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1. Introduction

We consider with the Cauchy problem of the full compressible

Hall-magnetohydrodynamic (in short, Hall-MHD) equations in the whole space:
p, +div(pu)=0,

(p )+d.v(pu®u)+vp(p9)—?2pv[Afj B-VB 4+ sAU+ (4 + 4)VV -,

N

C,[(p0), +div(pu) ]~ kA0 + 6P, (p,0)V -u=24|D(u)[ + A(divu)’ +|V x B[,
B+U-VB+Vx((VxB)xB)-AB=B-Vu, V-B=0,

(1)
for (t,x)e[0,+w)x R® with the initial data:

(p,u,0,B)|_, = (2o (X)Up (X),65(x), By (X)). )

here p>0, u:(ul,uz,u3), 0 and B:(Bl,Bz,Bg) represent the density,
velocity, absolute temperature and magnetic field, respectively. D(u) is the

deformation tensor given by
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D(u)=%[w+(w)”]. 3)

The smooth function P=P(p,0) is the pressure satisfying P, (p,0)>0
and P,(p,0)>0 and for all p>0, #>0. x>0 is the coefficient of heat
conduction. C, is the specific heat at constant volume. For 4 and A are the
first and second viscosity coefficients satisfying the usual physical condition

u>0, 2u+3120.

And 7>0 isthe Planck constant. The div( ) represents the divergence and
the symbol ® denotes the kronecker multiplication such that

u®u=(uu;)1<i, j<3.

In the last couple of decades, the magneto-hydrodynamic equations and asso-
ciated models with quantum effects are widely studied. According to the quan-
tum correction, Wigner [1] first derived the quantum correction to the energy
density for thermodynamic equilibrium, and the quantum correction term goes
hand in hand with Bohm potential [2] [3]. The h? -term was advanced in [4].
People might refer to Haas [5] for more physical interpretations of the model.
Pu et al. [6] recently got global existence of classical solutions for the full com-
pressible quantum Navier-Stokes. Global existence and decay rate of smooth so-
lutions to the constant profile is considered by Pu and Xu [7]. The system (1) is
itself interesting because the energy equation also includes the quantum effects
through the energy density p , which gives the system new features. This makes
it differ in the previous given results.

If there is no quantum corrections (ie. 7i=0), this system reduces to the
usual compressible Hall-MHD equations. Hall-MHD is needed in many cur-
rent physics problems. The Hall-MHD is indeed necessary to solve problems,
for example, magnetic reconnection in space plasma (see [8] [9]), formation
and evolution of stars and neutron stars [10] [11] [12] and geo-dynamo [13]
(see [14] for a detailed description of these physical processes). In contrast to
the general MHD equations, the Hall-MHD equations have the Hall term
VX((VXB)X B), which plays a significant role in magnetic reconnection.
However, as far as we know, few achievements have been made in the study of
the dynamics of global solutions to the 3D compressible Hall-MHD system,
especially on the temporal decay of solutions. Very recently, global existence of
smooth solutions to the 3D compressible Hall-MHD equations was first
proved by Fan et al [15], where the small initial disturbance belongs to
H® (]R3) nL (Ra) . More precisely, optimal time decay rate was also established.
Later, the result from [15] was improved by Gao and Yao [16]. They obtained
the global existence of strong solutions with the initial data are obtained in the
lower regular spaces Hz(Ri) and proved optimal decay rates for the con-
structed global strong solutions in L” -norm. Xu et al [17] took a pure energy
method to prove the fast time decay rates for the higher-order spatial deriva-

tive of solutions when the initial data are close to a stable equilibrium state in
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HB(R3)Q HfS(R3) for some S €|:0,§:|. Recently, for the case of initial data

are close to a stable equilibrium state in critical Besov spaces, the unique
global solvability of strong solutions to the system was established by them
[18]. Obviously, system (1) becomes incompressible Hall-MHD system when
p =const and there are many interesting global results, see [19]-[24] to list on-
ly a few.

When the Hall effect term is ignored, the system (1) is reverted to the well-
known MHD system. The MHD systems have been studied by many authors
(see [25]-[30]). For the corresponding full compressible MHD model, we can
refer to [31] [32] [33] [34] [35] and references therein. Hu and Wang [31] con-
structed the solution of the initial-boundary value problem and established the
global weak solutions. The global smooth solutions and their decay were given
by Pu and Guo in [33]. He ef al [35] considered boundedness and time decay of
the higher-order spatial derivatives of the smooth solutions for a full compressi-
ble Hall-MHD system.

Although important, there are few results on the large-time behaviors of the
Cauchy problem to the best of our knowledge. Much more complicate nonlinear
terms, quantum effect term and the Hall effect term in the system (1) lead to
new difficulties in decay analysis. The main novelty is to introduce (20) to coo-
perate with the special structure of (1). Fortunately, we can finally establish an
optimal decay results for (1) under this norm, that is to say, the unknowns
( 0,U,6, B) near the constant steady solution (1,6,1,6) of (1) are more conve-
nient to show.

For the main results of this paper, we have the following:

Theorem 1.1 Assume that
(Po—1Up, 6 ~1,By) € H* (R®) x H?(R®) x H(R®) x H*(IR®), there exists a con-
stant €>0 such that if

"pO _1||H4(]R3) + "(UO'HO -1,B, )"Hs(Ra) <é, (4)

then the Cauchy problem (1)-(2) admits a unique global solution (p,u,6,B)
satisfying

o103 80 g 90 0
[V (u.e. B,hp)(r)||i3(R3)dr (5)
< Cllon = Ueeo) + (00160 1Byt

Moreover, if (p,—1,Uy,6,—1,B;) e Ll(Ra) , then we have

|(p-1.u.0-1,B)(1)|, ) =Co (1+ t)’g[l’%}, 2<p<6, (6)
||V(p—l,u,9—1,B)(t)||H2(R3) sc0(1+t)’3, )
|2V (p-1) wew) S Co (1+t)_%, (8)
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l(p-1.u.6-1,8)(1)

(&) <Cy(1+t) 4, 9)

Jo.(p~1,0.0-1,B)(0)] o < Cola+) < (10)

for some positive constant C,.

