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Abstract

Following Caldas in [1] we introduce and study topological properties of
ii-derived, ii-border, ii-frontier, and 7i-exterior of a set using the concept of
ii-open sets. Moreover, we prove some further properties of the well-known
notions of 7i-closure and 7i-interior. We also study a new decomposition of
ii-continuous functions. Finally, we introduce and study some of the separa-
tion axioms specifically 7,, T;;.
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1. Introduction

The notion of a-open set was introduced by Njastad in [2]. Caldas in [1] intro-
duced and studied topological properties of a-derived, a-border, a-frontier,
a-exterior of a set by using the concept of a-open sets. In this paper, we intro-
duce and study the same above concepts by using 7/i-open sets. A subset A of Xis
called 7i-open set [3] if there exists an open set G in the topology z of X, such
that G#¢, X, AcCL(ANG) and Int(A)=G, the complement of an
ii-open set is an Ji-closed set. We denote the family of i-open setsin (X,7) by
7", It is shown in [4] that each of 77" and 7" is a topology on X. This
property allows us to prove similar properties of a-open set. Also, we define
ii-continuous functions and we study the relation between this type of function
and continuous, semi-continuous, a-continuous and 7-continuous functions.
T,.. T.,. We

0ii > lii

Finally, we introduce a new type of separation axioms namely

prove similar properties and characterizations of 7 and T}.
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2. Preliminaries

Throughout this paper, (X ,r) and (Y ,0') (simply X and Y) always mean to-
pological spaces. For a subset A of a space X, C/(A) and Int (A) denote the clo-
sure of A and the interior of A respectively. We recall the following definitions,
which are useful in the sequel.

Definition 2.1. A subset A4 of a space Xis called

1) Semi-open set [5] if 4 CL(Int(A)).

2) a-open set [2] if AcC Int(CL(Int(A))).

3) i-open set [3] if there exist an open set Gin the topology 7z of X; such that

i)y G=o, X

ii) AcCL(4NG)

The complement of an 7-open set is an i-closed set.

4) ii-open set [4] if there exist an open set G in the topology 7 of X, such
that

i)y G, X

ii) AcCL(4ANG)

iii) Int(4)=G

The complement of an 77-open set is an 7i-closed set.

5) int-open set [4] if there exist an open set G in the topology z of X and
G#¢,X such that Int(A) =G . The complement of int-open set is int-closed
set.

6) ao (X), So (X), io (X), iio (X), into (X) are family of a-open, semi-open,
I-open, ii-open, int-open sets respectively.

7) ', 7" denote the family of all i-open sets and 7i-open sets respectively.

Definition 2.2. [3] A topological space Xis called

1) T, if a, bare to distinct points in X, there exist an ~open set U such that
either aclU and begU,or beU and agU.

2) T, if a,beX and a#b, there exist i-open sets U, V containing a, b
respectively, suchthat bgU and ag¢V .

Definition 2.3. A function [ :(X,7)—>(Y,0) is called

1) Continuous [6], if f'(G) is open in (X,7) for every open set G of
(Y.0).

2) a-continuous [6], if f~'(G) is a-openin (X,7) for every open set G of
(Y s 0') .

3) Semi-Continuous [5], if ' (G) is semi-open in (X,7) for every open
set Gof (Y,O').

4) i-Continuous (3], if f~'(G) is i-open in (X,z) for every open set G of
(Y.0).

3. Applications of ii-Open Sets

Definition 3.1. Let A be a subset of a topological space (X,r) . A derived set
of A denoted by D(A) is defined as follows:
D(A) = {x eX: (GﬂA)\{x} =P, Vx e G} . A point xe X is said to be 7-limit

DOI: 10.4236/0alib.1105604

2 Open Access Library Journal


https://doi.org/10.4236/oalib.1105604

B. S. Abdullah, A. A. Mohammed

point of A if it satisfies the following assertion:
(VG er” )(x €G = (GNA)\{x} #¢). The set of all i+-limit points of A is called
the ji-derived set of A and is denoted by D,(4). Note that xe X is not
ii-limit point of A if and only if there exist an ii-open set G in X such that
(xeG and (GﬂA)\{x} =g).

