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1. Introduction

Let A denote the class of functions
f(z)=z+a,2* +a,2° +a,2" +-- (1.1)
which are analytic in the open unit disk U = {Z :|Z| <1} and satisfy the condi-
tion f(0)=0 and f'(0)=1.
Let S denote the subclass of A consisting of univalent in U. A function
f(z)eS issaid to be starlike in the unit disk if and only if

f’
red () 0 seu (1.2)

f(z2)

Also, a function f(z)e$S is said to be convex in the unit disk if and only

if
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Re(1+ Z:”(Z)}o, zeU (1.3)

Let D":A— A be defined by
D°f (z)=f(z)

D'f (z)=1zf"(z)

D"f (z)=2[ D" (2)]
which is equivalent to

D"f(z)= z+ik”akz", (n={0,1,2,--}), zeU
k=2

D" is the Salagean differential operator [1].

Fekete and Szeg6 [2] studied the estimate of a functional |E:13 ~-oa} | known
as Fekete-Szego functional, where o is real. Also, Noonan and Thomas [3] de-
fined the ¢" Hankel determinant of f(z) for q>1,n>0 by

a a

n n+1 n+q-1
a a . a
Hy(n)= ”E” “;2 ”;q (a,=1for f(z)es)
a'n+q—1 an+q o a'n+2q—2

This determinant has been considered for specific values ¢ and n by many
authors. It is well established that the Fekete-Szegd functional given by
|a3 —a | =H, (1) . Pommerenke [4] investigated the Hankel determinant of
areally mean p-valent functions, univalent functions as well as starlike functions.
Noor [5] investigated the Hankel determinant problem for the class of functions
with bounded boundary rotation. Janteng et al [6] studied the sharp upper
bound for second Hankel determinant H, (2) = |a2a4 -a | for univalent func-
tions whose derivative has positive real parts. Also, Lee et al [7] obtained bounds
on second Hankel determinants belonging to the subclasses of Ma-Minda starlike
and convex functions. Bansal [8] has obtained bounds on H2(2) for a new
class of analytic functions.

In this paper, we obtained the coefficient bound, Fekete-Szeg6 functional and
second Hankel determinant for the functions belonging to the subclass C, (,7).

Definition 1.1. A function f(z) of the form (1.1) analytic and univalent in

Ulis said to be in the Cn(ﬁ,y),ﬂe[o,l],ye(_?n,gj and neN, ifit satisfies

the inequality

n+l
Re{e” (1—e2‘7/5'222)D—f(z)} >0,zeU. (1.4)
z
Remark 1
(1) For n=0,8=0 theclass C,(0,7) gives
Re{e”f’(z)} >0, zeU (1.5)
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studied in [9].

(2) For n=0,y =0 gives

Re{(l—ﬂzzz) f’(z)} >0, zeU.

investigated by [10].

For n=0, the class gives

Re{e" (1-e?vp*2) f’(z)} >0, zeU.
studied in [11].

2. Preliminary Lemmas

We need the following lemmas to prove our results.

Let P denote the class of Caratheodory functions.
p(z)=1+cz+c,z° +c,2° +-+- (zeU)

which are analytic and satisfy p(0)=1 and Rp(z)>0

Lemma 2.1. Let peP. Then

lo]<2 (keN) [12]

Lemma 2.2. Let peP, then for anyreal A

c,—4

2
Y
2

Lemma 2.3. Let pe P then

2c, =cf+x(4—cf)

2(1-2) if 1<0
<12 if 0<2<2
2(2-1) if 122

(1.6)

(1.7)

(2.1)

[13] (2.2)

(2.3)

4c, =) +2¢,(4-c )x—c, (4-c7 )X’ +2(4—cf)(1—|x|2)z (2.4)

for some value of X, z, such that |X| <1 and |Z| <1 [14].
3. Main Results

Theorem 3.1. Zet f(z)eC, (,B,y),ﬁe[o,l],;/e( 2“

Then
COos
| 2| S 2n)/
2cos 2
o] s 22
Proof:

Let f(z)eC,(B.,7),thenby [1.4]

nj and neNg.
2

) ) Dn+lf 7 _
Ree"” (1—e2'7ﬂ2z2)%}>0, ye(%,%},OSﬂSl,neNo,ZeU

Now,
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eiy l:(]__ewﬁzzz) Dn+lzf (Z):|

:eiy+qlz+qzzz+...:(COS}/+iSin]/)+zan

n

n=1
Then
Elq(z)zcos;/+isin7+iqnz“, zeU,neN
n=1
n+l
e” (l—e‘Zi’ﬂzzz)fo(Z) = p(z)cosy +isiny
that is

COS ' +C, COS y'Z +C, COS yZ% +C, COS y2° ++++ = COS y + QZ + (,2° +Qy2° +---

Comparing coefficients of (3.1) and (3.3) gives

ce” cosy
az = 2n+1
—iy 2,-2iy
_ce’cosy+ e
- 3n+1
¢, cosy +c B cosy
a4 - 4n+1

Solving for the bounds of (3.4), (3.5), (3.6) and using lemma 2.1 give

2cosy + f32
o] s 222

2cosy +2/4°cosy

|a4| < 4n+l

Remark 2
For n=0

|a,| < cosy

2cosy + f5°
Jas| < =5

Theorem 3.2. Let f(z)eC (B,7), then for any real number p

2 —iy 2
p +2(1:os;/_ye ;:os 14 if <0
3n+ 2 n
2 2n+2
2 P +2cosy .
o et O e cony
2 —iy 2 2n+2
ﬂ n2+(l:osy + ﬂe fnos }/ If H 2 n+1 2—i
3 2 3" e cosy
Proof:

