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Abstract 

Following Caldas in [1] we introduce and study topological properties of 
ii-derived, ii-border, ii-frontier, and ii-exterior of a set using the concept of 
ii-open sets. Moreover, we prove some further properties of the well-known 
notions of ii-closure and ii-interior. We also study a new decomposition of 
ii-continuous functions. Finally, we introduce and study some of the separa-
tion axioms specifically 0iiT , 1iiT . 
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1. Introduction 

The notion of α-open set was introduced by Njastad in [2]. Caldas in [1] intro-
duced and studied topological properties of α-derived, α-border, α-frontier, 
α-exterior of a set by using the concept of α-open sets. In this paper, we intro-
duce and study the same above concepts by using ii-open sets. A subset A of X is 
called ii-open set [3] if there exists an open set G in the topology τ  of X, such 
that: ,G Xφ≠ , ( )A CL A G⊆   and ( )Int A G= , the complement of an 
ii-open set is an ii-closed set. We denote the family of ii-open sets in ( ),X τ  by 

iiτ . It is shown in [4] that each of iiτ τ⊂  and iiτ  is a topology on X. This 
property allows us to prove similar properties of α-open set. Also, we define 
ii-continuous functions and we study the relation between this type of function 
and continuous, semi-continuous, α-continuous and i-continuous functions. 
Finally, we introduce a new type of separation axioms namely 0iiT , 1iiT . We 
prove similar properties and characterizations of 0T  and 1T . 
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2. Preliminaries 

Throughout this paper, ( ),X τ  and ( ),Y σ  (simply X and Y) always mean to-
pological spaces. For a subset A of a space X, Cl (A) and Int (A) denote the clo-
sure of A and the interior of A respectively. We recall the following definitions, 
which are useful in the sequel. 

Definition 2.1. A subset A of a space X is called 
1) Semi-open set [5] if ( )( )A CL Int A⊆ . 
2) α-open set [2] if ( )( )( )A Int CL Int A⊆ . 
3) i-open set [3] if there exist an open set G in the topology τ  of X, such that 
i) ,G Xφ≠  
ii) ( )A CL A G⊆   
The complement of an i-open set is an i-closed set. 
4) ii-open set [4] if there exist an open set G in the topology τ  of X, such 

that 
i) ,G Xφ≠  
ii) ( )A CL A G⊆   
iii) ( )Int A G=  
The complement of an ii-open set is an ii-closed set. 
5) int-open set [4] if there exist an open set G in the topology τ  of X and 

,G Xφ≠  such that ( )Int A G= . The complement of int-open set is int-closed 
set. 

6) αo (X), So (X), io (X), iio (X), into (X) are family of α-open, semi-open, 
i-open, ii-open, int-open sets respectively. 

7) iτ , iiτ  denote the family of all i-open sets and ii-open sets respectively.  
Definition 2.2. [3] A topological space X is called 
1) 0iT  if a, b are to distinct points in X, there exist an i-open set U such that 

either a U∈  and b U∉ , or b U∈  and a U∉ .  
2) 1iT  if ,a b X∈  and a b≠ , there exist i-open sets U, V containing a, b 

respectively, such that b U∉  and a V∉ . 
Definition 2.3. A function ( ) ( ): , ,f X Yτ σ→  is called 
1) Continuous [6], if ( )1f G−  is open in ( ),X τ  for every open set G of 

( ),Y σ .  
2) α-continuous [6], if ( )1f G−  is α-open in ( ),X τ  for every open set G of 

( ),Y σ . 
3) Semi-Continuous [5], if ( )1f G−  is semi-open in ( ),X τ  for every open 

set G of ( ),Y σ . 
4) i-Continuous [3], if ( )1f G−  is i-open in ( ),X τ  for every open set G of 

( ),Y σ . 

3. Applications of ii-Open Sets 

Definition 3.1. Let A be a subset of a topological space ( ),X τ . A derived set 
of A denoted by D(A) is defined as follows:  
( ) ( ) { }{ }: \ ,D A x X G A x x Gφ= ∈ ≠ ∀ ∈ . A point x X∈  is said to be ii-limit 
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point of A if it satisfies the following assertion:  

( ) ( ) { }( )\iiG x G G A xτ φ∀ ⇒∈ ∈ ≠ . The set of all ii-limit points of A is called 
the ii-derived set of A and is denoted by ( )iiD A . Note that x X∈  is not 
ii-limit point of A if and only if there exist an ii-open set G in X such that 
( x G∈  and ( ) { }\G A x φ= ). 

