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Abstract

Let E'be a toric fibration arising from symplectic reduction of a direct sum of
complex line bundles over (almost) Kahler base B. Then each torus-fixed
point of the toric manifold fiber defines a section of the fibration. Let L, be
convex line bundles over B, 4, smooth divisors of B arising as the zero loci

of generic sections of L, ,and «:B — E a particular fixed-point section of
E. Further assume the {4,} to be mutually disjoint. The manifold E//c(A)

is a new manifold with tautological line bundles over new projective spaces in
the geometry, where previously there was a simpler vector bundle in the given
local geometry (Section 1.5). Thus, we compute genus-0 Gromov-Witten

invariants of E// a(HaAa) in terms of genus-0 Gromov-Witten invariants

of Band of {Aa} , the matrix used for the symplectic reduction description of
the fiber of the toric fibration E — B , and the restriction maps
iy, :H (B)— H"(4,). The proofs utilize the fixed-point localization techni-
que describing the geometry of E// a(A) and its genus-0 Gromov-Witten

theory, as well as the Quantum Lefschetz theorem relating the genus-0
Gromov-Witten theory of A with that of B.

Keywords

Gromov-Witten Invariant, Quantum Cohomology, Fixed-Point Localization,
Birational Geometry

1. Introduction
1.1. Formulations

Our main results are formulated in terms of the formal series
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Fu(t)= i 2 Q_DJ.[MOM)]ﬁieVZ (t)w,

i—opemc ! a=1k=0

called the genus-0 descendant potential of M, where M is respectively E//a (A)
(as in the Abstract), the base of the toric fibration E, or a suitable divisor of the
base. The ingredients of the series are defined in the generality of almost-Kéhler
manifolds A4, as follows. The spaces M, , are moduli spaces of (equivalence
classes of) degree-D stable maps into M of genus-0 (possibly nodal) compact
connected holomorphic curves with n marked points. Two such stable maps
(f;C, xl,--‘,xn) and (f';C', xl',---,x,'l) are equivalent if there is a holomorphic
automorphism ¢:C — C' mapping marked points to marked points and
preserving the ordering, such that f = f’'¢. For a stable map (f, C,x, 5%, ) ,
the degree-D condition reads f, ([C])=D.

Then, [M o, D] denotes the virtual fundamental class of M, ,. The
ingredient , is the 1st Chern class of the universal cotangent line bundle over
M, , , whose fiber at a stable map (f;C, xl,--‘,xn) is the cotangent line along
the stable map at the a-th marked point. The maps ev,: M, , - M evaluate
the stable maps at the a-th marked points.

The Mori cone MC of Mis the semigroup in H, (M ,Z) generated by classes
representable by compact holomorphic curves. Then Q" is the element in the
Novikov ring (the power-series completion of the semigroup algebra of the Mori
cone) representing the degree De MC . Lastly, t, € H (M,Q),k =0,1,2,---
are arbitrary cohomology classes of A/ with coefficients in a suitable ground ring
Q (for now, the Novikov ring with rational coefficients Q ).

It is convenient for this purpose to choose a basis { p,} of H" (E//a(4),C),
and extend to a basis of H? (E//a(A),C) . Then, the dual basis can be thought
of in terms of a corresponding basis of curve classes, and its extension to
H,(E//a(4 ),(C) . Define Novikov’s variables Q,; these record, for the
exponent, the pairing of p, on a curve class D . Equivalently, the variable Q,
records the coefficients of the curve classes D along the dual basis vector to
p» in the dual basis expansion of D e H, (E//a(4),C).

1.2. Toric Fibrations

Let m:(ml.j |i:1,---,K;j:1,--~,N) be an integer matrix, and consider the
action of TX on the Hermitian space C" that, for each j=1,---,N ,
multiplies the coordinate z, by exp(z;mﬁ\/—lﬁi). Let 1:C" > R" be
the map given by

2

2 2
o[ 2] )

If the moment map moyu has a regular value weR" , then

(zl,zz,w,zN) —>(|z]

B

(mo y)fl (@) / T is a symplectic manifold. This construction is called symplectic
reduction. The space (mo ﬂ)fl(a))/TK is also denoted by C"//,T*, and is
equipped with a canonical symplectic form, call it ®, induced by the standard

symplectic form on C". All complex line bundles over B may be assumed to
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have the unitary circle S' as structure group, as they are induced by pullback
from the tautological line bundle over CP”. Given complex line bundles
L, L, over B, it follows that 7" isthe structure group of the vector bundle
®L; > B. Thus, the fiberwise symplectic reduction of @L, is well-defined
giving the toric fibration E — B. The ith coordinate 6, on the torus 7%
defines a circle bundle over E for which the expression \/jld@l defines
connection 1-forms in the bundle. Denote by —F the first Chern class of the
ith circle bundle over E, and —p, its restriction to a fiber. The p,,---, p,
classes are of Hodge (1,1) -type by the Fubini-Study construction, though they
need not be Kahler classes'. Let y beany 7" -fixed point of (mo )" (w)/TK ,
and pe(mo y)fl(a)) representing the 7% -equivalence class y. The orbits
X p and T p are then identical. It follows that there is some coordinate
subspace C* < C" with coordinates z > 2, » containing p, such that none
of the coordinates z; (p),--,z; (p) vanishes. It will be convenient to think of
the 7" -fixed strata y of £ in terms of the corresponding indices j, -+, j. .
For each j=1,---,N , the restriction of U, :Zilm”Pi—A/. to a fiber is
Poincaré dual to the jth coordinate divisor ((mO,u)fl(a))ﬂ{zj =0})/TK .
Define —A, =¢/ (Lj.) for j=1,---,N . The expressions for the pullbacks P’
in terms of A; may be summarized by the equations ;/*Uj1 == )/*Ujk =0.
Set T:=T" . All bundles introduced thus far are 7-equivariant, so their Chern

classes may be assumed to take values in the 7-equivariant cohomology group

H;(E),or H;(ﬁ‘l(A)),withcoefﬁcientring H*(BT,@)=Q[11,"'JN].

1.3. The Cone L

E [ a(4)

Associated to the genus-0 Gromov-Witten theory of M is a Lagrangian cone L,
in a symplectic loop space (H,Q) [1] [2] [3]. The space H=H, ®H_ is a
module over the ground ring Q. Pending further completions, H consists of
Laurent series in 1/z with coefficients in H :=H *(M ,Q), completed so that
H, consists of elements of H [Z] at each order in Novikov's variables, and
H = z"H[[z’l]] . Identify each ¢(z)=), ¢,z €H, with the domain
variables ¢,t,t,,--- of F,, by the dilaton shift convention

4 =t —0;,,k=0,---,00. Take the ring of coefficients for Novikov’s variables to
be the (super-commutative) power series ring (with coefficients in the field of
fractions Q(4):=Q(4,--,4y), in all of our applications) in the formal
coordinates along H (M ,Q), and require the variables ¢),7,-:- to vanish
when Novikov’s variables and formal coordinates along H" (M) are all set to
zero. This gives a Novikov ring O that is consistent with the formula for
Ly q(s inour Main Theorem.

Let {¢ﬂ} be a basis of H’ (M) *and {¢#} the Poincaré-dual basis.
Consider the symplectic manifold 7 H, with standard symplectic form
> io0, PE NG, - It is symplectomorphic to H with symplectic form

'Section 1.6 gives a description of a toric manifold for which the class p, is non-Kéhler.
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Q(f,g)=Res.,(f(-2).2(2)),, >
where (-, ) , 1s the Poincaré pairing.
Let us implement this symplectomorphism via the map

(q,p) = Z qk,#wlzk + z plfl¢/l (_Z)ikil :

k>0,u k>0,u

Consider the graph of the differential of F,, (t) , which is a Lagrangian
submanifold in T H, . From there, we arrive at

£={(q.p)| p=d,F, (1)}

by rigid translation in the direction of the dilaton shift. Thus £ is also a
Lagrangian submanifold. Henceforth we consider £ as a submanifold of .
The work of Coates-Givental [1], establishes that £ isa (Lagrangian) cone as a
formal Lagrangian section of T "H, near g=-z;thatis,

LLNL=zT,L vfeLl.

In particular, each tangent space is preserved by multiplication by z.

It may be that £ contains (as a limit point) the (q, p) -coordinate origin (0,
0), as a special case of Getzler’s [4], Givental’s [5] solution, and its geometric
formulation [1], of Eguchi-Xiong’s, Dubrovin’s (3g—2) -jet conjecture, as
follows.

The shift of the formal variable t(z) in the z-(or y -) direction appears to
be well-understood, so perhaps formality of the geometry (to guarantee
convergence of F (q)) in the zdirection need not be assumed. This existence
(via convergence) of the “vertex” or the “limiting vertex” of the cone gives an
intuitive way to think about the introductory material; however, the author has
not studied this convergence sufficiently. In our main theorem, the domain
variable t(z) is consistent with the setting of formal geometry.

The Lagrangian cone L of the 7 equivariant genus-0 Gromov-Witten
theory of E//a (A) lies in the corresponding symplectic loop space ('H,Q) as
above. A point in the cone can be written as

0

F(-zt)=-lz+1(z)+> 3 Q—I:(evl),[ L T(evid)w)]s

n=0DeMC N: —Z-VY| =

where (ev1 )* denotes the virtual push-forward by the evaluation map
ev, :(E//a(A))o,m,D — E//a(A), and t(z)=).7 t,z" isan arbitrary element
of 'H, with coefficients ¢, € H . Define the J-function to be the restriction of
F(—z,t) tovalues t, € H andto ¢, =0 forall k>0.Foreach fe L there
is a unique t(f ) € H such that

ZLLN{—z+zH } = J(—z,t(f)) .
This property of the set of all tangent spaces® of £ to be in 1-1 correspondence

with the set A, which is a finite-dimensional Q -module, is called overruled. For

each te H and for each open set U >¢, the J-function generates a module

*Without distinguishing between 7,£ and T, L if they coincide as subsets of 7 .

DOI: 10.4236/apm.2019.99033

640 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.99033

J. Brown

over the algebra T, ((—Bf:o (®" TH ) ® Q(z’l )) of differential operators as follows,
20,20, (2.t)=10,,,J (2,t). Ya,be H (M,Q)
where

0 QD B B . n+3 .
ae b= =4 ev,¢”ev,aev,b| |ev ¢
! nZ::ODgc nl ¥ J.[Moms,b] ! 2 3 ,13 !
is the unital, associative, (super-)commutative quantum cup product. Additionally,

the J-function satisfies the string and divisor equations:

20, J(z.t)=J(z.1),
and

D D 2
20,J(z1)= Y. 0°(p+p(D)z)J} (1) Vpe H (M,Q)
DeMC
respectively. The graded homogeneity, defined by degrees of formal variables,
makes the quantum cup product a degree 0 operation, the J-function graded

homogeneous of degree 1, and z of degree 1.

1.4. Twisted Lagrangian Cones

The forgetful wmaps fi,,, :M,,,,, >M,,, induce the K-theoretic
push-forward maps (fi,,,), :K(M,,. ,)—>K(M,,,)- Let V be a complex

vector bundle over M. The evaluation maps ev,,, :M,,, , —> M induce the

n+l *
*

(virtual-) bundles ev )V, in terms of which the (virtual-) virtual bundles

n+l
Wonp = (ﬁnﬂ )* eV:ﬂV € K(Mo,n,D)
are defined. The fiber of 1], ,, over a stable map (f;Z, p(Z)) is
H°(Z,f'V)oH' (.£V).
Given a characteristic class C() , define the twisted Poincaré pairing

(a’b)c(),v = (a,c(V)b)M :

A pointin the (¢(-),V)-twisted cone can be written as

Fy (—z,t):—lz+t(z)+ZQ—l')(ev1 ). c(VO’M’D) ! ﬁ(ev;t)(y/i)}.

n,D N —Z=VY, =2

The overruled Lagrangian cone EC(A) in the (c(.),v) -twisted genus-0

v
Gromov-Witten theory of M lies in the symplectic loop space (Hc(')’V,Qc(_),V> )
where 1(z)=3" t,z* is an element of HY:=(%, ) with arbitrary

coefficients 7, € H*"

= H,, . The examples we will consider are:

Example 1.4.1. c() = Euler(-) , and V is a convex line bundle; ie,
H' (Z,f*V) =0; or equivalently, f ¢, (V)(Z) > -1 for all genus-0 stable maps
(f:Z,p(2)) toM

Example 1.4.2. ¢(-)= Euler;! (-),and V is a complex vector bundle with a
hamiltonian 7-action that decomposes V into a direct sum of complex line

bundles, each of which carries a non-trivial 7-action.
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1.5. Torus Actionon E//a(A)

The manifold E//az(A) may be described as the result of surgery on  along
the divisor « (A) of the 7-fixed section o c E , as we now recall. The notation
Efla(A), and 7:E//a(A)—>E recall the detailed local geometry near the
exceptional divisor 7' (4)~ i;Na(A)E//(C* . Define a map from a tubular
neighborhood of the O(—l) bundle over the projective space bundle
! (A) o~ i;(A)Nu(A)E//(C* over a(A) to a tubular neighborhood of

NynE= i,L®i,N E over a(A) as follows. Fiberwise, it is described by the
projection map 7

{(v,f) e CN ' xCP"* : v aline in C" " through the origin;v e K}

- (CN’K“,(V,IZ) = .

This construction holds in the generality’ of complex manifolds and
submanifolds, respectively, where N —K +1=dim:N, ,E is replaced by dim,
(normal bundle to the submanifold within the ambient manifold). The map 7
collapses the projective space fibers 0x CP"™* fiberwise over @(A4). The map
7 is the identity map away from the points (0,5 ) above, and thus extends over
the entire gluing space E// Ot(A) . This map identifies 7-equivariantly the
complements of the 0-sections of the total spaces of the preceding two vector
bundles. Remove a tubular neighborhood of N, ,E from £ and replace it by a
tubular neighborhood of the 0(—1) bundle over 7' (A) o~ i:Na(A)E//(C*.

We will call the resulting manifold the projective-space (surgery, gluing,
quotient) of Ealong «(A4), the Na(A)E//(C* quotient-space of Ealong a(4),
the (i;L@i;NaE)//C* quotient-space of E along @(A4) (Section 2.1), the
//C" surgery-space of E along (or normal to) a(4). Henceforth, we denote
thisby E//a(A), for simplicity of notation.