Notation. Throughout this paper, the norms in the Sobolev Spaces H" (R3
and W™P (Rs) are denoted respectively by ||||Hm and ||||me for m>0 and
p>1. In particular, when m=0, we will simply use |-|. and |||, . Moreo-

ver,

=(0,0,,0,), 8,=0,, =123,

i X

and for any integer />0, V'f denotes all derivatives of order ¢ of the func-
tion £ In addition, <,> denotes the inner product in L* (Rg) , Le, for fand
gel’(RY),

f,g):= IR3 fgdx.

First of all, we rewrite the Cauchy problem (1)-(2) into a more suitable form.
Secondlly, we do a priori estimate and establish the global existence of solutions.
Then, based on some I°-L7 estimates by the linearized operator, we prove the

decay rates.

2. Reformations

In this subsection, we first reformulate the problem as follows. Set
p=p-1 (d=u 6=60-1, B=B,
then ( a,0,B ) takes the form

p+V-l=
2

0, +P,(L1)Vp+P, (1,1)Vé—%VA[)—,uAL]—(/7,+,U)VV-U =S,

o~ Eng Py gos an

(5.0.6.8) =(p~1Uy60,~1B,)(x)—>(0.0.0,0), as|x|—>eo
where
S, ==v+(5)
& (0. P,(p+16+1) N
,=—(0-V)d- 5 ,(11) |V
_lpg(ﬁjr10+l) P(l,l)]v h_{|Vf)| Vo VpApj
p+ 4 (p+1)° (p+1)
((+2)VV -0+ pAd) I;le
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; _(~.V)é_{(é+1)P9(ﬁ+l,é+l)_Pe(l,l)}vﬂ N
3 C.(5+1) c,

1 T N2 1
§4:—U-VI§+I§-VG—VX((VXB)X B).

To obtain a symmetric system, we denote

and

P, (11 1
A A

\

(11) can be rewritten in the perturbation form as follows
n+y7V-v=Ss,
hz
Vv, +7,VNn+7,Vz —4—VAn — AV = (A + p)VV v =S,,
71
Z, —KAZ+y,V-V =S5,
B,—-AB=S,, V-B=0,
(n.v,2,B)| _, =(No:Vo,25,B,)(x) >(0,0,0,0), as|x| -,

where the source terms (S,,S,,S;,S,) are

S, =—7V-(nv),

2 2
82=—yl(vV)v—hl(n,z)Vn—hz(n,z)Vz+h—(|vn| Vi __Vnan

47, (n+1)° (n+1)
vn-Vn B-VB
- (1] —g(n)VAnJ—g(n)((y+/1)VV'v+,uAv)+ (D)

Sy=—7(v-V)z—hy(n,z)V-v-rxg(n)Az

+ 7 () 24(D(v)] +/1(V.v)2J+$ f(n)|vxB[’,

1

Sy =-7V-VB+7,B- V-V x((VxB)xB),

and

1z
Pin+l-“-~2=—=+1
p[ Cv J

7 (n+1)

— 1

(12)
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) U% +1J P€£n+1, \7% +1]
n(nz)= JC, (n+1)

We will obtain a global solution by a combination of the local existence result

—72- (13)

and a priori estimates.
Proposition 2.1 (Local existence). Let (Ny,Vy,2,,B,,2Vn;)eH 3(R3) be such
that

inf {n, +1,7,+1}>0.

xeR3
There exists a positive constant T, dependingon N(0,0) and
(n,v,2,B,iVn) e X (0,T,) satisfies N (0,T,)<2N(0,0)
X (0.T)={(nv.2,B)In,BeC’(0,T;H*(R?))NC*(0.T;H?(R?)),
nvneC®(0,T;H*(R*))NCH(0,T;H?(R)),
v,2eC°(0,T;H°(R?))NC! (0.T;HY(R?))},

and

2
H3

N(0.T)" = sup |(n.v.z,B)(t)[ s + sup

0<t<T 0<t<T

avn(t)|

+I;||V(n,v,z,B)(r)||2H3 dr,

forany 0<T <oo. Then
inf - {n(x,t)+1,z(x,t)+1{>0.
XERB,OStST{ ( ) ( ) }

Proof.

The proof can be done by using the standard iteration arguments. Refer, for
instance, to [36] [37] [38].

Proposition 2.2. (A priori estimate). Let (Ny,Vy,Zy,B,,71Vn,) e H® (Rs) .
(n,v, z, B,hVn) is a solution of the initial value problem (12) on the time inter-
val [0,T]. For any fixed T >0, then we have

sup [(n,v,z,B,aVn)(t)] . <5,

0<t<T

the following a priori estimate holds for te[0,T ]
nv,z,B)(t) , +[avn(t)| . + tV(v,z,B,)‘m)(r)||23dr
Jin.v.2. )L +[rvn(Of,. + ] :
<G, (Il + 0,25, Bo)s )

where §>0 and C, areindependent of 7.

(14)

Remark 2.1. The global existence and uniqueness of the solution stated in
Theorem 1.1 follows from Proposition 2.1 and 2.2.

