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Abstract

This paper proposes a stochastic dynamics model in which people who are
endowed with different discount factors chose to buy the capital stock period-
ically with different periodicities and are exposed to randomness at arithmetic
progression times. We prove that the realization of a stochastic equilibrium may
render to the people quite unequal benefits. Its proof is based on Erdos Discre-
pancy Problem that an arithmetic progression sum of any sign sequence goes to
infinity, which is recently solved by Terence Tao [1]. The result in this paper
implies that in some cases, the sources of inequality come from pure luck.
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1. Introduction

The existence of inequality of wages, assets, and other incomes in a society has
been gaining wide attention recently especially since Pikkety [2] (Atkinson et al
[3], Gabaix ef al [4], Grossman and Helpman [5], Jones [6], Jones and Kim [7],
Kasa and Lei [8], Mankiw [9] to name only a few). Many researchers tackled this
problem by providing models that explain the empirical data, say, the large gap
between capital income and labor one, or inequality among labor incomes, and
its extent of that inequality. They employ growth models that endogenously in-
duce the inequality underlining the market mechanism. However, whether the
inequality is the problem that needs some remedy or should be taken as mere
phenomena depends on the sources of inequality. If the inequality arises from

the pure market forces, some people think that interference must be as little as
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possible and the inequality is not a serious problem. If the inequality is born
beyond the individual capacity (e.g. inheritance or pure luck), governmental or
nongovernmental policies are considered to be required in many respects (tax,
wage control, nationalization of institutions and so on) and the inequality is an
important problem we must grapple with.

What this paper concerns is the sources of inequality and especially we focus
on the possibility that the inequality arises from pure luck. We provide a simple
stochastic model in which the ex-post realization of the equilibrium stochastic
process is quite biased among people.

To complete this purpose, we have to investigate the existence of some regu-
larity within randomness. Intuitively, the realization of randomness from uni-
form distribution offers quite equal benefit among people in the long run, for
example, in throwing dices or flipping coins, the same numbers realize in almost
the same times as experiments continue infinitely. However, from a different
mathematical viewpoint, it is possibly said that the same number arises in a reg-
ular manner so that the same numbers fall upon almost the same people. To
support this aspect, we employ a monumental mathematical theorem which is
recently solved. That theorem is the so called Erdés Discrepancy Problem, long
time being conjecture from around 1932, which is proved by Terence Tao in [1].
This theorem roughly states that for any random sequence, the realization of
which contains almost the same number periodically.

In this paper, we construct a stochastic equilibrium model in which consum-
ers who have different discount factors buy periodically the capital stock so that
they are exposed to randomness at arithmetic progression times. Therefore ac-
cording to the Erdds Discrepancy Problem, there are some people who obtain
high wages arbitrary larger times than low wages or who get low wages arbitrary
larger times than high wages corresponding to their distinct discount factors.'

The main feature in this paper is its approach to elucidating the inequality.
The existent models (such as [1]-[9]) basically attribute the inequality to intrin-
sic character such as productivity, ability and income resource. Since we aim to
investigate the other resources that give rise to inequality, the model developed
in this paper is in a class of its own though based on standard economics notions
such as utility, production and equilibrium, and we draw the distinctive conclu-
sion that the pure randomness possibly causes inequality. The underlying ma-
thematics is the Erdds Discrepancy Problem which is deep and new theorem in
the number theory. After Tao’s proof [1], some papers clarify the substance of
this problem (such as Soundararajan [10]).

The next section describes the stochastic model in which people who have

different discount factors select capital stock with different periodicity. The third

"The claim that the possession of capital becomes biased among people according to heterogeneous
discount factors is apparently related to the Ramsey’s conjecture, which says that the people who
have the lowest discount factors own all the capital and is solved by many authors in various settings
(e.g. Becker [11], Mitra and Sorger [12]). However, in our paper, the discount factor endowed by
people who have much capital depends on the realization of stochastic processes and it is not neces-
sarily the lowest discount factor’s people who have the large capital.
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section explains the Erdds Discrepancy Problem and applies it to prove the rea-

lization of stochastic equilibrium. The last section offers concluding remark.

2. The Model

Let (Q,F,P) be a probability space and define a two point valued stochastic
process a, € {a,a} for reN:={1,2,---} with @>a>0. The producers’ be-

havior is described as the following maximization problem.

maxa,L, —wlL,.
L[

where [, means the aggregate labor and w, is the wage rate.