1.6. Simplification: Toric Manifold

Let X be a compact symplectic toric manifold and let T C((C*)dimCX be the
maximal unitary torus, and let ¥ be a 7-invariant submanifold of X. Then
X //Y is again a toric manifold. As explained in Section 1.5, though not in the
generality needed here, the action of 7on X induces an action of 7on X //Y.
Thus, we may study 7-equivariant genus-0 Gromov-Witten invariants of X //Y,
the C’ -quotient of X along (or normal to) Y directly, using fixed-point
localization. All faces of the moment polytope of Y are faces of the moment
polytope of X. The moment polytope of X //Y admits a canonical inclusion
into the moment polytope of X, for which all faces of the moment polytope of
X)Y\z (Y)= XJJY\(N,X) /| C" ~ XJY\P(N,X) are contained in faces
of the corresponding same dimension of the moment polytope of X Let v,,---,v,

be the primitive integer normal vectors to the codimension one faces of the moment

polytope of a toric manifold. Let m,,---,m, be a basis of the Q -vector space

*With no assumption of torus actions on the ambient space. The same construction generalizes to
the case of smooth real manifolds and submanifolds, respectively.
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{(al,---,am) | ial_vi :o},

consisting of primitive integer vectors. The toric manifold is then recovered
from symplectic reduction referred to the matrix m, whose row vectors are
my,-+-,m, . By a mirror theorem of Givental [6] and its extensions [7], a

particular family of points on the Lagrangian cone of the genus-0 Gromov-Witten

theory of a toric manifold is given by an explicit formula® in terms of m,,---,m ,
o Ptz \¢ 1
I, (t,z)=ze dMZC: (qe ) e Y
it LA (U me)

This project has its roots in the following instructive example. Let E be the

total space of the projective bundle

P(&7-,0(—a;))

|

PPe A= {[0,2, 2] C P}
described by symplectic reduction with respect to the matrix
1 11 - - -
m, = 4 —a4 4 .
000 1 1 1
Let [0, 0,1] be the section of F that maps each point X € P? to the point
[0,0,l] in the fiber over x. When X is the toric bundle £ and Yis [0, 0,1](A)
then a calculation gives
111 - -a -a 0
=0 0 0 1 1 1 0
1 00 1 1 0 -1

M xpy)

In particular,

¢ (T(X//Y))="the pull back of ¢, (TX)"+2P,.

This example provides a reference point for navigating the project. The matrix
may be computed using Appendix A in [8], which is itself a summary of
literature [9] [10] [11] [12] on moment maps and aspects of toric manifolds.
Namely, in the momentum polyhedron of a toric manifold, the 1-dim edge
vectors leaving a vertex at a 7-fixed point y are positive multiples of the
elements of the set {}/*Uj}m . These latter are the weights of the 7-action on
the normal bundle to y in the toric manifold.

Apply this first to the original projective bundle X = E . Then compute the
weights of the 7-action on the normal bundlesin X //Y to the 7-fixed points of
the exceptional divisor. Finally, compute the normals to the codimension one
faces of the momentum polyhedron of X /Y. A basis of linear relations among
them is given by the rows of the matrix.

However, in fact, our main theorem arises as a generalization of this example.

*The product formula convention is given in Section 4.
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Here we are using the toric mirror theorems [6] [7] [8] as a guide to the
structure of genus-0 Gromov-Witten invariants more generally (following the
initial proposals of A. Elezi and A. Givental). Elezi’s work focused on projective
bundles [13]. In [14], Givental proposed a toric bundles generalization of Elezi’s
approach using toric mirror integral representations [6] [7]. This is an

ingredient in [8] and in the present work.

1.7. Organization of the Text

We recall in Section 2.2 the Atiyah-Bott fixed-point localization Theorem which
implies, in particular, that any element of (E / a(A)) is uniquely determined
by its restrictions to the 7-fixed strata ¢ of E// a(A). Points F(z) on the
overruled Lagrangian cone of the genus-0 7-equivariant Gromov-Witten theory
of EJf a(A) are certain H-valued formal functions, which we study in terms of
their restrictions {g*F(z)} . As we recall [8] in Section 5, the H_ projection of
each of the restrictions E*F(z) consists of two types of terms. Namely, there

1

are terms ii) that form simple poles expanded as z~ series about non-zero

H ; (B ) -values of z The remaining terms i) are polynomial in z™'

at any given
order in formal variables ¢,7,q,4,7,Q. The organising principle of the text,
formulated as Theorem 2, characterizes the Lagrangian cone of the genus-0
T-equivariant Gromov-Witten theory of E// a(A) in terms of two conditions i)
ii) on {g*F(z)}. The condition ii) says that the residues of &'F at its simple
poles at non-zero values of z are governed recursively with respect to {a*F(z)} .
The condition i) describes the remaining poles at z=0 in terms of a certain
twisted Lagrangian cone of the stratum ¢ . The Main Theorem gives a family of
points IE//Q(A)
In Section 6 we verify condition ii) for the restrictions {g*l Eal A)} directly,

whose restrictions satisfy the conditions of Theorem 2.

using their defining formulae. In Section 7, we verify condition i) using
transformation laws [1] of Lagrangian cones with respect to the twisting
construction from Section 1.4 and example 1.8 (expanding simple poles at
non-zero values of zin non-negative powers of z). A new aspect of the present
work relative to toric bundles is that ii) relates the series {g*F(z)} that,
according to condition i), lie in Lagrangian cones derived from genus-0
Gromov-Witten invariants of B and of A, respectively. The Quantum Lefschetz
Theorem relates the Lagrangian cone associated to the genus-0 Gromov-Witten
theory of A with that of B. If the push-forward i,.:H, (4,.2)— H,(B,Z)
does not identify the Mori cone of A, with that of B, the opposite relation
describing the Lagrangian cone of B in terms of that of A, is realised
algebraically by the Birkhoff factorization procedure and dividing by powers of z
Division by z does not preserve the Lagrangian cone, so we must then clear
denominators on both sides. For each D e MC (B ) , denote the greatest power
of zthat we divide by up to order Q" in this process by 5, (D) . We work out
an example where A is a smooth quintic 3-fold.

It suffices without loss of generality to assume that {Aa} is a single connected

DOI: 10.4236/apm.2019.99033

644 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.99033

J. Brown

manifold A, as regards most aspects of the project. In case there is a subtlety, we
address it as it arises.

A key result to keep in mind while reading the paper is the Proposition in
Section 2.1, describing the 7-equivariant normal bundles to the 7-fixed sections
of the exceptional divisor. The Proposition is used for both the Atiyah-Bott
fixed-point localization theorem for (E//a(A)) in Section 2.2, and for
stating the twisting construction in genus-0 Gromov-Witten theory in Section

7.1 for (ot,j+ )* IE//a(A).
1.8. T-Fixed Strata of E/[/a(A)

Recall that L gives rise to 4 < B as the zero locus of a generic section. The
tautological line bundle with fiber ¢, ie the (’)(—1) bundle, over the
exceptional divisor 7' (4) =~ IP’(N(Z(A)E) o~ (i;L@i;NaE)//(C* is central to the
results.

The T-actionon E//a (A) induces a 7-action on the moduli spaces of stable
mapsto E//a (A) , which in turn induces a 7-action on the universal cotangent
line bundles at each of the marked points. For a given 7-fixed stratum ¢ of
EJ a(A) and a line bundle V — ¢ with a fiberwise 7-action, we refer to the
class Euler, (V) e H (6,Q)~ H’ (BT,Q)® H® (£,Q) as the T-weight of V
at &. The 7-fixed strata of E//a(A) are in comparison with those of £ as
follows. The stratum a(B) of E is replaced by «(B) //a(A)=a , which is
canonically diffeomorphic to a(B). Let & take on the values a,[l,() as a
substratum of & ,aswellas &= d(B)\(a,[l,ﬁJ) )

Example 1.8. If ¢ isa 7-fixed stratum in the complement of the exceptional
divisor, then take M =B~ ¢ in Example 1.4.2. If ¢ is a T-fixed stratum in
the exceptional divisor, then take M =4~ ¢ in Example 1.4.2. In either case,
set V=N, (E//a(A)) in Example 1.4.2 and also define N*:= N, (E//a(A)).
Finally, set N(H’M]) =i - NT~iN.

(ef19)

For each T-fixed section y =« of E, the strata }/(B ) of Eis canonically a
stratum of E// Ot(A) that we also denote by }/(B). Lastly, there are 7-fixed
strata of E//a(A) that have no counterpart in E. Namely, each 7tequivariant
line bundle summand of N, £~ (iZL ®i,N E ) gives rise to a 7-fixed section
over A in the exceptional divisor.

In the case 8=(06,|:1,6]), &" will denote (Section 2.1 for the definition)
Im(c,(L)")/e, (L) = &" rather than the pullback to H"(4) (which is modded
out as in Section 2.1). Thus, & is given a new definition in this case. Let also
y take the value y =Ker(c,(L)-)ca’.

In particular (Section 2.1), the summand i,L gives rise to a section
[1,0,-,0]= (N, @ (B)®O)/C ~B(N,, (B)) = &

over A in the total space of the exceptional divisor. The 7-fixed set (a,[l,()]) is

only a proper subset of the 7-fixed stratum ¢& . Thus we must check the
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conditions 1.a) and 2.aa) for the projections to
Ker(c,(L)-).dm(c,(L)-)/e,(L)c @ (see Section 7.3 for the integral
asymptotics of & ), and not for (a,[l,(ﬂ) , for the series 7, -
From now on let the symbol y stand for the 7-fixed strata denoted y
above, or for the “substrata® Ker(c,(L)-)c=a’ of &. Let us denote the
situation of a torus fixed point B connected to @ by a 1-dimensional edge of
the momentum polyhedron of a fiber of £ by B~a . In this case
laUB|=K+1, |aNp|=K-1, and CV))T* =CP, . Let j (a,f) be the
coordinate from a\a(1f and j, (0!, ﬁ) the coordinate from AB\af.

Similarly, we have the notation « ( B, j_) and S (a, J. ) In the next section, we

enhance this description of the 7-fixed points of Eto a description of the 7-fixed
points of E//Ot(A).

2. Geometry of E//a(A)

2.1. Geometric Preliminaries and Decomposition of Cohomology

The action of 7'on £ decomposes i;(A)TE/Ta(A) into a direct sum of 1-dim-

ensional eigenspaces,

Ny =i TE [Ta(4) =i, Ta(B)[Ta(4)®i, N,E=i,L®i, ,N,E.

(4) (4) (4)

Let jj, be an ordering index of these eigenspaces, where the index value
JJ. :[1,6] corresponds to the bundle i;L , and jj, =j, indexes the
summand of N E with T-weight &'U, . Denote the 7-fixed section of
ﬂ’l(A)':(i:L@i;NaE)//(C* corresponding to the index ji, by (a,ji,). In
the [-E// a(A) case, we need to include the index a, for the divisors of B
along which we replace the geometry of £ by the E// a(Aa) geometry. The
strata (a, j+) is connected to the strata f (a, j+) by the 7invariant edges
(CP(LJ#)’ 4 Denoteby y, . e H;(s) the T-weight of T,CP,,

Denote by ﬁ:E//Ot(A)—)B the composition of ﬁ:E//a(A)—)E with

the projection to the base B. It is now mandatory that we introduce the diagram

EJa(A) <—P(NyaE) <—(a, jjs)(A)

T > (avjj+)
Tk ‘a(A)
B A

Let N'“7) be the normal bundle within E// a(A) to the 7-fixed section
over Awithindex jj, in IP’(NQ(A)E) o~ (i;L @i;NaE)//(C*.

Proposition. The action of T on E || a(A) decomposes N'“) into a direct
sum of T-equivariant line bundles, whose T-equivariant Euler classes are the

elements of the set
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if jj, =Jj.:
{—(Jt*Uﬂ.+ +a'U,

J }jim,m

U {_“*U.m +iyc, (L)} U {“*U.m }’
i jj, =[1,0]:
-l (L)+avu,}  Ulia (L))

Let us now turn attention to the restriction map H'(E//a(A4))—>H (72'_1 (A)) .
Denote P the Tequivariant Euler class of the O, (1) bundle on the exceptional

divisor. By the Lerray-Serre theorem,
H' (27 (4)) = H (4)[ P].
In the following, we extend the definition of P to the entire E//«a (A)

With this interpretation of P, recall the isomorphism of vector spaces [15]
H' (Efa(4))=H (E)®(H (77 (4))/H' (4)),

where the quotient is an additive quotient and /" (E)~ Im(ﬁ-) . On the other
hand, H'(E)~H (B)[B,,P]. The restriction of P to the exceptional
divisor is ﬁ*i:(A)B,which restricts to iZ(A)P to (e, ji,)(4).

i

Let us assume that Im(ij1 )ﬂ (Im(i; ))L =0, so that

H (4)~ Im(iZ)@(Im(i;))l.

This holds true in the examples of quintic 3-folds for which the base is
projective space. More generally, examples follow from the Lefschetz hyperplane
Theorem and the Hard Lefschetz Theorem.

The restriction map 7, : H (B ) —>H (A) and the Poincaré pairing give the
orthogonal projection 7 :

,L'*

0 — Ker(i*)) — H*(B) —= Im(i*,) — 0.

H*(A)
The short exact sequence

0> Ker(c, (L)) > H' (B)—2— fm(c, (L)) >0

gives a direct sum decomposition H"(B)= Ker(c,(L)-)®Im(c,(L)-)/c, (L)
with respect to the Poincaré-pairing on H' (B)

The result of “division by ¢ (L) ” is only defined at the level of coset
representatives of H*(B)/ Ker(c1 (L)) The choice of a basis of coset repre-
sentatives from [ (B) suffices for integration over @(B) weighted by
C (L) , which represents integration over the fundamental class of & (A) Thus,
the subspace Im(cl(L)~)/ ¢, (L) represents the span of an arbitrary basis of
coset representatives from H*(B), and is not uniquely defined. The space
Im(c,(L)-)/e,(L) canbe thoughtofas H'(B)/Ker(c (L)-).
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For the purpose of integrating over fundamental cycles, the pullback 7, (b),
Vb e H""2 (B),of bto H (A) can be described with respect to H (B) by

a multiplicative factor of ¢ (L) ,
[ ib=] c(L)b.
Let us now establish that
Ker(ij1 ) c Ker(c1 (L) )

Both are subsets of H*(B). In general, the subspaces can differ only on
H"e® (B), about which the Hodge diamond is symmetric w.r.t. the Lefschetz
theorems. The inclusion is clearly an isomorphism when the base is projective
space.