Using (3.4) and (3.5) give

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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ceVcosy ple?  ucle” cos’ ;/|

2
2| = n+l n+l 2n+2
o -2 3 3 2 |
. (3.10)
- B cosy| 3"uecosyc
- 3n+l 3n+1 2 22n+1 2
then using lemma (2.2) in (3.10) gives
2 —iy 2
2| B°+2cosy e 7 costy
lag — | < T (3.11)
Let
0< 3" e cosy <
- 22n+1 -
then by lemma 2.2 we obtain
B%+2cosy
suppose
3n+llue—iy
T 2
then using lemma 2.2 gives
2 —iy 2
|a3—ya§|s’3 Zcos;/+ye cos“ ¥ (3.13)

3I’1+1 22n
Theorem 3.3 Let f(Z)eCn(ﬂ,y),ﬂe[o,l],ye(_?n,gj and neN,

then

B*+4B%cosy+4cos® y (ﬂ4 +6/5° +9)COSJ/
32n+2 + 23n+4

H2(2)=|a2a4—a32|§

Proof:
Using (3.4), (3.5) and (3.6) give

|%%—£|

: . . : N2
_ |cle"’ cosy {c3e" cosy + B2ce™ cos 7] ~ ( c,e” cosy + 2 J (3.14)

‘ 2n+1 4n+1 3n+l

|a2a4 - a32|

|cfe?rcosty ¢ (4-cf)e xcos’y cf(4-cl)e™ X" cos®y
- 23n+5 + 23n+4 - 23n+5

. C1(4—C12)(1—|X|2)e72iy C052 rz . Clzﬂzefw cosz y B C14e—2iy COSZ y

S P 27 g0 (3.15)
. 2 i
x(4—012 )Cfe_m cos’ y c’a’e® cosy S (4_012) e cos’y
_ 5 302 - q2n+2 - 92 g2n+2
pix(4-cl)e cosy et
- 32n+2 - 32n+2
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Suppose ¢, =C, and recall that |cl| <2, and assuming without restriction
that ¢ €[0,2]. Then, using triangle inequality
(3.15) becomes
L ccos?y C(4-c)|x|cos’y c?(4—c?)|X| cos’y
|a2a4 ) | < 3n+5 3n+4 3n+5

) c(4-c*)(1-|" Jcos? y LGP eos’y  cleos’y

3n+4 3n+3 2 n2n+2
2 2" 23 (3.16)
|x|(4—cz)c2 cos? y |x|2(4—cz) cos? y
+ 2'32n+2 + 22 '32n+2
CZ,BZCOS}/ ﬁ2|x|(4—C2)C037/ IBA.
32n+2 32n+2 32n+2
Now, putting y = |x| <1 then
|a2a4 - a§|
c* cos? y 0(4—‘32 )C052 7 c?pPcos’y c'cos’y c?picosy Bt
23n+5 23n+4 + 23n+3 22 . 32n+2 32n+2 32n+2
¢’(4-c”)cos’y (4-c*)c’cos’y p*(4-c)cosy (3.17)
+ 23n+4 + 2 . 32n+2 + 32n+2 l//

¢’(4-c”)cos’y c(4-c’)cos’y (4-c )2 cos? y

2
+ a5 an+a 02 gz y*=F(cy)
Differentiating F(c,y) partially with respect to y in the closed interval
O<y<1
OF (cp) |c*(4=c?)cos’y (4-c?)cPcos’y pB*(4—c)cosy
oy = oana 2.320+2 + 32
¢’(4-c*)cos’y c(4-c?)cos’y (4—02)2 cos? y
+ 23n+5 - 3n+4 92 32n+2 y (3.18)
>0

for 0<y <1, therefore F(c,iy) is an increasing function. Hence, it attains
maximum point at  =1. Thus,

2 2
c* cos? y 0(4—0 )COS 7 c?pcos’y
23n+5 23n+4 23n+3

max F (¢, )=F(c,1)<

O<y <1

2 2 2
c*cos’y c?Bicosy Bt C (4—0 )COS 4
+ 22 '32n+2 32n+2 32n+2 23n+4

(3.19)

2\ 02 a2 2(4_ o2 2(p_ 2 2
(4-c*)c* cos )/+ﬁ(4 C)COSJ+C (4-c*)cos’ y

2 '32n+2 32n+2 23n+5
0(4—02)0032;/ (4—02)2 cos’ y
- e + 02 gon+2 =G (C)
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(3+ﬂ2)0032}/ 00527(:3

3n+2 - 93n+2

G'(c)=

Now, the critical points occur at
¢, =0, clzm and c, :—m
but the maximum point occurring at m [3.19] becomes
G(c)= B +4p% cosy +4cos’ y . S cos’ y . 6,37 cos® y +9cos? y (3.20)

32n+2 23n+4 23n+4
Therefore,
4 2 )
B +4p7cosy +4cos y (B +65% +9)cos’ y
|aza4 - a§| < 2 + S (3.21)

4. Conclusion

A subclass of analytic functions which generalize some well known subclasses of
analytic and univalent functions was defined. The initial coefficients upper
bounds, upper estimates for the Fekete-Szegd functional and the second Hankel
determinants for the class were obtained. The study unifies existing results and
obtains new results in geometric function theory. Future researches can be done

to obtain the geometric properties by using Chebyshev polynomials.
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