We normalize E,[a,]=1.

Consumers buy the capital stock and directly obtain the utility from it and
supply labors that yield disutility. Let x, be the quantity of capital and denote
the labor supply by 7, €[0,1] at « The quantity of initial capital x, >0 decays
at the depreciation rate of 0< & <1. So the stock remains like x,,5x,,5°x,,
as the time passes until the period written by ¢=¢. Consumers buy the new
capital and replace the old one at #=¢+1. We assume that in the period
t =t +1 no capital is available because buying and replacement are assumed to
take a time. Next, the new capital is installed after one period at ¢, +2 . Then by
the same manner x, ,,, neN, decays as x,ﬁz,éx,ﬁz,é'zx,nﬂ,--- until =1 ,.
+1, and the
+2.Soweneed ¢, 2t +2 and

Consumers buy the new capital and replace the old one at 7=¢

n+l

new capital is installed after one period at ¢
the period [z, +2,1

n+l

n+l

| represents the length of time during which the capital is

available. Define for ne N,

. X L t2sist, ) t—(t,,+2) t_ +2<t<t,
X = g =
o t=t,+1, 0 1=t +1

where ¢, +2:=1. Consumers’ objective function can be described by
E, |:Zpt-l {u (5g(z))2t ) - v(lt )}:|
t=1

with #,+2=1 where u and v stand for the utility function and disutility
one respectively. In what follows, we assume that the utility and disutility func-
tions are linear.

Assumption 1.
u(x)=x, v(I)=nl, n>0.

For convenience, we write down the consumers’ maximization problem by
setting the length of the remaining period of stock, 1, —(¢,., +2)=k,, namely
the period between the beginning of newly installed capital, ¢, +2 and the
end of it, ¢, . Note that the period at which no capital is not yet available is writ-
tenby 7,+1=>" (k +2). Denote the set of time at which the capital exists by

T::N\{i(k,.+2)n=1,2,--}.

i=l1
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Denote the set of nonnegative integers by Z, (namely NU({0}). Then the

consumers’ maximization problem is written as follows.

max
(il 0, <2 G},

E,)[x1 (1+,05+,0252 ot plish )—77(11 +pl, +"'+Pkllkl+1)
="l 5+ P (14 PO + P07 44 pR5")
_pkl+27](lk1+3 + Pl +"'+pkzlk1+3+k2 )_P

fy+2+ky+2

ky+2+ky+1
M 248,42

+p X ripyes (1490 + 767 44 ph 5" )

kt2+ky+2 ks
P n(lk1+2+k2+3 + +p lk1+2+k2+3+k3

_ Ak 2+ky +2+k3+1
P n Jy+2+ky +2+k3+2

+...+p2i=1(ki+2)x I (1+,05+P252 4ot pkml St ) (1)
_ A Xh(ki+2) . kst
P 77( (ki +2)+1 + +p lz,’.’zl(k,-+2)+1+k,,+| )
:1: (ki+2)+kn+ +1 -
-p 1 1 7][ (1 12) + }

subject to

SAO =wl, teT

7t

X, +S5A6 =wl, teT

where S, is the price of stock, which is used for financing the capital or saving,
and A6, means the increment of quantity of the stock at « Notice that x,,, is
bought at «.

We assume that the price of stock has no trend.

Assumption 2.

E.[S,]=S,>0

for some S, >0.

Thus consumers prefer buying at most capital to saving something at the pe-
riods other than T due to the linearity of utility, presence of discounting p
and no trend of stock prices. They save only when beingin T and buy the cap-
ital using all the savings and current wages while being in other than T. Hence

Wwe can express as

ky+1 fy+1 Wl
— _ 't
xk1+3 - Sk1+2 ZAQ + Wk1+21k1+2 - Sk1+2 Z S + Wk1+21k1+2 ’ (2)
t=1 t=1 t
and
(ki +2)+ Ky +1
i wl
= _tt
Temtheapn = S5 (se2) s [T s s 3)
=31 (ki +2)+1 t

for n=1,2,---. Set the price process S, and w, by for some &>0,

eS,=w, and E,[w,]=1. (4)

Since it needs to hold a, =w, in equilibrium due to the linearity of produc-
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tion function, putting E, [wt] =1 is required for equilibrium. Next we impose
parametric assumptions, which lead to the situation where consumers postpone
working as late as possible but cannot help but work when buying capital in the
time of the form )" (k, +2).