Proposition 2.3. (Decay rates). Under the assumptions of Proposition 2.2, if
(n,v,z,B,aVn) e Ll(Rg), for any te[0,T], there exists a constant C| such
that
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[(nov.z,B)(t)s sc;(1+t)’§[1’%], 2<p<6, (15)
[V (n.v.z,B)( || [(1+1) (16)
[aven| ., scl'(1+t)7, (17)
|(n.v.z,B)(t)].. sc;(1+t)’§, (18)
lo.(nv,2.B)(1)],. <Ci(1+1) 7. (19)

3. Energy Estimates

This section is devoted to the proof of Proposition 2.2. We deduce energy esti-
mates that play an important role for establishing the global existence of solu-

tions under the problem (12).
[(nv.2B) (V) +[vn(t)[} s <. (20)
By Lemma A.2, which yields directly
%s n+l,z+1<2, ||(n,v,z, B),V(n,v,z, B),hzvzn"Lw <Cé.
Hence, we immediately have
[f(n)|<C, |g(n)|<C|n], | (n.z)|<C(|n|+|7]),
|Vf (n)|,|Vg(n)| <|vn|, |V2f (n)|,|Vzg(n)| s|Vn|2 +|V2n|,
|Vhi (n,z)| <|vn|+|vz, |V2hi (n, z)| < |Vn|2 +|Vz|2 +|V2n| +|sz|, i=1,2,3.(21)

Before proving Proposition 2.2, we need Lemmas 3.1, 3.2 and 3.3.
Lemma 3.1 Let (n,v,z,B) be defined in (12), then it holds that

1d 2
se oz, + efools il il el
<cs([vnl, +n* vl )

Proof. Multiplying (12),, (12),, (12); and (12), by n, v; zand Brespectively, the

integration over R® gives

1d
Sl vz B + Vs + (a+ )V G + 3 V2l + B[
2 (23)

:<j_m,v>+<sl,n>+<sz,v>+<s3,z>+<s4.B>-

71

The five terms on the right-hand side of the above equation can be estimated
as follows.

Firstly, we get
2 2 2
<h—VAn v> = <h—Vn,Av> = <h—Vn iVF —iVn >
47, 47 o n "
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n? n’
= —<4—2Vn,Vnt>+<4—An,(Vn V4 nV-v)>

71 N
1d( n
<=3 o Aol ool (ol e+ le) 20

1d(n’
<28  otwnl o vl [ )

Secondly, we obtain

(S,.n)=—(ynV-v,n}—(y,v-Vn,n)
<7l [V- e Inlls + 72 [vls (90 Il (25)
<Co([vnfz + v )

Next, we have
(S,,v) ==(yv - Vv,v) = (h(n,2)Vn,v) - (h, (n,2) Vz,v)

2 2 2
N |Vn| V?_ VnAnz—Vn'V?—g(n)VAn v
47\ (n+1)" (n+1)" (n+1)

-

(26)

_<9(“)((u+/1)VV-v+ﬂAV),V>+<ﬂ v>

;/l(n+1)'
=G, +G, +G,;+G, + G, +Gq.

it follows from (20) and (21) that
G+, + G, <Clul [9¥l Ml +C I (0 )] 70l Il
+Cly (n.2)] [V2].2 [V]e
<C([wnf, + v + 2l )
To deal with the term G, , we arrive at
w2 ([vaf'vn  vnan  vn.vn
G, = 4y 3 2~ 7 |V
nl(n+1) (n+1)° (n+1)
2

+f—<g’(n)~v,An>+f—2<g(n)V~v,An>

41 71
vn 1
<cn’ 5| V0l IV0lle Ve + 17—l V0] An]s [v].s
(n+1) (n+1)
L Ik
—1 !
oy [Vol: [vn].e Il +[9" ()]s IV lanL
"

ol nv-vug]
<cor(fvoll + [l ).

Let G, =G, +G;,. For G,,, we have by (20), (21), the Hoélder inequality,
Young inequality, Lemma A.1 and integration by parts that
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Gy, = y<V(g(n)v),Vv>
<C(g'(n)Vn-v,vv)+C(g(n)V-v,W)
<Clwvliz Jo (M) +CIvvlie 902 o' (M), VI,
<Co([vnflz +[vv:)
Similarly to the proof of G, , we have
4 <Co(lvrl +Iw )
We similarly obtain
6, <C(|is + vl )
In light of the estimates G, ~ G, we see that
(s,0) <CorF(fvnll + ol +Ivll + VB ). @)
For the fourth term, we have
(502 =—{r0-¥2.2)- (209 02) (g ()22
" 7/3< f (n)[2y|D(v)|2 " ﬂ,(V.V)Z:|, z> +Z—:< f(n)VxB[,z) (28)
=L+L+L+L,+L.
It follows from Holder’s inequality, Lemma A.1 and (20) that
L < 1M 12 e [2]e < Co[ve
In the same way as above, we know
L, <Clhs (n2)] s |V -vlz 2l < Co (I + (2l )
Similarly,
L <Cllg'(n)] s [V2l 21zl +Cv2: Jo(n)
Let L, =L, +L,, similarly

Ly :2#73<f (n)

<colvaf.

[N

D(v)f 2) <C |t ()] 19 el <CofIol + vl )

In a similar way,

L <C(|V[f: + V. )

We have
L <o (vl + Vel )

A similar argument shows that
L :ﬁ<f (n)|V x B|2,z>
N

<Clf (M lvel 2],
<Co([valf: +|vB: )
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Summing up L, ~ L, we can get
(Su2) <Co(|vV[z +|vels +| VB[ ) (29)
Finally, we have
(S4,B)=—(rv-VB,B)+(7,B-Vv,B)~(Vx((VxB)xB),B).  (30)
In a similar way, we know
~(rv-VB,B)+ (18- Wv.B) <C5(|W[}, +|VBI? ).
By a direct computation, we have
~(Vx((VxB)xB),B)=((VxB)xB,VxB)=0. (31)
We get
(S,,B)< cs(||vV||; +|vBJ}, ). (32)
Plugging these estimates into (23), we deduce (22).

Then, we give a energy estimate of the higher-order for (n,v,z,B).
Lemma 3.2. Let (n,v,z,B) be defined in (12), then we have

o)

[V 92l + Ve )

("V(n vz, B)| +h2|

2 2
i H? -’_C"VZZ H?

(33)
SC&("Vn"HZ +17|V?