Thus, Ve Ker(i}),vbe H (B),

L i (cb) = ‘[B(cl (L)c)b =0.
Thus, ¢ (L)c =0. This gives the inclusion. Finally, taking the quotients of
H'(B) gives
Im(i;) ~H (B)/Ker(if1 ) —H (B)/Ker(c1 (L)) =1Im(c, (L)')/c1 (L).
Let us assume the map on the LHS is an isomorphism (an equality). This is
also assumed as hypotheses for the main theorem (Section 4) and Theorem 2.

The RHS is used in the comparison of projection maps. Then, T er(er(1)) and

infa())a(ny Stendto H'(E//a(4)) by
”Ker(cl(L)‘)P = 0,

and

respectively.

2.2. Fixed-Point Localization

For each se (E//a(A))T , the action of 7 on E//a(A4) decomposes
N.EJ a(A) into a direct sum of 1-dimensional eigenspaces. Define N° as in
Example 1.8. Let U, . eH; (7['1 (A)) be the classes that restrict to the
T-equivariant Poincaré duals of the torus-invariant divisors in the fibers of the
exceptional divisor 7' (A4)~ (i;L ® i:NaE)//(C* :

i 13+i;(A)a*Uj, J=jta
13+i;(A)cl(L), jj:[l,(ﬂ

The Atiyah-Bott Theorem says that the pairing of a class f e H, (E//a(4))
against the fundamental class of E//a(4) is given by

4,ji

e 17 ([1,0]4).
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_ JAB A AdP,
J.E//a(A)f = };J‘V(B)Resuﬂ ==Uj =0 1(]1 . Un £ de[(dU/dP)
+J.5:(B)RCSU/1 U =0 JAb A ndF det(dU/dP)
(Hjea )(H/E U +P)
fdP
+ z J.(a,j,;)(A Res Su, s =

jjﬁf[lsﬁ] PH g AT
Namely, we sum over each of the 7*fixed strata ¢ (E// a(A))T the pairing
of the class
ef

Euler, (N‘g) <Hy (¢)

against the fundamental class of ¢.

Thus, denote P the class in H., (E//a(4),Q(4)) that restricts to the
T-equivariant Euler class of the O, (1) bundle on the exceptional divisor, and
restricts to zero at all 7-fixed strata in the complement of the exceptional divisor.

Define a 7T-equivariant line bundle / over the union of torus-invariant edges
of EJf a(A) as follows. It restricts to the O, (1) bundle over the edges of the
exceptional divisor, restricts to the trivial bundle over the edges (CP;J, and

)+7%*U‘. (

j(a.5) over

whose 7-equivariant Euler class restricts to ¢ (T*(C}?L,m’ p
1
the edges (CP(a’A)’ 5

Proposition. The P pairings on elements of H, (E// a(A),Z) take values
in 7.

Proof. The restriction of P to the union of torus invariant edges coincides
with the class ¢ (l~ ) Apply the Atiyah-Bott fixed-point localization Theorem

to the restriction of P to the union of torus-invariant edges of E//a (A) ,

and f’(daﬁ) =0 forall f~a.Thus, P inducesan element of
H*(Ef/a(A).Z).

3. The hts Function

Let 7, be the coordinate along 1€ H"(B). Let B,--,P. be a basis of
H"Y (B,Z), and P, P, a basisof H* (B,Z)®H2’° (B,Z), with dual
bases 7,,---,7, and 7,,,---,7,,,,.Let §,---,9 be coordinates on

H*(B)/<H2(3)®H°(B), ). Define

1
F{E(l),(La)}(_Z"gJ”T):: Z 0" x [ (23+r)H

DeMC(B) a=l  m=1

C La )(D)

(1))

Quantum Lefschetz Theorem [1] [16] [17]. Suppose
¢ (L)(D) >0VDe MC(B) , or more generally that L is convex. Then for each
9+treH (B) and for each smooth family ¥y(-z,7)c Ly, the series
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modification
> . a(L)(p)
0By, (-2.8+7)= Y 0°xiy | Ry (-z.9+7) ] ((L)-me)
’ Delm(i;),cMC(B) m=l

lies in the image by n" of the Lagrangian cone associated to the genus-0
Gromov- Witten theory of A with domain inputs {1, } 4so €ncoded by coefficients
of q(z) = [i;li‘e(_)i (—2,3 + z’)l ciH, [Z] by the dilaton shift.

Let us assume that F, (z,3+f) has the property (Div + Str primary) that its

dependence on 7,,7,,:-,7, is of the form

r+2s

> a, (z,B)zer/z Per(P)

DeMC(B)
where a, (z, ) do not depend on 7,,7,,:*",7,,,, , are Laurent polynomials in
zvaluedin H' (B) and ao (z,9)= e”*. Then, both series

9+1 z
lA (Z g+ 1+ZDEMC\O DQ
ZA (Z L9+T IA (9+7 /z

have the property Div+Str

1+ ZDeMC\o DQ

pr1mary

In the case that (i ), MC(A4)=MC(B) define ht,:MC(B)—>N by
ht, (D) =0VDe MC(B) . Let us define a partial order on MC(B) by DD’
if D'-De MC(B). In the case that the inclusion (iA )* MC(A) c MC(B) is
only proper, our goal is to prove well-definedness of the least positive integer
function ht, :MC(B) — N such that, for each De MC(B) , the truncation of
(—z)htA(D) i;F,,,(~2,9+7) to order <D on both of H, and H_ in the
Novikov’s variables of the base is a formal linear combination of vectors in the

linear space
Ty (7L ) e 'L,

(both sides truncated to order < Don both of H, and H_),
where f(z):= i;f?e(‘)’L (z,9+7).

The need for this is as follows. Condition 1.a of Theorem 2 refers to twisted
Lagrangian cones of the Gromov-Witten theory of A. The Quantum Lefschetz
Theorem also refers to the (image by 7" of the) Lagrangian cone of A, but
does so in terms of a family of points of the (image by i, of the) Lagrangian
cone of the Gromov-Witten theory of B. The difficulty is that the Quantum
Lefschetz Theorem only uses certain terms of the series-those that lie in the
Novikov ring associated with (i, )* MC (B) . The input for the Main Theorem is
a family of points on the Lagrangian cone of B, which uses the Novikov ring of
B.

The difficulty with this is that the Mori cone (resp Novikov ring) of A is only a
subcone (resp. subring) of the Mori cone (resp. Novikov ring) of B. The natural
algebraic tool for working with Langragian cones in genus-0 Gromov-Witten
theory is the Birkhoff factorization technique. We will do this using the divisor
equations. Thus, assume H (B) is generated by H : (B), in which case
Im(i,) is generated multiplicatively by i,H*(B).
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We now prove well-definedness of k¢, by giving a combinatorial algorithm
for computing it. We observe the following (Divisor-, String-) differential
equations

i;Pe(S-H')/ZQDer(D)

i

(Zafl_ —z[? (D)) l‘;e(.%r)/ZQDer(D) =1 r

Zafl_i;e(gﬂ)/zQDeT(D) i=r+l,---,r+2s

(E)D i;e(-9+r)/ZQDeT(D), i=1,---,r+2s.
For any polynomial ¢ in variables P,---,P., ,z with coefficients in Q, it
follows that
i;¢(3,"‘,R,+2S;Z)e(‘9+7)/ZQDer(D)
= ¢((é )D L ',(ﬁst )D ;Z)i;e(z9+r)/2QDer(D)’

Define {C,} recursively:

[1+ > BDQDJ:(H > CDQD][H > ADQDJ.

Now replace the series (1 + 0 Cr O ) by a differential operator series.
Let d, be the (maximal) pole order of C, at z=0. Then define ¢,

(B ), _
ZZFE()L (Z’3+T): z QD ¢D (( )D ZdD( 2 )D Z) er(D)i;Fe(‘),L (Z’3+T)

DeMC

through the formula

ol

Namely, expand the RHS (right-hand side) at order D,
#ED-D' e”) x '
> L) (z,S-l—z’)Zd—u%, (iR +zR(D=D'),z)
D'<sD
to get the formula for ¢, intermsof C,, inductively. Define
ht, (D)= max{{dD,}D,SD ,0},
and

ht, (D) :=max, {htA,, (D)}

Let F, (—z, 9+ z’) be the unique’® family of points of [:Aa whose truncation
to order <D' onboth of H, and H_ in the Novikov’s variables of the base

satisfies
7R, (~2,8+7)=(2)" i F, o (~2947).

G, (—z,9+7):= F, (-z,9+7)-7"F,

a(Ly )(D)
G{L;a}(—z,19+r):=®izlea (-z9+7) [T 11 (Cl(La')_mZ)'

a'=l,#za  m=1

Example. Let B=CP' L= o(5)—> CP*, and 4c CP* a smooth quintic

*As a section of the graph of the differential of the twisted version of F .
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3-fold.
Let P, be the Kihler generator of H’ (B,Z), and take F, (—z,z’) to be the
J-function of CP* at the point 7 =Py,

FB (Z,T) _ ZePBt/Z Z(qet )d
d=0

1

[T, (B+mz)

sd
5P,
i:Fe(-),L (z,7)=1i,2e" Y (qe’ )d M

d=0 Hm 1(P +mz)

= Zei;PBt/z (1+qu+qu +...)’

. . 2 5d 5P, +mz
iAFe(_)’L(z,r):lAzePB’/ Z(q ) H ( )

d=0 Hm ](P +mz)

= el (1 +Aq +A,q" +- )

Thus, we deduce the relation A4 =B, ,Vn>1. The A series has been

reindexed relative to the original A series.
: -+ Ppt/z t :
The coefficient of zi',e™ (qe ) in F()L( ) is

AH Shytmz SiZﬁ(S —j[l—(PBz’ )+(Bz') ~ (B! )3D

This is a polynomial in powers of the nilpotent of maximal non-vanishing
degree 3 variable i,P,z"', with coefficients in Q.
Then,

<1+C1q+C2q2+~~-)(1+Alq5 +A2q10+~--):(1+qu+qu2+-~~)

determines {Cn} recursively:
Cn = Bn - CnfSAl - CnflOAZ -

A quick check by induction shows that C, =0 when nis a positive multiple
of 5, in which case d, =0. Also by induction, for each n>1 for which nis not
a multiple of 5, d, is the maximal power of i:PB in the B, series; ie,
d, =3. The preceding discussion allows us to deduce the following.

Proposition. Suppose that (l' ) )* ‘MC (A) - MC (B) is not surjective, so that
ht,:MC (B ) — N s not identically zero. If Bis CP", if A is the zero locus of a
generic section of a convex line bundle L over B, if ¥, is the J-function of B,
and if the class (c1 (TB)—¢, (L)) of the base is nonnegative as a functional on
MC(B), then ht,(D)=(c,(TB)~c (L))ND+(dim.B~1) VD eMC(B)\0.

Proof. Group each numerator factor with a denominator factor and expand
analogously to the above. Each factor in the denominator that is not grouped

-1

with a factor in the numerator gives a power of z~ beyond those that come

with powers of i:PB .

4. Main Results
4.1. The I-Function

Upon extension of scalars Z < @Q of homology groups, the Mori cone of
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E//a(4) includes into H, (E//a(4),Q) . Given DeH,(E//a(A4).Q) or
DeMC(E[/a(A)),define D:=7. (15), D:=r. (25), d =P (75),
d =P (ﬁ) , and these values uniquely determine D .

Henceforth we use the gamma function convention:

n n

[ +mz)= [T (U+mz) | [T (U +m2).

m=1 m=—ow m=—m

Let us assume the conditions in Section 3 hold true. Our main theorem assumes
the hypotheses of Section 2.1; however, the latter hypotheses may not be necessary
(as noted in Section 5.3). Then,

Main Theorem. Let E be a toric fibration over base B, whose fibers are not
copies of the point, and let o:B — E be a T-fixed section. Let L, be convex
line bundles over B, and A, smooth divisors of B arising as the zero loci of
generic sections of L, . Further assume the {AH} to be mutually disjoint. In the
Case 1 below, assume H'(B) is generated by H’(B), so that each Im(iza )
is generated multiplicatively by i, H* (B).

Case 1: If the push-forwards i, . H, (4,.Z)— H,(B,Z) do not identity the
Mori cone of A, with that of B, then for each D'e MC(B) , for each (t,f) , for
each teH (B) and for each smooth family ¥,(-z,7)c L, with the
property Div + Str primary, the z — —z version of the series
Ippia, (z, t,f,z’,q,c},Q) c (a completion® offy 'H defined by

IE//]_[ A, (Zatafa 7.9, q» Q) = ePf/Zelf’f_/Z

4. i\ htg 4,1 (D)
(qe') (qe) QD(Z{ } F{f(-m ) (Z’T)+G{[la}(zaf))
Uy

a

X

dezX.der! :D<D',DeMC(B) H /f{.h (a,ﬂ)\awﬂ} Hm;lp) (U} + mZ)
« 1
Jj +zﬁz: ~a D
Hje{h(a,ﬂ)\wﬁ}HZ:(lD) . (Uf DI A mz)
1 1

T % (e (1, )+ 2, +mz) [T LS (- +me)

lies in the truncation to order <D' on both of H, and H_ (in the
NovikovV's variables of the base) of the Lagrangian cone associated to the genus-0
Gromov-Witten theory of E/[/a (]_LAH) . Case 2: If the push-forwards
iy« H,(4,,2) > H,(B,Z) identify the Mori cone of 4, with that of B, then
ht,, | (D)=0VD e MC(B), and the preceding series lies in the preceding cone
without any truncation condition on either, while still assuming the property
Div+ Str primary for the smooth family ¥y (-z,7)c Ly.

Since the genus-0 generating functions of Gromov-Witten theory of £ and

“By an extension of the Novikov ring of E// (x(A) . See the first example of the Main theorem, and

the second Remark in Section 6. The completion arises from the H, -truncation of the above series.

Then, the graph of the genus-0 generating function, with dilaton-shifted domain variables encoded

by [1 .y (z):| =lz+ ZLO t, (—z)k from M, , necessitates an associated completion of H. .
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7 (A4)~ (i:L @i:NaE)//(C* ~ P(NQ(A)E) are described in [8], we may think of
the main result as a gluing result or a gluing formula. Similarly, the &
integral (Section 7.3) is defined in terms of the integrals for Ker(c1 (L)) and
Im(c, (L)-)/c1 (L)-

Remark. When the fibers are copies of the point then we omit the sum over
d and weset P to zero, since the projective fibers are also copies of the point.
Keeping these interpretations in mind, the theorem remains true when the fiber
of the toric fibration is the point. The theorem reduces to the statement
F,cLl;.