Let o be the positive solution to p” +(n5)p—n =0, namely,

ﬁ:(—n5+ (775)2+477)/2.

Assumption 3.

77<—1 and p>p> n_
~2(2-9) 1475
Since 5 <1, we have 1<1/(4-25)<1/(1+5). Due to n*+(n8)n-n<0,
we have p>n>n / (1+75) . Thus the assumptions are consistent. From the lat-
ter part of Assumption 3 and due to 0> p* +(n5) p—1 , we obtain
2
P P (5)

——>n> .
1-p5 7 1-p56

Note from (1) and (2) that for 1<¢<k +1, the marginal utility of /, that
contributes to x; . is pk‘+2Skl+2wt (1+p5+p252 +oet pl2s"R )/S, , and mar-
ginal disutility is p''n.

We calculate as follows; for 1<t <k +1,

Ep, |:(pkl+2Sk1+2 %(1 +pS+ P87 4o pl2 5 )_77,0’_1 jlt:|
t
_ "

<E, (pk‘*25k1+2?(1+p5+p252 +oplegh )—npk‘ ]l,}

t

=E, P (Psz,+25(1+,05+p252 +oplrgh )—77)1[:|

1 1
<E,| p" (pszﬁﬁm—n]lz} =p (/f m—njé <0.

The second and fourth equalities come from (4) and the last inequality is ob-
tained by (5). Hence consumers select /, =0 for 1<¢<k +1.For
Do (k+2)+1<t<> " (k+2)+k,, +1, n=123,--, the same arguments

n+l

apply. Hence we conclude that
[, =0 forteT. (6)

Consider 7=k, +2. We see from (1) and (2) that the marginal utility of / ,

that contributes to x, , is p"*?

oy +1

Wi +2 (1 +pS+ P8t -+ plr ot ) , and mar-
ginal disutility is p

E, [(pk”zwkl+z (14+p5+p*6% +--+ pl26* ) —ph ™! )lkﬂJ
=k, |:Pkl+1 (ka|+z (1+,D5+,0252 oot p ot )_ﬂ)lkl+z:|

= ph*! (p(1+p5+p252 4ot pl gt )_n)lk1+2'

1 . We calculate as

Therefore if p(l + PS4t (,o&)k2 ) > 7, it follows that [, , =1, if otherwise,
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l, ., =0 holds. But if /,,, =0, consumers cannot replace the capital so
1 1

k, =0, whose case can be neglected because the period k, arising from new
capital is not selected at the outset. For &, +2, n=2,3,---, the same arguments

apply. Thus we see that
[ =1 forteT. (7)

Hence from (2) and (3) it holds that for n=1,2,---,
=w, (8)

x m o (k+2)+1 m(k+2)”

Thus we have E, [x =1 for all n. So we can rewrite the objective

(ki +2)+1 jl
function in (1) as follows.
Objective function
:(l-i-pé'—i—pzé'z 4ot pligh —pk‘”n)
+pk1+2(1+p5+p252+m+pk25k2 _pk2+|ﬂ)
ey +1

+p 1+ p5+p°8° +-+ph5h —p 77)+~-

y+2+ky +2 (

+pZ§’:1(1«,+2) (1+p5+p262 +...+pkn+l§kn+l _pkn+l+177)+__.
= (1+p5+p252 J,-..._;,_pklé‘kl _,Dklﬂl])
+ph7? {(1+p5+p252 +ot plegh _pk2+177)
ey +1

+pht? (1+,05+,0252+---+p"35"3 -p 77)+---

+ pE (14 p5 + P87 4ot pli 5o —pk"*‘”77)+---},

Define the value function by

V= sup [objective function].
{ki},'zl,zt...CZ+

We can write
V = max [(1 +p0+ PS5t +--- phioh —pk‘”77)+pk‘*2V].
K
From the recursive character seen above, we see that at the optimal, all

k,,i=1,2,--- are the same. Write the optimal £, as k" . Then the maximal val-

ue takes the form
2 & K4l pea o 2K2) o 3(k2)
V= 1+p5+(p5) +---+(p5) -p |1+ p" T+ p +p +-