Proof Applying V" with 0<k <2 to (12) and then taking L’ -inner prod-
uct with (Vk+ln VY, Vi, Vk+1B) , we obtain

Vk+l Vk+2

+(/1+,u)||

zal

k+2
+x; "V Z 2

2
< h ! ( nl 1VAnj,Vk+lV>—<}/1Vk+1V~(nV),Vk+1n>
+

4y,

_<Vk+1(7/1v Vv) vy >—<Vk+1(hl(n,Z)Vn),Vk+lv>
< (n,z Vz L Vily >
i k+1 _Vn- Vz VnAnz +|Vn|2 Van vy
471 n+1 (n+1)°  (n+1)
<vk“( y+/1)VV V)+ pAv), V< >

B VB _ k+1 . k+1

< o n+1 > <V (nv-vz),V z>

vk+l (n Z)V V) Vk+1 > K_1<vk+1(g( )AZ),Vk+1Z>

+73<Vk*1{f n [2y|D +/1 V-v) } Vk”z>

+ﬁ<vk”[f (n)|V>< B|2]Vk”z>

Ve
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—(V*' (yv-VB), V*'B) + (V¥ (1;B- V), V*"'B)
_<Vk+l (V x ((V X B) x B)) , Vk+1B>

(34)
=H,+H,+H;+H,+H. +H,+H, + H; + H,{
+Hy+H, +H,+H,;+H, +H+H;.
First of all, H, is written as
2 2
H, :h—<vk“v,—1 vk+1VAn>+h— 3 Gl (VY (—1 Jvk“"mn
4y, n+1 Ay 1<iskn n+1 (35)
=H; +H/.

The first term H; can be rewritten as

2 2
Hi= -T2 Vk“v,v(i)vk%n _ I [y y L greaan
4y, n+1 4y, n+1

2 2
:h_ Vz[ 1 jvk+2nlvk+lv +h_ V( 1 jvk+2n,vk+2v
4y, n+1 4y, n+1

2
L geign ey ),
4y, \n+1

where the first and two terms can be estimated as
2 2
1 1
h_ V2 [—jvk*zn,vk*lv n h_ v(—jvk*zn,vk*zv
4y, n+1 4y, n+1
2 k+2,. |2 k+2, |12

<Coh (||v fl, + v Lz)'

The third term in H; is written as

2 2
h_ V(Ljvwrzn,vlwlv'v +h_ in+2n,Vk+2V~v
4y, n+1 4y, \n+1

2 2
:h_<v(ijvk+znlvk+1v_v>_h_z 1 zvmzn,vmznt
4y, n+1 4y; (n +1)
2
_h_z > cl, 1 Vlntvk+2—l( 1 )'vk+2n
4y; odzin n+1 n+1

_h_z LVHZH,V“Z(M)
4y, \n+1 n+1

=L+L++1,.

Moreover, |, and |, can be estimated similarly
1w d

S 1 Vk+2
2 4y dt

2
l+1,<— ——V“n \ +||V"*2v
n+1 v

2 +Coh? ("V“Zn

LZ

2
12 )
For the term |, we see that

)

I, <Cr?|[V**n

Vlntvk+2I( 1 j
n+1

0<l<k+1 12
gChZHV"*Zn ) z V'y .y [Lj
Y od=ka n+1)j
I k+2-1 1 I k+2-1 1
+[V'(Vn-v)V — |l +[V'(nV-v)V —1 |
n+1)|2 n+1)/|2
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For the second term of 1,

Cr*[[v*+*n 2{ Vn-vvk”(ij + V(Vn-v)vk“(ij
L n+1)|2 n+1)|2
+ Vk(Vn-v)Vz(ﬁj . + v“%wﬂv(ﬁj LZJ
<cr?|vn|, (Covtn|, + Co|vHin|,
+C§||V"(Vn V)| +C5|Vk”(Vn V) LZ)
< 05h2|Vk*2n - ( V<l + |Vk(Vn V)| +H[VH(VRev) LZ)
<Con? (||v2n v ;)
where
|vk*l (vn-v)| ..
<C Z Vl+lnvk+l—lv -
0<I<k+1
=C|vnviy|, +c|venviy|,
+C|Vk*1an - +C|Vk*2nv -
<c(|vnlls [v<v] s +[vn]. [V,
[Vl [l + 920 o V] )
SC&("VZn » +|V"*2v - )
in a similar way
[V (vn-v)]. <cs (vl +[v]. )
For 1,
I, <Com (||v2n||ik vy ZL)

For the term |,, we know

2

|4 — _h_ Vk+2nd+3n, v ;
4y, (n +1)

2
L S N R e e (—V ) :
4}/1 0<l<k+1 n +1 n +1

For the first term of |,, after integrating by parts, we infer from (20) that

2
1w V(|Vk+2n|2),%
2 4y, (n+1)

2
SN o e <con?|
2 1, (n+1)
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Ch2| vk+2n

V|+1nvk+2 |( v j
n+1
( Vznd”(Lj
n+1 12
+[V¥inv? (—j + vk*znv(—j
n+1)|2 n+1)|2
LZJ

[c5 vk*z( v j +C5|
n+1

+ vk+2V , )7
L

VlkaJrZI( 1 J

n+1 12

Vk+2v( 1 j
n+1 12

VkaJrZI( 1 j
n+1

_ Chz vk+2 vnvk+2

< Ch2|vk+2 vk+2n

<Coh? (||v2n

Hk

Vk+2( \ j
n+1 12
ka*z(ij +C

n+1 12

VkHVV[Lj
n+1

<cs(|ven],. +|

where

<C ¥

0<l<k+2

=C

+C

+C >

12 1<I<k

v 2)'
K

Collecting these terms, we get

2
Hic L. h_d 1
n+1

; Vk+2 Vk+2v
2 4y7dt

© L con (17, +]

L2

2
2

For the second term of (35), In view of (20), (21), Holder’s inequality and
Lemma A.1, there holds