Remark. The natural generalization of the Main Theorem to the case of
several T-fixed sections of E coincides, at the first level of analysis, with the
natural generalization of the mirror theory of Section 7.

Remark. The analogue of the proof of Theorem 2 in [8] indicates the dependence
of points of EE//a(A) upon domain variables from (Im(ij1 ))L cH (A) .

Conjecture. The dependence on domain variables
K3 - *
(u’..-,u) € ((—Djj+ (Im(l(a’m)A )) j/H (A)

may be incorporated into the Main Theorem by replacing 7 > 7+¢&; (r,u) in
the argument of F,(7,z) and iz —i\(c+&, (z,u))+u in the argument of
G, (‘L’,Z) , for some function &, :H" (B)@([m(if1 )) —>H (B), & (T,O) =0.
The latter shift of the argument of G, by u is free, and then the shift of 7 is
determined.

Some examples of the main Theorem.

1) Let B be a smooth toric variety obtained by T -symplectic reduction of
C" and A a (nef) coordinate hyperplane divisor of B. An instance of E//«a (A)

in this case is the example in Section 1.6. The series [/ , constructed from

Efja(4)

H_, (E//a(A)), is not supported in the Mori cone of E//a(A). See the

Fiber
inequality conditions on the support of the series, in the Remark in (2.bb) of

Eragn from H (E/a(4))
then the latter conditions at the fixed point &([1,0,0])e@(B\4) are updated
by the additional condition U, (15)2 0. The class U, =P, + P, is, apriori, an
element of H; (E //a(A)). If the bundle Z is considered as T°-equivariant,
then P is T°-equivariant. The class P, e H, (E//a(4)) is not the same

Section 6. However, if we construct the series [

equivariantly as P e H’, (E//a(4)), but they define the same functionals on
the Mori cone of E //a(A). The above inequality reads D+d >0 . This
inequality rules out —N- “the class of a CP' in a fiber of the exceptional
divisor”, as well as the curve classes N- d(a,j+)! Blais)?
to the original set of inequalities in the Remark.

j. =4,5, from the solutions

Thus, the series of the Main Theorem is an extension outside the Novikov ring
of the series of the toric mirror theorems, in example 1.5 and more generally for
symplectic toric manifolds [6] [7] [8].

2 2\
2) Let B be P'x(P*), L=0, (@0

(=)

(1) and A the manifold of
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complete flags in C.

Corollary. Let E be a toric fibration over base B, whose fibers are not copies of
the point, and let a:B — E be a T-fixed section. Then for each (t,f ), for
each teH (B) and for each smooth family F, (—Z,T) c L, with the

property Div+ Str primary, the z — —z version of the series

Iy (2,0,0,7,4,G,0)

(qe’ )d (qu’_ )J QDFE (Z,T)
U;(P)

dezX ;dez;DeMC(B) Hjé{j+(a,ﬂ)\a~ﬂ}l_[m:1 (Uj + mz)
1 1

- - K
Hje{/+(aﬁ)\a~ﬂ}H:j=(1D)+d(Uj+P+mz) H"il(—P+mz)

lies in the Lagrangian cone associated to the genus-0 Gromov-Witten theory of
E/la(B).

Application to codimension > 1 subvarieties A< B. Let £E—>B be a

— ePl‘/zePz‘/z

X

symplectic reduction of a direct sum of line bundles pulled back from A, and
B — A a symplectic reduction of a direct sum of line bundles also pulled back
from A. T-fixed sections o, :4— B and «,:B— E may be considered as
index subsets, respectively. The disjoint union of index subsets defines a 7-fixed
section @] [, : 4— E . Then Corollary applies to E//a;, ] Jor, (4), where the
matrix used for the symplectic reduction is block diagonal with a block for each
of the fibers.

4.2. Graded Homogeneity

Let {p,} be a basis of H?(E//a(4)) extending a basis of H" (E//a(4)).
Define deg(QD):cl (T(E//a(A)))(D) for all Novikov’s variables Q. This
determines the degrees of Novikov’s variables O, as follows:
Vae H? (Ef/a(4),C), let (a,p,) denote the coefficent of a along the basis
vector p,. Thus, deg(qd)=<c, (T(E//a(A))),P>P(D) and
deg(tf): <c1 (T(E//a(A))),}S>I3(D). Let us refer to Sections 1.8, 2.1 and 2.2
for the definition of classes U A‘jh,f’ and for the projection maps 7 ker(er (1))
(e (L))o (1) onto subspaces of H’ (B) . The first Chern class of
T (E / a(A)) away from the exceptional divisor is the restriction of the first
Chern class of 7E. The first Chern class of 7Eis 7 ¢, (TB)+ z;]:lUj .

Let y be any 7-fixed stratum in the complement of the exceptional divisor.

and 7«

The tangent space to the fibers of Eat y decomposes as the direct sum of the
line bundles with the equivariant first Chern classes 7*Uj, jey. Since the
classes y U ;»J €y all vanish, the above formula for the first Chern class
accounts correctly for the normal bundle to y in E (Section 1.2). On the
exceptional ~divisor, the tangent bundle of E// a(A) restricts  to
7' TA®T(E//a(A))/z'TA. The O(-1) fiber line summand, along with the
7 ker(e (1)) and 7 in(r(1))fer(z) THAPS: will give the difference between the tangent
bundle to the projective bundle itself, and the pullback of TE// a(A) from the
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ambient space.

At each 7-fixed section (a, jj+) on the projective space bundle over A, refer
to Section 2.1 for the first Chern classes of the normal line bundle summands.
Then, the first Chern class of the preceding is 7 ¢, (TA)+( Ui, )—}5, as
follows. The dimension of the fiber of £is N—K, and there are N-K +1
T-fixed point sections of the projective bundle fibers of the exceptional fibers. At
each (a, jj+) , the first Chern class of one of the N—K+1 line bundle
summands, U, ; , vanishes. Thus, we get N —K contributions to the first
Chern class of the tangent bundle to the projective space fibers at each such
T-fixed section. Thus, we arrive at (N -K )13 for measuring the degree of ¢,
deg(§)=N-K . The restriction of the class P to fibers of 7 '(4) is the
dual vector to the P' fiber curve classes.

The class P vanishes away from the exceptional divisor. Now compare the

preceding formulae for ¢, (T(E /e (A))) to the universal formula
7€ (TB) =7 1y fey© (L) + 22U, +(N =K +1) PP,
J

The latter restricts correctly to the exceptional divisor and to the standard
locus.

Let us now check the degree of the total series 7, , is 1+ht, (D'). The
degree of F;(z,7)0” is 1. Then, for each D eMC(B) , the term
QDF{f(‘)J} (z,7) is of degree 1+¢(L)(D). Thus, if we simply define
degQ” = ¢, (TB)(D)—c¢,(L)(D), then the degree of the latter becomes 1. When

"a”) s included we thus arrive at degree 1+Aht,(D’), which is

the factor z
independent of D e MC (B) Let us note geometry of the latter definition of

0", as follows. The summand ¢, (O(~1)) from
iye,(TB) = ¢, (T4)+¢, (O(-1))

contributes to the pairings d,D. The data beyond d,d to determine a class
De MC(B) is the pairing ¢ (TA)(D) , realized as
[#:¢,(TB) i, (L) |(z.D).

This is the latter degree of Q”,forall De MC(B) - MC(A).

Then compare the degrees of the terms ¢“G?, where D is defined by d ,d
and m('D)=0 , with the degrees of the hypergeometric factors. Then, the
remaining terms of the main series are of total degree 0, as follows. If
U, (D) > 0,—a’~ >0 and U, (D)+a7 >0, all factors are denominator series
with the total degree

S0,0)-( 20, )]-(-4)
jea i+

In the case d >0, the “denominator” series with upper limit —d is actually
a numerator series. The index goes from 0 to —d +1, giving d factors in the

numerator rather than the denominator; thus the preceding counting of +d is

correct in this case too. Let us simply note that the degree counting is the same
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in all cases. Thus, the mechanism that establishes the degree formula is the ratio
of infinite products, from Section 4.

The degree of q”{(}“7 Novikov variables is Z_,-EaU/ (D)+(Z:j/+ U, (D))—c? .
Thus, this need only be compared to the hypergeometric factors of the series. In
view of the above remarks, we compare the Novikov variables degrees to the
upper limit indices on the product series. The Novikov variable degrees and the
product series degrees should be equal, so that they cancel out to 0. The
comparison is immediately verified.

5. The T-Equivariant Cone L‘,E//a(A)

5.1. Localization of Stable Maps

The work of Graber-Pandharipande [18] justifies the fixed-point localization
technique for computing integrals of 7T-equivariant cohomology classes over
virtual fundamental cycles in the moduli spaces of stable maps to E// a(A).
Here the 7-equivariant normal “bundle” to a 7-fixed stable map is actually a
virtual (orbi-) virtual bundle in T-equivariant K-theory. The description of
T-fixed stable maps is then analogous to the description in [8]. Namely, the
connected components of the 7-fixed loci in the moduli spaces of genus-0 stable
maps are fiber products of moduli spaces of genus-0 stable maps into the 7-fixed
strata of E// a(A). Let Cbe a legof X; ie, an irreducible component of ¥
that maps surjectively to a T*invariant edge of (a fiber of 7 of) E//a(A). The
fiber product is defined by reference to the curves from ¢, ,,, from &, , and
toric edges f (C) The image points f (0) and f (OO) coincide with the
images of marked points of stable maps from ¢, , and from &, , in their
roles as nodal points of X . There is also the case that either 0 C or weC
may be a marked or unmarked point of ¥, not connecting C'to any other curve
component of ¥.

There are three disjoint cases to consider, depending upon how the
1-dimensional T -orbit f (C) (ie, edge) intersects the exceptional divisor.
Equivalently, these cases are distinguished by the projection 7 image of the
point set f (C) Firstly (2.bb), the projection of the toric edge along the
projection 7 map is again a toric edge at each point of the given fiber product.
Suppose that the two strata connecting a toric edge map via the projection 7
to the 7'fixed sections ¢ and p. The fibre products involving factors of
genus-0 stable maps into & =a(B) //a(A4)=~a(B) can be non-compact, as
follows. Given a toric edge connecting o(B) //a(A)\((iZL @0)//((3*) to
ﬂ(B\A), the nodal point in a(B\A) is unable to enter the exceptional
divisor. The Atiyah-Bott formula’ implies that the correct cohomology group to
use for the non-compact space «(B) //a(A)\IP(Na(A)a(B)) ~B\A4 is the
subset Ker(c,(L)-)= H"(&(B)). A similar case to consider is when the toric

edge connectsto y,y' ~ B, where y#y'.

"See also the decomposition of @& in section 2.1, and at the end of 5.2.
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Secondly (2.ab), the 7-fixed points of the toric edge connect to the rest of the
T-fixed stable map at ,B(A) and at (a,j+)(A) ; fB= ,B(a,j+). In this case too,
the projection 7 image of the toric edge is also a toric edge.

Third (2.aa), the toric edge is contracted by the projection 7 map at each
point of the given fiber product. The 7-fixed points of the toric edge connect to
the rest of the 7-fixed stable map at (a,jj+)(A) and at (Ol,jjl)(A) ,

T # -

There are three types of terms that contribute to the series E*F(—Z,l) .
Namely, the polynomial term £'t(z)—z, and then two types of contributions to
the H_ projection of the series S*F(—Z,Z). Given a T7-fixed stable map to
E//a(A) , which we denote by (f;z,p(z)) , now let C be the smooth
irreducible component of ¥ that contains the first marked point of the source
of the stable map. In order for the stable map [f ;2 p(Z)] to contribute to
S*F(—Z,t) , fmust map the first marked point into the stratum &. The latter
two types of contributions are determined by whether

i) All points of Care mapped by finto the 7-fixed stratum ¢ . In this case, let
C' be the maximal connected subset of ¥ containing C that mapsto ¢, and
let D'=f.[C'|eH,(&,Z).

ii) Cmaps to a Ttinvariant CP' in E//a(A4) connecting 7'fixed strata &
and &'. Let us assume that, in the normalization of £, Cisa CP' with two
marked points—which we may take to be 0 and o via the action of PSL, (C)
on CP'—, that there is a marked point of £ at 0 C, and that the marked
point at o corresponds to a node of X . Thus the stable map takes Cto a
CRJ,;' , maps the first marked point of ¥ at 0eC to ¢ and maps « toa
nodal point of the stable map at &', and as it follows from the work of
Kontsevich [19], is given by £ ([z,w]) = [zk,w"J eCrP,..

Each point of E// a(A) lies in either the (normal bundle to the) exceptional
divisor, or its complement—this is close enough to the toric bundles case for the
following decomposition in [8] to hold, since the details are local.

Let us recall (Section 1.8) the definition of A/¢. The fiber of the virtual
normal bundle to the 7-fixed strata of stable maps to the 7-fixed strata ¢ at the
T-fixed stable map [(f; C,p(C))] , as in case i) above, is given by

H'(C.f'N*)oH' (C, f'N*) o Lie Aut(C: p(C))NH (C. £ N¥)).
The virtual normal bundle
H' (%, N )o H' (2, £ N¥) o Lie Aut(%: p(2))NH (2, £ NF))
to the 7-fixed stable map with source <, deforming the map to a non 7-fixed
stable map, decomposes into the direct sum of:

i) The virtual normal bundle over the stable map with source X':=3\C, and

ii) A virtual vector space
Nyes ()= H (C,f' N Yo H'(C, "N ) o Lie Aut(C;0,00) 0 N/

over the point [ f; C,0,00]. This virtual vector space is the fiber of a virtual
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bundle. Let us use the same notation for the bundle and for the fiber.

This is along the same lines as in [8], with the only new subtlety coming from
the case when ¢ = (a,[l,(ﬂ) . Namely, the deformation of a stable map to
(a,[l,(ﬂ) along a section of the bundle i:L is a stable map into £¢=a and
is still 7-fixed. If there are no componenents of ¥ of type ii) connecting to the
domain curves of the latter maps of type i) then, the line bundle i:L does not
contribute to the virtual normal bundle to the fiber product factors of stable
maps to (a,[l,()]) (or @) in the 7-fixed loci in the moduli spaces of stable
maps to E//a(A). For more details of this subtlety, see the decomposition of
themap & near the end of 5.2 (with slightly expanded definition of C.).

