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Abstract

An alternative approach to the usual Kaluza-Klein way to field unification is
presented which seems conceptually more satisfactory and elegant. The main
idea is that of associating each fundamental interaction and matter field with
a vector potential which is an eigenvector of the metric tensor of a multidi-

mensional space-time manifold V" (n-dimensional “vierbein”). We deduce
a system of field equations involving both Einstein and Maxwell-like equa-
tions for the fundamental fields. Confinement of the fields within the ob-
servable 4-dimensional space-time and non-vanishing particles’ rest mass
problem are shown to be related to the choice of a scalar boson field (Higgs
boson) appearing in the theory as a gauge function. Physical interpretation of
the results, in order that all the known fundamental interactions may be in-
cluded within the metric and connection, requires that the extended space-time
is 16-dimensional. Fermions are shown to be included within the additional
components of the vector potentials arising because of the increased dimen-
sionality of space-time. A cosmological solution is also presented providing a
possible explanation both to space-time flatness and to dark matter and dark
energy as arising from the field components hidden within the extra space
dimensions. Suggestions for gravity quantization are also examined.

Keywords

Field Theory, Field Unification, General Relativity, Standard Model,
Elementary Particles

1. Introduction

In some previous papers [1] [2] [3] we proposed a first tentative approach to

DOI: 10.4236/jamp.2019.76089

Jun. 30, 2019

1304 Journal of Applied Mathematics and Physics


http://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2019.76089
http://www.scirp.org
https://doi.org/10.4236/jamp.2019.76089
http://creativecommons.org/licenses/by/4.0/

A. Strumia

field unification based on the usual Kaluza-Klein theory [4] [5] [6] and extension
to non-Abelian Yang-Mills fields [7] [8]. Here we develop an alternative way to
attack the problem, which appears to be conceptually more satisfactory and ele-
gant. Our proposal is based on the idea of associating each fundamental interac-
tion field with a vector potential which is an eigenvector of the metric tensor of a
multidimensional space-time manifold V" (n-dimensional “vierbein”). It is re-
levant to observe that within an n-dimensional space-time, the metric tensor,
when represented onto the basis of its eigenvectors, yields a connection involv-
ing a 2-index antisymmetric tensor of the same form as a non-Abelian Maxwell
tensor which may be related to the fundamental interaction fields in a quite nat-
ural way.

Sec. 2 examines such a formulation of general relativity in z space-time di-
mensions.

Sec. 3 presents a system of field equations involving both Einstein and Max-
well-like equations for the interaction fields.

Sec. 4 is concerned with the problem of confinement of the interaction fields
within the observable 4-dimensional space-time and shows that a non-vanishing
particles’ rest mass arises thanks to a suitable gauge function which can be re-
lated to a scalar boson field (Higgs boson).

Sec. 5 is devoted to a physical interpretation of the results and the conditions
to be required in order that all the known fundamental interactions, (gravita-
tional, electro-weak and strong) may be included within the metric and connec-
tion. As we will see a 16-dimensional space-time is required to fit the standard
model of elementary particles [9] [10].

Consideration on the placement of fermions within the theory will be the
subject of the Secs. 6-8, while in Sec. 9 we examine applications to cosmology of
the theory.

The last two sections propose a new way to gravity quantization starting from
a suitable energy-momentum tensor of the gravitational field. A complete pres-

entation of the theory and much more has been proposed in my book [11].

2. Tensor Representations onto the Basis of the
Eigenvectors of the Metric

Let us consider an n-dimensional space-time manifold V", endowed with a
symmetric metric g of signature (+,—,---,—) and a torsionless connection I'.
In any local frame S a point x is identified in V" by its co-ordinates X*,
with 7=0,71 =1,2,---,n-1. As usual X° is the observable time and X' are
space co-ordinates. The non-underlined indices ( g,v,---=0,i=1,2,3) are re-
served to the physically observable components, while the underlined Latin ones
(J,K,--+=4,5,---,n-1) identify the non-observable extra components. The con-
nection is given by the Christoffel symbols:
1

a _ ap
rf/? _Eg (gﬁﬁf_{—g?ﬁ,ﬂ_gﬁ?,ﬁ)’ (1)
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the inverse metric tensor g% begin defined, as usual, by the relation:

97795, =57 )

2.1. Metric Tensor and Connection Coefficients

The nlinearly independent eigenvectors {a(‘;) ,060=0,12,---,n —1} of the metric

tensor fulfill the orthonormality conditions:
gﬁfa(ﬂﬁ)a(vf) =)z 6. 7=012-n-1, (3)
where (77(5)(?) ) =diag(1,-1,---,—1). Then:
- ()5 = (@)
Yar =My r8 & = et 4)

v

provides its representation onto the basis of its eigenvectors. These orthonormal
eigenvectors are undetermined by an imaginary exponential factor €' which
leaves unchanged the real metric tensor components, provided that the complex
scalar product a(E)ﬁa‘f) replaces the real product aﬁ)ﬁa‘f). This degree of
freedom allows periodic wave propagating field solutions (see Sec. 4.1). In the
following we will drop the * complex conjugation mark, leaving it as unders-
tood, to avoid too heavy notations.

The representation of the connection coefficients relative to the basis of the

eigenvectors becomes now:

T = %(a@)hfv‘? a3 — 1387 ), (5)
with:
e =al7 —an) +Cl),a al?,
&5 = 97 fapa (6)
N =4l ol

Significantly the connection includes antisymmetric non-Abelian tensors
fields and a symmetric non-tensor field h/(?. It is convenient to introduce also

the new symbol (reduced connection):

a 1 a K(o)
e :Ea(g)hm. 7)

Then the complete expression of the connection in V" writes also:

_,a 1 () g a (%)
e =7 =5 (&7 10+ 10,87) ®)

r

IR

Arising of non-Abelian Maxwell-like tensors f(g)ﬁ within the connection
coefficients suggests that the electro-weak and strong interaction fields may be
included into the metric tensor in a unified field theory when the space-time

dimensionality is greater than four.