Theorem 3.2. For subsets A, B of a space X; the following statements hold:

D D,(4)=D(4)

2)If Ac B,then D,(A4)c D,(B)

3) D,(4)UD,(B)c D,(4UB) and D,(4NB)c D,(4)ND,(B)

4) D,(D,(4))\AcD,(4)

5) D,(AUD,(4))< AUD, (4)

Proof 1) Since every open set is Zi-open [4], it follows that D, (4) = D(A4).

2) Let xe D, (A). Then Gis ii-open set containing x such that

(ANG)\{x} = ¢ 3.1)

Since Ac B weget (ANG)<(BNG), it implies that
(ANG)\{X} = (BNG)\{X}#¢, from (3.1) we get (BNG)\{X}=¢.

Hence, xe D, (B). Therefore D,(4)< D, (B).

3) Since Ac AUB and Bc AUB, from (2) we get D,(A)c D,(4AUB),
D,(B)c D,;(4UB).

This implies to D, (4)UD, (B)<= D,(4AUB).

We shall prove that D,(ANB)cD,(4)N\D,;(B) . Since AfIBc A,
ANBCB, from (2) we get D, (AﬂB) cD, (A) and D, (AﬂB) cD, (B)
Therefore D, (AN B) < D, (4)ND,(B).

4)If xeD, (Dl.l. (A)) \A and Gis an 7i-open set containing x, then
GN(D, (A)\{X})#¢ . Let yeGN(D,(4)\{x}). Then, since yeD,(4)
and yeG, Gﬂ(A\{Y})¢¢. Let zeGﬂ(A\{Y}). Then, z#x for ze 4
and x¢ A.Hence, GN(A\{X})#¢.Therefore, xeD,(4).

5) Let xeD, (A uD, (A)) . If xed, the result is obvious. So, let,
xeD,(AUD, (4))\4 then for ji-open set Gcontaining x,

(GN(4UD, (4)\{x})) = ¢. Thus, GN(4\{X})#=¢ or
GN(D, (A)\{x})=¢.

Now, it follows similarly from (4) that G (A \ {X}) #¢.Hence, xeD,(4).

Therefore, in any case, D, (A UD, (A)) c AUD, (A) )

In general, the converse of (1) may not true and the equality does not hold in
(3) of theorem 3.2.

Example 3.3. Let X ={a,b,c} and 7= {¢,X,{b}} . Thus,

110( ) {¢ X ,{b,c } Take the following:

1) A={c}. Then, D(A4)={a,b} and D,(A)=¢.Hence, D(A)z D,(A);

2) C={a,b} and E={c}. Then D,(c)={a,c} and D,(E)=¢. Hence
D, (CUE)#=D,(C)UD,(E).

Theorem 3.4. For any subset A of a space X, CL,(4)=AUD, (4).

Proof. Since D, (A)<CL,(A4), AUD,(A4)<cCL;(A4). On the other hand,
Letxe CL,(A4).If xe A, then the proof is complete. If x ¢ 4, each ii-open set
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G containing x intersects A4 at a point distinct from x so xe D, (A4). Thus,
CL, (A) cAUD, (A) , which completes the proof.

Definition 3.5. A point xe X is said to be /-interior point of A if there ex-
ist an ii-open set G containing x such that G < 4. The set of all ii-interior
points of A is said to be 7i-interior of A and denoted by Int, (A).

Theorem 3.6. For subset A, Bof a space X, the following statements are true:

1) Int;(A) is the union of all ii-open subset of 4

2) Aisii-open if and only if A = Int;(A)

3) Int,(Int,(A))=Int,(A)

4) Int;(A)=A4\D,(X\4)

5) X\Int, (4)=CL, (X\ 4)

6) X\CL,(A4)=Int,(X\A)

7)If Ac B,then Int,(A4)c Int,(B)

8) Int,(A)UInt,;(B)c Int, (AUB)

9) Int,(A)NInt,(B) 2 Int, (AN B)

Proof. 1) Let {G,\iie A} be a collection of all ii-open subsets of A. If
xelnt, (A) , then there exist j€A such that xe G,c A4 . Hence
xelJ, G, and so Int,(4)c|]._ G, . On the other hand, if yelJ._G,,
then yeG, c 4 for someken. Thus yelnt,(A4),and |J _ G, < In,(A4).
Accordingly, |, G, < Int,(4).

2) Straightforward.

3) It follows from (1) and (2).