A second technical issue regarding the 7-equivariant deformation theory of £
comes from the case that the (’)(—1) bundle contributes to the 7-equivariant
normal deformation theory of f

> but not to the restriction of f to the
component C” (of X') of X that connects to Cin X. This mismatch can
occur at &' = (0{,[1,6}) (or &), but does not occur in the toric bundles case.
This case requires modifying the H'-term of the deformation bundle from i) to
Hl(C",f*Nf’C")®i;(C~)i;L, where i ., maps all points of f(C") to the
image of the nodal point f(CNC").

This bundle is not quite what is needed for geometrical deformation theory.
For that, we might take the bundle of sections of f r; TB that restrict to
i;(U)L over A. However, that will not suffice for reasons that follow. In any
case, we need some bundle that contains i;(cn)L to use in the role of the third
non-zero term in the short exact sequences defining the gluing maps of the
deformation theory.

There is the complication here that we don’t want the f rc TB bundle to
contribute, via the Quantum Riemann Roch theorem, to the twisted cone L.
Thus, the present solution to the deformation problem would not be consistent
with the twisted cones conditions.

Let J be an index value for local cooordinates with non-trivial 7-action, as
in Section 6. Let X be either the fiber of the toric bundle £ or of the total space of
the normal line bundle to the projective space bundle
7 (A)= (L@ i;NaE) /| € of the exceptional divisor.

In Appendix 1 of [8], we described 7-equivariant line bundles /, defined as
the normal line bundles to the 7" local coordinate hyperplane divisors on the
fibers of X ¢ (IJ ) =U,. For J" = “else” (Section 6), the associated
T-equivariant line bundle is O(—l); the corresponding divisor is 7' (4), by
definition. Let us recall that 7"acts trivially on the pullback

(a,[l,()]) O(-1)~i,L.
The normal line bundle (9(—1) along the exceptional divisor extends to the
T-invariant edges of E//a (A) as [ (see Section 2.2). The line bundle / is
in the role of [, for the index value 7 = “else”.

Let TX**° be an equivalent notation for N/ <" etc. There is an ambient

set on which the ingredients
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£'20 &' <0 £'20 &', <0
T X, TEOX, TS X, TS X

are defined by subsets, as the direct sum over /, V.7 in such subsets. In the
case of toric bundles, the ambient set is {1,---,N } . In the present geometry, in
the case that &' = (a, . ) , the ambient set is { . & a} U {Else} .

Define T "X (resp., ! *X ) to be the direct sum over T-equivariant line
bundles with non-trivial torus action &l J for which
U, (a’g,g,) :cl( f *lj)[C] is negative (resp., non-negative). Similarly, define
T5X (resp., T¢ X )by replacing Cby ' in the above definitions.

Let us consider the identity
OTX (T X + X )OI X O T X O (T X + 157 X ).

In the toric bundles case, the equation holds only in (7-equivariant) K-theory.
Namely, the LHS is missing the direct summands &"/ ; forall values of je&'
(which are 7T-equivariantly trivial), when &'~ B.

The first set in parentheses on the RHS is interpreted as “an element of the
ambient set is considered as >0; ie, as an element of one of TC'QOX ,
T;’ZOX ”. The remaining three direct summands (counting © as well) are
interpreted similarly by a Ven diagram.

The LHS in the present case, in analogy with the Appendix in [8], is
dependent upon f,C,X’, so we need to update the LHS by N/-“* | which we
define as follows.

Let us now refer to Appendix A. 7-9 to elaborate.

In the first case, the summand with index jj, =[1,6] contributes to the
T-equivariant H' deformation theory, since the pairing of the f *(9(—1)
bundle on Cis —k .

Let C" be the connected component of X', connecting to C, that maps to
(a,?,ﬁ}) (or @ ). The direct summand L of the coefficient sheaf of
H'(C", [N/ ’C”)(-Blf;(cn)i:L is for the gluing construction defined by short
exact sequences that glue the separate deformation bundles from the fiber
product of stable map moduli spaces. Namely, the direct summand Z provides
constant deformations (within the 7-fixed stratum &) of f | o i), to coincide
with the given deformation of f|c at f|c (oo) € f(C) ii). The direct
summand N7/“* from ii) is deduced as a result in [8]; it is not a definition. By

analogy with the derivation there, in the case that &' =(cz,[1,0]), define
NI 2 ¥ @1,0(-1).
In the case that &'=(a, /,),
NI = NP =g 0(-1)® .17 (4).
In the case that &'=d ,

CI(N&)ZZ(a*Uj+f’),

JjEa
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which can be understood (from eigenspaces, though not established further
here), in terms of N¢ =Z/,w(lj+l~ ) In the formula for the recursion
coefficient in terms of e¢° and the deformation bundles, the e® term contributes
the factor of cl(L).

Define
[L.7v £=r
¢ = (“’[I’Q)* (‘ﬁH,y+¢[l,a]UA,fy+) e =(a[1.0])
(@) (-PI1,. Uss)  e=(a)).

In the case &= (a,[l, 6]), e® # Euler, (Ng); else e = Euler, (/\/’E) See
Section 5.3.

The formula for Coeff,, (k) is given in terms of H° (C,f*N/’C) ,
H' (C,f*j\/fvc) , Lie Aut(C;O,oo) , € , and thus can be expressed
independently of N/“*, asin Corollary A.4 in [8]; Le.,

_ Euler; (H1 (C,f*./\/'f’c ))EulerT (Lie Aut(C;0,))
) Euler, (HO (C,f*./\/f’c»

In particular, Coeﬁg’g'(k) depends onlyon f

o»>andnoton X'.

The numerator factor Euler, (H 1) does not contain the m =0 terms in the
product formula, while the denominator FEuler, (H 0) includes the m=0
terms. The numerator e° term then contributes the m=0 terms to the
Euler, (H ‘) class, and cancels the m =0 terms from the Euler, (H °) class.
This gives the product formulae in Section 5.4, defined by the analytic continuation
in Section 4.1.

The factor of e“ must also be verified by the fixed-point localization formula
for gluing nodal curves, in the moduli spaces of stable maps. This gluing was
worked out for the toric bundles case in Appendix 3 in [8]. The factor of ¢, (L) ,
from one of the numerator® m =0 factors, in the formulae for Coeff,, . ., (k)
(Section 5.4) from fixed-point localization, is used as the Poincaré-dual of A as a
submanifold of B, as follows. Consider the (ev1 )* terms in the formula for
7 (e (L)) L)Fd . The leg with the first marked point is mapped to the toric edge
in the recursion relation, and the cohomology class representing the toric edge is
restricted to A by Poincaré-duality by the factor of ¢ (L) as follows
vbe H""?*(B),

[, bei(L)=bNPD™ (¢, (L))=bN(i,).[4]=] iih.

The description here counts deformations along i,L on Cat &', and along

i f(c,,)iAL on ¥ at &' respectively, glueing them at ¢

’

for a global
deformation, when they can be identified for glueing. The overcounting is then
removed by subtracting i,L at &', by including it in the overall subtraction of

N/€* in the formula for N, .. This is along the same lines as for toric

8See the analytic continuation convention in Section 4.1.
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bundles themselves.

An equivalent description for the deformation theory, would be to keep the
deformation on C, remove it on X' and remove it on N/°“* . Keeping it on C
has the affect in geometry of restricting z(f(C)) to (a,[l,ﬁ])co?. This
description gives the correct twisted cones condition for L£*. Thus, we update
the preceding deformation theory description accordingly, which only modifies

N7€* and omits the summand 7, c.i; L.

5.2. A Key Ingredient of Theorem 2

Let C' have the same meaning as in Section 5.1 case i), and reserve the
notation C for case ii) except that the first marked point will also be allowed the
role of nodal point of ¥ attaching C to C’'. As in 5.1 the connected
component of [ f;%,p(Z)] in the space of 7-fixed stable maps into Ejla(4)
is a fiber product of stable maps into the 7-fixed strata of E//a(A4). A tree with
root C'may be attached, via a nodal point, to stable maps C’— & carrying the
first marked point of ¥ . The smoothing of such a node deforms [ iz, p(Z)]
away from the locus of 7'fixed stable maps into E//ar(A4). The inverse
T-equivariant Euler class of the latter smoothing mode is given by
1/ (—x//_ + Yo/ k) where e is the smooth point of C' in the normalization of
> that corresponds to the latter nodal point of ( 1z, p(E)). Its presence is
required by the fixed-point localization technique. The tree with root Cyields a
cohomology class of B that is proportional to 1/ (—z+ oo/ k) in contribution
to the terms of type ii) in & F(—z). Let us observe that if we substitute z—y,,
then we get the inverse 7-equivariant Euler class 1/ (—1//, + Yo/ k) of the latter
smoothing mode. Let us integrate last over the moduli of [ SlenC, p(C’)]
where C’ is defined as in i). The precedingly described nodal attachments to
C', with z >y, effectively yield new descendant input terms to the integrals
over moduli of type i) in E*F(—Z) .

If the tree with root Cis rooted at & there are two possible ways [ (C ) can
intersect with the stratum & at f (0) , according to the decomposition

~%

a =rx . Namely, the image by = Ve (L) constrains

Ker(cl(L)~) Im Cl L)- / Im(ey (L))
f (0) to lie in [ (4), wh1le T er(e()) Y be interpreted as constraining
f(()) to lie in a\[ 0:|A a\IP’(N (& (B))

Define ¢°(z)=¢"t(z)-
first marked point of ¥ is contained in C”.

Let H be the completion of H(E”MT 0.47)
additional additive terms that are infinite z series at each order in Novikov’s
variables, of the form @Y " (x/k) " z" where b, >n+1 and aeH (B,Q).

Denote by F° restrictions ¢ F of F where ¢° (z):= q° (z)+z is expanded

z+ “the sum of all contributions to ii) where the

(Example 1.8) by allowing

in non-negative powers of z
When the image of the first marked point f (0) ef (C ) lies in
07\(0!,[1,6]) (resp., (0{,[1,6])), the series ¢° (z) is constructed as a power

series in z from the cohomology Ker(c,(L)-)<=a” (resp.,
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Im(c1 (L) ~)/c1 (L) c &’ ) with coefficients in Q. The source component Cfrom
ii) maps to different cases of 7-invariant edge curves, depending on the image of
the marked point 0€C. The trees ¢°(z) can be described by the data of
Theorem 2, in Section 5.4. The series of our main theorem, which is verified by
the techniques of Section 5.4, thus gives a special case of the trees ¢°(z) (by
Section 5.4). Intuitively, the trees ¢°(z) should be described by formulas with
some degree of similarity, by reference to the main series.

In the following let us simply note how the numerator twisting factors in the
Quantum Lefschetz theorem cancel with some of the factors from the
denominator series. This is interpreted in terms of twisted lagrangian cones (an
ingredient in Section 5.4) by the Lemmas in Section 7.3.

Begin by writing the main Theorem in terms of F, (z,‘[) , rather than in
terms of F, (Z,T) , using the quantum Lefschetz Theorem. The twisting factors
cancel with a denominator series. The particular denominator series depends

upon the direct summand
a = Ker (c1 (L) ) ® [m(c1 (L) o)/cl (L)

for the restriction of the series 1 . In the first case, the denominator series

Efla(4)

])(D)+d

1,0

a(eyoyepel

(ﬂ:Ker(cl(L).)cl (L)+ mz)

m=1
is partially cancelled by the preceding numerator series. In the second case, the
denominator series
,,3(”{‘-5])(0),(;
7 pm(er (L)) /e (£) €1 (£)+ mz)

m=1

is partially cancelled by the preceding numerator series. The 13(&'[]’6}) (D) is
from the shift of the summation index for d , in Section 6.

The preceding observations establish that F* (—z,t‘g ) c H*® is the point of the
(EulerT‘1 (), /\/"9) -twisted Lagrangian cone of & with input #°(z)eH; . Letus

denote this Lagrangian cone contained in H* by L°.

5.3. Recursion

Finally, apply the discussion in 2.2 and 5.1 combined with the general computa-
tional details given in [8] to compute’

Coeff, . (k)= e°Euler;' (Na,a' (F)y®e N/ )

Given two of the 7-fixed strata ¢ and &' connected by an edge, define
submanifolds of each where the strata intersect with edges connecting the two
strata. The two submanifolds are diffeomorphic, call it Z, ,., by the connecting
edges.

The discussion in 5.1 and in 5.2 gives the recursion relation along the same

line of argument as in Appendix 2 of [8]:

*We outline the new ingredients relative to Appendix 1, 2 of [8]; much of the exposition there is ge-

neric.
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Og’ngeS Xee F‘E (Z)de = O;,E'qk‘zg’g’qkd&g’ Coeff:g,g' (k)Fgr [_%]s
T
where
ld &=(a./.)(4).6'=(a.j.)(4)
1d #=7(8).'=7(8)
O Ker(cl(L)«) g_Ker(cl (L))C &*,8,:7/(8)
e T ﬂ'l gﬁAag':B
iy, &'~Ae~B
& (a(z))fa(L) ¢ _(a’j+)(A)"9:0~l(B)
and
1d e=(a,j,)(4).&"=(a,j.)(4)
W e=y(B).e=7(5)
o ) TRetaw) 7 Ker(c,(L)-)cd',e'=y(B)
&, T l';&’g, Py A,Sl ~B
T &' ~A,e~B
Tt glz(a,j+)(A),£=a~(B)

Let us note the orthogonal'® direct sum decomposition

* * #\\ L *
H (A4)~ Im(iA)GL)(Im (iA )) . Both direct summands are /m(i, ) --modules.
The role of O !

&,6' 2 &,&'

is understood by observing that Coeff . .5 (k) are
valued in lm(if1 ) Recall from Section 2.1 (up to isomorphisms) the inclusion
Im(c,(L))/e, (L) = Im(i;) . This gives a way to interpret the Im (i;)—module
structure. The map 7 n(ar(2))a (L) in the recursion relation (2.07&) is applied
to a multiple of ¢, (L) from the recursion coefficient Coeff, ., ; (k).V), ¢ & -

Perhaps the O,0' operators in the recursion relation (2.0?61) can be
composed with suitable projection maps, defined w.r.t. the Lefschetz decomposition
so that both sides of the recursion refer to the same ambient vector space, while
still sufficing for Theorem 2 (Section 5.4). The author has not worked in this

generality.