2.2. Ricci Tensor

The Ricci tensor:
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-rZ 14 +12 17 9)

mav " gp v ap’
is now to be evaluated on the basis of the eigenvectors of the metric. The follow-

ing auxiliary notations may be useful:

a a a a 1 () ¢fa @ (%)
rﬁv =Yav gﬂv ' g*v = _E<a/7 f(a)v + f(a)pav ): (10)
from which we obtain:
a a a a 1 a ,(o) v oa (o) sam
Uie = Vaa + Yaar gﬁ’ = _E f(g);,ag , g” g;,; =-q; f(E;ll (11)

thanks to the symmetries. Calculations leading to an explicit representation of
Rz, interms of f(g)v, h}? and their derivatives are very heavy.

But under the covariant Lorentz gauge condition:
(Vlglag,) ) =o. (12)

which can be shown to be equivalent to:

f al? =0, (13)

G)u-a
relevant simplifications arise, resulting:

e =Vis Go.=0, g"'Gi =0. (14)

v

(15)

where colon (:) denotes here the covariant derivative respect to the reduced

connection and the notation:

i 1
a@

‘W)_z(n—z)

1 (&) @B @ B
jﬂv :_E(a&:ﬁ f( +f (&) g;,v _gﬁﬁgvav (16)

(e)a

Q| |I

W

has been introduced. It is convenient to represent also:
1@ (@)

Toe =587 (T + Aoy )+ 87 (s + Ays ) | 1)

Jo =Tar¥) Aan = Aoy
where A;, is arbitrary, at present, adding vanishing contributions to 7,
and R, because of antisymmetry. As we will see in Sec. 5 the tensor A, in-
troduces a degree of freedom that will play an important role to fit elementary par-
ticle current densities. The Riemannian covariant derivatives will be replaced with
non-Abelian covariant ones D f(‘(’;‘)ﬁ , when required. Eventually we obtain:

) ¢ @ 1

_Pp (5) sa (@) gap
Rﬁ’ = Rﬁ? — f&ﬁ (&) +m f&ﬁ f(g)ﬁ gﬁ’
1 @ a
_Eaﬁ (Da f(&)v Y)W _'A(&)v) (18)
1 @ (@)
‘E(Da O L
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the trace of which is given by:

e (@) faf _ ()8 a__ -
R=R f&l? f(g) a (Da f(&)B ‘7(5)5 A(E)E)' (19)

3. Field Equations

If the Lorentz gauge holds, being equivalent to (13), the Einstein field equations

become:

+la(5)B(D fa —j )g _ g (20)
> (@5 =T = A5 | 9ar ~Age
_f@ge _Liwgar
=127 foy 2 fap (o) 9ur
Introducing the new variables:
1
Aoy = E(D &= Tiayn = Ay ) (21)
and the energy-momentum tensor T[f] of the fields fﬁ, defined by:
(T = 1912, _% (010, (22)
we obtain the following system of field equations
S5 1= o c
Rﬁf—ERgW—ag)/l(E), o @A g Ay =K THL(23)
Dz i@ =T ~Aein = 2ho)a (24)
Now, if we represent /1(&),7 onto the basis of the vector potentials, as:
— 4o (7] _ (@)
Aoa =4 gz A7 = Az @70, (25)
and the current density:
- (&)
Yoy = Jioya * Asya +24 oy (26)
we arrive at a physically relevant form of the field equations:
Ry —= Rg (,1[”] +A)a, a7 = «Tl), (27)
S g =J5 (28)

Thanks to the Lorentz gauge and the symmetries the last Equation (28) results

also equivalent to:

ap (@) _ 1(3)
g DaDﬁa/7 =JY, (29)

o

4, Field Confinement and Particle Rest Masses

4.1. Vanishing of Particle Rest Masses in V*

Let us consider the D’Alembertian field equation governing the potential a(;)
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in absence of currents:

g*’a’) . =0. (30)

We separate now the 4-vector components in V*, which will be interpreted

as related to the physical interaction fields carried by bosons, from the remain-

ing extra components:

afg@)

g aﬂm_o, 1,2,3

. (31)
9’47 =0, 1=45,,n-1

The latter components behave as scalars when observed within V* and may
be associated with the matter fields governing fermions. The previous equations

can be developed as:

g’al?) , +g”a” e el +a¥al), =0, (32)

g”a7), +9”a

5: +g9™a7) +g™a’, =0. (33)

Physically we need to preserve covariance respect to any transformation of the
co-ordinates within V*, which are observable, while we may lose covariance
respect to transformations involving the extra co-ordinates in the entire V",
since the latter are seen as scalars when observed from the physical space-time
V*. So separate complex solutions are allowed to the 4-vector field Equation
(32), ie:

a =c ( |k[ ]x”+iki['ﬂxi, (34)

,u

and for each one of the V*-scalar Equation (33):

= '[El]x“ﬂk.[‘ﬂ]x!

af) = cf")e'k“ n (35)

The distinct wave numbers kgg] (components of a four-vector) and k. (1]

(scalars for an observer living in V*) are allowed to assume different values for
each index |, related to the field a!(E) . In correspondence to these solutions
Equation (32) and Equation (33) may be written as equivalent to Klein-Gordon
equations [12] [13]:

_ m2.c? _

98l + ) =0 G6)
omi et

g”al7), + Zg a”) =0, (37)

where:

h\/ ZgJﬂk[o- ] gjkko]k[]
(38)