4)If xe A\D,(X\4),then x¢D,(X\4) and so there exist an ii-open set
G containing x such that G((X\4)=¢ . Thus, xeGc A4 and hence
x e Int,(A). This shows that A\D,(X\4)c Int,(A). Now let x e Int,(A).
Since Int,(A)er"and Int;(A)N(X\A4)=¢. We havex ¢ D, (X \A). There-
fore, Int;(A4)=A\D,(X\4).

5) Using (4) and Theorem (3.4), we have

X\iInt, (4)=X\(4\D, (X\4))=(X\4)UD, (X \4)=CL,(X\4).

6) Using (4) and Theorem (3.4), we get.

Int,(X\A)=(X\A)\D,(4)=X\(4UD,(4))=X\CL,(4)

7)Since Ac B and Int, (A) c A4, Int, (B) c B, we get
Int,;(A) < It (B).
8) Since Ac (AUB) and Bc (AUB), from (7) we get
Int;(A) < Int, (AUB), Int,(B)< Int,(AUB). Therefore
Int, (A)UInt, (B) < Int,(AUB).
9) Since A(1Bc A and A(1BcC B, from (7) we get
Int, (A N B) c Int, (A) , Int, (A N B) c Int, (B) . Therefore
Int, (ANB) c Int, (4)N(B).
Definition 3.7. b, (A)=A\Int,(A4) is said to be the 7i-border of A.
Theorem 3.8. For a subset A4 of a space X, the following statements hold:
1) b, (A) c b(A) where b(A) denotes the border of A
2) Int;(4)Ub,(A4)=4
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3) Int,(A)Nb,(A4)=¢
4) b,(A)=¢ ifand onlyif Ais ii-open set

it

5) b, (Int,(A4))=¢

6) Int( (A))

7 46 ()~

8) b,(4)=4N (X\A)
9) b, (4)=AND, (X \A)
Proof.

1) Since Int(A)< Int; (A), we have
b, (A)= A\ Int, (4) < A\ Int (4) = b(A).

2) and (3). Straightforward.

4) Since Int, (A) c 4, it follows from Theorem 3.6 (2). That A is ii-open <
A=Int, () & b, (d)= A\ Int, (4)=§.

5) Since Int, (A) is ii-open, it follows from (4) that b, (Int )

6) If xelnt, (bii (A)), then xeb,(4). On the other hand, since
xent, (b, (4))c Int, (A). Hence, xeInt,(A)Nb,(4).

Which contradicts (3). Thus Int, (b[,. (A)) =4.

7) Using (6), we get b, (b” (4 )) =b,(A4)\Int, (bl.l. (A)) =b,(4).

8) Using Theorem 3.6 (6), we have
b, (A)=A\Int, (A)= A\(X\CL, (X \ 4))= ANCL, (X \ 4)

9) Applying (8) and the Theorem (3.4), we have
b, (A)=ANCL, (X\4)=AN((X\4)UD, (X \4))=AND,(X\4).

Example 3.9. Consider the topological space (X,7) given in Example (3.3).
If A={a,b},then b,(4)=¢ and b(A4)={a}.Hence, b(A4)zb,(A), thatis,
in general, the converse Theorem 3.9 (1) may not be true.

Definition 3.10. Fr, (A)=CL;(A)\Int;(A) is said to be the ii-frontier of A.

Theorem 3.11. For a subset A4 of a space X; the following statements hold:

1) Fr,(A)c Fr(A4) where Fr(A) denotes the frontier of A

2) CL,(4)=Int,(A)UFr,(A)

3) Int,(A)NFr,(4)=¢

4) b, ( ) c Fr, ( )

0.
(A)CA

b,

5) Fry(4)=b,(4)UD,(4)

6) Fr,(A)=D,(A) ifand onlyif Ais i-open set
7) Frii(A):C ii(A)nCLii(X\A)

8) F’?f(A):F’?i(X\A)

9) Fr,(A) is ii-closed

10) Fr,(Fr (4)) < Fr, (4)

11) Fr,(Int,(A4)) < Fr,(A)

12) Fr,(CL,(A)) < Fr,(4)

13) Int;(A)=A\Fr,(A)

Proof.

