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1. Introduction

Some phenomena of the daily life such as particles transport in an electric field,
the signal transport along a wire, evolution of cars on a road [1], and evolution
of a pollutant in a narrow channel [2] are modelled by a transport equation.
Study of numerical methods for solving this equation is very important to de-
scribe, to predict and to control these phenomena.

Isogeometric Analysis has been introduced by Thomas Hughes, Austin Cot-
trell and Yuri Bazilevs in 2005 [3].

The objectives of Isogeometric Analysis are to generalize and improve upon
Finite Element Analysis (FEA) in the following ways:

1) To provide more accurate modeling of complex geometries and to exactly
represent common engineering shapes such as circles, cylinders, spheres, ellip-
soids, etc.

2) To fix exact geometries at the coarsest level of discretization and eliminate
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geometrical errors.

3) To vastly simplify mesh refinement of complex industrial geometries by
eliminating the necessity to communicate with the CAD (Computer Aided De-
sign) description of geometry.

4) To provide refinement procedures, including classical A- and p-refinements
analogues, and to develop a new refinement procedure called &refinement [4].

The idea of Isogeometric Analysis is to build a geometry model and, rather
than develop a finite element model approximating the geometry, directly use
the functions describing the geometry in analysis [5] [6]. These functions are
B-splines.

Isogeometric Analysis is approached, using continuous or discontinuous Ga-
lerkin method. In the context of space semidiscretization by discontinuous Ga-
lerkin methods, explicit RK schemes are used to approximate in time systems of
ordinary differential equations. These schemes have been developed by Cock-
burn and Shu [7], Cockburn, Lin, and Shu [8], and Cockburn, Hou, and Shu [9]
and applied to a wide range of engineering problems [10]. They have been used
by Alexandre Ern et al [11] [12], for linear conservation laws using Disconti-
nuous Galerkin Method to prove a convergence result [12]. Authors did a space
semidiscretization using the upwind DG method. Besides, others tools are fun-
damental to get this convergence result:

1) Error equation.

2) An energy identity obtained from error equations.

3) A stability estimate using Gronwall lemma, Young inequality and inverse
and trace inequalities for finite elements method.

In the literature, there exist many numerical methods to solve transport equa-
tion [13] [14]. To our best knowledge, there is no error estimate for transport
equation using isogeometric method. In our work, we give such an estimate to
generalize results obtained by Alexandre Ern et al [11] [12] in finite elements. In
the framework of this dissertation, we want to prove a convergence result using
isogeometric method. Among others, unlike finite elements, as far as the space
semidiscretization is concerned, we have:

1) Constructed a parametrization of the physical domain, indispensable to
describe this domain.

2) Constructed a parametric mesh making a tensor product of knot vectors.

3) Introduced the discrete space on the physical domain, using our parame-
trization.

Moreover, instead of using inverse and trace inequalities for finite elements
method, we will use isogeometric inverse and trace inequalities to obtain our
convergence result. As far as the discretization in time is concerned, the explicit

two stage Heun scheme is used. Now, we consider the following model:
alu(x,t)+V~(ﬂ(x)u(x,t)) =0,xeQcR’te [O;th
u(.,t=0)=u, (1)
u=0 in6Q x| 0:¢, |
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where Q is a bounded open set in Rz, u :Qx[O;tf] — R® is a scalar-valued
function representing the unknown, 7, is a finite time,
o = {x €0Q, B(x)-n(x)< 0} , n is the unit outward normal to the domain
boundary, S is the advective velocity, S e [L“’ (Q)]z , V-BeL”(Q) and u,
is the initial datum.

Let us introduce some notations and assumptions:

o Assume [ isa Lipschitz continuous functions ie.
3Ly, ¥ (x,9) € Q| B(x)= B(v)] < Ly x5
where |x—y|| denotes the Euclidean norm of (x-y) in R?.

1
and S, =] @l -
mx {15, L4 e
« Weset 7, ::min(tf,re).

o Assume h<f 7, .

o Weset 7, =

o ovxeR, x = o(-x) and 1= (faf+x).
« Let /eN,we consider the space
c'(ry=c'([oz].¥), 2)
where Vis a Hilbert space and equipped with the scalar product defined by:
(14,8), = (1:9) 0y + (V- (B),V(B5)) gy ¥ (15) €V (3)
The associated norm is:

il =l gy +IV () v eV 010 (page 39) )

This paper is organized as follows. In the first section, we will describe univa-
riate B-splines. In the second one, we will describe bivariate B-splines and geo-
metry of the physical domain. In the third one, we present main results of this
work. In the fourth one, we will state inverse and isogeometric inequalities. In
the fifth one, we will talk about the functional setting and space semidiscretiza-
tion. In the sixth one, we will look into the explicit two stage Heun scheme anal-

ysis.