B 1+p5+(p5)2 +--~+(p5)k* — oty
- l_pk*+2 :

In what follows, we aim to determine the concrete number of k. Let us put

v(k):

B 1+ pS+(ps)’ +~-+(p5)k -p"'n
- 1_pk+2 :

Then the optimization problem boils down to
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V= mkaxv(k).
We investigate the difference of the above v(k) with respect to & One has
v(k+1)-v(k)
(1= )(p8) ™ + P (1= p) = P2 (1= p) 1+ pS + (p8) 4+ (05)™)
(1-p)(1-0") |

€

It suffices to know the sign of the numerator in (9) to determine the sign of
the fraction (9). Note that

sign(v(k+1)-v(k))
s -

-pt (1—P)(1+p5+(,05)2 et (po)! )}
=sign{(1-p) 8" 4n1(1=p)= p(1-p) (140 +(p0) +-++(p3) )|
Put

A(k,k+1)

=(1-p")8" 40 (1= p)= p(1-p) 1+ p5 +(p5) +++(p5) ).

Then we can write as
sign (v(k+1)—v(k))=signA (k,k +1).

Now we further put the following assumption on the parameters.

Assumption 4.
3

5<iZP and 5>

n+o
1-p* 1-5°
Both inequalities in Assumption 4 are satisfied when o is sufficiently small
because if § =0, all inequalities hold consistently with Assumption 3.
It follows from former part of Assumption 4 that & —1+ p’ (1-p5) <0, which
leadsto 5—1+p"7(1-pS)<0 for k=0,1,2,---,and further we see that

§k+1 {5_1+pk+3 (1_,05)}

_ gk {(1_pk+4)5_(1_pk+3 )} _ (l_pk+4)5k+2 _(l_pk+3)5k+l <0
for k=0,1,2,---. Thus we find that (1— P )5"” is strictly decreasing func-
tion in & So equivalently (1— pk+3)5k+l +7n(1-p) is strictly decreasing func-
tion in k Together with the fact that p(1 —p)(l +p§+(p§)2 + ---+(p5)k+l) is
strictly increasing in &, we see that

A(k,k+1) s strictly decreasing in k. (10)

Thus we process the following arguments.
If v(1)-v(0)<0, it holds that v(k+1)-v(k)<0 for k=1,2,---. In this
case, we have k" =0 since v is decreasing entirely. It requires p >z, which

induces [,. \ =1, i=1,2,---.
l(k +2)

DOI: 10.4236/am.2019.1010060 842 Applied Mathematics


https://doi.org/10.4236/am.2019.1010060

H. Kato

If v(1)-v(0)>0 and v(2)-v(1)<0, it holds that v(k+1)-v(k)<0 for
k=23,--. In this case, we have k =1 if p(l+p5)>n which leads to

1. =1, i=1,2,---.

ilk +2

(If )v(Z)—v(l)>0 and v(3)-v(2)<0, it holds that v(1)-v(0)>0 and
v(k+1)-v(k)<0 for k=3,4,-- . In this case, we have k =2 if

p(1+p§+(p5)2)>77 which implies ll_(k*+2)=l, i=12,--.
And so forth --.. Thus we see that for k£=1,2,---,
if v(k)-v(k—1)>0 and v(k+1)-v(k)<0,then wehave k=k .
if p(1+p5+(p5)2+--~+(p5)k)>77 whichleadsto /. =1, i=12,-.
Note that A(k,k+1)<0 for large k because (1—pk+3)5k”+77(1—p) con-
verges to n(l1-p) and p(l—p)(1+p5+(p§)2+-~+(p§)k+l) converges to
p(1-p)/(1-p5) as k—oo, and because n(1-p)<p(l-p)/(1-p5) by
(5).
Since 7<1/(4-25) in Assumption 3, we have (775)2+477S1+2775+(775)2,

1
which leads to 75 ++/(75)’ + 45 <1. Thus it holds that p<— (recall the de-
1 +4/(n8)" +4n pso (
finition of p before Assumption 3). We can confirm for p (0, [_)] that
A(k,k +1) is strictly increasing as p — 0, (11)

and that for any 4,
A(k,k+1)> 0 holds for small p. (12)

Consider the case of p > p>(n+6)/(1-5). Then
A(O,l):(1—p3)6+77(1—p)—p(1—p)(1+p5)
=(1-p)(1+ p+p*)5+n(1- p)- p(1- p)(1+ p5)
=(1-p){n+5-(1-5)p}<0.

