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Abstract

Estimates of the type L —L, for the Schrédinger Equation on the Line and
on Halt-Line with a regular potential V (x), express the dispersive nature of

the Schrodinger Equation and are the essential elements in the study of the
problems of initial values, the asymptotic times for large solutions and Scat-
tering Theory for the Schrédinger equation and non-linear in general; for
other equations of Non-linear Evolution. In general, the estimates Lp—Lp’
express the dispersive nature of this equation. And its study plays an impor-
tant role in problems of non-linear initial values; likewise, in the study of
problems nonlinear initial values; see [1] [2] [3]. On the other hand, fol-
lowing a series of problems proposed by V. Marchenko [4], that we will
name Marchenko’s formulation, and relate it to a generalized version of
Theorem 1 given in [1], the main theorem (7heorem 1) of this article pro-
vides a transformation operator W that transforms the Reduced Radial
Schrodinger Equation (RRSE) (whose main characteristic is the addition a
singular term of quadratic order to a regular potential Vv (x)) in the Schrddin-
ger Equation on Half-Line (RSEHL) under W . Thatis to say; W eliminates
the singular term of quadratic order of potential Vv (x) in the asymptotic
development towards zero and adds to the potential Vv (x) a bounded term
and a term exponentially decrease fast enough in the asymptotic development
towards infinity, which continues guaranteeing the uniqueness of the poten-
tial v (x) in the condition of the infinity boundary. Then the L —L, esti-
mates for the (RRSE) are preserved under the transformation operator W, as
in the case of (RSEHL) where they were established in [3]. Finally, as an open
question, the possibility of extending the L —L_  estimates for the case
(RSEHL), where added to the potential V(x) an analytical perturbation is

mentioned.
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1. Introduction

The inverse problem addressed in [1], Theorem 1, pages 481-483, where the un-
iqueness of the potential g, (x) and the condition of value boundary:

y'(0)-h,y(0)=0, (1)

were established, for the second problem of boundary value which will be named
simply Problem 2 (similarly the first problem of boundary value will be named

Problem 1: with hypotheses: 0 < x < a, the boundary condition:
y'(0)-hy(0)=0. (2)

and the potential ¢, (x) is given in the Problem 1.
Similarly now assuming that distribution spectral function R extends when
a=oo, see [4], Chapter 2, Section 3, page 153, Problem 6 A and the boundary

condition
y(0)=0, (3)
in the Problem 1, that is
—y"(x)+0, (x)y(x)=s"y(x),0<x<w,s€{d,u: i, ueR} (4)
y(0)=0.
Then the uniqueness of the potential g, (x) is established for the Problem 2
—y"(X)+0, (X)y(x)=5’y(x),0< x<oo,5€{Au: L, ueR}  (5)
y(0)=0.

Conditions Sufficient to establish the uniqueness of the potential and boun-
dary conditions in 7heorem 1, established above will be named Generalized
Theorem 1.

Now if we name Problem 1 for i< {1,2} totheboundary value problem:
=y"(x)+ (x) y(x) ="y (x),0 < x < o0, ©)
y;(0)=0.

and the solutions e, (s,x), respective for se{A,u:1,ucR}. We obtain de
reformulation of results in terms of the Transformation Operators.
The final conclusion of [1], formula (42), Thm 1, page 483, Section 4,
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cay (4,x) x
,(A,X) = o, (A, %)~ Do, (At)dt,
@, (A,%) = @ (4,%) 1+Cjoxw1(u,t)zdtfowl(# Jor (A1)
h, =, (4,0)=h —c, (7)
quéql_C 501(/11)()

1+ Cj.oxa)1 (,u,t)2 dt

and Generalized Theorem 1 can rewrite in a formula for a solution , (4,x) of

the Problem 2, for s=2 of the following manner

ca, (1, X)W (a)l(y, X), @, (4, X))
-1

@, (4, X) = (4,X)+ , (8)

where @, (u,%),,(4,x) are solutions of the Problem 1, for se{i u} re-
spectively. The Wronskian

W (@ (%), 0 (2 X)) 1= 0 (2, X) 0, (2, X) — (11, X) 0, (2, X) £, :::_X_

Now in terms of the transformation operators. Let us define

ca)z(y,X)W(a)l(,u,x), f)

If = f,and Wf = T
7y

L FE A 9)

If @,(u x) is the solution of the Problem 2, for s=u. For w,(u,x) solu-
tion know of the Problem 2, w, (u,x) denote a fixed solution of Problem 1, in
both problems: fixed s:= then the equation above suggests the following

transformation operator

@, (A, x) = (I+ W), (4,%), (10)

with the property that a solution @, (4,x) for the Problem 1 is transformed in
a solution e, (4,x) for the Problem?2,for s:=21.