:EW%QQM@ﬁkfﬂ_gK@ﬁmFQ

The covariance, which is broken in the extra space, while it is preserved in

V*, allows different rest mass values which will be attributed respectively to bo-

DOI: 10.4236/jamp.2019.76089

1309 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.76089

A. Strumia

son vectors carrying the fundamental interactions and to fermions characteriz-
ing the matter fields. Manifestly a non-vanishing particle rest mass is related to
the dependence of the vector potential on the extra co-ordinates X'. So the re-
quest that the fields aff) , al,(E) are confined within the physical space-time V*
so that they depend only on the observable co-ordinates X”, is equivalent to
impose that the particles associated with those fields have vanishing rest mass:

=0, Mgy = 0. (39)

G| Gl

my

4.2. Particle Masses and Scalar Boson Gauge Fields

Now we will show how non-vanishing particle rest masses are related to the
presence of the n-scalar gauge fields #'“), which seem to play a role similar to
the one of the Higgs scalar boson field (see [14]-[19]). But here a different mass
generating “mechanism” is presented, which is based on a suitable gauge choice
which is established in order to ensure the confinement of the physically ob-
servable fields.

In fact, as it is well known, the n-vector potential aﬁf) is determined except

for a gauge transformation:
@) (@) 4 4®
a, —a; +¢., (40)
where the n-scalar field ¢(E) is required to fulfill the D’ Alembertian equation:
g7’ 97 =0, (41)

so that the Lorentz gauge is preserved. We point out that those scalar fields do

not appear in the observable tensors frﬁ? which are gauge invariant, since:

e =al-al =(a7 + 47 )~ (2 +45r )

Then the dependence of ¢ on the extra co-ordinates X' does not affect
the observables f/,ﬁ‘? and cannot be detected by direct observation within the
physical space-time V ‘. Introducing now a wave solution for ¢(5) like:

5) iKL?]x"%iK[E]xi

¢ =ce 1 (42)
into (41) we obtain the Klein-Gordon equation:
. MAC®
9747 +—3—¢7 =0,
h (43)
h P (7] _ qik e [al[o]
M[E]:E\/—zg— KK — gl K K,

We remark that while a single solution ¢(E) is required for the covariance of
the 4-vector ¢'7 in V*, different solutions:

¢(5!) EC(gl)eiKL(E!]xanKi[&!]xi, (44)

are allowed for each value of the index |, to obtain extra components qﬁ:(f),
each of them being a scalar respect to transformations of the co-ordinates X*

within V*. So different masses:
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Mz = %\/ -2V KK - g K{TIRG, (45)
arise for the scalar fields contributing respectively to bosons (M[E]) and fer-
mions ( M[Eu ).

If we choose a gauge such that that af) depends only on X” (so that
Mz =0 ), while ¢(E) (which is not observable in V*) may depend also on X',
then the gauge transformation (40) implies into (36):

2

2
aff ( aff [E]C (@) _ 0
g a +g ¢yaﬁ hz ¢;” - (46)

which in correspondence to the solution(42) for the field ¢ may be written
as:

MZc?
g”a’?). , +g”iklg?) +—;’2] iK[7lg@ =0, (47)
so preserving the gauge invariance, thanks to (43), resulting:

g“”aﬁj’a =0, (48)

We now perform the following transformation of field variables:
a) = %(a@ +iKIg 7)), RIS - ¥ (iKEf]¢(E) —a7), (49
the inverse of which is given by:
o)) == (8) <RG0 = (iRBO 18 (50
From (50) into (48) we obtain:
9787, K97 g7, =0. (51)

And from (50) into (43) we have:

o (404) 4 iRI7)5 MES (o) . ool
g ”( +iK 7 )M+h—2( +iK. g\ ): (52)
It follows:
_ M2Zc® MZ2.c? . _
g"/’aﬂ;ﬂJr;—z]aL“)JriKE’{ ""’¢aﬂ+ ;1] 4 |=o0. (53)

After the transformation the fields é(;),gz(‘?) are required to fulfill the

Klein-Gordon equations:

me.c?
9”&, +—[hl a7 =0, (54)
o MECE
9747, +—0—¢7) =0, (55)

where rﬁ[E], I\7I[E] , are to be determined. Combination of (54) and (55) with (51)
and (53) leads to:
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22 ag2 \4(0) _ 22 ag2 )49 72 _n2 \iwlalzE) _
(s ~ME) )& =0, (1) —M) )&+ (MG —ME JiKE =0, (56)
Then the relations between the masses result to be:

My =Mz Mg =M. (57)

Non-vanishing particle rest masses arise and are equal to the respective scalar
boson masses. Further gauge transformations: af) - af) + f;f) (X“) remain
possible involving only the observable co-ordinates X“, while the gauge is fixed
in the extra space-time. The same procedure can be implemented also respect to
the extra components al(g) , obtaining the rest masses:

m_.,=M

gl (58)

[zl
which will be related to the fermions (leptons and quarks) as we will show in the

next section. We emphasize that the gauge fields ¢(5) may be related to only
one scalar field @, according to the relation:

# =508, (59)

where g[ﬂ are coupling constants of the vector potentials with a single scalar
boson field, for which the solution:

: e
IK X" +iKjxt

®=Ce , (60)
fulfills the Klein-Gordon field equation:
2.2
gD, , +Mh—cq>:o. (61)

2

Then it results:

-y gle]
¢(5) _ 5[(?5]) CeiKaxaﬂKix! )g '
(62)
& &) A [F] g ol 5 5
¢;(;7) - Kﬁé'[(?])g[ lpd™ = g[ ]Kﬁ¢( ).
And being 47 = K[71¢!?), we obtain:
K = gl . (63)
Then the masses of the vector bosons carrying the interaction fields would
become:
rﬁ[g] = g[E]M 1 (64)
being:
h ip ik
M :E\/_zgi KK, - g% K K, (65)

The values of rﬁ[ | depend on the coupling constant with the scalar boson of

G
mass M. Similarly the masses of fermions result:

My = g®Im, (66)

being:
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¢(5!) _ 5[(;? g [ﬂ](l), (67)

and g™ the coupling constants of the fields a!(E) with the scalar field @ .