R 1 Vo " n’ K 1 ok
HZ=-—~C,, vz(—Jv 20,V ) ——C} L (VY -y, v( jv n
4y, n+1 4y, n+1

2
+h—ck2+1 ( L jv AN V¥V ) 4 — " vk“[ 1 jVAn,Vk*lv
4y, n+1 4y, n+1
<CH VZ[LJ + V(ij Iv<2v].
n+1)\ n+1)| - L

L

+CH? VZ(LJ vk“( 1) || n
n+1 3 n+1

sC5h2(| 2n|f

Vk+2n

;

Vk+lv Vk+2

18 12

vk+2 Vk+1

2
2

L6

k+2

Then
1 K od

(<
2 4y? dt

1
n+1

L gean] e con(jvinf, + vy

L2

2
12 )
H, can be rewritten as
H, == (V¥ (Vn-v), Vi) — 5, (V9 (nV -v), V¥hn)
=H,+H;.
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The first term H, can be bounded by
H; =—y <vk+2n 'V,Vk+1n>—;/l Z <Cll(+lvl+lnvk+l—lv’vk+ln>

0<l<k

s%;ﬁ <|vk+1 V- v>+c:||vk+1 ( . 56
e 70w, )
<ca([vnlf +|ve )
A similar argument shows that
HE < cs(|[venfl + Vvl ) (37)
By the estimates (36) and (37), we get
H, < Co(|Vnff +[Vffs)-
Similarly, we see that
H,y <C|VV[} s,
H, = Co([vnlf + [V, +valf, )

Hy = [Vl + v

vl )

Let H,=H;+HZ+H?. For the first term H}, we exploit the (20), Lemma
A.1 and Hoélder’s inequality to obtain

2 2
e = 2 [y YD Vzn Ve
47/1 (n+1)

vn
<Ch* \AR\VAl \%
2 [(n +1)2] -

0<I<k
vn Vn
Vk 3 Vk—l
e {(n+1)2} 5 v ((n+1)2J

. J||Vk+2v
L

2 2
HK +||Vk+zv 2 )

H, < Con (||v2n||2Hk +|vr

k+2

12

< Ch? [”Vzn
-

vn

v (n+1)

k+2

+||V

12

<Con (||v2n

For Hg, we see that

2
2

Let H,=H;+H?Z. We integrate by parts and use Holder’s inequality to ob-

atin

H2 (vk*zvv (g(n)a )>

<C Z "V g n)vk+2 ly

0<l<k

k+2v

L2
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Vk+2v Vk+lv

<C(Jo(].-
+||ng(n)

<cs([vnlf, +

2 o'
L3) Vk+2v
vi2y iz )

The same estimate holds for H3. Therefore

L6

Vi

8 12

Vk+2v

H, <Co|vnlf, +|

2
2

4 IVBf )

Asin Hg, we have

H, < c5(|vk*1n vEiy

2
12 +

In the same manner, it is easy to deduce

H, < c&(| vy

o Vel

Hay < CS ([ + [P} +[v*2

2
12 )’
o <CljFrl 92
Similar to the estimation, we obtain
Hy, = ;/3<Vk*1{ f (n)[2y|D(v)|2 + i(divu)z]},vk”z>
< C<Vk [|Vv|2 f (n)],v"+22>
-cyc! <v' (Ivv*) v (n),vk*2z>
0<lI<k
—C(jw[ v (n),vk*2z>+c<v(|w|2)v“f (n),vk*2z>

+C<Vk (|Vv|2) f (n),Vk*zz>

< C|V"*Zz - (||Vv||2Le V()]s +I9lls V2V [V ()]
+vqu)J“mmw)
<Cs|viz Lz( VA Vet (n)], + V3], + v (|VV|2) Lz)
<ol +[vlfs +[722]7 ).
where
2 . e

vk (|Vv| ) . sCOSZIS:k vHyvkly .
:C"VVV"”V - +C||V2kav - +C|Vk*lvVv -
< (3(2||Vv||L3 Ve + |V2v 5[V Lﬁ)
<CS|VY[ s -

Similarly, we get
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Hy, = ;—j<vk“ [1(m|vxB[ |.v-1z)
<c(v*[[vxsf f(n)].v*?2)
-c3c <V' (Ivef* )1 (n),vk+2z>
~c(jvf v*1 (n),Vk*Zz>+C<V(|VB|2)Vk‘lf (n),vk*zz>

+C(V* (VB[ ) f (n).v"%2)

- (Iv8lis

v (jvef )| It .- )

i vELE (n)

<5 ([vnlf, +

sc|vk*zz V2B

VEf(n)

V¥ (n)

o VBl

L®

:

16

+

sc5|vk*2z V2B

12 +

|V3B

|_2+

vk (|VB|2)

2
L2

Vk+22

12

VB[ )
where

V|+lek+lf| B

v (|vef)

12

<
2 ¢ Z
0<l<k

=C ||VBV“1B V*'BVB

‘)

L +C|v’Bv'B

L2+C|

12

<c(2|ve;|v*8 VB

18 +

|VZB

3

<CS|VB[[ .-

Similarly, for the terms H,, and H,., recalling from the estimate of H,,

we have

Hao = Co|[v* [, VB ),

Has < CO [V +

o)
That is to say
(VxB)xB:(B-V)B—%V(|B|2), (38)
it follows from (38) that
Hy = —<Vk+l [Vx((V X B)x B)J,VMB>
:<vk” [(B.V)B—%V(|B|z)}vk”(VXB)> (39)
< (v (1B ). v (v xB) )+ (V< ((B-V)B), V" (v xB))
For (39), we have

(V' (vxB),V**((B-V)B))
_ Z Ci+l<Vk+zB,V'BVk+27|B>

0<l<k+1

= (V*+’B,BV**B)+Cy,, (V**°B,VBV*"'B)

DOI: 10.4236/jamp.2019.711178 2618 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.711178

Y. Gao

+Cy,(V¥?B,V*BV?B)+(V*"*B,V""'BVB)

el

+[vBv?B|, +|vBVE

<C ||vk*28 BV*2B

L +|vevtie

)

12

<CS|VB} -
Similar to (39), we see

H,, <Cs|VB

2
Hk+1 .

Consequently, in light of H, ~ H,, we get

.