5.4. Theorem 2

Theorem 2. Points F(z) of the overruled Lagrangian cone of the 7 equivariant
genus-0 Gromov-Witten theory of E//a (A) are characterized by the conditions:
(1.a): F*/) (-z)e E(Aa'j*)
(1.b): F” (—z) e L]

(2.bb):
*U_
v _ kd,y, /' ry Y,
Res L, F" (z)dkz = q "7 Coeff, , (k)F (— p J
Z**T
"With respect to (-,-), -
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(2.ab):
@, g kd,, (Ot,j+ )* P
ﬁLReSF(a,;;)*PF( ! )(z)de:lAq ‘q ? Coeff, ;) 4 (k)F’ [—k j
k
K _ ~—k kdg, (a.jy) IB*U j
ERes W (2)dhe =0 Coefy ) ()P [_T]]
k
1
Coeﬁ‘(a!Mﬁ (k)
k-1 K kU ;(dg 5 )~k o
=i, (m Z;’ﬂ JH[—m%jH 11 (P(“"’*) +a'U, —m%}
m=1 m=1 JEa m=1
—k )
X [Cl (L)+f~’(a’j*) mlaﬁ]
m=1
(2.aa)
» ~ o (a. ), )* Uiy
Res (a,j+ )*UA,A' F( j+) (Z)dkz - choeff(‘a’]#)’(a’/i) (k)F( j+) [_ k =
T

Jj# Jy sy m=1

xl—kl[_ﬁ(a'h) —m—(a’jﬁlz = J
m=1

X H ﬁ{(a,ﬂ)* UAJ]. —mTJ

(2.07a)
© (0:,[1,6])*[]/4,/Lr Im(cl(L)-)/cl(L)I (Z)de
=%
Tta i au, .
= qu‘ Coeff(a,j,’,),d (k)F( J4) [ kA,.I J

In the case (Z.da) , we are nearly in the case (2.aa) as far as considering the
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LHS of the recursion relation as nearly a point of £,, as follows. The normal
bundle to A in B doesn’t deform curves into A out of the 7-fixed loci in the
moduli spaces of stable maps to E// Ot(A). Recall that the line bundle i:L is
the restriction of the tautological line bundle O, (—1) to the 7-fixed section
(a,[l,()]). The normal bundle to A in B thus extends over the 7-fixed curves
CP;’[L@J),(WJ&)' Then, local sections of the extended normal bundle do deform
mu&tiple covers of the latter curve out of the 7-fixed stratum in the moduli
spaces of stable maps to E//a (A) . Hence, the inverse 7-equivariant Euler class
of the associated deformation bundle contributes to the fixed-point localization
formula in the moduli spaces of stable maps.

Aside from the many cases to consider, the proof is identical to the proof of

the corresponding Theorem 2 in [8].

6. Recursion

To prove the equivariant version of the Main Theorem, it suffices to show that
F=1 () satisfies conditions (1.a), (1.b) and (2) of Theorem 2.

Ella
Define
v, J=
U =3U, .. J=(a.jj) eH;(Ef/a(4)).
-P, J="“else”

The hypergeometric modifications &'l Ela(4) (Z) are (q,é, Q) -series whose
coefficients have simple poles at z = -&'U g / k when such values are non-zero,
finite order poles at z =0, and essential singularities at z=0.

Thus, we need to show that: (L.a) (e, jj, )* L a(a) € £ | (1.b)

vl Ea(4) € L, and (2) residues at the simple poles satisfy the recursion relations
of Theorem 2. We check conditions (2) here by direct calculation of the residues.
We check conditions (1.a), (1.b) in Section 7.

Our first goal is to argue that the series &'/ Ela(4) (Z) is supported in the

Mori cone of E//Ot(A) , Ve# Ker(cl (L) ) — &" . The mechanism that insures

R 1
this is to look at the support of the factors ¢ of

HZil(D) (uj + mz)

&1y, (2) forwhich &U, =0.

Proposition. Any element of MC (E N A)) may be represented as the sum
of a curve whose irreducible components are preserved by the action of T on
Efla (A) , and an integer multiple of “ the class of a T-invariant CP' in a fiber
of the exceptional divisor’.

Proof Let D be a curve class in MC. The action of T on E//a(A) is
induced by that on £ We would like to take a lift of the projection 7, #D,
which we may assume [8] to be preserved by the action of 7T'on £; ie., that 7D
is represented by such a curve. Apriori, there may be any number of toric edge
component curves among the curves representing #.D . These may intersect
with a curve component of 7D in a(A). These toric edges each lift to the
EJ a(A) in such a way that one of their 7-fixed points intersects the
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exceptional divisor at a 7-fixed point of a projective space fiber. The preceding
irreducible component curves in a(A) may be lifted to arbitrary 7-fixed
sections of the exceptional divisor. This may result in a disconnected lifted
curve.

The curve classes are determined by their pairings with elements of
H?(E[/a(A).Z)~ 7% H*(E)®ZP . Thus, add the multiple
ﬁ(ﬁ—“lift of 7?,15) of “the class ~of a T-invariant CP' in a fiber of the
exceptional divisor” to the lift of 7.D.

With the Proposition in place, let us now compare MC(E //a(A)) and
MC(E //a(B)). This will allow us to interpret the support conditions along
H,(E//a(A4),Z) of the series [ ,interms of H,(E//a(B).Z).

Efa(4)
A first source of difference between the two comes from the inclusion

(()t,jj+ )* iA*MC(A) c ((Jt,jj+ )* MC(B) . Another difference is that the
T-invariant CPJ(B\ A p(pg) CUTVES in E//a(A4) do not have any geometric
analogues in E// Ot(B). However, the latter curve may be represented as the
sum of the class of a CP(L,,;),ﬂ and the class of a CP' in a fiber of the
exceptional divisor. Thus all elements of Kerz. NH,(E//a(4),Z) have
geometric analogues in H, (ﬁber of E//a(B)) .

Remark. Any curve from a fiber of E// Ot(B) has a geometric analogue in
x! (4). The U ;s are determined by the geometry of £ and thus have the same
meaning whether pulled back to A (ﬁber of 7' (A)) or to
H; (ﬁber of E// a(B)). The class P is determined' by the local geometry of
the exceptional divisor and thus has the same meaning whether referred to
H; (fiber of 7' (4)) orto H}(fiber of E//a(B)).

(2.aa) Residue of F(*7+) (z) at z= —w, k >1. Given
De MC(B) ,rename d, > d/ and d — d', and then redefine d] and d',

d'=P"")(D)+d,
d'=P*(D)+d.
Then, the pairings U i (D) =U ; (d ) -A ; (D) translate into
U,(d)+a’U,;(D).

i pleiis)i/; P”‘t/z

(a’]j+)*IE//a( 4) — 4©

( D P(”+)(D)qP‘Z( ))qdqdedtez P(“'”+)(D)feP"(D)t

U;(d)+a"U;(D)

D<D',DeMC(B)gezX ;dez ng{j (a,ﬁ)\amﬂ}Hmjzl J (a*Ujerz)
(8, (2.7)+ G (=7))

Uj(d)+a U.(D)er(a,jh)(D)ﬂ; R (@)
| VPR | b (U, + P 4 mz)

X

X

m=1

1 1

X X

H,L;,p(a,_m)([,)(_i)(a’ﬁ) +mz) Hg,(L)(D)m(mfh)(D)g(cl (L)+ﬁ(a,jj+) +mz).

m=1 m=1

"'As a functional on the classes of 7-invariant curves.
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The classes &. (D),VD € MC(B) , contribute in terms of P°(D) (resp.
P (D)) to d (resp. d) from the definition in Section 4. Such contributions
from MC (B ) are accounted for already, by redefining the summation indices
dand d as above. Then, the remaining contributions to d (resp. d ) are from
the Mori cones of the fibers.

*

Proposition. The series (a, jj+) I,
Efja(4).
1

Proof. For j, = jj, ¢|:1,6:|, the support of the series — is
Hmj:l mz

characterised by the inequality U, (d )+d~ >0. For each j e« , the support of

(1) 8 supported in the Mori cone of

the series Uf+)mz is characterised by the inequality U, (d ) 20. Let us now
m=1

argue that the set of solutions (d,a? ) to the same inequalities is contained in
Kerm. "MC(E//a(A4)) . By the comparison of Kerz.NH,(E//ca(A),Z)
with H, (fiber of E//c(B)), and by the Remark, it suffices to establish the
analogous result for H, (ﬁber of E //a(B)). This follows from the Corollary
and the same (strictly speaking, analogous) inequalities that arise there, as a
special case of a general result in toric geometry describing the Mori cone in
terms of inequalities.

In the following recursion verification, let jj, = [1,6:| e # -

For the (2.07(1) recursion relation, the & series takes values in the image
of i; . We noted the role of ¢ (L) in the recursion coefficient for this purpose,
at the end of Section 5.3.

(2.0761) Residue of ”1m(cl(L)-)/q(L)Fd (Z) at z=—w,k21. Given
D eMC(B),rename d, —»d and d —>d',and then redefine d; and d’,

d'=P"")(D)+d,
d'=P*(D)+d.

Then, the pairings U, (D) =U, (d) -A, (D) translate into
U,(d)+a’U;(D).

PN _ P”-(Dtv/'/'+)~/z Pa/z
(. ji.) L a(a) = (e (L))o (1)© et
(Qoqﬁ(“’f“)(u)qpa (D) ) qdqc}ec?fedteﬁ(a’jj+)(D)feP"’ (D)
X

Uj(d)+a’U; (D)

D<D',DeMC(B)qezX .dez. ng{j (a’ﬂ)‘aNﬂ}Hmzl (a*Uj +mz)

(thA(D’)Fi)’L (Z,T)Jro)

Uj(d)+0t*Uj(D)+l~’(a'jj*)(D)-%—d. * B, iy )
[T wmpon Il (a U+ Priamz )

m=1

X

1 1
X H,g,pww(o)(_Is(a,jf;) I mZ) x HC](L)(D)Jr[_’(a»//Jr)(D)H;(Cl (L) + }3(""’7*) . mz) ’

m=1 m=1

*

Proposition. The series (a, jj+) 1

Ela(a) 8 supported in the Mori cone of
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Ejla(4).

Proof For jj, = [1,6} , the inequalities describing the support of the series are
U, (d) >0Vjea and d>0 , whose solution set is “a subset of
MC (fiber of E) = MC(E//a(A4))” ®N- “the classofa CP' in a fiber of the

exceptional divisor”.

(2.bb) Residue of F”(z) at z= —l;c’/ ,k>1.Let & be the delta-function

) , . Given DEMC(B) , rename d, —>d' and d—>d', and then
}/,Ker(cl(L)-) _ i i

redefine d/ and d’,
d'=d+p (p)+ P (D)5,
d'=P'(D)+d.
The pullbacks 7P vanish. In particular " (*) =1, and
d=a+ " (p)s,
d'=P'(D)+d.
Then, the pairings U,(D)=U,(d)-A;(D) translate into
U;(d)+7U,(D).

* Ytz
V4 IE//a(A) =e” G

thA (D)

D<D',DeMC(B)qezK ;de7,

(605) s [J+ﬁ(“‘[lf’])(p)(s]z

) B

Uj(d)+;/*Uj(D)+J+}3a" (D)o [ =
H./e{.u(a,ﬂ)\wﬂ}nm:l (7 Uf+mz)

1

x U, (d)+7"U;(D)( =

H.i£{j+(a,ﬂ)\a~ﬁ}HM=l (7 Uf+mz)
1
X

74«09 (s 78«08 s '
I157 )T (e (L) +e (£)(D)z+mz)

Proposition. If y # & (B\A) then the series y'I £ya(4) 18 supported in the
Mori cone of Efla (A) .
1

ch?fﬁ(“'[l’ﬁ])(z))s

mz
m=1

Proof. The support of the series is characterised by the

inequality —d —f’(a’[l’o]) (D)6>0. The terms of the series that determine the

remaining support conditions are those with »'U ;=05 ie, jey. The set

{j.(a.B)| B~a} coincides with the set {j ¢ 0!} . For each jea‘(ly, the
1

Hu ,(d)+J+P(”’["6])(D)5

mz

support of the series is characterised by the inequality

m=1

U, (d)+c?+ﬁ(a’[l’0])(D)520. For each jea()y, the support of the series

is characterised by the inequality U, (d ) >0. The proof proceeds as
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in the case of 2.aa (jj+ # [1,()]) .
Remark. For y=a (B \ A) , the ineq(uali}ies describing the support of the
series are U, (d) >0Vjea and d+P «{14)

subset of MC(fiber of E) MC(E//a(A)) » @(_f,(a’[l,q) (D)é‘—N)' “the

(D)& <0, whose solution set is “a

class ofa CP' in a fiber of the exceptional divisor” at each order Q" .

Since P’ =0 forall yeE " it follows that f’(dw,) =0. Hence the “index”
d does not transform presently. Thus, the asymmetry between the factors
indexed by je{j, (a.8)|B~a} and je{j, (a,B)|B~a} isremoved for
the purposes of the present recursion process. It follows that the present

recursion process is identical to the toric bundles case [8],

k

k

Res Zyy F’ (Z)de = qkdy,y' Coeﬁ’m, (k)F/ [_Mj’

as required.

In the case y = Ker(c,(L)-)c @ _then d is replaced by
g+ ) (D)-P"(D)=d+ Al (D)—0. Then reverse the change in the
summation index. This gives the recursion relation, as in all other cases. For
y = Ker (c1 (L) ) use “k =0 in the transformation of the d summation index,

following the ¢ = (a,j+) case.
(2.ab) Residue of F(*/+(@7) (z) at z= —m, k>1. Given
D eMC(B),rename d, —»d and d —>d',and then redefine d; and d’,
d'=P“")(D)+d,
d'=P*(D)+
J

d.
Then, the pairings U i (D) =U ; (d ) -A (D) translate into

U,(d)+a’U,;(D).