Theorem 3.2. For subsets A, B of a space X, the following statements hold: 
1) ( ) ( )iiD A D A⊂  
2) If A B⊆ , then ( ) ( )ii iiA BD D⊆  
3) ( ) ( ) ( )ii ii iiA BD AD D B⊂   and ( ) ( ) ( )ii ii iiA B AD D BD⊂   
4) ( )( ) ( )\ii ii iiD A ADAD ⊂  
5) ( )( ) ( )ii ii iiA AD D A AD⊂   
Proof. 1) Since every open set is ii-open [4], it follows that ( ) ( )iiD A D A⊂ . 
2) Let ( )iix AD∈ . Then G is ii-open set containing x such that 

( ) { }\A G x φ≠                        (3.1) 

Since A B⊆  we get ( ) ( )A G B G⊆  , it implies that  
( ) { } ( ) { }\ \A G X B G X φ⊆ ≠  , from (3.1) we get ( ) { }\B G X φ≠ . 

Hence, ( )iix BD∈ . Therefore ( ) ( )ii iiA BD D⊆ . 
3) Since A A B⊆   and B A B⊆  , from (2) we get ( ) ( )ii iiD DA A B⊆  , 
( ) ( )ii iiD DB A B⊆  .  

This implies to ( ) ( ) ( )ii ii iiA BD AD D B⊂  . 
We shall prove that ( ) ( ) ( )ii ii iiA B AD D BD⊂  . Since A B A⊆ , 

A B B⊆ , from (2) we get ( ) ( )ii iiA B AD D⊂  and ( ) ( )ii iiA B BD D⊂ . 
Therefore ( ) ( ) ( )ii ii iiA B AD D BD⊂  .  

4) If ( )( ) \ii iiD Dx A A∈  and G is an ii-open set containing x, then  
( ) { }( )\iiG AD X φ≠ . Let ( ) { }( )\iiG xDy A∈  . Then, since ( )iiy AD∈  

and y G∈ , { }( )\G A Y φ≠ . Let { }( )\z G A Y∈  . Then, z x≠  for z A∈  
and x A∉ . Hence, { }( )\G A X φ≠ . Therefore, ( )iix AD∈ . 

5) Let ( )( )ii iix A AD D∈  . If x A∈ , the result is obvious. So, let, 
( )( ) \ii iix ADAD A∈   then for ii-open set G containing x,  

( ) { }( )( )\iiG A AD x φ≠  . Thus, { }( )\G A X φ≠  or  
( ) { }( )\iiG AD x φ≠ . 

Now, it follows similarly from (4) that { }( )\G A X φ≠ . Hence, ( )iix AD∈ . 
Therefore, in any case, ( )( ) ( )ii ii iiA AD D A AD⊂  . 
In general, the converse of (1) may not true and the equality does not hold in 

(3) of theorem 3.2. 
Example 3.3. Let { }, ,X a b c=  and { }{ }, ,X bτ φ= . Thus,  
( ) { } { } { }{ }, , ,, ,,iio x b aX b b cφ= . Take the following: 

1) { }A c= . Then, ( ) { },D A a b=  and ( )iiD A φ= . Hence, ( ) ( )iiD A AD⊄ ; 
2) { },C a b=  and { }E c= . Then ( ) { },iiD c a c=  and ( )iiD E φ= . Hence
( ) ( ) ( )ii ii iiC E CD D ED≠  . 

Theorem 3.4. For any subset A of a space X, ( ) ( )ii iiA AC AL D=  . 
Proof. Since ( ) ( )ii iiD CLA A⊂ , ( ) ( )ii iiA AD CL A⊂ . On the other hand, 

Let ( )iix ACL∈ . If x A∈ , then the proof is complete. If x A∉ , each ii-open set 
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G containing x intersects A at a point distinct from x; so ( )iix AD∈ . Thus, 
( ) ( )ii iiA AC AL D⊂  , which completes the proof. 

Definition 3.5. A point x X∈  is said to be ii-interior point of A if there ex-
ist an ii-open set G containing x such that G A⊂ . The set of all ii-interior 
points of A is said to be ii-interior of A and denoted by ( )iiInt A .  

Theorem 3.6. For subset A, B of a space X, the following statements are true:  
1) ( )iiInt A  is the union of all ii-open subset of A 
2) A is ii-open if and only if ( )  iiIntA A=  
3) ( )( ) ( )ii ii iiAInt Int Int A=  
4) ( ) ( )    \ \ii iiA AI t D X An =  
5) ( ) ( )\ \ii iiX A Ant CL XI =  
6) ( ) ( )\ \ii iiCL IntX A X A=  
7) If A B⊆ , then ( ) ( )ii iiI A Bnt Int⊆  
8) ( ) ( ) ( )ii ii iiInt Int IB AntA B⊆   
9) ( ) ( ) ( )ii ii iiInt Int IB AntA B⊇   
Proof. 1) Let { }\iiG ii∈∧  be a collection of all ii-open subsets of A. If 