2. Univariate B-Splines

Definition 1. Let x, <x, <---<x, be an increasing sequence of reals, B-splines
functions of degree k are defined by Cox-de Boor-Mansfield recursion formula
[15]:

Forl<i<m-1

N (1)=1 ifte[x,x,| (5)

N, (1)=0  otherwise

For k>land1<i<m-k-1

t—x

_ (6)
N, (1)= - ’x N (1)+

Xk — L

Ni+1,k—1 (t)’

ik T X ikl Xigl
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x
with the convention 6 =0 for all real number x.

Theset (x,)" (1<i<m) is called knots vector.
Now, we want to look into bivariate B-splines, obtained from univariate

B-splines.

3. Bivariate B-Splines and Geometry of the Physical Domain

The definition of bivariate B-splines follows easily through a tensor-product con-
struction. Let us focus on the two-dimensional case. Notably, let us consider the
unit square Q= [0;1]2 c R*. Mimicking the one-dimensional case, given integers

p, and n, for [=1,2.Letusintroduce open knot vectors:
El = {51’15..~9§n[+p[+2’[}
and the associated vectors without repetitions for each direction /

< :{41,1""’§nz,,1}

There is a parametric cartesian mesh (, associated with these knot vectors

partitioning the parametric domain Q into a rectangular grid. So, we have:
0, ={0=®15 (0G0 )1 <i <my =1} [16] 7)

For each element Qe(,, we associate a parametric mesh size £, =4

0, max

where 7 denotes the length of the largest edge of Q. Also, for each element,

Q,max

we define a shape regularity constant as in [16]:

Ag =2 (8)
0
hQ,min
where 4, .. denotes the length of the smallest edge of Q.

We associate with each knot vector E, (/= 1,2) univariate B-spline basis
functions N, ofdegree p, for i=1--,n

On the mesh Q, , we define the tensor-product B-spline basis functions as in
[16] by:
=N, ®N, L si=Leeny, j=1n,. 9)

(©.0)Ap1op2

N, Li=len,j=1-n,. (10)

(i)(propa) — N[’pl ip2?

The span of these functions form the space of two-dimensional splines over
Q, denoted by:

S, = span {N

ny,ny
(7)(p1-p2) },.:1, o

The physical domain Q is defined through a geometrical mapping:

7

F= ZZI?INU'] Nj”’z [16]

i=1 j=1

where F, € R’ are the so-called control points. F is a parametrization of the

physical domain ), that is,
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F:[0,1] >0

For each element Q in the parametric domain [0,1]2 , there is a correspond-
ing physical element K = F(Q), as shown in Figure 1.

We assume throughout that Fis invertible, with smooth inverse F~', on each
element QeQ,.

We define the physical mesh to be:

7, ={K:K=F(0),0€0,}=F(0,). (11)

We assume ( 7,,) is quasi-uniform:
AC > 0,h < Chy. (12)

with /#, the diameter of Kand /% :=max#, .

Kery,
We introduce V), the space spanned by B-splines basis functions in Q as
the push-forward of the B-splines space S, .

ny,ny

-1
PR o .
i) prsp2) }i=1,j=1

V, = span {N(

Given a function GELZ(Q), we define a projective operator over the
B-splines space S, as:
ny,no

75, L (Q) > 8,75, V= Y g"(‘;)]\,(i,i),(mspz) ’

i=1,j=1
where the linear functionals ¢ € I’ (f)) determine the dual basis for the set of
B-splines.

The projective operator over the B-splines space V), is defined as the

push-forward of the operator 7 .

T P (Q) >V, my= (ﬂsh (\3))oF’1

4. Main Results

This section is devoted to our convergence results obtained for respectively a
polynomial of degree & >2 and a polynomial of degree & =1. We present our
main results whose proofs are given in the subsection 6.6.