4

1 Vk+2
n+1

L

2
n
2

2 (40)

2
Hk+l .

In the following, we consider the energy estimates on the entropy 2.
Lemma 3.3. It holds that

%(i(vkv,vk”n>+”Vn"i‘2J+C(||Vn||i|z vl

k=0

2 2
+C ("VMV B +||Vk+zz - +||Vk+ZB

<Co(|nlf +2 0]+ [V s + V2 +[VB

2
H

Since & issmall, (33) is given.

(41)
<C(Ivvlie +1v2lie )+ Co(Ivvlis + IVl +IvBlL: )

Proof When k=0 to k=2, applying V* to the second Equation in (12)
and testing by V**'n, we obtain

" ||Vk+1n

2
12

2
s
= —<Vkvt,Vk+1n>+ y<vk+1n,vav>+(/1 +y)<Vk+1n,Vk+1V .v>

—(7V* (v-9v), V) —(1,VV2, V")

—<Vk (hy(n, z)Vn),Vk”n>—<Vk (h,(n, z)Vz),Vk”n>

2 V2 vn[’v
+<:’—vk {—g(n)VAn—Vn v’n__vnan +| n nJ,Vk”n>
71

(n +1)2 (n +1)2 (n +1)3

{5 (0029 )5 2B o)

=W, +W, +W, +W, +W, +W, +W, + W, + W, +W,,.

To estimate each term on the right-hand side, we integrate by parts twice, (20)

and the continuity equation to deduce

W, = —%(Vkv,v“n>+ 7|V

2
12

+ 7 (VE (VN V), VAV V)4 (VE (0V ), VRV )
< —%<V"v,vk”n>+ 7 |VEV-v

2
LZ
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+C(||Vk (Vn-v) vily

<= (VTN [

2 +

|Vk (nvV-v)

)

12

2
12

ALY v n| | [IV¢ v

|_6+z

1<I<k

g +l;k||V'V~v

Ik

v, |

: +Co(|valf. )

12

eIl

+||V-v||L3 V¥n Vvily

12 2

< —E<Vkv, Vk”n> +7, | V<ily

dt

Similarly, as the estimate of H2, we obtain

Hd 2
W, <2 [vrenf, +C8(|Vnlfys + Ve,
HAA A e |
W, < £ 22, +C(IVnlfe + VW)

Similar to the estimation on H,, we have

W, < 05(| v¥n iz +[ v, )

vk+1n

W, < c(| ', + V2l )
W, <Cd||vn[,

vk+ln

w, <cs(|[v<nfl, + [Vl )

Let W, =W, +W,> +W_ +W,’. For the terms W, , integrating by parts and
Holder’s inequality yields,

=h—2<g’(n)Vk*2n Vk”n>+h—2<g(n)vk*zn vk+2n>
4y, , 4y, '

n? - .
_Thlszug:kq <V'g(n)V" “An, V¥ 1n>

<cie|[o'(n)],.
+(Jo'(m)

<CSH’ ||V2n

W,

2
Vk+2n ,

Vk+2n Vk+1n

e Hlo().-

V¥a (n)]c Van];)

12 L

:]

V*An Vin

12 +

L

2
HE

It is easy to say
w, < con®|[ven[ .
Finally, Combing with H, and H,, we get

Wy <Co(|Valfy +[ifns),

W, < C5(| v

.+ VBl

Plugging these estimates into (42), we obtain
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L7t in)+ (2u+ )7

< }/1||Vk+1V

2
L+ h2||vk+2n
U

iz ) +C ("V"*ln

2
12

(43)

2
Rk

. +C[[Ve[} +Ca(|Vnff + 22 |vn

2
Hk+1 .

Integrating (43) with respect to ¢ and taking O sufficiently small, we con-

+||Vv EM +||Vz ZHM +||VB

clude Lemma 3.3.
Finally, we obtain the global existence.
Proof of Proposition 2.2. Put Lemma 3.1 into Lemma 3.2 and taking J is

small, we see that

d
ozl o o vl sclve,
<C,8(|vnlf. + 12 [Valfs + [ V] + V2 + VB ).
In view of Lemma 3.3, we have
d 2 ok kel 2 ( 2 2l o2 ll? )
dt(kzlo<v v,V n>+||Vn||HzJ+C3 [vnl.. +7 ||V . )

<Cy(I9vlie +192lie )+ Coo (19 + 92l +19BIEs )

Multiplying (45) by % and adding the result to (44)

4
2
%("(nv z, B)|||243 +h? ||Vn||2Hs + kZ=(:)<V“V,Vk*ln>j +C, ||V(v, z, B,hn)"i|3 <0,
where 0 >0 is sufficiently small. Consequently, using the fact
2
vz )+ + 375 n) ~ (2 B 15
k=0
We show that
||(n,v, z, B)"i|3 +||}‘Nn||2H3 + I;||V(v z, B,hn)(r)"zH3 dr
< C (I +1(voz0:Bo ) ).

then (46) gives (14).
This completes the whole proof of Propositions 2.2.