L P("‘H"‘/ t/ Pat/

(a,j+ (a,}/))* [E//a( A) =i,e

X
D<D'.DeMC(B)dezX dez H}g )] HZ (@)U (a U, +mz)
(82, (2.0) G5 (2.0))
X

i a a +(0‘/ B ..
er{f (a/f)|a~/3}1_lzi(1d)+ U( e +d(aU 4 Pl ’))+m2)

1
R I
Hmd P (D)(_P(awﬁr(avy)) + mz)

X

1
. A @i @) pyed i :
e d(cl (L)+ Bl +mz)

m=1

X
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Here we have used

Ly (3) 0

T

L

m=1

(3¢} QD(—@W) HE®
[T (a(0-a (D) Z-n%

The Lemma in Section 7.3 explains the factors in the denominator in the RHS,

;(j
k
dez;DsD'z,DeMc(B) a (L)(D)(C (L) —m lj
H : £
k

Xi,

as does the preceding formula from (2.bb). This shows that the series
F("”’*)(—z) is a set of points of the A (@) _twisted Lagrangian cone of the
genus-0 Gromov-Witten theory of A.

7. Mirrors

7.1. (Quantum) Module Structure 1.3 of Differential Operators,
Stationary Phase Asymptotics

Our goal is to verify condition (1.b), (1.a) of Theorem 2.
Proposition. For each element D € Kerz. NMC(E//a(A4)), let
O (11,---,/1]\,) be an element of Q(l) Set

@(q,@,t,f,&,---,ﬂN) = Zf)emmnm(qe’ )d ((jei )d ® (4, Ay ). Then, for each
smooth family F(—Z, 2') c L, (<L, respectively)

efb(q.c?,tf,-zalxl w20y )/'ZF (_Z, T)

is contained in £, (L, respectively).

Proof. The theory of quantum D -modules can be adapted to the case of
+0(z2),
where O(Z) is a first-order differential operator that is weighted by a net

F(Z,T) in such a way that the exponent is processed as Oup(r,ereny)
positive-integer power of z These may be processed as a shift of the 7 variable
and symmetries of the cone as in [8].

Let us now extend the result. For each element D e Kerr, N\ MC (E // a(A)) ,
let @ (x;ﬂq,---,ﬁ,v) be smooth functions of x valued in Q(i) . Set
O(x;4):= ZﬁeKM*nMC(qet )d ((}ef)d @ (x;4,--,A4y) . Suppose that, in a
neighborhood of a given isolated critical point' xc,,(q,c],t,f ,ﬂ) of q)(x;l),

the Taylor series of qD(x;ﬂ) converges, when ¢,4,t,{,1 are valued in certain

2With respect to x variables, defined as the complement of the various parameters g¢,g,t,7,4 ab-

breviated as A in the function argument of @ and A.
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open sets of complex numbers. Assume the critical point is valued in the subring
of the Novikov ring corresponding to Kerz. | MC , with coefficients in Q(4)
or in a suitable completion of Q(/I). Let A (x;l) be an identically defined
function, but without any assumption on its critical points.

The stationary phase asymptotics (as z — 0) of the integral
O|x;-20y, 20y, | -2
je o | A(x;—z@A =20, )F(—z,r)dx
1 N

is defined in [8]. This definition includes expanding the integrand in a Taylor
series about the given critical point of the phase function, fixing an integration
region to be a ball about the critical point in the domain of convergence of the
integrand, making the change of variables x; = Jz y;,Vj=1-+N and
replacing A, by -z0 A, > Vj=L:,N. For more details on stationary phase
asymptotics including operator asymptotics, we refer to [8].

Assume that x, (q,cj,t,f,/i) has coefficients in the ring Q(l) Then, when
we replace 4, by -z0 n, Y=L N, the denominators need to be expanded
as geometric series in —z@q(Lj variables, and —z@cl( 0 variables, respectively.
This requires working with infinite series with inverse powers of characters of 7
The completion of Q(A4) thus obtained is related to the completion in Section
52 when the divisor equations play their main role; namely, when
cl(Lj)(D);tO for some j=1,---,N or cl(L)(D);t 0, and D eMC(B) .
Then,

Proposition. For each smooth family F(—Z,Z’) c Ly, (c L, respectively) the
stationary phase asymptotics of the integral, expanded about the operator critical
point is contained in £; (L, respectively). We will outline a proof (as in [8])
in the last check of Section 7.3, for the mirror integrals and their asymptotics.

The Propositions will be applied in Section 7.3 where a phase function ®
will be given. A further role of stationary phase asymptotics appears in 7.2.
There is the caveat that, when &= Ker(c,(L):)<= @, the expansion will need to
be taken over Kerr. ﬂHz (E//Q(A),ZS
well-defined.

, given that the asymptotics is

7.2. The Quantum Riemann-Roch Theorem

Let £ be the overruled Lagrangian cone of the genus-0 Gromov-Witten theory
of an (almost-) Kihler manifold A4, and £ = dc(')’v) the theory twisted (in the
sense of Example 1.8) by a line bundle over M with the equivariant 1st Chern
class v. The linear map (H(c(‘)'v),Q(c(_)’v) ) - (H,Q) of symplectic loop spaces,
where ¢(-)= Euler;" (-), defined by fi— f/\/; is a symplectomorphism. The

well-known asymptotics of the function

Voo (—xsvin(x))/z Voo
Mev)=y5 S TTE ="T(2),

where F(V/ Z) is the Euler gamma function, is given by
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—v+vln( )

A

['(z,v)=exp

+22m(2m 1)[ jz”” ’

where B, are Bernoulli numbers.

Theorem ([1]).
L=\"T(zv)L"

Therefore, in order to reach our goal, it suffices to represent each of

{H j/*Ujjlf“(_z, y'U, )] }/*IE//a(A) (z) fory # Ker(c1 (L) -),

jer

[OKU F(zaU Hﬂa]Jr UAIIF( a]+ A//')

T#Js

N—

x(a.j.) Leya(n(2) Vi, €@,

”(H\/ﬁ —2,U, +P) ja Ty (2)

jea

and

in the form described by the —z — z version of the Proposition. More precisely,

we represent these series as
q’PS/ZQ’ﬁS/Z x (the form in the — z — z version of the Proposition).
Given any pe H’ (B) and any scalar 6, the multiplication by e % I is the

exponential of the operator —66p+ziQipi6Q’_ which lies tangent to the

Lagrangian cone of the base, by the Divisor equations.

7.3. A Source of Phase Functions for 7.1 and 7.2

This last section reduces to straightforward algebra for a number of equations.

Firstly, consider when the base is the point, in which case there is no 7-fixed

stratum (a, [1, 6]) . The generalization to arbitrary base will follow from the
Lemma. For each AeH’(BT,Q), peH’(B,Q) and F satisfying the

string and divisor equations,

Z@MPF(Z t) Z(/I+p+zp(D))QDFD (z,t).

Proof. From the point of view of the cohomology of the base, A is a scalar.
The l—E//a(A) case.
s\ N+l
Define f: ((C ) — C to be the multivalued function

f(xls"'a-xN9y1a"'9y1)

/ N
=> +ij +4, ln(xj).
a=1 Jj=1

Introduce the complex submanifold
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N !
|4 :{(‘xl""’xN’yl""ayl)|Hx_;-nif Hy;"i(NM) =Vl-,i=1,"’,K+l}
=1

a=1

N+l

of ((C*) , where

(m;; ) (mg ) Ogs

0O - 01 - 1

m’ :=(ma)__ forall a=1,---,K ,and
ij

qiet[ l=1,,K
v, = ~
g, g€ i=K+1, K+I

When the base is the point and /=1, these are the defining equations of the
fiber of E//cz(B) at the fixed-point « . Thus, Corollary can be thought of as a
bridge between the toric bundles theorem [8] and our Main Theorem. In the
sequel, consider the 1-E//a (A) case for ease of readability.

For each ye (E /! a(A))T, in connection with the Proposition, consider the

oscillating integral
Py/zqgaw])ﬁ/_,( 1 j”
N-2nz

XJ. o (0 )z din(y)adIn(x,)A--Adln(xy)
Ure¥ dln((jef)/\dln(qle" )/\---/\dln(qu”(

q

Fy(z,7),
)( )

]RNH—(KH)

where U, <V is the non-compact cycle parametrized by {xj}

The differential operators may be processed at each order of the seggs
F(z) = ZDQDFD (z) Thus, we need not put the truncation condition D <D’
on the series summation index from the start in our computations. Let
x(}f) eU , be the critical point of f |Uy (x, y;A) defined by the condition that
its truncation modulo Novikov’s variables is given by x; = 7*Uj Vj¢y. More

precisely, for each jey, x; (7/) admits a series expansion of the form
caveat that in the case y = Ker(c,(L)-)= & an extension of the Novikov ring
of E//a(A) is needed for the expansion. In this latter case »" = Ker(c,(L)-),

X ) which solves the critical point equations, with the
DeKermNMC

denote also f |u, by fi.,. This requires a check that the expansion of the
exponential of fKe,(xc,‘ )/Z is well-defined, where x, is the critical point
considered above. The well-definedness is needed (later in Section 7.3) for the
pullback series for y:Ker(cl(L)o) combined with the pullback series for
g=1Im(c,(L)-)/c, (L), to arrive at the pullback series for & .

For y = Ker(c (L)-), include the additional terms zln(ée’ )aﬁ(a,[né}]b, in the

phase function. This is required later in Section 7.3.
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Next, we rewrite the integral in terms of x;,Vj¢a; the details are not
included here. Section 6.1 allows us to write the integral, given in terms of the
Taylor series of the exponential etc., in terms of the Mori cone of E//& (A) .

The phase function f1m(,;]( is introduced later in this section. Then

L))/e(L
there is a gluing construction)g)]r( t)he asymptotics of f,, and f, . Since the
summands (ln(C}ef )) z0,, —zj ( )(26 +z0, | appear in the formulas
for f,, , the same terms are needed in the formula for f, . Then, replace
20, = zap(a{]ﬁ]) . When the base is the point, the Mori coneis {D =0} and the
pairings of degree 2 cohomology classes on the Mori cone of the base are all zero.
These are included in the formula for f,,. , to help write down the integral
asymptotics for &= Ker(c,(L)-) =&, using the divisor equations.
Combining the ingredients of
Ay, (ep:2)=y+ .Z}/(xj“ +;, In(x, ))+%(xj +4, ln(xj)),
Ja€ j

we obtain

ef\Uy(x,y;i)/z =<~ ,')~ !

(a)
ddeSH-d pledrd ngm H

xHe"’//Zx;fU//Z*U/( H ; ([])

jer Jjealy

X

, l,
( )d+P
1)
U;(d d)+d+P (D)s
=1 Hjea ﬂ}/Hm =1 mz

By applying the Lemma, we deduce the differential operator version
P/ |z+P/ (D)

Ay & ,
F(zr)= Y (@) "TI(a¢")

DeMC(B) i=1

ef\uy (riz0n) f2

0 (¢¢')" (¢’
a[19] - lef10] .
d d = H_d P o mZHjeyﬂa H:]:(ld) mZHjea” Ny HZi(ld)+d+P( )(D)b mz

<[/ Ul U@ xf”_’(a'["ﬂ)””Fﬁ (z7).

JEY Jjealy

)d+P( 190 (s

X

As described above, the additional shift of the phase function produces the
A9 (p

multiplicative factor (qe )

Multiply the latter by ngy d ln(x j) from the integrand and by the
prefactors on the starting integral, integrate by parts using the gamma function
identities, and take stationary phase asymptotics about the given critical point to
obtain

[H y*U}lr(_Z’y*Uj )Jy Ié”;a( )( z),
ey

where the series 7*15//(1(/1) of the Main Theorem is related to y Ig’;a( 5 by
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7/ Ib[‘)//da? )(Z,t,f,f,q,é,Q)

. d.d - B
(}/ ]g’//ea(A) )D (Z,l‘,l,‘[,q,q,Q)

H‘hﬁ(a{lﬂ)(m&(q (L)+¢ (L)(D)z+mz)

ht4(D'
:Z’A( )><

2
m=1

vD<LD'.

The following lemma (and its modifications for each of y = Ker(c, (L)), and

Im(cl L)) /c1 (L as we check later in this section) is needed for the series
4 [g/ea( )= ZD,d}/ [f//da( 2 Vy=B.
Lemma. Given any complex line bundle L — B and any series
f,(—z r) 2.5.9" ( ’) f07 (-z,z)e L, satisfying the divisor equations
wrt. H (B), the hypergeometric modification series
(g¢' )‘; 0187 (2,7)
de,DeMC(B) Hi:](q (L)+c1 (L)(D)Z + mz)

is contained in the (z — —z ) version of £, for all formal values of z,7,7,3,0 .

The terms of the ansatz of f, (Z,T) are those most relevant for the Lemma. The
Lemma is readily adapted to the restrictions of the main series.
Proof. The cone L[, is preserved by both numerator and denominator in the

ratio of operators on the LHS of

[ 20 (L)+v JA
J.e’x/ xo7 o dx
{J‘ex/zxzeq(; J

td DdD
) £

deZ,DeMC(B) Hm C]E )) ( ( )+V +mz)

(67 ) Dde Z T)
(L

)+V+c1 (L)(D)z+mz)’

JeZ,DZe/:wc(B) H (

where ~ denotes stationary phase asymptotics.

Integration by parts is interchangeable with taking stationary phase asymptotics
(see [8] for example). Thus, simply integrate by parts at each order in Novikov’s
variables qJ,QD , and take stationary phase asymptotics last. The formal
invertible parameter z0, addedto z0,, in the numerator and denominator
operator integrals makes the stationary phase operator asymptotics in the
numerator and denominator well-defined. This requires a suitable completion
on the symplectic loop space H, of the base. However, at v =0 the phase
function of the integrand is —x+z9, ;) In(x), which is undefined at the critical
value x= z@cl( PR This same phenomenion was dealt with in [1] (for numerator
only) where it was noted that although the proof fails at v =0, finally we may

set v =0 in the results thus obtained.
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Henceforth, denote

FoP (z,7) = (zhw%;pfw (z,7)+G2 (=, r)).