In a complementary way to our approach and following a series of problems
proposed by [4], Chapter 2, Section 3, Problemss: 4, 5, 6. Pages 149-153 that the
formulation of Marchenko will be named. One get the Theorem 1, which is for-
mulated in terms of the transformation operators as follows: if we assumed that
Y, (x, 1) denote a fixed solution de Problem 1 for s:=u, ¢, (4,x) denotaan
arbitrary solution of Problem 1 and vy, (x,u)=0 on (0,0), then defined us
the operator

wo W) We, (2,%) W% (x0). 4 (4:%)) =¢,(4,X) (11)
Y, (1 - 47) Y, (%, p1) (4 = 27)
where ¢, (4,x) is the solution of the equation:
~0; (A,X)+0, (X) @, (4,X) = 220, (4,X),0 < X < o0, (12)
0, (4,0)=0.
and
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0, (x)= —ql—h+ﬁ+ﬁ.

2 (13)
i ® Y

Two Examples for Theorem 1 are proposed, in the context of the previous
Marchenko's formulation. Example 1 for the Problem 1 corresponds to Schrédin-

ger Equation on the Half-Line with a regular potential q(x):=V (x), thatis,
J':x|q(x)|dx<oo, (14)

which will be denoted by the abbreviation (RSEHL) to which we have added the

I(1+1)

>
X2

singular term obtain us the named Reduced Radial Schrodinger Equa-

tion (RRSE)

Sonkns a0 Dy o k0 s

v, (k,0)=0.

for the partial wave of angular momentum /and wave number 4. See [5], Chap-
ter 1, Sections 1.1-1.3, 1.5, pages 1-10, 13-16. And it will correspond to the Ex-
ample 2 for the Problem 2 the (RSEHL)

2
H:—dd7+v(x),0<x<oo, (16)
#(0)=0.

The two proposed examples for the above for Theorem 1 are constructed by
using the regular solution ¢, (s,x) and the Jost solution f, (s,x) for (RRSQ)
and its properties, the pair of solutions vy, (x4, x) and ¢ (4,x) for the para-
meters s=x and s=A4 will be built and the asymptotic developments and es-
timates are made in neighborhoods of zero and infinity respectively. The
Wronskian W (yl (,U,X),(Dl (/LX)) and the solution ¢, (1,x):= W, (2,x) will
be expressed in terms of the function of Jost F,(k),k = u, 2 and its properties.
See [5], Chapter 1, Sections 1.4-1.5, pages 11-16. Subsequently, the asymptotic
developments and estimates are made in neighborhoods of zero and infinity for

the terms
4, (17)
Y1
A (18)
?,

and
a1 (19)
Y1

of potential g, (x). When performing the previous calculation using the sum of
the respective asymptotic developments, the elimination of the singular term of
the potencial g, (x) is obtained in the case of the neighborhood of zero and

bounded terms and exponentially decrease fast enought are added for the poten-
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tial g, (x) inaneighborhood of infinity.
1(1+1)

> when x — 0 and the addition
X

The elimination of the singular term

of an exponential decay term and a bounded term when x — o of the potential
0,(x) in the Example 1, when applying the transformation operator W
transforms the potential q, (x) into the regular potential q, (x):=q(x)=Waq,

in the Problem 2, as a consequence of the potential obtained

. LR A
g, (x)=-q, —F+2+-%
(x)=-4 Vi o V;

in Theorem 1. Where it is used strongly the fundamental properties of preserv-
ing the initial data y, (0)=0 in Problem 1, as well as, the preservation of spec-
tral and scattering properties in both Problems 1 and 2, by the operator W. See
[1], Section 6, pages 486-487.

The previous fact, constitutes a fundamental part of the previous Marchenko's
formulation and gives the possibility of extending the L'—L* Estimates for the
(RSEHL) established in [6] was proved with the potential ¢(x):=V (x) to be
real and regular (RSEHL) now for the Reduced Radial Schrédinger Equation
(RRSE). That is, the RRSE is transformed into the equation RSEHL through the
transformation operator W. And the following generalization of Theorem 2.1 of
[6] is obtained.

