/
@ Scientifi
o208 Resoaren

0.:0 Publishing

Advances in Linear Algebra & Matrix Theory, 2019, 9, 35-42
http://www.scirp.org/journal/alamt

ISSN Online: 2165-3348

ISSN Print: 2165-333X

Numerical Radius Inequalities for Sums and
Products of Operators

Wasim Audeh

Department of Mathematics, Petra University, Amman, Jordan

Email: waudeh@uop.edu.jo.

How to cite this paper: Audeh, W. (2019)
Numerical Radius Inequalities for Sums
and Products of Operators. Advances in
Linear Algebra & Matrix Theory, 9, 35-42.
https://doi.org/10.4236/alamt.2019.93003

Received: June 13, 2019
Accepted: July 7, 2019
Published: July 10, 2019

Copyright © 2019 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract
A numerical radius inequality due to Shebrawi and Albadawi says that: If
A,B;, X, are bounded operators in Hilbert space, i=12,---,n, and f,g

be nonnegative continuous functions on [0,00) satisfying the relation

f(t)g(t)=t (te[0,%)), then

Wr (iA*XIBIJS%_l 2([A*g2 (|Xi*

for all

INECIRCIEN

r>1. We give sharper numerical radius inequality which states that: If

A,B;, X, are bounded operators in Hilbert space, i=12,---,n, and f,g

be nonnegative continuous functions on [0,0) satisfying the relation

f(t)g(t)=t (te[0,=)), then

w' [ZH:A*XiBi\JS nr; iZ:,[A*gZ (|Xi*

—a where

)] [ere(x))a]
)A] x,x>1/2 —<[Bi"f2(|xi|)8i]r X, X>MJ2.

Moreover, we give many numerical radius inequalities which are sharper than

i=1

@ =sup nz Z[<[A*gz(|x?

i=1

related inequalities proved recently, and several applications are given.
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Numeriacl Radius, Operator Norm, Operator Matrix, Inequality, Equality,
Offdiagonal Part

1. Fundamental Principles

Let B(H) denote the C”-algebra of all bounded linear operators on a Hilbert
space H. In the case when dimH =n, we identify B(H) with the matrix al-
gebra M, ofall Nxn matrices with entries in the complex field. The numeri-
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cal radius of T e B(H) is defined by
W(T)=sup{|(Tx, X>|ZX€ H,||x||=1}. (1)

It is well-known that w(.) defines a norm on B(H ), which is equivalent to

the usual operator norm. Namely, for T e B(H ), we have
T
@SW(T)S"T" )

These inequalities are sharp. The first inequality becomes an equality if
T? =0, and the second inequality becomes an equality if 7'is normal (see [1]).

An important inequality for w(T) is the power inequality stating that
w(X")<(W(X))" for n=1,2,- see ([2]: p. 118).

An important property of the numerical radius norm is its weak unitary inva-
riance, that is, for X e B(H),

w(U"XU)=w(X) 3)

for every unitary U e B(H). For further information about the properties of
numerical radius inequalities we refer the reader to [2]-[7] and references there-
in.

Let H,,H, be Hilbert spaces, and consider the direct sum H =H; ®H,. By
considering this decomposition, every operator T e B(H) hasa 2x2 opera-
tor matrix representation T = [T” ] with entries T; € B (H,®H,).

2. Introduction

Hirzallah, Kittaneh and Shebrawi have proved in [8] that:
If Xe B(H ) , then:

M+|||Rex||_||lm X"| < W(X)

> > 4)
also, they proved that:
If X eB(H), then:
rex|-L31| - fimxj- 1]
X 2 2
H+ + <w(X) (5)
2 4 4 -

Moreover, they showed that:
if XY e B(H), then:

WHO XDSW(X +Y)+w(X-Y) ©)

Y O 2

Shebrawi and Albadawi have proved in [9] that:
If A,B,X,eB(H),(i=12,-,n) and f,g be nonnegative continuous

functions on [0,o0) satisfying the relation f (t)g(t)=t (t IS [0, oo)) , then:

w' (izn;Aﬁ*XiBijS )AT+[Bi*f2(|xi|)Bi]’)

-1 n

(EER(S

i=1

nr

)
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forall r>1.
In the special case, where f(t)=t“ and g(t)=t"%, ae(0,1), they proved

that:
X[ BUH (8)

r-1

W'[ZA{‘XiBijs ”2 X
i=1

Z;([A ) 5 } +[B{“

In particular, they proved the following inequalities:

1)
W(-zn:A*XiBijS% .n (N X{|A+B Xi|Bi)H 9)

2)
w' (iznlzxijs nr271 g“xr 2r(1—K)+|Xi|2rk) (10)

3)
Wr(ix‘jé%luzax'* o[ (1)

4)
Wr(X)S%H(|X|r+|X* r) (12)

The main purpose of this paper is to give considerable improvements of the
inequalities (7), (8), (9), (10), (11), and (12). In order to achieve our goal, we
need the following three lemmas which are essential in our analysis.

The first lemma was proved in [10].

Lemma 1If a,b>0 and 0<v<1, then:

a'b®") +k(Va—vb) <va+(1-v)b (13)
where k =min{v,1-v}.

1
If v= >’ the inequality (13) becomes an equality where

(o)

2

a+b
ab = -
\/_ 2

(14)

The second lemma follows from the spectral theorem for positive operators
and Jensen’s inequality (see [11]).