( )iix AInt∈ , then there exist j∈∧  such that jx AG∈ ⊆ . Hence 

iiii
Gx

∈∧
∈


, and so ( )ii iiii
Int GA

∈∧
⊆


. On the other hand, if iiii
Gy

∈∧
∈


, 
then ky AG∈ ⊆  for some k ∈∧ . Thus ( )iiy AInt∈ , and ( )ii iiii

G Int A
∈∧

⊆


. 
Accordingly, ( )ii iiii

G Int A
∈∧

⊆


. 
2) Straightforward.  
3) It follows from (1) and (2). 
4) If ( )\ \iiA Dx X A∈ , then ( )\iix AD X∉  and so there exist an ii-open set 

G containing x such that ( )\G X A φ= . Thus, x G A∈ ⊂  and hence 
( )iix AInt∈ . This shows that ( ) ( )\ \ii iiA X A Int AD ⊂ . Now let ( )iix AInt∈ . 

Since ( ) ii
ii AInt τ∈ and ( ) ( )\ii At AI Xn φ= . We have ( )\iix AD X∉ . There-

fore, ( ) ( )\ \ii iiA AI D At Xn = . 
5) Using (4) and Theorem (3.4), we have 

( ) ( )( ) ( ) ( ) ( )\ \ \ \ \ \ \ii ii ii iiX I A X A X A X A Xnt A X AD D CL= = = . 

6) Using (4) and Theorem (3.4), we get. 

( ) ( ) ( ) ( )( ) ( )\ \ \ \ \ii ii ii iiX A X A A X A AInt D LX AD C= = =  

7) Since A B⊆  and ( )iiInt A A⊆ , ( )iiInt B B⊆ , we get  
( ) ( )ii iiI A Bnt Int⊆ . 

8) Since ( )A A B⊆   and ( )B A B⊆  , from (7) we get  
( ) ( )ii iiInt IntA A B⊆  , ( ) ( )ii iiInt IntB A B⊆  . Therefore  
( ) ( ) ( )ii ii iiInt Int IB AntA B⊆  . 

9) Since A B A⊆  and A B B⊆ , from (7) we get  
( ) ( )ii iiA BInt Int A⊆ , ( ) ( )ii iiA BInt Int B⊆ . Therefore  
( ) ( ) ( )ii iiA B A BInt Int⊆  . 

Definition 3.7. ( ) ( )\ii iib IA ntA A=  is said to be the ii-border of A. 
Theorem 3.8. For a subset A of a space X, the following statements hold: 
1) ( ) ( )iib A b A⊂  where ( )b A  denotes the border of A 
2) ( ) ( )ii iiI A Ant b A =  

https://doi.org/10.4236/oalib.1105604


B. S. Abdullah, A. A. Mohammed 
 

 

DOI: 10.4236/oalib.1105604 5 Open Access Library Journal 

 

3) ( ) ( )ii iiI A Ant b φ=  
4) ( )iib A φ=  if and only if A is ii-open set 
5) ( )( )ii iib Int A φ=  
6) ( )( )ii iiInt b A φ=  
7) ( )( ) ( )ii ii iiA Ab b b=  
8) ( ) ( )\ii iib C ALA A X=   
9) ( ) ( )\ii iib ADA A X=   
Proof. 
1) Since ( ) ( )iiII A Antnt ⊂ , we have  
( ) ( ) ( ) ( )\ \ii iiA A A A Inb t bI Ant A= ⊆ = . 
2) and (3). Straightforward.  
4) Since ( )iiInt A A⊆ , it follows from Theorem 3.6 (2). That A is ii-open ⇔

( )iiA AInt= ⇔ ( ) ( )\ii iib IA ntA A φ= = . 
5) Since ( )iiInt A  is ii-open, it follows from (4) that ( )( )ii iib Int A φ= . 
6) If ( )( )ii ii Antx I b∈ , then ( )iix Ab∈ . On the other hand, since ( )iib A A⊂ , 

( )( ) ( )ii ii iix AInt b Int A∈ ⊂ . Hence, ( ) ( )ii iix AIn At b∈  . 
Which contradicts (3). Thus ( )( )ii iiInt b A φ= . 
7) Using (6), we get ( )( ) ( ) ( )( ) ( )\ii ii ii ii ii iib b b IA A An At b b= = . 
8) Using Theorem 3.6 (6), we have  
( ) ( ) ( )( ) ( )\ \ \ \ \ii ii ii iib Int CLA A A A X X A A ACL X= = =   
9) Applying (8) and the Theorem (3.4), we have  
( ) ( ) ( ) ( )( ) ( )\ \ \ \ii ii ii iiA A X A A X Ab CL X AD DA X A= = =   .  
Example 3.9. Consider the topological space ( ),X τ  given in Example (3.3). 