Theorem 2. (The L'—L” estimate). Supponse that Vis regular and

H :—%+V(x)+l(lle),0<x<oo, (20)
#(0)=0.
Then
el 56 5 o

1
of moreover, V € L, then

et SCTF (22)

The article is organized as follows. In Section 2: Existence of the transforma-

—itH
eP.

tion operator W, Theorem 1 is demonstrated in which for the solution given by
We,(A,%)=p,(A4,x) one geta formula for the potential

%, (x)=q
()=, i @ ¥

In Section 3: the two examples: Reducced Radial Schrodinger Equation (RRSE)
and Schrédinger Equation on the Half-Line (RSEHL), the Example for the potential
d, (X) stated in Theorem 1 are constructed calculating the terms: A,ﬁ,%
yl (02 yl

using the regular solution ¢, (s,x), the solution of Jost f, (s,x), the function

of Jost F (k) and its properties, for (RRSE) in the (Problem 1). In section 4 the
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demonstration of Theorem 2 is given. In Section 5, we establish the Conclusions
and Open Problems. An appendix has been added in which, the asymptotic de-
velopments and estimates are made in neighborhoods of zero and infinity of the
addends that form the potential ¢, (x) are obtained.
Warning: In order to respect the notations of the texts [3] [4] and [5] throughout
the paper we will use the letters
k=s,r=x\V(x)=q(x)

the potential regular, indistinctly.

2. Existence of the Transformation Operator W
Theorem 1. Lef s consider two Sturm-Liouville equations
-yi+0;(x)y; =A%, i=12xe(ah),b>wx, (23)

d;(x) continuous only in the interior points of (a,b). Consider in particular,
the following pair of boundary value problems of Sturm-Liouville on the Half

Line

~y"+0,(x)y=5"y,y(0)=0, wherese{4,u},x>0, (24)
and

—y"+0,(x)y =5y, y(0)=0 wherese {4, u},x>0, (25)

Let ¢,(x),q,(x) are continuous on (0,00). If vy, (x,u)=y, is a fixed solu-
tion of the first Equation (2) for s=x andlet ¢ (A1,x):=¢, an arbitrary solu-
tion of (2) for s=A1, then

=7+, (X) Yy = 2y, : (0,4) =0 and — '+, (X) g, = °0;, ¢, (0,4) = 0.
Suppose
Y1 (% 1) = 0,¥x >0, (26)
If
W (y, (% 4), 0 (2.%))
Y (x) (4 - 2%)
is solution of (3) for s=1 where the Wronskian

W (yl(x,y),gpl (l,X)) = yl(X,,u)(pl'(ﬂ,X)— Y1’(qu)¢1 (l,X) #0, (28)

9, (4,x)= ME A, (27)

= di . Then ¢, (4,x) satisfies the equation
X

-0y +0,(X)@, = A0,,0,(0,4) =0, (29)
where
0, (X) = u* —2q, ﬁ+L§ (30)
2 1

Remark 2. In order to facilitate the reading we will carry out the abuse of the
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o (A X)=p, =@ (x) and vy, (x,u)=y, =y, (x) notation.

v -l v T v il v (1)
Proof. Since <%} = g = A P S L Ly = then
Y Vi i Y% Y% %

Y1

Y, Y1 Y1
and —Y,+0,(X)Y; = ¢°Y; then
(32)

Also

that is,

’

ql(x>—z{ﬁ} —-a( 2 -2y 2] 3

Y1 1

W (y: (x).0(4:%))
yl(x)(,uz _12)

P LT CAC OYER) ) (W(yl(xml(x))]
(2% [ Y, (x)(&* - 2%) J (47 -2%) ¥ ()

1 Y (OW (% (0.2 (¥)) =W (v (). 1 () yi (x)
(w2 -2%) i (%)

1 R OW (% (%) ()W (2 (%), 0 (%)) 5 (%)
(/12—/12) vt (%)

1 WhEaer) 1 WHnKe®) yk)
(e=22)  nl (-27) w() n(x)

Since @, (ﬁ, X) = then let’s calculate

’

{@z (/1, X) yl}’ P (ﬂ" X) yl'(X)

Y1 (x) ¥ (%)

@y (A,x) = (34)

Using (34) let’s calculate
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; (A,X){{qoz(z,x)yl}’] _[%u,x)y;(x)}'