1) Since CL,(A4)c CL(A) and Int(A)c Int, (A), it follows that
Frl.l.(A):CLﬁ(A)\Intﬁ(A)gCL(A)\Intﬁ(A)gCL(A)\Int(A)gFr(A).
2) Int,(A)UFr, (4)=Int,(A)U(CL, (4)\Int,(4))=CL,(4).
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3) Int, (A)NFr, (A4)=Int, (A)N(CL, (A)\Int, (A4))=¢ .
4) Since 4 < CL,(4), we have
b,(A)=A\Int,(A) < CL,(A)\Int,(A4) = Fr,(4).
5) Since Int, (A)UFr, (A) = Int, (A)Ub, (4)UD, (4),
Fr,(4)=b,(A)UD, (4).
6) Assume that A is /i-open. Then
Fr, (A) =0, (A)UDii (A)\Int[[ (A) = ¢U(Di[ (A)\A) =D, (A)\A =b, (X\A) >
by using (5), Theorem 3.6 (2), Theorem 3.8 (4) and Theorem 3.8 (9).
Conversely, suppose that F7;, (A4)=b, (X \ A4). Then
¢ = Fr, (A)\b, (X \ A4)=(CL, (A)\Int, (A))\ (X \ A)\Int, (X \ A) = A\ Int, (4) .
by using (4) and (5) of Theorem 3.6, and so A < Int, (A). Since Int,(A)< 4
in general, it follows that Inf,(4)=A so from Theorem 3.6 (2) that A is
Ii-open set.
7) Frii (A) = CLii (A)\Intii (A) = CLii (A)D(CLii (X\A)) .
8) It follows from (7).
L, (Fr,(4)) = €1, (CL, (A)N(CE, (X1 4))
< CL, (CL, (A4))NCL, (CL, (X \ 4)) = Fr, (A4)
ii-closed.
Fr; (Fr[[ (A))
= CL, (Fr, (4))NCL, (X \Fr, (4)) < CL, (Fr, (4)) = Fr, (4)
11) Using Theorem 3.6 (3), we get
Fr, (Int, (A)) = CL, (Int, (A))\Int, (Int, (4)) < CL, (A)\Int, (A) = Fr, (A).
Fr,(CL, (4))=CL, (CL, (4))\Int, (CL, (4)) = CL, (A4)\Int, (CL, (4))
2 =CL; (A)\Imii (A) = I (A)
13) A\Fr,(A4)=(A\CL,(A4))\Int, (A4)=Int,(4).

The converses of (1) and (4) of Theorem 3.11 are not true in general, as shown

Hence, Fr,(A) is

by Example
Example 3.12. Consider the topological space (X,7) given in Example 3.3.
If A= {c} , then Fr(A) = {a,c} loa {c} =Fr, (A) ,and if B= {a,b} , then
Frii(B):{c} (Zbii(B)'
Definition 3.13. Ext, (A4)=Int,(X\A4) is said to be an ii-exterior of A.
Theorem 3.14. For a subset A of a space X, the following statements hold:
1) Ext(A)c Ext,(A) where Ext(A) denotes the exterior of A
2) Ext, (A) is ii-open
3) Ext,(d)=Int, (X \ 4) = X\CL (4)
4) Ext,(Ext,(A))=Int, (CL, (4))
5)If A< B,then Ext, ) - Extl

(4 (B)
6) Ext,(AUB)c Ext,(A4)UExt, (B

)
7) Ext,(ANB)> Ext,(A)NExt,(B)
8) Ext,(X)=¢
9) Ext,.,.(qﬁ):X
10) Ext, (A)= Ext, (X \ Ext, (4))
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11) Int,(A)< Ext, (Ext, (4))
12) X:Extii(A)UExtﬁ(A)UFrﬁ(A)
Proof 1) It follows from Theorem 3.6 (1).
2) It is straightforward by Theorem 3.6 (6).
Ext, ( Ext, (A)) = Ext, (X \CL, (4))
= Int, (X \ X \CL, (4)) = Int, (CL, (4))
4) Assume that 4 < B. Then
Ext, (B) = Ext,(X\B) c Ext; (X \ A) = Ext,(A), by using Theorem 3.6 (7).
5) Applying Theorem 3.6 (8), we get
Ext, (AUB) = Int, (X \(AUB))=Int, ((X\ 4)U(X\B))
< Int, (X\ A)UInt, (X \B) = Ext, (A)U Ext, (B).
6) Applying Theorem 3.6 (9), we obtain
Ext, (AN B) = Int, (X \(ANB)) = Int, (X \ 4)N(X \B))
> Int, (X \ A)N\ Int, (X \ B) = Ext, (4)N Ext, (B). '