If { },A a b= , then ( )iib A φ=  and ( ) { }b A a= . Hence, ( ) ( )iib A Ab⊄ , that is, 
in general, the converse Theorem 3.9 (1) may not be true. 

Definition 3.10. ( ) ( ) ( )\ii ii iiFr CL InA tA A=  is said to be the ii-frontier of A. 
Theorem 3.11. For a subset A of a space X, the following statements hold:  
1) ( ) ( )ii AFr Fr A⊂  where ( )Fr A  denotes the frontier of A 
2) ( ) ( ) ( )ii ii iiA ACL Int Fr A=   
3) ( ) ( )ii iiInt FrA A φ=  
4) ( ) ( )ii iib FrA A⊂  
5) ( ) ( ) ( )ii ii iiA AFr Ab D=   
6) ( ) ( )ii iiAF D Ar =  if and only if A is ii-open set 
7) ( ) ( ) ( )\ii ii iiFr CL CA LA X A=   
8) ( ) ( )\ii iiFr FrA X A=  
9) ( )iiFr A  is ii-closed 
10) ( )( ) ( )ii ii iiFr F AFrAr ⊂  
11) ( )( ) ( )ii ii iiAFr AInt Fr⊂  
12) ( )( ) ( )ii ii iiFr C AFrAL ⊂  
13) ( ) ( )\ii iiA AI Ant Fr=  
Proof. 
1) Since ( ) ( )ii ACL CL A⊆  and ( ) ( )iiII A Antnt ⊆ , it follows that  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )\ \ \ii ii ii iiA A A CL A AFr CL Int CL A Int A Fr AInt= ⊆ ⊆ ⊆ . 

2) ( ) ( ) ( ) ( ) ( )( ) ( )\ii ii ii ii ii iiA A AInt Fr Int CL I t LA A An C= =  . 
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3) ( ) ( ) ( ) ( ) ( )( )\ii ii ii ii iiInt Fr Int CL IntA A A A A φ= =  . 
4) Since ( )iiA ACL⊆ , we have  
( ) ( ) ( ) ( ) ( )\ \ii ii ii ii iiAb Int CL Int FA A A A Ar= ⊆ = . 
5) Since ( ) ( ) ( ) ( ) ( )ii ii ii ii iiInt Fr InA A A At b D A=   ,  
( ) ( ) ( )ii ii iiA AFr Ab D=  . 

6) Assume that A is ii-open. Then  
( ) ( ) ( ) ( ) ( )( ) ( ) ( )\ \ \ \ii ii ii ii ii ii iiFr b DA A A A A A A A X AInt D D bφ= = = =  , 

by using (5), Theorem 3.6 (2), Theorem 3.8 (4) and Theorem 3.8 (9).  
Conversely, suppose that ( ) ( )\ii iiFr bA X A= . Then  

( ) ( ) ( ) ( )( ) ( ) ( ) ( )\ \ \ \ \ \ \ \ii ii ii ii ii iiFr b CL Int IA X A A A X A X Ant IA Antφ = = = . 
by using (4) and (5) of Theorem 3.6, and so ( )iiA AInt⊆ . Since ( )iiInt A A⊆  
in general, it follows that ( )iiInt A A=  so from Theorem 3.6 (2) that A is 
ii-open set. 

7) ( ) ( ) ( ) ( ) ( )( )\ \ii ii ii ii iiFr CL Int CL CLA A A A X A= =  . 
8) It follows from (7). 

9) 
( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )
\

\ .
ii ii ii ii ii

ii ii ii ii ii

CL Fr CL CL CL

C

A A X A

A X AL ACL CL CL Fr

=

⊂ =





 Hence, ( )iiFr A  is  

ii-closed. 

10) 
( )( )
( )( ) ( )( ) ( )( ) ( )\

ii ii

ii ii ii ii ii ii ii

A

A X A

Fr Fr

CL Fr CL Fr CL Fr rA AF= ⊂ =

. 

11) Using Theorem 3.6 (3), we get  
( )( ) ( )( ) ( )( ) ( ) ( ) ( )\ \ii ii ii ii ii ii ii ii iiA A AFr Int CL Int Int Int CL IntA A AFr= ⊆ = . 

12) 
( )( ) ( )( ) ( )( ) ( ) ( )( )

( ) ( ) ( )
\ \

\ .
ii ii ii ii ii ii ii ii ii

ii ii ii

Fr CL CL CL Int CL CL Int CL

CL In

A A A A A

A At AFr

= =

= =
 

13) ( ) ( )( ) ( ) ( )\ \ \ii ii ii iiA A A A AFr CL n AI t Int= = . 
The converses of (1) and (4) of Theorem 3.11 are not true in general, as shown 

by Example  
Example 3.12. Consider the topological space ( ),X τ  given in Example 3.3. 