Since A(k,k+1)<0 for k=1,2,--- and p >z, we obtain K'=0.
Although A(1,2)<0 at p:(r]+5)/(l—é') (since k rises and (10)), we see
from (11) and (12) that A(1,2)=0 forsome p, <(7+5)/(1-5). Since

A(lﬂz):(l—pf)52 +77(1—,01)—,01(l—pl)(1+p15+(p15)2)
=(1-p7)8" +n(1=p))-p (1-p,)(1+ p,5) = 0,

we obtain - p, (1+p,6)<0. Therefore for (n+5)/(1-5)>p=p,, we see
A(0,1)>0 and A(1,2)<0 with p(1+p5)>n. So it follows that k" =1 for
(n+8)/(1-6)>p=p,.

In the same way, we have A(2,3)=0 for some p, < p,. Then it holds that
k"=2 for p >p=p,. We have A(3,4)=0 for some p,<p,. Then it
holds that k" =3 for p, > p=> p,,and so on.

If pSn/(1+775), which is out of concern due to Assumption 3, it holds
p(l i p5+...+(p5)k ) <n for all & which means k" =0, in other words, this
consumer wants to hold the initial stock forever.

To summarize we conclude that k" =0 for pe [(r]+5)/(1—5),p), k=1
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for pe[pl,(n+5)/(l—5)), k=2 for pe[p,.p), > k =i for
pelp,piy)s - Since
lim A(k,k +1)

k—o

= 11111[(1—/3“3)5“1 +77(1—P)—p(l—p)(1+p5+(p5)2 +...+(p5)k*‘)}

:n?j_p)—p(l—p)/(l—p5)<0 for p>n/(1+135),

it follows for some p that p \’ p=n/(1+n8) inorder for A(k,k+1)=0 to
hold as k > (note p=n/(1+7nd) is equivalentto p/(1-p5)=n). Hence

we have

(E’ﬁ) = U;io [pan)

where p, =(n+6)/(1-5) and p =p.

Let ¢, =[p,,p.). A consumer who has a discount factor in ¢, selects
k" =i, i=0,1,2,---. For people who belong to ¢.,,, the supply of labor is one
when ¢=(i+2)n,n=1,2,---, which is the unique opportunity of receiving wag-
es and being exposed by uncertainty, for example, ¢, -people who select k* =0
supply one labor at ¢=2,4,---,2n,---, @,-people who select k" =1 provide
one labor at 7=3,6,---,3n,---, @, -people who select k" =2 supply one labor
at t=4,8,---,4n,---, and so on. For example, in the case of ¢=12, the prime
factorization is ¢=2x2x3 and people who supply one labor are represented
by {2,3,4,6,12}, namely, 6" time of ¢, -people, 4" time of ¢, -people, 3" time
of ¢, -people, 2" time of ¢, -people and 1% time of ¢,, -people are those who
supply one labor. Denote the prime factorization of ¢by

o(t)

t=T1p7
Jj=1

where p, is a prime number and «; means its multiplicity. Notation (1)
obeys the convention in the number theory, which means the number of distinct
primes and approximately follows normal distribution (Erddés and Kac Theo-

rem). We write the following expansion as
(1+p1 +pl A+ pi )(1+p2 + P4t pi )---(1+pw(t) + Do +---+pZE”t‘)’))
=1+x Xy X

where M (t):=(1+a,)(1+a,)--(1+@(t))-1. Denote the set of label of people
who supply one labor at ¢by

J(t) = {xl,xz,---,xM(t)}
In the case of aforementioned example 7 =12, one see that
(1+2+27)(1+3) =142+3+27+6+2” x3. So we get J(¢)={2.3,4,6,12} that
stands for the set who supply one labor as before. Therefore we have
L =#J(t)=M(r).
Since labor demand is arbitrary from linearity, the supply of labor #.J (¢)=M (¢)
is always in equilibrium of the labor market. The goods equilibrium condition is
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denoted by
supply a,M () = demand x,, M (t).

t+1

Because a, =w, =x,

1 (note x,_, 1is available from ¢+1 but bought at #, its

condition holds. The stock market equilibrium condition is written as

supply%M(t)

t

= demand% . [the total number of labor other than J (t)}

t

Because w, =x,,, and the labor other than J(¢) equals 0 (for each consumer,

labor supply is zero in T'), the above condition follows.