Theorem 1. (Convergence for RK2, k>2)

4 .
Assume the g CFL Condition:

Figure 1. Definition of domains used in isogeometric analysis (Source [17]) (Page 181).
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4
3

1
5t§g’r*3[ ] for some positive real number o' (13)

==

and dt“'ueCO(H"”"" (Q)) for se{0,1}. Then,

N N
| =,

1
N- 2 8 n
L2(g)+(2§t|u’"—u,’1”|;]2 ,Sexp(‘wr tf](;(lé't2+;(2hk 2j (14)
T

m=0 *

with
11
Z = r4t}z'f dfu oo(22(0) (15)
1 1 1 _1
5 5
X =t B2 u”c"(H"*‘(Q)) g2 "dt”"c"(y"(g)) (16)
1 1
bl = Lag Bl + X [ S 1Bene DT (17)
Fe}'h
where
F= max(l, rlgari((/igl,( )j (18)

and &t is the time step.
Theorem 2. (Convergence for RK2, k=1)

Assume the g CFL Condition, assume d’u € C° (H’”H (Q)) for se{0,1}

and 4-37>>0. Then,

N-1 2
"uN u + 5t|um —um|
) = h (19)
8
< ! exp( th{;ﬁé‘t + 1,h ZJ
4—37"2 *
with
11
4 3
}(1 =r tjz’z-*z dt u"CO(LZ(Q)) (20)
and
1 1 1 1
X = t}rsﬂcz ”"CO(H"”(Q)) +tf2r5ﬁc ? ||dtu||C0(Hk(Q)) 1)

5. Inverse and Trace Inequalities

In this section, we present isogeometric inverse and trace inequalities, useful
tools to analyze partial differential equations.

Let Ker, and Q=F7'(K).

Theorem 3. (see[11] [18])

Vh>0,VK er, and Vv, ePf(z,).[[Vv, ||[ 2 SC vl gy (22)

2(x)]
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where C, dependson kand on the parametrization F.
Theorem 4. (see[16])

v, P (2,). o < Chodli I, I " (23)

where C depends only on p, and p,, 4,
stant of Q, and A4, is the shape regularity constant of K.
Weset p:=min{p,,p,} (see.[4][19]).
Theorem 5. (see [20]) Given the integers I and s such that 0 </ <s< p+1
and a function u e H* (Q), then:
Z |“ _”h”|i11(1<) <cpt "”

Kery

is the local shape regularity con-

2
HS(Q) > (24)
where C is independent on A.

Theorem 6. Given the integer s such that 0<s<p+1 and a function
ueH'(Q), them:

2 fu- ”h“”il(m) < Cf,?gf(%% )h(zs_l) "”"iﬂ(n) g (25)

Kery,

where Cis independent on A.
Proof 1. Let ue H* (Q) . Using the inequality (23), we have:

2 J =il oy < € X Al = (26)

Kery, Kery,
(z,), being quasi-uniform, /< Ch, .
h<Ch, =C'h' <h™

= h' <Ch’ (27)
= Ch' <C'h”"
So
KZ "” - ”h”"iz(am < CI}E?‘MQ}“K )h_l KZ "” - ”h””iz(x) (28)
€Ty g €Ty

Using the inequality (24), we have:

KZ =01 ) < il g (29)
€Ty
Thus, we get:

> o=l < c%lgf(zgz[( VD (30)

Ker,

6. Functional Setting and Space Semidiscretization

6.1. Functional Setting

In this part, we introduce some basic notations for space-time functions and
important theorems.
Theorem 7. (see. [11]) CI(V) is a Banach space when equipped with the

normnx.

(31)

d’¢

"¢"c’(V) = mmax

0<m<l o)
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with

l#(¢)], [11] (page69) (32)

= max
"¢”CO(V) tgsi<ty

We want to specify mathematically the meaning of the boundary condition 1.
Our aim is to give a meaning to such traces in the space. Thus, we need to inves-

tigate the trace on 0Q of functions in the space defined by:

(|B-n],00) = {vis defined on 62, [ |B-nv* <eof [11]  (33)

6.2. Space Semidiscretization

Considering ( 7, ), we present following notations:

o Interfaces are collected in the set F' and boundary faces are collected in
theset 7. Weset F, =F' UF . Vler, F ={FeF, Fcol}.

o VF eF',the mean of vis denoted by {{v}}.

o The jump of vis denoted by [v].

o Assume F, = {Qi} is a partition of Q such that, for the exact solu-

. Isi<Ng
tion u,
uev. :VﬂH%H(PQ),e >0 [11]
where
V={uel(Q),v-(Bu)e (Q)} (34)
We set

*

Vi =V, +V, with V, =B (r,)={ve ' (Q);VT e7,,v, P} (T)} (35)