If { }A c= , then ( ) { } { } ( ), iiFr A a c c AFr= ⊄ = , and if { },B a b= , then  
( ) { } ( )ii iiB cF Br b= ⊄ . 

Definition 3.13. ( ) ( )\ii iiExt IntA X A=  is said to be an ii-exterior of A. 
Theorem 3.14. For a subset A of a space X, the following statements hold: 
1) ( ) ( )iiEE A Axtxt ⊂  where ( )Ext A  denotes the exterior of A 
2) ( )iiExt A  is ii-open 
3) ( ) ( ) ( )\ \ii ii iiA X AExt Int CX L A= =  
4) ( )( ) ( )( )ii ii ii iiAExt Ext Int CL A=  
5) If A B⊆ , then ( ) ( )ii iiE A Bxt Ext⊃  
6) ( ) ( ) ( )ii ii iiExt Ext ExA B A Bt⊂   
7) ( ) ( ) ( )ii ii iiExt Ext ExA B A Bt⊃   
8) ( )iiExt X φ=  
9) ( )iiExt Xφ =  
10) ( ) ( )( )\ii ii iiA XExt Ext Ext A=  
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11) ( ) ( )( )ii ii iiInt Ext ExtA A⊂  
12) ( ) ( ) ( )ii ii iiExt Ext FX A A Ar=    
Proof. 1) It follows from Theorem 3.6 (1). 
2) It is straightforward by Theorem 3.6 (6). 

3) 
( )( ) ( )( )

( )( ) ( )( )
\

\ \
ii ii ii ii

ii ii ii ii

Ext Ext Ext CL

Int CL I

A X A

X X A nt ACL

=

= =
. 

4) Assume that A B⊂ . Then  
( ) ( ) ( ) ( )\ \ii ii ii iiB X B XExt Ext A AExt Ext= ⊆ = , by using Theorem 3.6 (7). 

5) Applying Theorem 3.6 (8), we get 

( ) ( )( ) ( ) ( )( )
( ) ( ) ( ) ( )

\ \ \

\ \ .
ii ii ii

ii ii ii ii

A B X A B X A XExt Int Int

Int Int Ext Ext

B

X A X B A B

= =

⊆ =

  

 

 

6) Applying Theorem 3.6 (9), we obtain 

( ) ( )( ) ( ) ( )( )
( ) ( ) ( ) ( )

\ \ \

\ \ .
ii ii ii

ii ii ii ii

A B X A B X A XExt Int Int

Int Int Ext Ext

B

X A X B A B

= =

⊃ =

 

 



. 

7) Straightforward. 
8) Straightforward.  

9) 
( )( ) ( )( ) ( )( )( )

( )( ) ( ) ( )
\ \ \ \ \ \

\ \ .

ii ii ii ii ii ii

ii ii ii ii

Ext Ext Ext Int Int IX A X X A X X X A

X A

nt

Int I X Ant Int AExt

= =

= = =
 

10) 
( ) ( )( ) ( )( )

( )( ) ( )( )
\ \

\ .
ii ii ii ii ii

ii ii ii ii

A A X XInt Int CL Int Int

Int Ext Ext Ext

A

X A A

⊂ =

= =
 

Example 3.15. Let { }, , ,a bX c d=  and { }{ }, ,,X c dτ φ= . Thus,  
( ) { } { } { }{ }, ,, , , , , , ,iio x c d b c dX a c dφ= . If { }A a=  and { }B b= . Then  
( ) ( )ii AExt Ext A⊄ . ( ) ( ) ( ) ii ii iiExt Ext ExtA B A B≠   and 
( ) ( ) ( )ii ii iiExt Ext ExA B A Bt≠  . 

4. A New Decomposition of ii-Continuity 

We begin by the following definition: 
Definition 4.1. A function ( ) ( ): , ,f X Yτ σ→  is called ii-continuous if 
( )1f G−  is ii-open set in ( ),X τ  for any open set G of ( ),Y σ . 

Theorem 4.2. Let ( ) ( ): , ,f X Yτ σ→  be a function then: 
1) Every continuous function is an ii-continuous,  
2) Every ii-continuous function is an i-continuous,  
3) Every α-continuous function is an ii-continuous. 
Proof. 1) Let G be open set in ( ),Y σ . Since f is continuous, it follows that 
( )1f G−  is open set in ( ),X τ . But every open set is ii-open set [4]. Hence 
( )1f G−  is ii-open set in ( ),X τ . Thus f is ii-continuous. 