¥ (%) i (%)

_ Y1 {(02 (/LX) yl}” _{(02 (’LX) yl}, yll
i (x)
[(Pz 2, %) y; (x } RAGRINACIIACY

yr (%)

e (A X) v+ (A Mo} {2, (A X) Y+ 05 (A %) Y} Y,
¥y (%)
Yo (X)[ @ (%) Y7 (%) + @5 (4, X) ¥y (X) | =0, (2, %) 1 (%) ¥1 ()
vt (%)
K Lo (20T +[2(20mT |- 0r (AT -0 (230w,
- y; (x)
¥, (%)@, (A, X) Y (x) + Y5 (X) 95 (2, %) y; (%) =, (2, %) i (X) ]
¥y (x)
y {(Pz (ﬂ' X) Yy + @5 (’1 X) Y+, (’1 X) yl’+¢£’(/1,x) Y1
y: (%)
23 (2. X) Yy + 03 (4. %)Y =0, (LX) [0 T] =0 (A ) vyyi
yr () 7 (%)
(02 (A0 K0+ ¥, (X2 (2 X) i ()= (A [ ()]
¥ (x)
0, (2, X) Y1 ¥y +305 (A, X) V1Y, + 205 (4, %) y;
¥; (%)
e (AT + e (A ) Y,
¥r ()
1 (X) 2 ()Y + ¥ ()9 () Yo (%)= (2 X) [y ()]
¥y (%)
_ 2 (A X)W +30; (2.X) Y,yi + 207 (2 X)¥; —, (2 X)[Wi] =05 (A ) ¥
yi (x
V1 (x) @, (4 X) Y () + ¥ (X) 03 (2, X) yi () = 0, (4. )[ i (X) ]
y; (x)
_ 20, (A X) VY + 95 (A X) ¥i¥i + 205 (,X) Y7

yr (%)

2€02( )yl ( X)Y1'+2¢£,(/1’X)

¥ (x) ¥ (%)

S~

DOI: 10.4236/apm.2019.95023 487 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.95023

H. Blancarte

That is
20, (AX)y! @3 (A X))y
@3 (A, X) = + +2p0 (A, x (35)
2 ( ) Y, (X) Y, (X) 2 ( )
then
~p0 (A,X) = 20, (4.X) Y1 L2 (4.%) yll (36)
Y1(X) yl(X)

Now using (31), (32), (33), Equation (36) can be written as

X))V +o, (A, X) Y +0, (A, X))y,
—QDZH(E,X)Z%( )Y1 ?’2( )y1 %( )yl
y1(x)

_ 0. (A0 (2w
y1(x)
WAL
Y1 () ¥ (x)

=0, (A){oy (x) -7} + 22 (CRIN L ACRIN

¥ (x)
=9, (4, X){Ql (X)_/“Z} + yl);lx) 2, (4.X)+ 9, (4, X){ql (X)_ﬂz}
AR
i (x)
ey
y: (x)

+{Q1(X)_:u2}¢’2 (’LX)"_
=2¢, (ﬁ,x){ql(x)—,uz}

Therefore

—¢é’(/1,><)=2¢2(/1.X){q1(X)—u2}+%. (37)

One can expressed ¢} (4,x) in terms of Wronskian

1 Wne) o

@5 (4, %) = Ry y. (38)
50
@é(l,X){M—iJ%(AX), (39)
W(yLe) W
then (26) and (28) imply that
@, (4,x)#0,Vx e (0,), (40)
and
o (AX) _W'(ye) 1 (41)

?, (l,X) W (ylv(Pl) Y1

From Equation (27)
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W'(Yy ¢1) =Yio - =Y, U:L} (% (/71"]

=i([a()-#]o -9l

“n([a()-sJa+[2"-a(0)]a)