Lemma2 Let TeB(H), T>0 and xeH suchthat |x|<1. Then:

1) (Txx)' s(fo,x> for r>1.

2) <T'x, x> <(Tx,x)" for O<r<1.

The third lemma was proved in [11]

Lemma 3 Let TeB(H) and X,yeH be any vectors. If f,g are non-

negative continuous functions on [0,00) which are satisfying the relation
f(t)g(t)=t (te[0,=)), then:
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(T, y)|2 <(|7|x, x><|T| Y, y> (15)
and more general,

Tyl = () xo)(g 1)) .v) 1)

3. Main Results

The first result in this paper is numerical radius inequality which is sharper than
the inequality (7).
Theorem 3.1 Let A,B,X,eB(H), i=12---,n, and f,g be nonnega-

tive continuous functions on [0,00) satisfying the relation f(t)g(t)=t
(t e [O,oo)). Then:

w' (zlA*XiBiJS 5

—-a (17)

S[Ag(xi]a] [ (xpa T

where

r-1 n 12

oy E{ (o (AT o

_<[|3i*f2(|xi|)Bi}r x,x>]/zj2 (18)

Proof.
(A %8 )rxf
" <(A"X.B_)x x>‘

«(Zh )

(z.llX xAX)

(v e (o anar)” |

<t (B 1 (X, B, x>' (wa? (xi)) axx)”
gnr-lzi":<(Bf (1x))8, > <(A |X| ) >2
o E(E e a) xx){(ag () A) %)

- {zr{<(srf2<|xi|)si>’ ) —<(A*gz(|x:|)A)r >H
Taking the supremum over all unit vectors X H , we get
W (XIAXB)

A xl)a] e x|

2

n
<
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r-1

([ xi)a] ) ([ (e ] >J
] ]

Remark 1 In view of the inequalities (7) and (17), it clears that the inequality

.

(17) is sharper than the inequality (7).

As special case of the inequality (17), let f(t)=t“ and g(t)= t,
x €(0,1), we will get the following inequality which is sharper than the inequa-
lity (8).

Corollary 4 Let A,B

o X;eB(H), i=L2--n, rx1, and O<x<l.
Then:

(s

r.Ir—l
2

X!

W (Z::A*XiBiJS 2(1-x) A}r +[Bi* xi|2" Bi]rju—ﬂ (19)

where

ﬂ=sxug”;lé{<[x z(lK)ATX,x>M—<[B? xi|“Bi}'x,x>“J 20)

In particular, if r=1, « =% we get the following inequality which is char-

X *

per than the inequality (9),

w[iA*xiBijs%

X!

A +Bf

S

XiIBi)H—y (21)

where

X!

1 . 12 . y2\?
y:supEzMA A]x,x> —<[Bi Xi|Bi]x,x> ) (22)
X=1 £ i=1
By letting A =B, =0 in the inequality (19), we obtain the following inequa-
lity which is sharper than the inequality (10).
Corollary 5 Let X, e B(H), i=12,---,n, r>1,and O<x <1. Then:

r-1
o[ ) gt e

i=1

-n (23)

where

. Y2 2
2r(1-«) X, X> _<|Xi|2rx X X>1/2J

Letting K=% in the inequality (23), we obtain the following inequality

17 =sup n i[<|x

M 2 i3

which is sharper than the inequality (11).
Corollary 6 Let X, e B(H), i=12,---,n,and r>1.Then:

[

r+|xi|r) ¢ (24)
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where

"X, x>1/2 —<|Xi|r X, x>mj2 (25)

In the inequality (24), replacing X,, X;,---, X, by 0, we have the following

¢ =sup " zn:mx,

M= 2 i3

inequality which is sharper than the inequality (12).
Corollary 7 Let X eB(H), r>1. Then:
)

A ’
s=sp{{pe e )

Now, we will prove the following inequality which is another version of the

w'(x)g%H(|x|'+|x* ¢ (26)

where

inequality (6).
Theorem 3.2 Let A BeB(H). Then:
[0 A7) 1A )
B O 2
Proof. Let U l{ _I}th Ulis unit d
roof. Le = , then Uis unitary, an
NI Y

|
|
W 0 A —wu*0 AU ((by Equation (3))
B oll™ B 0 y Equation

1 [_—B—A —B+AD
==W

2 \|B-A B+A

1

(e 3

aﬂw ”[Buﬁ (3 )
snce 4 A <005 (" QDMMIL

% 7]
and{_BB _B} =0, so W[ B _BD:¥="B")-

B B B 2

Chaining the inequality (27) with the inequality (4) yields the following in-
equality.
Corollary 8 Let A,BeB(H). Then:

{2 £]Jentarener LAAmA [Recthme]

2 2
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Proof. In Theorem 3.2, apply the inequality (4) on the right side, we get the
result.

Chaining the inequality (27) with the inequality (5) yields the following in-
equality.

Corollary 9 Let A BeB(H). Then:

A i A=A
wﬂg S\D<w(A)+W(B)‘”R A'l HZHU"I A HZH‘

4
(29)

es]-I5]
2

- 12]
2

4 4

Proof. In Theorem 3.2, apply the inequality (5) on the right side, we get the

result.
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