5. Interaction Fields (Bosons)

5.1. Gravitational Field

The present section is concerned with the physical interpretation of the compo-
nents of the vector potentials. We start considering the free gravitational field in
ordinary space-time V*.

1) n=4

In ordinary empty space-time, when no extra dimensions are present (stan-
dard general relativity) the metric tensor is interpreted, as usual, as a free gravi-
tational field. Therefore its eigenvectors aL“) may be conceived as the vector
potentials of the free gravitational field. In fact in this occurrence the metric

tensor is given by:

9y = oy a”al”), uv,0,r=0123, (68)

and the potentials a;’ are clearly responsible of gravitation, according to gen-

eral relativity. The connection is given by:

re, =y —%(aﬁj’) o, +a” e, ), (69)
where:
m=%ﬁ%w (70)
are the coefficients of the reduced connection. The Ricci tensor has simply the
form:
R, =I%,—T% —T4I,, +T6 5. (71)

So the Einstein equations are as usual:

_le

ng ng
H 2 H

- Ag,,, =0, (72)

where no energy-momentum tensor appears, since the whole gravitational field
is included into space-time geometry.

But if we represent the Ricci tensor in terms of the reduced connection, which
only partially embeds the gravitational field into geometry and leaves part of it as
an external field of strength f ng) we have the following field equations, in the

Lorentz gauge:

1z - o
R, _Eng ~Ag,, - Al ]a(g) al?) = kTl (73)

Hv uov puv !

D, f%, =3 (74)

(o)u”

The energy-momentum tensor of the non-embedded into geometry contribu-

tion to the gravitational field appears:
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KT = 1010 - f(" F G (75)

together with the gravitational current density:

- [o],
J(U)” - + A( +24 o‘),u . (76)
More, an equivalent gravitational energy-momentum embedded into geome-
try may be defined:
S 1= o o
kTl =R, +>R0,, —Ag,, Y ]a(o,)yaﬁ ), (77)

So the field equations for the gravitational field can be written in the equiva-

lent energetic form:

Tlol 0, (78)

)%
where:
Tl =70l Tlel, (79)

2) n>4

When the space-time dimensionality is greater than 4, we still associate the
potentials labeled by o =0,1,2,3, to the gravitational field, while we relate the
,n=1,44=0123, to the
non-gravitational interaction fields. We emphasize that when n>4 each vector
() ,n—1, be-

potential a,
cause of the increased dimensionality of space-time. So we are led naturally to

components of additional potentials aff), s=4,5,---
includes also the extra components a1 )1=4,5,

the following physical interpretation.

- The gravitational field observed within the physical space-time V* is de-
scribed by the a/(f) (0,14=0,1,2,3), which are 4-vectorsin V .

- The electro-weak and strong interactions are associated with the aﬁf) R
(s=4,5,---,n-1), which are also 4-vectors in (VA

- The remaining components a”’ = 5{”a”) + 6((§)a!(§), which behave as scalars

within the observable space-time V* are related to the matter fields, Ze., to

fermions (leptons, quarks).

We observe also that the sectors of the potentials of indices ,]:

aflzr) _ (:Lfr)eik,[f]x'z+ik![a]><i , as) _ CL§)eikL§]xa+iki[§]Xi ,
(80)
(o) (o) ik,[f‘!]xa*iki[m!]xi (s) (s) ikg‘!]xaﬂki[g'l’]xi
a =C e B e Vi oy
solutions to the corresponding Klein-Gordon field equations:
2 A2 2 2
m-,C m;,C
g”al?)  + 1 gl —0 g¥ald) a6 _g
h h
5 . (81)
ap 5(o) [le]c (o) ap A(s) m[;!]c (s)
g7y, + Y a”' =0, 9”&, +h—2a!— =0,

may be associated with particles of different rest masses:

_h [ oa _h [ sipe
= ok Ko My = ok s (82)
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if we allow that the covariance is preserved only in the observable space-time
V*, while it may be broken in the extra dimensions of the multidimensional
space-time V".

We emphasize that all the previous masses Mops My result to be null when
the vector fields depend only on x“. The non-zero rest masses of fermions as-
sociated with the a!(") arise thanks to the contribution of the massive scalar
gauge fields ¢(U) which are allowed to depend also on X'. The field equations
for the gravitational field in V* involve now, beside the terms labeled by
0 =0,1,2,3, the new contributions labeled by |=4,5,---,n—-1, and the corres-

pondent additional energy-momentum tensor. We have:

5 1 5 o o
R#v _ERguv _Agyv _ﬁ’[ ]a(a)ya\(/ ) —ﬂ[§]a(§)#a‘(/§) = KT;E\g/] +KT;E\T/] (83)
D, f(‘;)ﬂ = J(U)#, (84)
where:
(_ ¢ g _Le)gap
kT, ' = faZ f(§)v 2 fa; f(§) 9, (85)

is the energy-momentum of the non-gravitational Maxwellian fields as they may
be observed within the physical space-time V*.
A more familiar form of the Einstein equations, which hides the whole gravi-

tational field into geometry is obtained if we write the metric tensor as:

9zr =9z +a(*§)a(§)v' 0. = a/(*za)a(a)w (86)

The connection writes now as:

a 7z 1 (s) g @ (8)
T = _E(aﬁ foe + Tt ) (87)

v s)7

where a new partially reduced connection is defined by:

—a _ ,a 1 (o) ga a o)
Yar —7;,7—5(% fow + fopdr ) (88)

In this way the gravitational field is entirely hidden into geometry and only
the non-gravitational fields contribute to the energy-momentum tensor. The

field equations become:

v

_ 1_
R, =5 R9, ~Ag,, - Al a(wa&) =xTL'] (89)

where:

_—a —a —a —=f |, —a =pf
Ryv _7;4\/,(7_7/;1&,1/ _7/#57v§+7;4v7§ﬁl (90)
are the V* components of the new partially reduced Ricci tensor, evaluated

respect to the partially reduced connection.