(46)

4. Convergence Rates

In this section, we shall prove the decay rates of the solution stated in Proposi-
tions 2.3. To do this, the strategy is to combine all the energy estimated.
We focus on the following homogenous linearized system of (12).

n +»V-v=0,
hz
V. +7.Vn+y,VZi——VAn— uAv—(A+ u)VV-v =0,
t TN V2 47/1 M ( ﬂ) (47)
z, -k A2+y,V-v=0,

B, —AB =0.
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Let us denote the matrix-valued differential operator associated with (47) by
0 AR 0
hz
A=|yV———VA —uA—(A+u)VV- p,V |
4y
0 7,V —i,A
Hence, we separation of Bfrom (n,v,z). Assume
U (t)=(n(t).v(t)z(1)).
by taking the Fourier transform with respect to the x-variable, we have
U(t)=E(t)u(0)=e"U(0),

E(t) is the solution semigroup defined by E(t)=e"*,t>0, cf. [39].
Lemma 4.1. Let $>0 be integers. (n,v,z) satisfies the inequalities with the
initial data n, e H*"' N L', v,,z,e H*NL

(02 <G @+t [(0,v0:20 )]s +(0v5:20)].)

k+1 3k k+1, k k
[v¥n(y), <ca+t)« > (||(n0,v0,zo)||L1 +”(V Ny, V¥V, V¥2,)

)
)

2 )’ (48)

||V"v(t) < C(1+t)7%§ ("(no,vo,zo)"Ll +H(Vk“no,vkv0,v"zo)

||sz(t) 5 S C(1+t)7%§ ("(no,vo,zo)"L1 +”(Vk”n0,VkvO,szo)

where 0<k<s.
Lemma 4.2. Let 1,1, >0, then it holds that

[[@+t—2) " (1+70) " dr<C(n,n)(@+t) e (49)

for an arbitrarily small ¢>0.
To use the I- L9 estimates of the linear problem for the nonlinear system (12)
as N =(S,,S,,S;), then (12) becomes

U(t)=E(t)U, + [ E(t-7)N(U(z),B(r))dr,
B(t)=F(t)B,+ [ F(t-7)S,(U(r).B(r))dr,

where F (t) =e™ . Such that

(50)

F (08, <Ca+t) 1538y,
and then
[vB(), <c+ t)’g[é’%]’g |Bofl e +C[ (1t~ r)’g(ﬁ’%}; IS4 ()]« d7. (51)
Lemma 4.3. We assume (U,B) is a smooth solution
[V(U.B)(1)],s <CE,(L+1) 4 +Co[ (L4t-0) 4 |[V(U,B)(e)] .07, (52)

where E,= ||nO"H“nL1 +"(V°’ Zos BO)”HSﬂLl :
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Proof We can know
(v, 2)(t) = (Mo, Vo, 2) + [ e 7%(5,,5,,8, ) (z)d .

It is easy to know,

oo <Cety (oo o) -
+CJ' (:I-"'t_z')iZ ("(31,52,53)(7)"L1 +||(V31,SZ,S3)(T)”L2 )dT
[vv(t), sc(+t)y (”(n Vo), + H (V2n5,9v5, V2, ) )
(54)
FCurt=r) < ([(5u808) (), #|(v. VS, v, )() e
[vz(t)]. sc(i+t) (||(n0 Vo), + “Vno Vo, V2, ). ) -

FCfwrt=r) ¢ ([(5u808) (), #|(v. VS, v, ) Jae

And the nonlinear source terms can be estimated as follows:

[8:h: <Cvnlz [V + Clinl2 [V <Co(Ivnle +[Vv].2)

and

IS, < C||V~(nv)||L2 +C||VV-(nv ||L2 < C5||V n,v)

e
and by Holder’s inequality and Lemma A.1
[V, <CVV- ()], +C[[V?V - ()],
<Co([¥re +[¥¥l,e )

The second term S, is much more complicated, which can be further de-

composed into

S,=—7(v-V)v-h(n,z)Vn-h,(n,z)Vz

2 2 2
7 [ V| V? - VnAn2 _Vn-v ? _g(n)van
4.\ (n+1)" (n+1)" (n+1)
B-VB
—g(n)((u+A4)VV-v+uAv)+
( )(( ) ) 71(n+1)

=8, +S,, +S,,+S,, + S, + Sy
The first term S,; can be easily bounded by
Szl <CVVlz Ml < €5V
and
[Sall: SCIV-VV] +CV (v- V).
<CMe [Vls + €V [99],e
<CS|V, -

In a similar way, we get
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S22 ]2 <C&[ V2.
[S25]l <Co[VZ2
and
ISl =€l (n2)¥n,, + €[V (n(n.2)vn)

<colval,, +Colval,
<colval,.,

12

||S23||H1 < C||h2 (n’ Z)VZ”L2 + C"V(hZ (n’ Z)VZ)
<C6|Vz||,. +C5|Vz .

12

<CS|Vz,p.
Let S,, =S;, +S2, +S2, +S,,, we have by Holder’s inequality and Lemma A.1
that
[s2:] <c[va ()] Jan]: <Cs]vn,,
and

4
s:

72
Wt 4_7,1||Vg (n)An"H1

<Chr*|[vg(n)an| + Ch2||V(Vg (n)an)|,

<Ch? ||Vg (n)"@ |an| . +Cr? ||Vg (n)||Lm [VAn|.
- lAn] .
<Ca([vnl +Janl,.) <Cafval.

+Cn* ||Vzg (n)

1 3 . ..
For S;, ~S,,,in a similar way, we have

|sie] . <colvn].. [k

[

<colvnl,..

LS
where 1=12,3.
Summingup S;, ~S;,, we obtain
[S2ills <CoIVAlye. [Szsllys < ColvA,e-
The terms S, and S, can bebounded by
ISzl <CO[VVls s [Sasll < CO[VB:
and
[Feslls <COIV Ve [Fasllye <CS[VB]: -
For S,,in a similar way, we have
S;=-n(v-V)z—hy(n,z)V-v—i9(n)Az
+3f ()] 24D (v)f +/1(V~v)1+77i—i £ (n)|V B[
=S5 + S5, + S5+ S5, + S5

Similarly, it holds that
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[Salls <C|val: M. <Co[vz]..
and
|Ssull: <C|v- V2| +C|V(v-V2)| .
<CMl [Valy: +C vVl [Vl
<Cs|v,..
Then using the similar way, we arrive at
Szl <Co[Vv.
or equivalently,

[S:allye = Cls(m2) V-, +C||V (nz)V-v)|,

<CS|VV||,0 +C|VV| 2
<CS|VV,p -
In a similar way, we have
ISzl <CoIV [Ssslhs < €SIV, 2
[Saells <COIVV]is [Saalls < CE[ V]2
[Sss]l: <COIVBls [Saslls < COIVE,,e.