For each (a,j,)e (E / a(A))T , in connection with the Proposition, consider

the oscillating integral

o ) N-K+1 x'—In(x")(z0, , +z0;
G e /Z[ : j .[Uexp[ : )( - ) din(x')

N—27nz z
X_[ ef(x,)’;za,\)/z d]n.(y)/\dln(xl)/\Adln(XN) FA (Z,T)a
Uy, <V dln(ée’ )/\dln(qle" )A~~~Adln(qu’K )

where U, xUcVxC is the non-compact cycle RYVED R
parametrized by {y} U{x‘/}jm’% U{x'} . The differential operators may be
processed at each order of the series F(z)zZDQDFD (Z) Then for each
acH (4) and b eH (B) interpret ab to mean a(a,j, )*b . Let
x(a,j,) €U, xU be the critical point of

' =In(x)(e (L)+13(”"’*))+f|ua_ o (xa5A)

defined by the condition that its truncation modulo Novikov’s variables is given
by x, =(a;j+)* U,, Vjea,#j.,by y=(a,j.) U, ,and by

x'=(a,j,) UA,[l,()]f‘ 1}\1/Iofre precisely, f*or eachoj & ?,Ji Jis X (0{,j+z1 a}::lmilts a
. . j y { ~ }_ . .
ettt sqmone Sty o e e ) TS
Combining the ingredients of
Fo, 0 (6 332)
= y+(xj+ + A, ln(xj+ ))+ ,E(x""‘ +4,; ln(xja ))ij_mZ::j+ (xj + 4, ln(xk,)),
we obtain
oo _ (a¢ );»tmm/z K (e )" /e
i
(ae') (a¢")’ Ve P o

x

> ; ey
= U, (d)+d U, (d)
(@d)es [T,5 " mzT ], T 1,57 m=
x; )z _—aU, Jz=B@ID) [ v (d)-d
< TT &/ -,

By applying the Lemma, we deduce the differential operator version

F,(z7)

pleie) [ pla-is)

(x,y;z0
ef"’w.mv(” @)z

INC " ﬁ(ql-eff )Eﬂ/z”"’“(D)

DeMC(B) i=1

S 4 Ul () SR AT
wages [T me] 1, TN =

. —a* —a* U (d) -l @) [, plesis) (py_g .
% H ex]/zxja Uj[z=a'U;(D)-U;(d)-P */z P+) (D) dFAD’D (Z,T).

JEAFE

Apply the operator
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x'— ln(x')(zﬁcl(L) +z0; )
exp

z

to the latter to obtain the additional factor

ot e (D)= e (1)(0)- P )0

Multiply the latter by dln(x")dIn( y)Hjm’¢j+dln(xj) from the integrand
and by the prefactors on the starting integral, integrate by parts using the
gamma function identities, and take stationary phase asymptotics about the

given critical point to obtain

[aU T(-zaU, ) [Tyle.,) UL (= () A”)J

Ji#Js
X(a’j+ )* IE//a(A) (Z)’

where F["”(z,7) is set equal to (zh”( )lAF() (z,7)+GY (z,r)),VDSD'.
Finally, consider the “substrata” Im(c, (L)- /c1 (Lyca  of a,so that we ma
combine it with the “substrata” Ker(c,(L)-)=a . Let f, (x 20,,20 el9) j

denote the expression

- K
ge' ijfl + ij —ln(xj)(zaa*Uj +26P(a_[l‘q) )—l—Zln(qie’i )zapl_a

jea jea

+(1n(63t~ )) Zaf,(w[lf)]) +g[(qie ) m; i Hx 'nﬂ ™ ]

jea
Let (d,d) index the solution set of degrees in Section 6, in the case
82(0!, 1,6 ).Then,

Sim [X§26A ’za“.’(a,[l‘ﬁ}) ]
T (D
e z Ml )FC(.),L (Z,T)
AL Ll L ) (1 (' )e"/z+e"<n>
DeMC(B) i=1
N (5T d
Sl
dd Hm 1 H/eaHm 1

xj)z _~a'U; [z=a"U,(D)-U
<[ Te""x;

Jjga

_ple L) [ pl=18]) ) g :
d)-P' 2P (D)-d _ht (D
Zal )F:().),L (Z,T).
Multiply by ngad In (x j) from the integrand and by the prefactors on the
starting integral, integrate by parts using the gamma function identities, and take
stationary phase asymptotics about the given critical point (and apply the

Lemma from this section) to obtain

T im(er(L))/a (L) [H UAUF(ZUAII)J T im(cy (L))o (L Ve pa(a (Z)

jj#[l,()}

Then, the following Lemma’ will be needed. Consider a version of the second
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Lemma from this section, call it Lemma’, with the changes,

; A= 09) .
¢ 5g" " P for the series f;and

20¢(L)+v +251n(g))/2 *Z(ﬁm(q)w)
—>X

x
for &=1Im(c (L) ~)/c1 (L) and asecond version Lemma”, for y = Ker(c, (L)),

with the same preceding first change, and without any change in the

for the denominator integrand factor,

denominator operator integrand

x(26q(L)+v +201(3) ) / z (Zaq(L)-H/ +201(7) )/ z

—>X

in place relative to Lemma. Then, use

ld; = Zker(er(2)) T Fm(e (L)) (1)

to establish that either restriction is in place, as follows
1 on Ker(c (L)-
(a') " = (03] @)
- ~laf1,0
- \F z
(qe’ ) on Im(c, (L)-)/c, (L)

Then, P(D)= Al (D). In order to arrive at the same net factor series
(whose individual factors evaluate to CI(L) at z=0 in either case), in the
present context of integral asymptotics (derived from either phase function,
respectively), the ratio of operator integral asymptotics from Lemma' or Lemma"
are applied to arrive at the restrictions of the main series correspondin% to either
substrata of &, respectively. In the former case only d+P a’[l’? ) (D)<0
contributes, while in the present case only d+¢ (L)(D)+15(a’[l'o]) (D)=0
contributes to the summation index, due to the cohomology restrictions of the
main series corresponding to 7 ker(er (1)) and 7 (e (1)) L),respectively.

Thus, the sum of the two series is a section of

a4 £;® ”zm<c.<L>»)/cI<L>£§'

Ker(e (L))

The factors of gamma functions from the quantum Riemann-Roch theorem
(Section 7.2) can be lifted from either” of (the loop spaces based on)
Ker(c,(L)-),Im(c,(L)-)/,(L) to the requisite product of gamma functions on
(the loop space based on) the cohomology of E// a(A). In order to establish
that the sum of the two series is a section of EZ , it suffices to establish that the
asymptotics derived from the two phase functions f), (x,/i,ﬂ') and
fK”(x,/i,/l’) can be obtained from the asymptotics derived from a phase
function valued in H° (E /la(4)) , denote it by ¢ . The following
constructions will involve an extra step, defined in terms of additional
parameters v,w graded-homogeneous of degree 0, for the asymptotics. Thus,
the phase function ¢ will not quite be the lift of either separate phase function.

The main role of the stationary phase asymptotics is to provide a common

BThe latter is interpreted as Im(c, (L) ) . The Poincaré pairing on H"(B), when pulled back to
either subspace, may have a non-trivial kernel which makes the quantization formalism undefined.
The loop space formalism will only be used on H” (07 (B)) , and the resulting series has well-defined

restrictions to either subspace.
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translated domain point (in terms of the differential operator critical value of the
phase function) of the series Fj (Z,T) of the cone L, in either case of
erlaty) ©F Fin(a(r))a(L)" This subtlety comes from the Proposition before
Section 7.2.

The stationary phase asymptotics of operator integrals applied to F; (Z,T) ,as
an analytic function in z describes the simple poles and zeroes of the restrictions
of Iy yua
positive orders. The poles at z=0 from the operator integral asymptotics

as Taylor series in z except for the poles at z=0 which are of all

applied to F; (Z,T) are partially accounted for in the toric bundles case by the
differential operator critical value of the phase function in the stationary phase
asymptotics of the operator integral applied to F, (z,‘[) , which includes a shift
of the domain variable of the series F; (z,z') .

The x variables of critical points of ¢ are graded inhomogeneous in the
present non-toric bundles case, rather than being graded-homogeneous of
degree 1 as in the toric bundles case.

The mirror phase function ¢ is defined as follows. Begin with the mirror
phase function of Ker(c1 (L)) Then, replace the additive monomial y by
vw+wy'. Then, add the terms with zaﬁd that appear in the mirror phase
function of Im(c,(L)-)/¢, (L), considering P* as an element of H,(&).
Begin by putting z0; —> A" and 20,, > A;. Let u, (A',4) be the critical
value of the phase function. Then, replace 4, — z0 A, V=L N and
l'—)z@}a&. Namely, interpret the operator integral with the new phase
function also by stationary phase asymptotics, using the D -module generated

by F, toprocess the operators z0,,z0,; in the critical value u, (26 29205 ),
exp(a% ey 0(20,,20,, )j F, (z.7).

The exponential of the differential operator produces the shift

F, (z,r—ku‘g (A.’f?d 0)13)

of the series F, (z,T). This latter step is along the same lines as for the

or 7w of the main series.

cl(L)-) Im(c](L)-)/(:l(L) |
The main new technical ingredient is that the sum vy+wy  is graded

(o) expands as

preceding restrictions of T

inhomogeneous. The exponential ¢
i ! n #\—(2m—n
’;(l/z”)r;)vmw"’m (mj(Qe’) ( )gxf.”’”.

The exponents m and n—m give the exponents 2m-—n. Let us now
compute the integral, integrating by parts (before taking asymptotics). The
integration by parts replaces each factor of x; by linear degree 1 terms
( ;(+az) in the numerator (m > 0) or denominator (m < 0) , contributing to
the simple poles and simple zeroes in z These simple poles and simple zeroes,
that are not centered at z =0, are analytic functions in z that can be expanded
as Taylor series in z For a net x] integration by parts term, there is a

corresponding product of m degree 1 factors in the numerator or denominator,
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respectively. The result of integration by parts of the exponential expanded as
above, with the factors of the gamma functions, is thus of the form (ignoring the
factors of the gamma functions for now),

;(l/z") z (éef )’(2'"*") H(degree 2m—n Z-Sel'ies)j .

0<m<n JjEa

The critical point equations o, ¢(x,y,4,4")=0(V/'¢ a) read
-7
_ a7 - ~ 7\ 1
0=1-wx,ge ij —w(qe ) . H XXy (z@a*U/ +Zaiﬁ)
JEa JEA,JF] :
K K -1 K (! .
B B A\mg): Z,:l(”’a ) RN
1 1 4 e sk
(), 1l 117 )
a,i= a i= jea
The coordinates {xj}_ of the critical point of the phase function can be
jea
solved for recursively and uniquely from the critical point equation and the
* ~la,|1,0
initial conditions x; =a U, +P( 1) modulo Novikov’s variables, Vj¢ o, as
follows. The uniqueness assumes an expansion in both non-negative powers of
g, and in positive powers of G each multiplied by a polynomial (or power
series) in the variables

-1

i=1
In addition, require positive powers of § ' to be bounded at any given order
q*, where d= Zlenada € MC(E//a(A)),na >0 Va=1,---,K, as in the series
expansions of the critical points of the mirror integral for the phase function £

Namely, for y = Ker(c,(L)-), the support of the series 7'F(z,7) isgiven by
d+ ") (py <.

Let us now describe a feometry in the parameter space v,w, in order to
z

vy w”]
effectively reduce e( oo

from the ¢ integral asymptotics, to

e e 1 for taking asymptotics as above with v=0,w=1 and
v=1,w=0, adding the two exponential functions. From there, we will arrive at
the sum of pullback series, as required. Thus, we need to reduce the exponential
to the sum of exponentials, while still giving a point on the cone Lj. This
suggest starting with a variety vw=1 and deforming it to vw=0 on the “¢
asymptotics”. Thus, we will arrive at the “direct sum of asymptotics”, by working
with the “¢ asymptotics”. Thus, consider the curve vw=¢g. Our goal is to
arrive at the “direct sum of asymptotics”, by taking the limit & -0 in the

following,

(Resv_o i v"Fy (z,7;v,w)+ Res, _, i w'Fy (z,73, w)j

n=l1 n=1

The terms of the expansion with positive powers of v and of w together, can
be grouped as powers of wv=g¢, together with factors of v or of w only,
respectively. Thus, consider the terms of F, in non-negative powers of valone

and in positive powers of w=¢/v alone, respectively. The multiplications by
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powers of v' each preserve the tangent space of the cone at the points
F, < £,. Then, the residue integral about v=0 picks out the given terms of
F, with non-negative powers of vonly.

Similarly, consider the terms of F, in non-negative powers of walone and in
positive powers of v=¢/w alone, respectively. The multiplications by powers
of w™' each preserve the tangent space of the cone at the points F, c L,.
Then, the residue integral about w=0 picks out the given terms of F, with
non-negative powers of wonly.

Let v,w depend upon ¢ via proportionality to Je . As &0, the critical
value (that depends on v,w) converges to a critical value that is well-defined at
(v, w) = (0,0) . Then, the sums of residue integrals are computed near the same
limiting tangent space (& —0) of L, at the point F, with domain variable
7 shifted by the critical value of the phase function at the point (v, W) = (0,0) .

The dependence of F, on v,w can be computed by integration by parts
before taking asymptotics, so that the critical value does not depend on v,w,
taking stationary phase asymptotics at the last step for the gamma functions. The
integration by parts series with the factors of the gamma functions is of the form
(ignoring the factors of the gamma functions for now).

< 7 \~(2m=n)

0" (@) 1) ¥ (o)

n=0 0<msn
xH(degree 2m-n—-¢ (Uj + ﬁ(a’[l’o])j(D) z-seriestlf (z,7).
jea

As & — 0, the only terms that are non-vanishing are m =0,n. The m=0,n
terms are supported along non-negative powers of 4, In this way, the sum
of the two evaluation series-the function evaluations at v=1,w=0 and at
v=0,w=1, as well as the above formula in terms of residue integrals--are the
same.

The summation index n is identified with the Novikov's variables exponents
d+P «{14] (D). The analytic continuation convention then gives the condition
n=0. From the fact that the integrals produce the correct series as restricted by
7 ker(e (1)) and T (e (1))a (L) it follows that the supports are correct too. That is,
7 ker(er (1)) is supportedon n<0 and 7 (1)) (1) is supportedon n=>0.

Finally, let F}(z,7) denote the series before applying the Lemma’ or

Lemma”, as above; then consider the series

(ﬂKg,,(q(L),)@ﬁa/_qua/_z (Lemma”)+ ﬁ]m(CI(L)')/CI(L)qﬁ“/—qu"’/_z (Lemma’))Fé”e (z,7).

The numerator and denominator from the Lemma’ or Lemma” in the ratio of
asymptotics, each produce the same net shift in the domain variable. Thus, the
domain variable stays the same in either case, as required.

In summary, the series F® is contained in the cone L5, and is obtained
from the section of the cone £j§ depending on parameters v,w, obtained from
the stationary phase asymptotics from the mirror integral operator with phase

function @ appliedto Fy (z,r) as above.
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