Respect to the usual Einstein equations a new term appears, Ze.:

) (o1)

Moreover ﬁw differs from the expected Ricci tensor Rf:? in V*, being
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evaluated respect to }7fv instead of:
a 1 a 4 4 4 4 o
Tl =590 (90, + 00, —000s). ol =23, (92)

A comparison between the usual Einstein equations in V* and (73) is possi-

ble if we write:

1
RY -5 R¥g,, + L% = Tl 47l (93)
where:
) _pa a a s a yij

R,uv - F<4>/tv,(z - I_‘<4>,unz,v - r<4>yﬁr<4>wz + F<4>yvr<4>aﬁ’ (94)

is the usual Ricci tensor in V* and:

1] _ p@ _1pa 5 1z

KT;[V - Ryv _E R gy\/ - Ryv +E ngv’ (95)

The additional contributions L[f] and T could be considered as possible

v uv

contributions to dark energy and dark matter emergence.

5.2. Electro-Weak Field

In order to describe unified electromagnetic and weak fields we need one Ab-
elian field and three non-Abelian ones. So the indices S=4,5,6,7 will be re-

lated to electro-weak interactions and the vector potential components:
a¥, $=4,56,7, (electro-weak interaction field) (96)

will be interpreted as electro-weak fields. The space-time dimensionality
required, is now raised up to n=8. The electromagnetic and weak interaction
fields are mixed in the unified electro-weak theory. So the choice of the physical
meaning of these vector potentials aﬁf) will depend on the standard model re-
presentation adopted.

Non-diagonal representation

The non-diagonal representation of the electro-weak field involves the vector

fields B,,W;, a=123, the corresponding strength tensor being given by:
F,=B,,—B,,. Fi =W -W?! +gc,WW?, (97)

e

where g is one of the electro-weak coupling constants and €%, is the Le-
vi-Civita symbol. So we are led to associate the components of each potential

af) in physical space-time V* (u=0,12,3) in the following way:

(4 _ (5) _ i (6) _yy2 (™) _y3
a,’ =B, a/’ =W, a’ =W a, =W, (98)

“ “ u u?

Dimensional constants depending on the unit system have been absorbed into
the definition of the fields themselves. Then the strength field tensors compo-

nents result:

s) _ (s s (s) 1) ,(a)
(19 =alf) ~al), +C¥) | a0al9. (99)

Identifying (97) and (99) we determine the structure constants:
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CY i =0 C e =8 07 9% (100)

(n)(a)o) — 72 Tr-37(a-3

Diagonal representation

According to the standard model the physical fields:
(4) _ ) _ (6 _ @ _
a, =A, a =W, a’=W, a’ =2, (101)

“ u u u“ “

are provided by the diagonal representation, which is obtained thanks to a rota-

. 3 . . .
tionof W,;,B, of the Weinberg angle, defined by the relation:

g

tang,, = (102)

g’ being a second electro-weak coupling constant. So that we have the follow-

ing alternative way to associate our vector potentials with the electro-weak fields:
—\W3 _ i
Z,=W,cos6, —B,sinb,,

s . (103)
A, =W;sing, +B, cosg,,.

In the diagonal representation the strength tensors are obtained through the

inverse rotation:

3 -
W, =2,cos6, +A,sing,,

. (104)
B,=-Z,sing, +A, cos,,.
when substituted into (97). We have:
z H A
F,=-F,, sing, +F, cosq,,
Fo =F; cosé(NJrFA SiN 6y, + g W W,?, (105)
Z A
F,uv = Z v, u _Z,u,v’ Fyv = A/,,u - Ay,v'
Eventually it results:
A
Fyv = A,y - A/,t,v’
Fr =W, W +ge, WWS,
‘2 z”ﬂ 2 c c (106)
Fh =W2, W2 +ge’, WWS,
z
Fo=2,, —ZW.
Identifying (106) with (99) we reach:
( ) _EA (5 _ gt (8) 2 ( ) _ ez
fo =Fn, T2 =F., fJ=F. f.J=F., (107)
and determine the relations for the structure constants:
(4) _ (5 _ b c 1
C oo =% C o T r3%as 9 (108)
(6) —sb ¢ 2 @) _
¢ (D)o ~ 5@*3)5(973)96 o © (n(a)) 0.
In each representation the field equations exhibit the Maxwellian form:
D, f(g‘)# = J(§)u’ s=4,5,6,7. (109)

In terms of the vector potentials the previous equation becomes, in the Lo-

rentz gauge, a Klein-Gordon equation with current density. In Sec. 8 we will
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examine the current density J .

5.3. Strong Interaction Field

The strong interaction field is carried by massless gluons and we are required to
add 8 non-Abelian fields A;‘ which we relate to the indices $=38,9,-:-,15:

(s) — s(s=7) pA - -
a, =0y 'A;, $=89,,15 A=12.8. (110)
Therefore N=16 space-time dimensions are needed to describe all the known

fundamental interactions.