3. Realization of Stochastic Capital Process

This section concerns the realization of stochastic capital process. The aggregate
capital process in equilibrium is described by
a,M (t)

as in the previous section where a,(=w,) is the exogenous productivity sto-
chastic process taking value @ or a,and M (¢) stands for a deterministic one
endogenously determined in equilibrium. However, each individual consumer po-
tentially face and really encounter at arithmetic progression times the exogenous
stochastic productivity process (equivalently wages) {a] ,az,az,---} , which is rea-
lizedas (@,a,a,a,a,--),0r (a,a,a.a,a,-),or (a,a,a,a,a,),andsoon.

At this point, we introduce the monumental mathematical theorem, known as
Erdds Discrepancy Problem, long time being conjecture from around 1932, proved
by Terence Tao in (2016). It states that for any sign sequence f:N — {—1,1} R

> 7 (jd)

J=1

sup
n,deN

is infinite. Formally, forany C >0 and f,thereexist n and d such that

gf(jd)

>C.

Roughly speaking, given infinite sign sequence, say, {-1,—1,+1,—1,=1,+1,---},
pick up each number skipping d—1 times (e.g. pick up +1,+1,--- skipping 2
times (avoiding —1,—1)), which adds up to sufficiently large for sufficiently large
length of numbers. This topic generally concerns the problem as to whether there
exists some regularity within random sequences. Van der Waerden’s theorem
(1927) asserts that forany f and ke N, thereexist a and reN such that

f(a)=f(a+r)=f(a+2r)=---=f(a+(k—1)r)

namely, for any sign sequence there exists any long arithmetic progression with
the same number. Erdés Discrepancy Problem says the similar statements that tak-
ing a homogeneous arithmetic progression, the either sign outnumbers the other

one by arbitrary large extent.
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We apply this Erdos Discrepancy Problem to the exogenous {a,} , which is

equal to {w,

} in equilibrium. In the model in the previous section, consumers
are exposed to randomness periodically, namely, ¢, ,-people encounter the
randomness at (i+2)n, neN periodsfor ieZ,.By redefining

f:N—{a,a} and reinterpret (i+2)=d , we can say the following theorem.

Theorem. For arbitrary large number, C >0, and any realization of {q,},
there exists a long period of time, N eN, and ¢, ,-people who face the high
wages or low wages for periods that outnumber the other ones by difference

C > 0, namely,

.., -people encounter
#a —#a > C(lucky people case)
or

#a—#a > C(unlucky people case)

for t=1,2,---,N.

Roughly speaking, even under random environment, there may be a fixed mem-
ber in a society who is almost always lucky or unlucky for large period of time. Note
that in the case of d =0 that attains the given C we take periods, say,
t=2,4,6,---,2n,--- that ¢, -people encounter and reinterpret it as original se-

quence, then we can take subsequence that attains the given C.

4. Conclusions

This paper proposes a stochastic dynamics in which people who are endowed
with different discount factors buy the capital stock periodically and are exposed
to randomness at arithmetic progression times. We prove that the realization of
the stochastic equilibrium may render to the people quite unequal benefits. Its
proof is based on Erdoés Discrepancy Problem that an arithmetic progression
sum of any sign sequence goes to infinity, which is recently solved by Terence
Tao (2016). There are some people who obtain high wages arbitrary larger times
than low wages or who get low wages arbitrary larger times than high wages
corresponding to their distinct discount factors. The result in this paper implies
that in a certain society, the sources of inequality come from pure luck.

Finally we note the topics that remain in future research. Inequality arising
from realization of stochastic processes only identifies the most lucky or the least
one and does not explain the distribution of various income realization. In addi-
tion, whether people face the fortunate case or not reflects observation of the fi-
nite time and we cannot say anything about what occurs beyond the periods.
The type of phenomena that is in this paper out of scope may be explained by
other approach or more generalized mathematical theorem on the number

theory or stochastic analysis.
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