7) Straightforward.
8) Straightforward.
Exct, (X \ Ext, (A)) = Ext, (X \Int, (X \ 4)) = Int,, (X \(X \Int, (X \ 4)))
= Int, (Int, (X \ A)) = Int, (X \ 4) = Ext, (4).
Int, (A) < Int, (CL, (A)) = Int, (X \Int, (X \ 4))
= Int,, (X \ Ext, (A)) = Ext, (Ext, (4)).
Example 3.15. Let X ={a,b,c,d} and 7= {¢,X,{c,d}} . Thus,
iio(x) = {¢,X,{c,d},{b,c,d},{a,c,d}}. If A= {a} and B= {b} . Then
Ext,(A) ¢ Ext(A). Ext,(ANB)= Ext,(A)NExt, (B) and
Ext,(AUB)# Ext,(A)UExt,(B).

il

4. A New Decomposition of ii-Continuity

We begin by the following definition:

Definition 4.1. A function f:(X,7)—(Y,0) is called ii-continuous if
£ (G) isii-opensetin (X,7) foranyopenset Gof (Y,0).

Theorem 4.2. Let f:(X,7)—>(Y,0) be a function then:

1) Every continuous function is an ii-continuous,

2) Every ii-continuous function is an 7-continuous,

3) Every a-continuous function is an ij-continuous.

Proof- 1) Let G be open set in (Y,O'). Since fis continuous, it follows that
f (G) is open set in (X,T). But every open set is ii-open set [4]. Hence
/7 (G) isii-opensetin (X,7). Thus fis ii-continuous.

2) Let G be open set in (Y ,O'). Since fis an 7i-continuous, it follows that
f’l(G) is an ii-open set in (X,r). But every ii-open set is i-open set [4].
Hence f'(G) isi-opensetin (X,7). 7Thus fis /-continuous.

3) Let G be open set in (Y, 6). Since fis a-continuous, it follows that
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f (G) is a-open set in (X,z') . But every a-open set is 7i-open set [4]. Hence
£ (G) isii-opensetin (X,7).Thus fis an ii-continuous.

The converse need not be true by the following example.

Example 4.3. Let

X ={a,b,c,d}, v={¢.X.{a}.{b}.{a.b}}
and
= {a,b,c,d} , o= {¢,Y,{a},{b},{a,b},{a,d},{a,b,d}}

and

iio(x):{¢ X {a},{b} {a,b},{a,d},{a,b,c},{a,b,d}},
)= {6 2.{a} {8} {a.b) fa.c} fa.d}. {boc}. (b.a).

{a b, c} {a b, d} {a,c,d},{b,c,d}},

ao(x) = {(ﬁ,X,{a},{b},{a,b} ,{a,b,c},{a,b,d}} .

Let fZ(X,T)—)(Y,O') be the identity function then f’l({a}):{a} ,
() =1}, f'({c})={c}, f7'({d})={d} . Then fis ii-continuous, but £
is not a-continuous, since for the open set {a,d} in (Y, 0') ,

! ({a,d}) ={a,d} isnot a-openin (X,7) and fis not continuous, since for
the open set {a,d} in (Y,O') , ({a,d}) = {a,d} is not open in (X,T) .
Now when f:(X,7)—>(Y,0) be defined by f'({a})={b}, /' ({b})={a},
f ({c}) = {c} , ({d}) = {d} we get f is [continuous, but f is not
ii-continuous, since for the open set {a,d} in (Y,o), [ ({a,d}) ={b,d} is
not ji-open in (X,r) .

Theorem 4.4. Let f:(X,z)—>(Y,0) be a function then every
semi-continuous function is an 77-continuous.

Proof. Let G be open set in (Y ,0'). Since fis semi-continuous, it follows that
/7' (G) is semi-open set in (X,r) . But every semi-open set is 7i-open set [4].
Hence f'(G) isii-opensetin (X,7). Thus fis an ii-continuous.

Definition 4.5. A function f:(X,7)—(Y,0) is called int-continuous if
f7(G) isint-opensetin (X,z) foranyopenset Gin (Y,0).

Theorem 4.6. Let /:(X,7)—>(Y,0) be a function then:

1) Every continuous function is 7n¢-continuous,

2) Every ii-continuous function is 7n¢-continuous,

3) Every a-continuous function is in¢-continuous.

Proof- 1) Let G be open set in (Y ,0'). Since fis continuous, it follows that
f (G) is open set in (X,z'). But every open set is inf-open set [4]. Hence
£ (G) isint-opensetin (X,7).Thus fis int-continuous.