The strength tensors for strong interactions are:
A _ pA A A pBAC
Fo=A L —A,L T9.C A A . (111)

where ¢, is a suitable coupling constant and the structure constants, according

to the standard model, are given by [9]:

1 1 1 1
6123 =1, C147 =5 ClSG = Cz4e =5 Czs7 =5
2 2 2 2
1 1 3 3 (112)
Cas :E! Cas :_El Cuss :\/;’ Corg = Ev
Identification of (99) with (111) now yields:
() _ sls7) g8 sC A
Clofg =04 e fen9:Ce (1
The Maxwellian field equations are now:
D, f(‘;)ﬂ :J@#, s=38,9,--,15. (114)

6. Matter Fields (Fermions)

Let us, now, examine in more detail all the 16 components aﬁf) of the vector
potential appearing in the theory.

In the previous sections we interpreted the first 4 components of each poten-
tial as related to the fundamental interactions (gravitational, electro-weak and
strong).

Here we show how it is possible to interpret the remaining 12 extra compo-
nents, we have labeled by the index |=4,5,--:,15.

As we have shown, these components are seen as scalar fields by an observer
living in the physical space-time V*, since they are not affected by the trans-
formations of the co-ordinates x°,x},x*,x* in V*.

Until now we considered only interaction fields, carried by vector bosons
(gravitons, photons, W*,Z° and gluons) and nothing was said about fermions
(leptons and quarks).

Now we introduce also the 6 leptons (e, u,7,v,,v,,v,) and the 6 quarks, (up,
down, top, bottom, charm, strange) with their respective anti-particles and left/right
chirality.

So we may summarize the physical interpretation of the potential components

as follows:
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bosons fermions

\ \’
gravitational - (@” , al)
< spinor components
Abelian electro-weak —| (a, , &)
(o)
non-Abelian electro-weak — (az , af‘)
< spinor components
strong >( (a; . &)
) T

V*-vectors V*-scalars (leptons, quarks)

Physical Interpretation of the Field Extra Components

In this subsection we want to show how the 192 extra components of the vector
potentials aﬁf), may be related to the spinor fields associated with the fermions
(leptons and quarks) appearing in the standard model of elementary particle
theory.

Each spinor is a set of 4 complex valued functions of the observable co-ordinates
X*, which are to be provided by the 196 complex functions offered by the extra

components of the vector potentials aI(E) :

v=", | (115)

Each component of ¥ may be evaluated as a linear combination of the
(@)
a”.

The simplest representation is given, of course, by:

,//!(5) _ al(g)’ 1=4,5,..,15, (116)

which can always be obtained with a suitable choice of the extra co-ordinates
X
Then we can associate groups of 4 components to the spinors representing the

physical elementary fermions, e.g., as:

@\ 1=4515

Vi _

@+ | =0 (Lh.and r.h.leptons),

l((m) , =4 (Lh.and r.h. red quarks), (117)
il & =8 (l.h.and r.h.green quarks),

G+3
l//f ) & =12 (Lh.and r.h. blue quarks),

where Lh., r.h. denote respectively left-hand and right-hand chirality and red,
green, blue the quark color.
According to this scheme a detailed sketch of the physical meaning of all the

components of the vector potentials aﬁf) can be summarized as the following
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sketch shows.

bosons fermions

€L €R UL UR TL TR VeL VeR VuL VuR VrL VrR

B LR LR B R W
I S AR A
2l % % B % " 5 B | &
r a?4) 01(4) a2(4> 03(4> T {1,214) ] r 0?4) 1T a(lf) ] r a<145> 72
E I T S S S | o e
T T ST S ST Do || oo | e
I T S O O I | " | 2
@)= % Te e e 1T u® ] [ T L® T .78
) a as az ay ) A9 a5 =
a® o P O o o o9 & | &

10 10 10 10 10 10 10 10
wl T %o %o G | [ %o | [ ||| | | B
§r (12) a<112) H?m a?m 1T a?m 10T a?m 1T 031)2) T
o | ay 1) as ay ) ajg a5 2
aéw) a(113) a<213) agm) aim) agw) a(lta) a<1333> 5
14 14 14 14 14 14 14 14 5
L @ ay ay az " ] L ag "] La ~ 1 L ayp | L 015~ 1 *
upr, upr dnyg dnptpr tprbmyp br sty str chy, chr

bosons fermions

The index |, running from 4 to 15, it labels 12 spinors corresponding to the 6
leptons e, 4,7,V,,v,,V,, and to the 6 quarks in dependence on the values of o

and 12 more spinors related to the respective anti-particles.

7. Dirac Field Equations

The extra equations which govern fermion fields are given by:

ul E ul Agyl - /1[§]a(§)#a|( ) = KTy[' (118)
1

Rj? _ER<4>gjl _Agjl ﬂvb]a@ual@) _K'lel (119)

Dz fign = Jon- (120)

where the energy-momentum tensor includes both the contribution of the inte-

raction fields and the contribution of the gravitational field arising from extra

dimensions.
We have:
T =T +TH (121)
[ _¢0¢a _Les)¢ap
KT = 25 fW_Z fo7 1o/ 9ar (122)
M _ p@® & liow =
KT e _R/<7V_R/7V _E(R<>—R)gpa- (123)

According to the standard model the covariant derivatives are determined in
such a way that the gauge invariance conditions in V* are preserved even
when a gauge choice is fixed in the extra space-time. Such a choice is always

possible because of the degrees of freedom provided by the anti-symmetric ten-
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sor A, (arbitrary until now). Moreover, thanks to the latter tensor we will be
able to obtain also the correct current densities in the r.h.s. of the interaction
fields equations.