= Y1(_,u +/12)¢1

Then
W’(Y1’¢1)=_y1<luz_ﬁz)¢1- (42)
And from (41) it is obtained
, W'(yeg) 1 ]
o, (A, X)=| ————=—-— ¢, (4, X
2( ) W(y1v(p1) Y1 2( )
Y1(/U2 _/12)% 1
[ TR 2 (4x)
W (yl’(pl) Y1
o (A4x) 1
=| - —— |, (A, X
(02(/11)() yl] 2( )
A, X
=_¢l(ﬂ“vx)_(p2( ):
Y1
that is
)«,
5 (4x) = -0 (4, X)—M. (43)
1
Now, replacing (43) in (37) we get
’ ﬂ,, X ’
—0y (A, X) =20, (A, x){q1 (x)—yz} +M
Y1(X)
A, X
:2¢2(/1,x){q1(x)—y2} { @ (4, %) L4 (y )}
1
yior (4 X) P, (ﬂ* X) Yy
=29 g :
X O
(l X){Z _ P _L; y1(01(ﬁ' X
1
Therefore
—(Dé,(l,X)=(oz (ﬂ,X){Z[ql(X)—,uz]—Ll;}—M. (44)
Y1 Y1(X)
Using the representation for a given solution ¢, (4,x) in (28)
o (/1 X)._W(yl(x)’(pl(x))
2 ' T ’
yl(x)(luz _12)
we get the equation
Y., (4,X) P (4, X)(#z —/12) yie, (4,X) (45)

y(x) W (¥, (%), (x))

DOI: 10.4236/apm.2019.95023 489 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.95023

H. Blancarte

then the right member of Equation (44) can be written as

onthofefa -] K] Yml)

Y1 Y1(X)
o (1x o] YA (Ax)(# = 2%) 9, (4.%)
=, (ﬂ«, ){Z[ql( ) H :| ylz} W(yl(x),(gl(x))

) )

That is
, v, Vie(Ax)(uf-27)
-5 (A, X)=9,(4,%x)32| q w3 - . (46)
2( 2 { [ 1 yl W(yl(X),(Dl(X))
Let us observe that
W(yllgol)

@, (A, X)=7————"———#0,Vxe(0,0),
2( ) (/,lz—lz)yl()() ( )

from (26) and (28). Then
(200 (-2
%(lvx) W(yl’(pl) W(yp‘Pl)

since ¢, (4,x) is solution for the Equation (25) for s=1. Rewriting (24) one
get

, (47)

qz(x)—/‘t2 =0and q, (X)-x° = ¥ (48)

402 1

Then we can rewrite the right term of the Equation (46) as

ol x){z[ql(m—ﬂ-y%- yii}(ikxx))(; (x;) )}

=0, (i,X)qu (x)- 22 —¢—5+ﬂ}_iﬁ_M},

® Y Y1 ¢2(/1!X)y1(x)

associating the terms and using the equations given in (24) and (25) one get

%u,x){z{qz(x)_x_w_uq_ig_M}

® Y] W (02(/1 X)yl( )
{Zqz 212+2[L_&j_%_ yl(”l Z X }
Y1 Vi gz)z ﬂ, x y1
/12 2q2 +312 |:y1 (02} 2 yl(pl(/l,x) ]
% o) ¥ (%00
{12 x)—12:|_2|:q1_q2_(‘u2_22)j|
+L+MJ}

y12 ?, (/L X) Y1 (X)
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:%(l,x){lz —[12 —2q, (x)+24% - 2q, +2q, +2(y2 _/12)

. Yie(4.X) J}

V(2w (X)

Vi yie (4. X)
=0, (A X)) A% = A =2| 0y —p” |+5+ J o,
2( ) |:1 ] ylz % ﬂX yl ) :

=¢2(1,x){/12— 20+t [t = 27+ 2t y1<01y1(ﬂ -) }

i % ( Yis §01)

' ! 242
=0, (A X){ 47 =| 20, + 4 =[ 2 =27 ]+ y§+MJ}

i W(v.e)
=¢z(ﬂ,x){12— 20 + gt +[ - 27 {1+ vie, } yl]}

yl ) (01 y1

1+ Yien } ylj
V1o, = Y1 y1

=(p2(,1,x){12_ —2q1+,U + ,U ﬂ, { y1¢+y1¢71+y1(/71} Y1 J}

=¢2(/1,x){12— —2q1+,u + ,u ﬂ

1o = Vi yf

=0, (A4, X)1 A% =| =20, + 4 + ,U ﬂ i } J
Vior = Y100 y1

=, (ﬂ,x){,ﬁ_ 20, + 11° +[#2_/12HW Y11 }er_;j}
Y1

(Y1!€01)
2 2
[ -2y, yi
=0, (A, X){ A% =| =20, + P +=—— (o} + 2
! ){ l W (Y. 1) i) yr
=, (4 X){iz | 20,447+ 2 ) +L§]}
?> Y1
=@, (/I,X){/lz— —2ql—ﬁ+ql yl ]}
yl 2 1