We define the discrete operator A4, :V,, —V, suchas V(v,w,)eV,, xV,,
(Ahv’ w, )LZ(Q) = IQV (Bv)w, + Jaﬂ(ﬁ'”)e W,
1 [11] (36)
= 2 [ B )b+ 2 S 1B VI ]
FeF, FeF,
6.3. Assumptions
Forall veV,,, set:
v i* =[v zwb,* +pB.h |VV||22(Q) (37)
"V zwb,* = | Y zwb + TZ ﬂc v"iz(@T) (38)
€7
1
M = )
1 1
Bl =|ex| +[¢z|, + 72| n (20 5t +1,2|ep ) (40)

We abbreviate as a < b the inequality a <Ch with positive C independent
of f,h,0t. The value of Ccan change at each occurrence [11].
We now state some assumptions on the discrete operator 4,. The first one

(41) is important to introduce the notion of numerical fluxes:
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1) Forall (v,w,)eV,,xV,,
(4,v,w,) = —J.Q(ﬂ-th)v+L}Q(ﬂ-n)® w,

# T in]s T 018 m]

i
FeF,

(11]  (41)

2) From equality (41), Cauchy-Schwarz inequality and inverse inequality (22),
we can infer:
Forall (v,w,)eH' (Q)xV,,

(42)

- <|| —
(Ah (V ﬂ.hv)’wh)LZ(Q) ~ v ﬂ-hv uwb, % Wh uwb

3) The three next assumptions are useful to bound the operator 4, .
For all

11
|Ahv||L2(Q) Srph |

vel,, v| . with »=max (1, max(ﬂQﬁ,K )j (43)
o Ker,
For all
11

v &Vl B2 s (44)
For all

Vi € Vh ’||Ahv||L2(Q) 5 7’2,501’1_' "vh "LZ(Q) (45)

. iy " St|
4) The two next inequalities are bounds of 5t(ah ,Eh )LZ(Q) —?t & ; and
n n 5t n
5By ) ey~ 1501,
n n 5t n 2 n 2
st(a) e )LZ(Q) —7| h|ﬁ <ot(Ey) (46)
n n 5t n 2 n 2
5t(,8h N4 )LZ(Q)_7 i 5 5r45t(Eh) (47)

5) The two last inequalities are obtained thanks to CFL condition and isogeo-

metric inverse and trace inequalities:

2 2
2 2k+1
<rph

m

&

g u” (48)

Hk+l (Q)

2 2

é/m
T

2
5 r2ﬂch2k+l (
*

*

m
u

m
du

ot | @

Hk+l ch (Q)

For the time discretization, we are interested in an explicit scheme: the two
stage Heun scheme.
7. The Explicit Two Stage Heun Scheme Analysis

In this section, we want to tackle the convergence analysis of the two stage Heun

scheme.

7.1. The Explicit Two Stage Heun Scheme

Let &t be the time step such as ¢, = N5¢ where N is an integer. For
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ne{0,---,N}, we define the discrete times ¢":=ndt and u" :u(t"). Assume
ot<t, with 7, :min(tf,rc).

We consider the following explicit scheme:
ut =u —StAu!
n+l 1 n n,l 1 n,l
u,” = E(uh +u, )_E&Ah”h [11]

with u) = 7,u°

7.2. Error Equation

This step is to identify the error equation governing the time evolution of &

and ¢ .
We set
& =u, —mu" (50)
e =u"—mu" (51)
Sy =wy, —m,w" (52)
Sr=w'—m,w' (53)
with
w=u+otdu [11] (54)

From (50) and (51), we have u" —u, =¢! —¢) .
From (52) and (53), we have w" —w}] =¢" -}

We get:
Sy =g, —Std,g, + Sty [11] (55)
P =l(g,j + ,;’)—l&A,,g; Leipr (56)
2 2 2
where
a; = 4,8, (57)
where
By =4¢; -, 0" (58)
and
" =é :,,M(t”“ —t)2 uwlde (59)

7.3. Energy Identity

This step is to derive an energy identity for our scheme (6.1).

"
) (1] (60)
2(Q) +5t(ah »&p )LZ(Q) +5t<ﬂh ’é’h )LZ(Q) _Ah

2 2

n+l
£ + 0t
h LZ(Q)

n n
—|€n &

2
+0t
B

2
2(Q) s

g -

with
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Ay =6t(Ag).e), +6t(AS).CT) (61)

Q)

2(9)

7.4. Stability Estimate

Our aim is to bound the right terms in the energy identity (60).