2) Let G be open set in ( ),Y σ . Since f is an ii-continuous, it follows that 
( )1f G−  is an ii-open set in ( ),X τ . But every ii-open set is i-open set [4]. 

Hence ( )1f G−  is i-open set in ( ),X τ . Thus f is i-continuous. 
3) Let G be open set in ( ,Υ  ϭ). Since f is α-continuous, it follows that 
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( )1f G−  is α-open set in ( ),X τ . But every α-open set is ii-open set [4]. Hence 
( )1f G−  is ii-open set in ( ),X τ . Thus f is an ii-continuous. 

The converse need not be true by the following example. 
Example 4.3. Let  

{ }, , ,a bX c d= , { } { } { }{ }, , ,, ,a aX b bτ φ=  

and 

{ }, , ,a bY c d= , { } { } { } { } { }{ }, , , ,, , , , ,, a b a b aY d a b dσ φ=  

and 

( ) { } { } { } { } { } { }{ }, , , , , , , , , , ,, ,iio x a b a b a d a b c a dX bφ= , 

( ) { } { } { } { } { } { } { }{
{ } { } { } { }}

, , , , , , , , , , , ,

, , , , , , , , ,

,

, , ,

,io x a b a b a c a d b c b d

a b c a b d a c d b

X

c d

φ=
  

( ) { } { } { } { } { }{ }, , , , ,, ,, , , ,o x a b a b a b c a b dXφα = . 

Let ( ) ( ): , ,f X Yτ σ→  be the identity function then { }( ) { }1f a a− = , 
{ }( ) { }1f b b− = , { }( ) { }1f c c− = , { }( ) { }1f d d− = . Then f is ii-continuous, but f 

is not α-continuous, since for the open set { },a d  in ( ),Y σ ,  
{ }( ) { }1 , ,a df a d− =  is not α-open in ( ),X τ  and f is not continuous, since for 

the open set { },a d  in ( ),Y σ , { }( ) { }1 , ,a df a d− =  is not open in ( ),X τ . 
Now when ( ) ( ): , ,f X Yτ σ→  be defined by { }( ) { }1f a b− = , { }( ) { }1f b a− = , 

{ }( ) { }1f c c− = , { }( ) { }1f d d− =  we get f is i-continuous, but f is not 
ii-continuous, since for the open set { },a d  in ( ),Y σ , { }( ) { }1 , ,a df b d− =  is 
not ii-open in ( ),X τ . 

Theorem 4.4. Let ( ) ( ): , ,f X Yτ σ→  be a function then every 
semi-continuous function is an ii-continuous. 

Proof. Let G be open set in ( ),Y σ . Since f is semi-continuous, it follows that 
( )1f G−  is semi-open set in ( ),X τ . But every semi-open set is ii-open set [4]. 

Hence ( )1f G−  is ii-open set in ( ),X τ . Thus f is an ii-continuous. 
Definition 4.5. A function ( ) ( ): , ,f X Yτ σ→  is called int-continuous if 
( )1f G−  is int-open set in ( ),X τ  for any open set G in ( ),Y σ . 

Theorem 4.6. Let ( ) ( ): , ,f X Yτ σ→  be a function then: 
1) Every continuous function is int-continuous,  
2) Every ii-continuous function is int-continuous,  
3) Every α-continuous function is int-continuous. 
Proof. 1) Let G be open set in ( ),Y σ . Since f is continuous, it follows that 
( )1f G−  is open set in ( ),X τ . But every open set is int-open set [4]. Hence 
( )1f G−  is int-open set in ( ),X τ . Thus f is int-continuous. 

2) Let G be open set in ( ),Y σ . Since f is ii-continuous, it follows that 
( )1f G−  is an ii-open set in ( ),X τ . But every ii-open set is int-open set [4]. 

Hence ( )1f G−  is int-open set in ( ),X τ . Thus f is int-continuous. 
3) Let G be open set in ( ),Y σ . Since f is α-continuous, it follows that 
( )1f G−  is α-open set in ( ),X τ . But every α-open set is int-open set [4]. Hence 
( )1f G−  is int-open set in ( ),X τ . Thus f is int-continuous.  