2) Let G be open set in (Y,O'). Since fis ii-continuous, it follows that
! (G) is an ii-open set in (X,r) . But every ii-open set is int-open set [4].
Hence f~'(G) is int-opensetin (X,7).Thus fis int-continuous.

3) Let G be open set in (Y,o0). Since fis a-continuous, it follows that
/7'(G) is a-open set in (X,T) . But every a-open set is int-open set [4]. Hence
/7 (G) isint-opensetin (X,r).Thus fis int-~continuous.

The converse need not be true by the following example.
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Example 4.7. Let X ={a,b,c}, 7= {¢,X, {a},{b, } and Y ={a,b,c},
0':{¢,Y,{a},{a,c}} and mto( ) { ,{a},{ ,b} { } { }}

iio(x) = ao(x) = {¢,X,{a},{b,c}} . Let f: ( ,‘r) (Y O') be the identity
function then f' ({a}):{a} , f’l({b})z{b} , [ ({c}):{c} . Then f is
int-continuous, but f is not 7i-continuous, since for the open set {a,c} in
(YQG),Af”({a¢})={a,c} is not ii-open in (X,7) and fis not continuous,
since for the open set {a,c} in (Y,o), f~ ({a,c}) ={a,c} is not open in
(X,7) and fis not a-continuous, since for the open set {a,c} in (¥,0),
f ({a,c}) ={a,c} isnot a-open.

Definition 4.8. A subset A of Xis called weakly Zi-open set if A is ii-open set
and A< CL(Int(A)NA).

Theorem 4.9. A subset A of a space Xis a-open set if and only if A4 is weakly
Ii-open.

Proof. Let A be a-open set. Since Aglnt(CL([nt(A))) and 4c CL(A).
Therefore 4 CL([nt(A))ﬂ CL(A) , this implies that Ac CL(Im‘(A)ﬂ A) )
Now, put G =1Int(A) where G#¢,X, then A is ii-open set. Therefore, A is
weakly /i-open set.

Conversely, Let A be weakly ii-open set, then there exist an open set
G#¢,X, such that G=1Int(A) satisfying Ac CL(Int(A)ﬂA) and A is
ii-open set. Since A4 C CL(Int(A)ﬂA) , this implies that 4 CL(Int(A)) and
Int(4) < Int(CL(Int(A))) . Since A is ii-open set, using (2) from Theorem (3.6),
we get A =1Int(A).Therefore Ac Int(CL(Int(A))) . Thus A is a -open set.

As a summary the following Figure 1 shows the relations among
semi-continuous, 7i-continuous, i-continuous, inf-continuous, a-continuous and

continuous.

Semi-continuous

A
o B
\ 4

Ii-continuous > a-continuous

A

I-continuous

= e

\A 4

N
\\
continuous
»
>
Y
,/
N

> v

> . <

Int-continuous //

Figure 1. Relations among semi-continuous, /i-continuous, /~continuous, in¢-continuous,
a-continuous and continuous.
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Corollary 4.10. A function f:(X,7)—(Y,0) is a-continuous if and only if
it is weakly Z7-continuous.

Proof Clear from Theorem 4.9.

5. ii-Separating Axioms

In this section we define T;; and 7;, spaces for ii-open sets and we determine

them by giving many examples. Specially, we define 7}, 7,, and 7|, spacesto

compare them with 7, space.

Definition 5.1. A topological space Xis called

1) T, if a, b are to distinct points in X, there exists ii-open set U such that
either aeU and beU,and beU and agU.

2) T,, if a,beX and a#b, there exist ii-open sets U, V containing a, b
respectively, suchthat bgU and agV .

Example 5.2. Let X ={a,b}, 7" =7 :{¢,X,{a},{b}} (X,7) and (X,r")
are topological spaces.

1) a,beX (a=#b) there exists {a} ez’ such that ae{a}, be{a}.
Therefore (X,7) is T,,.

2) a,be X (a=#b) there exists {a},{b}ez" such that ae {a} , be {b} .
Therefore (X,T) is T,,.

Theorem 5.3.

1) Every T, -spaceis T, -space,

2) Every T, -spaceis T, -space,

3) Every T, -spaceis T}, -space,

4) Every T,, -spaceis T, -space.

Proof (1), (2), (3) and (4) follow using the fact that every open set is 7i-open [4].