Now we consider (29), with vanishing currents we have when z=1:

9°’D,D;a” =0. (124)

Following a scheme like (117) we may replace the latter equation for the po-

tentials al(g) with the second order spinor equation:

9°’D,D ;") =0. (125)

Rest masses and contributions are expected to be hidden into the derivatives

respect to the extra co-ordinates, so that (125) identifies with the Klein-Gordon

equation:
2 2
G Miz11C G
9D, D |7 + = 3—y|7 =0, (126)
which leads to the Dirac equation:
_om_.c
;/"Dal//l(a) 47l 1//!(") =0, (127)

Mz being the respective rest masses of leptons and quarks, related to the scalar

boson mass:

M., =gM. (128)

8. Current Densities

When u = u, the 4-vector Jff) is to be related to the physical charge current
density:

i = e(E)W[g]y”y/[E]é'g (no sum over ), (129)
(@)

where the notation €’ means each kind of charge carried by fermions. Then

the identification follows:
3 = 9(6)97[&]?’#'/’[5]- (130)
Since Jff) , with n =16, results to be:
30 = 7@ 4 A 122719,
where:
T =Ta7, AT =4,
we can determine the until now free term .A}f) as:

A =€y w0t - T 22, (131)

9. Cosmological Solution

In this section we examine a cosmological solution to the Einstein field equations in

DOI: 10.4236/jamp.2019.76089

1321 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.76089

A. Strumia

empty extended space-time V'°. We start generalizing Robertson-Walker metric

as follows:
2 2
2 c,| a(t) 2

Yoo :|Cg| v 9u :_|j_|_7’ 92 :_|Cg| a(t)z re, (132)

O3 = _|Cg |2 a(t)z sin® @),
to which we add the extra components:

2
9,=0 g, =—‘cm‘ a(t)’ S (133)

so that the cosmological principle is preserved within the observable space-time
V*. The Cyy are suitable constants which play a role in order to field quantiza-
tion [11]. The co-ordinates, as usual, are spherical in V* and arbitrary else-

where:
X=ct, x'=r, x*’=6, x*=¢, X, i=4,5,--15, (134)

In correspondence to this solution the non-vanishing components of the Ricci

tensor become:

154(t) a(t)a(t)+14a(t)’ + 2Kc?
Ry =— , Ry = )
o ca(t) c* (1-Kr?) (129
r?fa(t)a(t)+14a(t)’ +2Kc?
Ry, = [ - J (136)
c
r2|a(t)a(t)+14a(t)" + 2Kc? [sin? 0
Ry, = [ > ] , (137)
2
c | |a(t)a(t)+14a(t)’
i J [ﬂ‘ [ 5 ] (no sum over j), (138)
a e[ * B
the Ricci scalar curvature being:
6| 5a(t)a(t)+35a(t)" + Kc?
R:_[ (t)a(t)+35a(t) } (139)

s

Then the only non-vanishing Einstein equations in the empty extended
space-time V'® result:

1054 (t)° ~|c, | Ac?a(t)” +3Ke? =0, (140)

14a(t)a(t)+918° (1) -[c,|* Ac?a(t)’ + Ke? =0, (141)

respectively in correspondence to the observable space-time and space-space

components. While, for the extra space-space components the field equations

are all identical to:
14 (t)&(t) +914% (t)|c, | Ac?a(t)’ +3Ke? =0, (142)

A first result, arising from existence of the extra dimensions is given by the
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flatness condition:

K =0, (143)

because of compatibility between (141) and (142). The latter compatibility pro-
vides a quite natural explanation of the observed flatness of the physical universe,
at least in correspondence to this solution. Then only the following equations

remain:
1054 (t)° ~ e, | Ac?a(t)’ =0, (144)
14a(t)a(t) +914% (t)-|c, | Ac%a(t)’ =0, (145)

2
in which the coefficients ‘C[l]‘ do not appear, while the coefficient |Cg |2 , re-
lated to the gravitational field in V*, does. Then from (144) one obtains, for
positive A (as it is physically observed):

at) o [A
ca(t) =3[ 105’ (146)

the integration of which leads to:

A
a(t)= ao[i]e_‘ g‘\/%l, (147)

since the empty extended space-time V'® behaves like a multidimensional De
Sitter universe, in which no singularity appears. Equation (145) is also fulfilled
by the solution (147). Positive sign in the exponential corresponds to an ex-

panding universe as it is physically observed.

Dark Matter and Dark Energy from Space-Time Extra Dimensions

We remember that the non-vanishing Einstein field equations in V* in pres-

ence of external matter-energy fields are given by:

LAl

2 2 2
cza(t)z —|cg| A =koC |cg| , (148)

LA £

c’a(t) c’a(t)

2 2
, +|cg| A:K,go|cg| , (149)

where matter-energy fields are represented, as usual, as a perfect fluid of ener-

gy-momentum tensor:
Tyv :(QCZ—F(@)U;;UV_PQ;N’ (150)
u” being the 4-velocity of the fluid particle, which in a co-moving reference,

0, being the mass-energy and pressure densities of the fluid. From (144) and
(145) we solve:

a(t)z 1 |C |z a(t) :iA|C |2
gl gl

= 151
c’a(t)” 105 c’a(t) 105 (151)

which substituted into (148) and (149) leads to:
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, 34
C*=——A, 152
K0 3 (152)

34
Kp=—A, 153
=3 (153)
resulting:

o =—oc”. (154)

The astonishing result of a negative mass density ¢ provided by (152), A
being assumed to be positive, suggests that the cosmological constant, due to the
extra space-time dimensions, plays the role of a repulsive gravitational source,
which is responsible of universe expansion, together with the positive pressure
density g given by (153). So the mass-energy density ¢ and  represent
the mass-energy and pressure densities of the empty extended space-time V'°
(vacuum energy and pressure) which are seen as matter contributions by an ob-
server livingin V*.