y1 yl
=0, (A, X)1 A% -| -q, - J
2( ){ ' y1 ‘pz y1

Then we yield the equation sought

" yl” yl
@l (A, X) =, (A, X /12—(—q -=L J , (49)
2( ) 2( ){ ' yl (DZ yl
that is
—n" _a — yll yl _ 92
0, (A, X)+| -0 =+ |0, (4, X) = A0, (4, %), (50)
Y1 2 y1
if
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. i oW
0,(X)=—0 ——+—+=, (51)
()= o o Vi

one yield to the initial Equation (29)
~0; (A,X)+ 0, (X) @, (4, %) = 220, (4,X).
and the potential (30).
Since
_ﬁ"'ql =p e _ﬁ_ql =u’ —20,,
Y1 Y1

then the potential ¢, (x) can also be represented as

qz(x):y2—2q1+ﬁ+ié. (52)
2 1

it is uniquely determined.
Finally, according to (27) we define the corresponding transformation opera-

tor as

W s W (s (x.4).)
Y1(X)(/12 _12)

=W(y1(x'ﬂ)'¢’1(x))
v () (4 - 2%)

W%(X):

=, (X) (53)

3. The Two Examples: Reducced Radial Schrodinger
Equation and Schrédinger Equation on the Half-Line

The named Problem 1 of Theorem 1 of the preceding section is equivalent to the

following system of boundary value problems on the Half Line

—yl”(x,y)+{q(x)+ ! (Ile)}yl(x,y) = 1y, (%, 1),0< X <0,
Y1 (0,/1) =0.

) 1(1+1) i (54)
o)+ {a - U (x2) - 20 0 <5<
¢(0,4)=0.

The previous system corresponds to the reducced radial Schrédinger equation

—%w, (k,r)+{q(r)+l(lr—jl)}w, (k,r) =K%y, (k,r). (55)

for the partial wave of angular momentum /and wave number k.
This equation and the solution has the following properties:

1) The potential q(r) is regular, that is
f:r|q(r)|dr<w, (56)

2) The solution y, exists and it is the only one which vanishes at the origin.
3) For physical reasons know in scattering theory, the physical wave function
¥, » also must vanish at the origin.

4) The asymptotic behavior is of y,
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w, ~exp(id, )sin[kr—g(,{—%]+§lj,r—>w, (57)

where ¢, is the phase shift, is a real quantity which depends of energy kand the
momentum / thatis, &, =g, (k,1)-

1
5) The momentum angular fixed ﬂ=|0+5 and all (positive) values of

k?:= A%,
6) The Jost solution becomes:
fi(k,r) = i'e" +e"™0(1) (58)
k=0
then
f/(k, r):mi'”keikr +e"™0(1) (59)
k40

7) In the case Imk >0, the Jost solution is given by
f, (K, r)r_:mi'eikr and f,’(k,r):wi'“ke‘“. (60)
k=0 k=0

8) The regular solution ¢, (k,r),near r=0, is given by the boundary condi-

tion
rI+1 ( )
k _ 61
“( ’r)Ho(m +1)N
then
, (1+1)r'
o (k,r) = : (62)
0 (21 + 1)
See [Ch-S] [5], Chapter 1, Sections: 1.1-1.5, 1.7 pages 1-16, 19. If
r=xk:=s, (63)
the solution y, (k,r) for
(k) + 6 (X)y (k. x) = 2, (K x), x>0, (64)
v (k, O) =0.
where
I(I+1
6 (x)=a(x)+ (Xz ) (65)
is proposed as
@ (4,x), if 0<x<1
A, X) = . 66
vi(2:) {fl(ﬂ,x), if x>1. (66)
or
1+1
X ifo<x<l
v (A.x)=1 21+ (67)
i'e™ e ™ if x> 1.
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Since

t//,"(ﬂ,,x)_ I(I+1)_ )
m—q(x)+ = A2, for x>0, (68)

it follows that

= (69)

Next let y,(x,u) denote a fixed solution of the j-th equation for k=,

and let ¢ (k,x) denote an arbitrary solution of the first equation. Then for

Imk >0
o (k,x), if 0<x<1,
k,x)= k,x):=
i (kx) =y, (ki x) {f,(k,x), if x> 1.
X|+1 . (70)
—_ if 0<x<1,
={(2+)n
i'e™ +e "™0(1), if x>1.
and

' _ _ el (kx), if0<x<l
¢1(k,x)_yl(k,x)-—{flr(kyx)’ if x>1.
(1+1)x' _ 71)
S PTRENTE if 0<x<1,

i"ke™ —Imke ™ 0(1), if x>1.

where ¢ (k,x),y,(k,x) are solutions for the equation j=1 for k= and
k = A respectively.