The converse needs not to be true by the following example.

Example 5.4. Let

X:{a,b,c}, T:{¢,X,{a}} and z’”:{¢,X,{a},{a,b},{a,c}}.

(X,7) and (X 7" ) are topological spaces.

(X,r) is not T,-space because, b,c€ X (b#c) there is no open set G
suchthat beG, ce¢G.

(X,7) is T,,-space because, a,b€ X (a#b) there exists {a}ec” such
that ae{a}, be{a}.

a,ce X (a#c)thereexists {a} ez” suchthat ae{a}, ce{a}.

b,ce X (b#c)thereexists {a,b} e7” suchthat be{a,b}, c¢{a,b}.

(X,r) is not T, -space because, a,be€ X (a#b) there exists X ez such
that ae X, be X.

(X,7) is not 7, -space because, b,a€ X (a#b) there exists {a,b}er"
such that a e {a,b} , be {a,b} .

Theorem 5.5. Every T,, -spaceis T, -space.

Proof. Let Xbe T,,-space. Let a, b be two distinct points in X. Since Xis T,
-space there exist two a-open sets U, Vin Xsuch that acU, beU, agV,
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beV . Since every a-open set is ii-open set [4], U, V is an ii-open set in X.
Hence Xis 7}, -space.

Theorem 5.6. Every 7). -spaceis T, -space.

Proof. Let Xbe a T, -space. Let a, b be two distinct points in X. Since X is
T, -space there exist two ii-open sets U, V in X such that acU, beU,
agV , beV .Since every ii-open set is i-open set [4], U, Vis an j-open set in X.
Hence Xis T, -space.

The converse needed not to be true by the following example.

Example 5.7. Let X ={a,b,c}, 7= {¢,X,{a},{b,c}} and.

= {¢,X,{a},{b},{c},{b,c}} LT = {¢,X,{a},{b,c}} .

(X,7) and (X 7" ) are topological spaces.

(X,7) is T, -space because, a,be X (a=#b) there exists {a},{b}er’
suchthat ae{a}, be{a} and be{b}, ae{b}.

a,ce X (a#c) there exists {a},{c}er’ such that ae {a} , C& {a} and
celc}, ag{c}.

b,ce X (b#c) there exists {c},{b} ez’ such that ce {c} , bg {c} and
be{b}, ce{b}.

(X,7) is not T, -space because, b,ceX ( c#b ) there exists
{b}.{c} er" suchthat ce {b,c}, belb,c}.

Theorem 5.8. A space X is T, if and only if CL,({x})#CL,({y}) for
every pair of distinct points x; y of X.

Proof Let Xbe a T, -space. Let x,y € X such that x# y, then there exists
an ii-open set U containing one of the points but not the other, then xeU and
yeU. Then X\U is ii-closed set containing y but not x. But CL,({y}) is
the smallest ii-closed set containing y. Therefore CL, ({ y}) c X\U and hence
x¢CL, ({y}) .Thus CL, ({x}) #CL, ({y}) .

Conversely, Suppose for any x,yeX with x=#y, CL,({x})=CL,({»}).
Let ze X such that zeCL,({x}) but z¢CL,({y}). If xeCL,({y}) then
CL,({x})=CL,({y}) and hence zeCL,({y}). This is contradiction. There-
fore x¢CL,({y}). That is xeX\CL,({y}). Therefore X\CL,({y}) is
II-open set containing xbut not y: Hence Xisan T, -space.

Theorem 5.9. A space (X,7) is 7, -space if and only if the singletons are
ii-closed sets.

Proof. Let Xbe T,

We will prove X\{x} is fi-open set in X. Let y e X\{x} , implies x# y and

-space and let x e X, to prove that {x} is fi-closed set.

since Xis T,
yvelV c X\{x} . Since yeV c X\{x} , then X\{x} is 7i-open set. Hence
{x} is 7i-closed set.

Conversely, Let x# ye X then {x},{y} are 7i-closed sets. That is X\{x}

-space then their exist two ii-open sets U, V such that x¢ U,

is fi-open set clearly, x ¢ X\ {x} and ye X\ {x} . Similarly X'\ {y} is /i-open
set, y¢X\{y} and xeX\{y}.Hence Xisan T;; -space.

As a consequence the following Figure 2 shows the relations among T;, T,
T, T, and T, .

lii
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Figure 2. Relations among T, T,
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