.70 2646.72 2586.85 302.42 340.19 491.24 

r 0.250 0.250 0.250 0.050 0.050 0.050 

q 0.500 0.250 0.750 0.750 0.750 0.750 

g 0.250 0.250 0.250 0.050 0.050 0.150 

d 0.075 0.025 0.025 0.075 0.050 0.075 

Dominance 62 59 55 0 0 0 

r 0.250 0.250 0.150 0.050 0.050 0.150 

q 0.500 0.250 0.250 0.500 0.750 0.750 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.075 0.050 0.075 0.025 0.025 0.025 

λ = 0.5 −172.96 −188.72 −191.04 −832.28 −745.25 −740.39 

r 0.250 0.150 0.250 0.250 0.250 0.150 

q 0.500 0.250 0.250 0.750 0.500 0.500 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.075 0.075 0.050 0.025 0.075 0.025 

λ = 1.0 −328.47 −350.10 −358.68 −1478.99 −1413.17 −1349.11 

r 0.250 0.050 0.050 0.250 0.250 0.250 

q 0.500 0.250 0.750 0.750 0.500 0.250 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.075 0.075 0.075 0.025 0.075 0.025 

λ = 1.5 −434.29 −469.90 −483.99 −2125.70 −2081.10 −2010.79 

r 0.050 0.050 0.250 0.250 0.250 0.250 

q 0.750 0.750 0.500 0.750 0.500 0.250 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.075 0.050 0.075 0.025 0.075 0.025 
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Appendix 2. Spearman rank correlations between the outcome variables for N = 5 and a 
= 0.8 & b = 1.2. 

 
Outcome 

     
Outcome Mean Variance Dominance λ = 0.5 λ = 1.0 λ = 1.5 

Mean 1.000 0.121 0.714 0.494 0.235 0.131 

p-value 
 

0.282 0.000 0.000 0.035 0.244 

Variance 0.121 1.000 −0.537 −0.762 −0.915 −0.955 

p-value 0.282 
 

0.000 0.000 0.000 0.000 

Dominance 0.714 −0.537 1.000 0.941 0.807 0.738 

p-value 0.000 0.000 
 

0.000 0.000 0.000 

λ = 0.5 0.494 −0.762 0.941 1.000 0.951 0.910 

p-value 0.000 0.000 0.000 
 

0.000 0.000 

λ = 1.0 0.235 −0.915 0.807 0.951 1.000 0.992 

p-value 0.035 0.000 0.000 0.000 
 

0.000 

λ = 1.5 0.131 −0.955 0.738 0.910 0.992 1.000 

p-value 0.244 0.000 0.000 0.000 0.000 
 

 
Appendix 3. Spearman rank correlations between the parameters and the outcome va-
riables for N = 5 and a = 0.8 & b = 1.2. 

 
Outcome 

     
Parameter Mean Variance Dominance λ = 0.5 λ= 1.0 λ= 1.5 

r 0.459 0.288 0.158 0.038 −0.112 −0.166 

p-value 0.000 0.009 0.160 0.735 0.320 0.140 

q −0.798 −0.339 −0.405 −0.169 0.056 0.142 

p-value 0.000 0.002 0.000 0.132 0.618 0.207 

g −0.350 0.780 −0.808 −0.918 −0.913 −0.891 

p-value 0.001 0.000 0.000 0.000 0.000 0.000 

d 0.019 −0.244 0.217 0.215 0.247 0.254 

p-value 0.868 0.028 0.052 0.054 0.026 0.022 
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Appendix 4. Highest and lowest values of the outcome variables for N = 10 and a = 0.8 & 
b = 1.2. 

 
Highest value 

 
Lowest value 

 

 
1. 2. 3. 1. 2. 3. 

Mean 134.46 99.46 72.58 −1180.56 −1009.11 −878.88 

r 0.250 0.250 0.250 0.050 0.050 0.050 

q 0.750 0.750 0.500 0.750 0.750 0.750 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.025 0.050 0.025 0.025 0.050 0.075 

Variance 25,872.33 25,070.99 23,257.05 752.37 923.02 1072.80 

r 0.250 0.250 0.250 0.050 0.050 0.150 

q 0.250 0.750 0.500 0.750 0.500 0.750 

g 0.250 0.250 0.250 0.050 0.050 0.050 

d 0.025 0.025 0.025 0.075 0.075 0.075 

Dominance 67 65 65 0 0 0 

r 0.250 0.250 0.250 0.050 0.250 0.050 

q 0.250 0.750 0.500 0.250 0.250 0.500 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.075 0.075 0.075 0.025 0.025 0.025 

λ = 0.5 −248.82 −297.08 −298.68 −6483.13 −6443.79 −5865.26 

r 0.250 0.150 0.250 0.250 0.250 0.250 

q 0.250 0.250 0.500 0.250 0.750 0.500 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.075 0.075 0.075 0.025 0.025 0.025 

λ = 1.0 −517.90 −547.31 −591.75 −12951.21 −12711.54 −11679.52 

r 0.250 0.050 0.150 0.250 0.250 0.250 

q 0.250 0.500 0.250 0.250 0.750 0.500 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.075 0.075 0.075 0.025 0.025 0.025 

λ = 1.5 −778.06 −786.97 −793.61 −19419.29 −18979.29 −17493.78 

r 0.050 0.250 0.050 0.250 0.250 0.250 

q 0.500 0.250 0.750 0.250 0.750 0.500 

g 0.050 0.050 0.050 0.250 0.250 0.250 

d 0.075 0.075 0.075 0.025 0.025 0.025 
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Appendix 5. Spearman rank correlations between the outcome variables for N = 10 and a 
= 0.8 & b = 1.2. 

 
Outcome 

     
Outcome Mean Variance Dominance λ = 0.5 Λ = 1.0 λ = 1.5 

Mean 1.000 −0.358 0.806 0.525 0.436 0.408 

p-value 
 

0.001 0.000 0.000 0.000 0.000 

Variance −0.358 1.000 −0.786 −0.973 −0.994 −0.996 

p-value 0.001 
 

0.000 0.000 0.000 0.000 

Dominance 0.806 −0.786 1.000 0.894 0.840 0.822 

p-value 0.000 0.000 
 

0.000 0.000 0.000 

λ = 0.5 0.525 −0.973 0.894 1.000 0.992 0.987 

p-value 0.000 0.000 0.000 
 

0.000 0.000 

λ = 1.0 0.436 −0.994 0.840 0.992 1.000 0.999 

p-value 0.000 0.000 0.000 0.000 
 

0.000 

λ = 1.5 0.408 −0.996 0.822 0.987 0.999 1.000 

p-value 0.000 0.000 0.000 0.000 0.000 
 

 
Appendix 6. Spearman rank correlations between the parameters and the outcome va-
riables for N = 10 and a = 0.8 & b = 1.2. 

 
Outcome 

     
Parameter Mean Variance Dominance λ = 0.5 λ = 1.0 λ = 1.5 

r 0.659 0.149 0.296 −0.002 −0.082 −0.108 

p-value 0.000 0.183 0.007 0.986 0.466 0.337 

q −0.376 −0.087 −0.215 −0.003 0.045 0.060 

p-value 0.001 0.438 0.054 0.977 0.688 0.598 

g −0.544 0.931 −0.852 −0.943 −0.941 −0.940 

p-value 0.000 0.000 0.000 0.000 0.000 0.000 

d 0.013 −0.281 0.230 0.300 0.297 0.290 

p-value 0.909 0.011 0.039 0.007 0.007 0.009 
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