We want now to establish a stability lemma for a polynomial of degree & =1
(68). To get it, we need the next lemma.

Lemma 1. Let z denote the I*-orthogonal projection onto Py (r,).
P} (z,) is spanned by piecewise constant functionson z,.

Then, V(v,,w,)eV,xV,,

[
_ g0 2p 2
(Ahvh’wh 7 Wh ) <C.rpth "Vh

(62)

0
W, =TT, Wy

uwb 12 (Q)

where C,, isindependentof A,0t andof f.
Proof 2. This result is obtained using Cauchy-Schwarz inequality and equality
(41).

7.5. Preliminary Results

This lemma is a preliminary stability bound.
Lemma 2. Assume u e C’ (L2 (Q))ﬂ c’ (H' (Q)) .

Assume the CFL condition:

h
ot < p— for some positive real number p. (63)
Thus,
n+ 2 n 2 5t n 2 5t n 2 n+ n 2 n 2
2 . +Hal, + 51, <[ g co +Crist(Ey) (64)

where Cis independent of 4,6t and f.

Proof 3. Using CFL condition, energy identity (60), inequalities (46) and (47),
we get (64).

Lemma 3. (Stability lemma, k>2) Assume ueC’ (L2 (Q))ﬂ c’ (H' (Q)) )

4
Assume the (5 CFL Condition)

*

1 3
ot<o't? (ij for some positive real number o' (65)

c
Then, we infer:

il 2 |g;:|2 +ﬁ
B2

ot
& +—

2@ 2

ez gl <cre(g ) (66)

()

Proof 4. The stability lemma (66) for a polynomial of degree k>2 is ob-
n+l n 2

gh _glz LZ(Q)

Lemma 4. (Stability lemma, k=1) Assume ueC’ (L2 (Q))ﬂ c’ (Hl (Q)) .

Assume the CFL condition:

tained by bounding the term

in the energy identity (60).
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h
ot < p— for some positive real number p

2
with QSmin{%(C’)z;%(C*Cﬂ)3} (67)
Thus,
n+l 2 n 2 1 3 2 n 2 1 3 2 n 2
& LZ(Q)—"eh LZ(Q)+§t[E—§r j|gh ﬂ+é‘t(z—§r ]|§h |/3 )
<crsi(Ey)

where Cis independent of 4,6t and f.
Proof 5. This lemma is proven as in [11] (Page 96).

7.6. Proofs of Our Main Results

Proof of theorem 1

N N N n n N
u' —u =||u —mu" +mu’ —u
|| h Z(Q) h h h LZ(Q)
S"uN —ru" +||7r " —u)
h LZ(Q) h h Lz(ﬂ)
N N N N
R I B
" " ll2(o) 7 2 (@) "2

Using the triangle and Young inequalities, we deduce:

m

&

T

N-1 1
+ > ot? |5'”|
*k r;) h B

1
N-1 22 Na L
25t|um—u,',"| <>er?
m=0 s m=0

Thus, we obtain:

1

N N N716 m m 2 E
o | S i -
N N o % m o % m
~ 72 () +||8” *(Q) +mzz;)5t "g” "** +,§6t |g” |/;
Let ne{0,--,N}
a O 12 Ot a2
Set b =?|g,, |ﬂ+7|§h |ﬂ
Given (a+b+c—i—a’)2 <4a® +4b* +4c* +4d?
From the relation (66), we deduce that:
sl IR Pl e 1 P P e Pl
h L2(Q) - h L2(Q) [ | G |
3 |12 4 1| . |?
e [dluf g s g 0" 44017 | LZ(Q))
e [0 = W T (70)
whence, we have:
et ;(Q) < (1 +4Cristr]! )"g,’: ;(Q) +d" -b" (71)
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Applying the Gronwall lemma, we get for n=N—1:

8 —~1 8
e 22(9) geXp(Alfr (tf_to)]”‘gf? i2(9)+§e"p[4fr (tf_twl)j(di_bi) (72)
So
e} o sNzl (4& (¢, -1 )](d’ b') for uf =mu’ =&l =0 (73)
So
1
"8,:\, , )+[N215t; |gi|ﬁJ§[]vzfexp(4fr8 thdijz (74)
i=0 i=0 *
where
i 8 i|? i|)? 4
d' =4Cr 5:( el +[¢i] co(Lz(g)) St j

Therefore, we have:

1
N-1 8 2
& JS(Zexp[ﬂthd’} (75)
* % iz0 T* E

From inequalities (69), (74) and (75), we get:
1 1
N-1 s \2 A4Cr N-1 2
m m < 1
@ +(m2‘65t|u u, ﬁ) Sex e +exp(—* t, J(Z{;d J (76)

From inequalities (48), (49) and CFL condition, we obtain:

N-1 1
(Zéﬁ
i=0

gN

V.4

N N
| =,

1

Nol N5 1 11 1 1
Sd | <erpn v 2r N fdu
~ ~"f c u k! (©) f c M

1* (@)

11
+ritir? 5t?