Summing these terms, we get

(81,82, 8:) (V)]s <C(IVnlls +[V¥lhs + V2l +[VBl2).  (56)
[VS.Jl < C(IVnl: +[Vllie ) (57)
(8,,8,.85) (1], <Cd[v(n.v.2,B)|..- (58)

That is, we obtain
[VU (0] < Oy (L+1) 4+ o[ (Lot =) 5[V (U,B)(e)], .07, (59)
where K, = ||n0||H4mL1 +||(V0’Z°)"H3m1 .

The inequality reads that

[vB (1) <C(a+t) ||B o +C[ (@+t-z7)s ||s )20z )

<C(1+t) ||B ||L1+C5j (1+t-7) ||V(U,B)(r)||szr

Combine (59) and (60), and hence this completes the proof of Lemma 4.3.
Now we are in a position to prove Propositions 2.3.

Proof of Proposition 2.3. We do it by two steps.

Step 1. First, for formula

H(t) =V (nv.z,B)[, + 77|

2
2
2 k K+l
2 +Z<V v,V n>,
k=1
We can assume

t)~||V nv,z, B) +h2||V n

H2 ’
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then, taking C, >0 into

("V (n v,z,B) +h2||V n

o)

<H (<C(||V nsz) +hz||V2

)

The linear combination of (44) and (45) leads to
dH (t) .
dt
2 ) 2
< C§(||V(n,v,z, B)"L2 + 0%V )

(|5 (v mf. el

Adding ||V(n,v, z, B)"i2 + ||hVn||22 to both sides of the inequality above gives

dH (t)
dt

+DH (t <C||vu B()|| (61)
assume that
M (t):=sup (1+7)2 H(t). (62)
Notice that M (t) is non-decreasing

2 SC‘/H(T) SC(l+r)f§,[M (T), 0<7<t<T.

Then it follows from Lemma 4.3 that
||v(u,|3)(t)||Lz <CE,(1+t) ‘§+c:5jt 1+t—f)‘§(1+z)‘§dr,/M (t)
C(L+t) (E +oM( )

In fact, applying Gronwall’s inequality to the Lyapunov-type inequality (61)
and using (62), we find that

H(t)<H(0)e +C[ e ()

[V(nv.z,B)|.. +||hV2n

(63)

V(U.B)(7)] d
<H(0)e ™ +C[ (1+t-7 Ve(ler) 2dr(E +5\/_) (64)
sc(1+t)‘E(H(0)+E§+52M(t)).
In view of (62), we have
M (1) <C(H (0)+ES +5°M (1)),
which implies
M (t)<C(H(0)+E{).
Since §>0 is sufficiently small. Consequently,

[V(nv.z,B)|,. +||hV2n

2_C(1+t) 0<t<T. (65)
Using (65), we thus get

[V(nv,2,B)|,, <C(1+1) 4,
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[V(nv,2,B)],. <CL+1) 7,

[aven|, <C(Ltys

which also implies from Lemma A.1 that

|(n.v,2,B)|.. <C|v(n,v,2,B)| . <C( 1+t)

Therefore (16), (17) and (18) are obtained. Then
[(nv.2.8)|, <C[[V(nv,2.B)|, <C(1+1) s
Meanwhile via Lemma 4.1 and (48), we have
[(nv.2.B)(1)].
< C (L) 4 ([(ror o)+l ol + ool + 18],
+Cf (1+t-7) (||S $,.85)(7)|x +[8:(7))...
+[8: () #8522 ]84 (2)], Joe
sCE0(1+t)’%+c5j$(1+t—r)’%||(vu,vs)( )., d
3
:

sCEO(1+t)’§ +Co(H(0)+ Eg)%j;(lﬂ—f) (1+7) idr

<C(1+ t)%
Hence, by interpolation, it is easy to see that forany 2<P <6,
[(0v.2.8)(0), <|(nv.2.B)O, [(nv. 2 BYOS <Carty s,

3(p-2)
2p

, this proves (15).

where 6=

Step 2. On the other hand, where 0<t<T, we get it by using the estimates
above (12), (16) and Lemma A.1.

|6 (n.v.z,B)(t)]

<C|V V|2 +[Sy] 2 + CA*|VAN| . +C]lAv|.
+CvV-v| +C|vn|: +CVz ;. +[S,] ..
+Cllaz]z +[Sq] 2 +[AB]. +[S4]l

<C|vnl,z +[Vls +[V2], + VB,

5
<C(1+t)

Hence, (19) is proved and we complete the proof of Proposition 2.3.

5. Conclusion

Proposition 2.1 gets the local existence, Proposition 2.2 proves a priori estimate,
Proposition 2.3 obtains the decay rates of solutions and then Theorem 1.1 is ob-

tained by Propositions 2.1, 2.2 and 2.3.
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Appendix

In this appendix, we state some useful inequalities in the Sobolev space.
Lemma A.1. Let f e HZ(Rs) . Then

[l <CIVe [9¥ 7, <CI¥¥
[1]le <CI¥t .
||f||Lp sC||f||H1, 2< p<B6.
Lemma A.2. Let f eW™(Q). Then we get
[l <Cl by
Lemma A.3. Let M21 be an integer, then we have

v ()|, <Clf V9. +C||V'”f

LP3 "g "l_le ! (66)

and

v"(fg)-fv"g Vg

LP <C "Vf ”L"l

T C"V"‘ f

LP3 "g”u14 ! (67)
where p, p,,p,,Ps, P €[1,0) and

—_——t—=— 4 —, (68)
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