The converse need not be true by the following example. 
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Example 4.7. Let { }, ,X a b c= , { } { }{ }, , , ,a b cXτ φ=  and { }, ,Y a b c= , 
{ } { }{ }, , , ,a a cYσ φ=  and ( ) { } { } { } { }{ },, , , ,, , ,into x a a b bX c a cφ= ,  

( ) ( ) { } { }{ }, , , ,iio x o x bX a cφα= = . Let ( ) ( ): , ,f X Yτ σ→  be the identity 
function then { }( ) { }1f a a− = , { }( ) { }1f b b− = , { }( ) { }1f c c− = . Then f is 
int-continuous, but f is not ii-continuous, since for the open set { },a c  in 
( ),Y σ , { }( ) { }1 , ,a cf a c− =  is not ii-open in ( ),X τ  and f is not continuous, 
since for the open set { },a c  in ( ),Y σ , { }( ) { }1 , ,a cf a c− =  is not open in 
( ),X τ  and f is not α-continuous, since for the open set { },a c  in ( ),Y σ , 

{ }( ) { }1 , ,a cf a c− =  is not α-open. 
Definition 4.8. A subset A of X is called weakly ii-open set if A is ii-open set 

and ( )( )A CL Int A A⊆  . 
Theorem 4.9. A subset A of a space X is α-open set if and only if A is weakly 

ii-open. 
Proof. Let A be α-open set. Since ( )( )( )A Int CL Int A⊆  and ( )A CL A⊆ . 

Therefore ( )( ) ( )A CL Int A CL A⊆  , this implies that ( )( )A CL Int A A⊆  . 
Now, put ( )G Int A=  where ,G Xφ≠ , then A is ii-open set. Therefore, A is 
weakly ii-open set. 

Conversely, Let A be weakly ii-open set, then there exist an open set 
,G Xφ≠ , such that ( )G Int A=  satisfying ( )( )A CL Int A A⊆   and A is 

ii-open set. Since ( )( )A CL Int A A⊆  , this implies that ( )( )A CL Int A⊆  and 

( ) ( )( )( )Int A Int CL Int A⊆ . Since A is ii-open set, using (2) from Theorem (3.6), 
we get ( )A Int A= . Therefore ( )( )( )A Int CL Int A⊆ . Thus A is α -open set.  

As a summary the following Figure 1 shows the relations among 
semi-continuous, ii-continuous, i-continuous, int-continuous, α-continuous and 
continuous.  
 

 
Figure 1. Relations among semi-continuous, ii-continuous, i-continuous, int-continuous, 
α-continuous and continuous.  
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Corollary 4.10. A function ( ) ( ): , ,f X Yτ σ→  is α-continuous if and only if 
it is weakly ii-continuous. 

Proof. Clear from Theorem 4.9. 

5. ii-Separating Axioms 

In this section we define 0iiT  and 1iiT  spaces for ii-open sets and we determine 
them by giving many examples. Specially, we define 1T , 1T α  and 1iT  spaces to 
compare them with 1iiT  space. 

Definition 5.1. A topological space X is called 
1) 0iiT  if a, b are to distinct points in X, there exists ii-open set U such that 

either a U∈  and b U∉ , and b U∈  and a U∉ . 
2) 1iiT  if ,a b X∈  and a b≠ , there exist ii-open sets U, V containing a, b 

respectively, such that b U∉  and a V∉ . 
Example 5.2. Let { },X a b= , { } { }{ },, ,ii aX bτ τ φ= =  ( ),X τ  and ( ), iiX τ  

are topological spaces. 
1) ,a b X∈  ( a b≠ ) there exists { } iia τ∈  such that { }a a∈ , { }b a∉ . 

Therefore ( ),X τ  is 0iiT .  
2) ,a b X∈  ( a b≠ ) there exists { } { }, iia b τ∈  such that { }a a∈ , { }b b∈ . 

Therefore ( ),X τ  is 1iiT .  
Theorem 5.3. 
1) Every 0T -space is 0iiT -space,  
2) Every 1T -space is 0iiT -space,  
3) Every 1T -space is 1iiT -space,  
4) Every 1iiT -space is 0iiT -space.  
Proof. (1), (2), (3) and (4) follow using the fact that every open set is ii-open [4]. 
The converse needs not to be true by the following example. 
Example 5.4. Let  

{ }, ,X a b c= , { }{ }, ,X aτ φ=  and { } { } { }{ }, ,, , ,,ii a a aX b cτ φ= . 

( ),X τ  and ( ), iiX τ  are topological spaces.  
( ),X τ  is not 0T -space because, ,b c X∈  ( b c≠ ) there is no open set G 

such that b G∈ , c G∉ .  
( ),X τ  is 0iiT -space because, ,a b X∈  ( a b≠ ) there exists { } iia τ∈  such 

that { }a a∈ , { }b a∉ .  
,a c X∈  ( a c≠ ) there exists { } iia τ∈  such that { }a a∈ , { }c a∉ .  
,b c X∈  ( b c≠ ) there exists { }, iia b τ∈  such that { },b a b∈ , { },c a b∉ .  
( ),X τ  is not 1T -space because, ,a b X∈  ( a b≠ ) there exists X τ∈  such 

that a X∈ , b X∈ . 
( ),X τ  is not 1iiT -space because, ,b a X∈  ( a b≠ ) there exists { }, iia b τ∈  

such that { },a a b∈ , { },b a b∈ .  
Theorem 5.5. Every 1T α -space is 1iiT -space. 
Proof. Let X be 1T α -space. Let a, b be two distinct points in X. Since X is 1T α

-space there exist two α-open sets U, V in X such that a U∈ , b U∉ , a V∉ , 
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b V∈ . Since every α-open set is ii-open set [4], U, V is an ii-open set in X. 
Hence X is 1iiT -space. 