“ ()

Using inverse inequality (24),

N < pke2 ||, m|?
g” LZ(Q) ~ h u HkH(Q)
So
”871[\/ @) ~ SH "”"c‘) 11(@))
Therefore, inequality (76) becomes:
N-1 > )2
”uN—uh 5 )+[Z§t|um—u,',"| j
m=0
acr®
< i "u”C0 () +exp£. T’" j[ﬁ sﬂzh 2 ||u||c0 (@) (77)
4Cr® 4 5
+t2r B. 2h 2||du||co @ )J-l-exp[ - tf]r 12r2 (2o St
Set
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XN =r tf LO(LZ(Q))

and

1

1 1
=5
ZZ :tfz}/' IBCZ u

+t2r ﬂ

CO(H" 1( ) CO HA ) (78)
K "u"co HF( ) h B "u"c0 HF( )
< tE'BLEh 5 "u"c"(ﬁ"*‘(g)) forh S tfﬂc

k+l
2

K "u”CO(H"”(Q)) S 1h

1

2 8 +L
(Zé‘t " uh| j Sexp(4cr tfj(;(lﬁt2+}(2hk ZJ
m=0 T* !

Proof of theorem 2

We obtain thus:

N
-

Using inequality (68), we get inequality:

5 N—ll_ N-1 8Cr8 ;
"e,f’ LZ(Q)+i§b Sgexp[thjd (79)
with
1 1 1 3 12
b :5{——— 2)|8hﬂ+5t(5—§r2)|§h|ﬂ
4-3 4-3r°
R e e
2
M43 L N a-32 L
{"55 ot % o L 5”"/’7'/’}
2 o437 e A 437 e
Sler LZ(Q)+§5I—|£h|ﬂ+;§t : 1<il,
Thus
— 2 1 — 2 1
o], + S s fa| T e )
G R NP NG d
1
_ 8 2
S{szexp(gcr tf]dl}z
i=0 7,
So
1
N-1 1 i N-1 ’CHS } 2
"e,ﬁv LZ(Q)+§\/4—3r25t2 |gh|ﬂ §[§exp( - thdJ (80)
whence

1
N-1o L . 1 N-1 )8 . 2
e L2(Q)+;5t2|8h|ﬂ SW(;eXp{ T*r tf]d] for V4-3r* <1 (81)
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Therefore,

. 1 8Cr®
S8 Wl e S

\/4 _3r2 7, (82)
L LA L
o G T
1 8Crt ot 5
+ o exp( . t/.jr 177} d;u o(2@) ot
1
o o Zarpe - |
m=0 s
1 1 8Cr®
S—h“l u o exp( t.]
43, ” "c° (@) W T v )

d3

1 5 1 k+l . 5 _l
X t%r ﬁczh 2||u||C0(Hk+l(Q))+t}r IBczh "du”C0 Hk )
ot forl<
(2 (@) 4377

L f S i
Ja—37 S

N-1 ) %
() +[m-o wr =, J (84)

8 i
< ! exp(gcr QJ{;&&Z +;(2hk ZJ
4342 T,

Remark 1. When F is the identity mapping, K=0Q so A, =1,=1 [16]
(page 10). Therefore r=1. We get same results as Alexandre Ern. Thus, Our

N N
| —u;

results are a generalization of Ern results because in finite elements method, Ern
obtained his error estimate, working on a polygon [11]. In the framework of our
work, we got the same order of precision in time and space like Alexandre Ern.

But our result is obtained for anygeometry.

8. Conclusion

The isogeometric method has been used to establish an error estimate for trans-
port equation in 2D using the explicit two stage Heun scheme, for smooth solu-
tions, in the energy norm comprising the Z’-norm and the jumps. These results
generalize Ern results. An extension of this present paper is to tackle Burgers

equation to get an isogeometric error estimate.
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