The matter term includes:

1) The mass-energy and pressure densities of matter/interaction fields ( g[ f] , go[ f] )
embedded in V' space-time geometry, as evaluated respect to the reduced
connection I', being equal to the mass-energy and pressure densities of mat-
ter/interaction fields as observable in V*;

2) The usual V* vacuum energy 9522 and a vacuum pressure gof,?c densi-
ties owed to the cosmological constant (standard dark energy);

3) The residual vacuum energy g\i? and a vacuum pressure goﬁ,z? densities
owed to the extra space dimensions.

4) The extra mass-energy Qé?ﬁ and pressure goﬁszz densities owed to the dif-

ference between the usual V* connection F<4> and the reduced connection

T, previously suggested as hypothetical responsible of dark matter (see Sec 5.1):

1 _
KQmat c? Q0 = R(<)o> - Roo _E(R<4> - R)goo,
(155)

. = 1 -
Kp:azgjk = RE? -Ry _E(R<4> - R)gjk'
Eventually Equation (148) and Equation (149) may be written equivalently as:

5 A" _ (2 + o

K| Ovac T Ovac +Qmat +Q ) |C |

cza(t)2 (156
at) &) _ ow e, e, ]
2 _ c
Cza(t) Cza(t) (ngac"—z@vac +t@mat+z§0 )| |
where:
Kkollc? = A, k@l =-A,
ex 34
(ol + o ot =~ A= wd e, (157)

ex ey _ 34
K((@ﬁ/ag +50<rnat>):£A+Kt@[ ]
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Remarkably the total mass-energy and pressure densities:

o=om+oi tom +ol p=pl el veliel as8)

are constant and directly proportional to the cosmological constant.
In the following sections we evaluate the mass-energy and pressure contribu-
tions of the matter/interaction fields and the dark matter owed to the extra di-

mensions.

10. Energy-Momentum Tensor of Gravitational Field

In the present section we investigate a way to obtain an interpretation of the
Einstein tensor as equivalent to the energy-momentum tensor of gravitational
fields (labeled by '), in order to be able to quantize the gravitational field itself
in a natural manner.

Let us start considering the Einstein field equations in the physical space-time
V*, in presence of external fields:

R L R“g,, ~Ag,, =«T) (159)

v v
H 2 H

the label ! denoting the non gravitational contributions to mass-energy. And let

us introduce the notation:
1
kTS =R 4 > R¥g,, +Ag,,. (160)

We can interpret in a natural way T;ES] as the energy-momentum tensor of
the gravitational field and write now the Einstein equations as an energetic bal-

ance between the gravitational and non-gravitational fields:
(6] , TlF]
T, +T, =0, (161)

instead of embedding gravity within the geometry of space-time. From the cal-
culations developed in the previous sections we are able to evaluate T‘ES] in
correspondence to the Robertson-Walker metric. Eventually we have, in pres-

ence of more gravitons, labeled by an index p

34 2
To[oG] zgzp[\|cgp| !
34 2 2
TR =-2% A t)’,
11 352;; |Cgp| a() (162)
34 2
Tz[f]z—gsz|cgp| a(t)’r?,
KT == Aleg,| a(t)’ r*sin®60
Now we can identify:
Gl 234 0 ool =344 163
Kot =N K =0 (163)

as the energy and pressure densities of the gravitational field as observed in V*,
which include both visible and dark contributions, pressure being here negative

as a consequence of gravitational attraction. Of course the energy and pressure

DOI: 10.4236/jamp.2019.76089

1325 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.76089

A. Strumia

densities of the gravitational field are equal and opposite in sign respect to the
mass-energy and pressure densities o, given by (152), (153) arising from the
non-gravitational fields, so that the balance of gravity and non-gravitational

fields is exactly zero.

11. Quantization of the Gravitational Field

Let us now examine the Hamiltonian density of the gravitational field, which is
given by the TO[OG ] component of the energy-momentum tensor we have just

evaluated. We have, by summation over all the particles:
34 1
He == -2, Aleg|". (164)

the index plabeling each graviton.
Integrating on a space region D of volume V we get the total Hamiltonian

of the gravitational field enclosed within this region:
= [ 1 flg]d*x 3—4\’ Aleg[ (165)

Note that if D is assumed to be the whole universe at instant ¢ the volume
becomes time dependent.

Now we introduce the frequencies Dl through the relations:

34V
\f%?l\cgp :\/ha)[g]p glp’ (166)

The square modulus yields (where complex conjugation symbol * has here

been reintroduced):
34V .
35 K.A|CQP| = ha)[g]p(a{g pa{g a[g]pa[g]p)' (167)

Then the Hamiltonian becomes:

o] 1 . N
| :Ezphw[g]l)(a{g]pa[g]p +a[g]pa[g]p)l (168)

Quantization results by replacing the coefficients a[*g]p,a[g]p with the quan-

tum creation and annihilation operators a[ by the correspondence

glp’ [g]p >
rules:

a[g]p —)él[;]p, a[g]p > gy (169)

The coefficient Calo being arbitrary it can always be adjusted in such a way

to fit the right commutation relations for the operators a[ Agpp

glp’

3[9]p3[+9]P _3[+g]p3[g]p =1, (170)

thanks to which we obtain:

6] _ 1
H Z ha’[g ( la]p [g]p 2} (171)

which provides also for the gravitational field a quantized Hamiltonian in the
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usual form as known in g.e.d.

12. Conclusion

We have proposed the guidelines of a possible physical interpretation of a model
of unified interaction (boson) and matter (fermion) fields within the geometry
of a multidimensional space-time manifold V'®. We have seen how to identify
interaction fields with the vector components af), £#4=0,1,2,3 of the eigen-
W) in V' and the

remaining components a!(a') with the spinor matter fields. Meaningful conse-

(@) = _ . _
vectors a;’,u=0,1,2,---,15 of the metric tensor g =(g

quences of these results have been obtained also in cosmology and a way to
quantization of the gravitational field has been examined. All those results have

been presented in detail in my book [11].
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