Theorem 5.6. Every 1iiT -space is 1iT -space. 
Proof. Let X be a 1iiT -space. Let a, b be two distinct points in X. Since X is 

1iiT -space there exist two ii-open sets U, V in X such that a U∈ , b U∉ , 
a V∉ , b V∈ . Since every ii-open set is i-open set [4], U, V is an i-open set in X. 
Hence X is 1iT -space. 

The converse needed not to be true by the following example. 
Example 5.7. Let { }, ,X a b c= , { } { }{ }, , , ,a b cXτ φ=  and.  

{ } { } { } { }{ },, , ,, ,i a b bX c cτ φ= . { } { }{ }, ,, ,ii X a b cτ φ= . 
( ),X τ  and ( ), iiX τ  are topological spaces.  
( ),X τ  is 1iT -space because, ,a b X∈  ( a b≠ ) there exists { } { }, ia b τ∈  

such that { }a a∈ , { }b a∉  and { }b b∈ , { }a b∉ .  
,a c X∈  ( a c≠ ) there exists { } { }, ia c τ∈  such that { }a a∈ , { }c a∉  and 
{ }c c∈ , { }a c∉ . 
,b c X∈  ( b c≠ ) there exists { } { }, ic b τ∈  such that { }c c∈ , { }b c∉  and 
{ }b b∈ , { }c b∉ .  
( ),X τ  is not 1iiT -space because, ,b c X∈  ( c b≠ ) there exists 

{ } { }, iib c τ∈  such that { },c b c∈ , { },b b c∈ . 
Theorem 5.8. A space X is iiT0  if and only if { }( ) { }( )ii iiC yCLxL ≠  for 

every pair of distinct points x, y of X. 
Proof. Let X be a 0iiT -space. Let ,x y X∈  such that x y≠ , then there exists 

an ii-open set U containing one of the points but not the other, then x U∈  and 
y U∉ . Then \X U  is ii-closed set containing y but not x. But { }( )iiCL y  is 

the smallest ii-closed set containing y. Therefore { }( ) \ii yC X UL ⊂  and hence 
{ }( )iix yCL∉ . Thus { }( ) { }( )ii iiC yCLxL ≠ . 

Conversely, Suppose for any ,x y X∈  with x y≠ , { }( ) { }( )ii iiC yCLxL ≠ . 
Let z X∈  such that { }( )iiz xCL∈  but { }( )iiz yCL∉ . If { }( )iix yCL∈  then

{ }( ) { }( )ii iiC yCLxL ⊂  and hence { }( )iiz yCL∈ . This is contradiction. There-
fore { }( )iix yCL∉ . That is { }( )\ iiCx LX y∈ . Therefore { }( )\ iiX CL y  is 
ii-open set containing x but not y. Hence X is an 0iiT -space.  

Theorem 5.9. A space ( ),X τ  is 1iiT -space if and only if the singletons are 
ii-closed sets. 

Proof. Let X be 1iiT -space and let x X∈ , to prove that { }x  is ii-closed set. 
We will prove { }\X x  is ii-open set in X. Let { }\y xX∈ , implies x y≠  and 
since X is 1iiT -space then their exist two ii-open sets U, V such that x U∉ , 

{ }\y V X x∈ ⊂ . Since { }\y V X x∈ ⊂ , then { }\X x  is ii-open set. Hence 
{ }x  is ii-closed set. 

Conversely, Let x y X≠ ∈  then { } { },x y  are ii-closed sets. That is { }\X x  
is ii-open set clearly, { }\x X x∉  and { }\y X x∈ . Similarly { }\X y  is ii-open 
set, { }\y X y∉  and { }\x X y∈ . Hence X is an iiT1 -space.  

As a consequence the following Figure 2 shows the relations among 0T , 0iiT , 

1T , 1iiT  and 1T α . 

https://doi.org/10.4236/oalib.1105604


B. S. Abdullah, A. A. Mohammed 
 

 

DOI: 10.4236/oalib.1105604 12 Open Access Library Journal 

 

 
Figure 2. Relations among 0T , 0iiT , 1T , 1iiT  and 1T α . 
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