Then
XI+1 .
—, if0 1,
h(Ax)=1(@nn XS (72)
i'e™ if x>1.
and
XI+1 .
—, if0 1,
d(ux)=1 (@ 0T (73)
i'elex if x>1.
then
(|+1)X| if 0<x<1
#(A.x)=1 (21 +1)1 ’ (74)

i"te™if x>1.
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(|+1)XI if 0<x<1
’ < < d
¢ (1, x) =1 (21 +1)1 (75)
i e, if x>1
for
XI+1 .
——, if0<x<]
v (X, 1) =< (21+ 1) (76)
i'el X, if x>1.
and
XI+1 .
——, if0<x<]
y (X, A) =< (20+1)n (77)
i'e™ if x>1.
then
(DX i 0yt
’ < < 1
Yy (% u) =1 (21+1)1 (78)
i"ueif x> 1.
and
(DX e xet
AT N ! <X<4
yi(xA)=1 (21 +1)1 (79)
i"ae™if x> 1.
And
XI+1 .
—— if0<x<l
é(x,2)=1(21+1)n : (80)
i'e™ if x>1.
(21+2)1
1 T if 0<x<1,
= , (81)
A, .
¢1( X) % if x>1.
i'e
Now, from Equation (74),
(I
g =L@ o Toxst
i"Aide™,if x>1.
1+1)1
ﬁx'l, if 0<x<1,
= +1)N
i'i?A%e', if x>1.
1+1)1
ﬁx'l, if 0<x<1,
= +1)N
—i' A%, if x>1.
That is,
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ﬂx"1 if 0<x<1
gl(A,x)=1(2+)n1" ’ (82)

—i' A%, if x>1.
Then

(21+1)1
(1+2)! X7 if0<x<, o T0<x<l,
=1 (20+1)1 x{ X

’ 1 .
—i' 226", if x>1. AR if x>1.

(+0)1 . (20+2)
(2|+1)!!X X'

—i'A%e™ (%j if x>1.
e

, iIf0<x<l],

I
—(Ijl), if 0<x<1,
=7 X

—22, if x>1.

That is
¢'(4,x) —I(I+1), if 0<x<],

=7 x2 (83)
AAX) e st

Now since

. A
g =g A A
Yo ¢ Y
. . A -
the corresponding summations =, of the potential qz(x) (calculated

Yi ¢ W
in Appendix), Are given by

N LG T
AT BUSEES (84)

“Wolle ifxeL

and
(21+1)1(1+1)
A X’ (85)
Y H if x>1.

-1 iux !
ie

, if0<x<l,

Next we defined the solution

W(yl(x,y),qﬁl(/l,x)).

#, (’1’ X) = Y, (X,,u)(,uz _/12)

In terms of the Jost function
Fi (k) = (k) W (1, (k. %) 1 (ki X)), (86)

for
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k e {/1, ,u}, (87)
Let’s start with the Wroskin
Wy, (%), (24,%) = ¥y (% 1) (A X) = Vi (%, i) (A %) (88)
then
(=2)" R (2)=W (% (% A). 4 (4.%)) = ¥, (6. A) (£, X) = ¥; (%, 2) 4 (4. )
and
(=) R () =W (s (% 22) (%)) = Yo (%0 22) (22 X) = Y1 (%, 22) (12, %),

that is

{yl(x,ﬂ)gﬁl'(l,x)— V(% A)d (4 x)=(-2)" F (1), )
Vi (% 22) (1 %) =y (% p2) (12, %) = (1) F ().
And
V(% A) 4 (4) =Y (x A (4.%) = (-2)" R (4), (90)
implies
- CA R+ V(6 2) 4 (4%)
#(2.x)= o) : (91)
and
yl(x,ﬂ)¢1'(/1,><)=%[(—ﬂ)' F,(/1)+y1’(x,ﬂ)¢1(/1,x)} (92)
Similary

W (v, (% 22), 6 (1 %)) = s (% 20) 8 (10 %) = Y3 (% 22) (11, %) = (=) F (1), (93)

that is

ACYIE yl(xvﬂ)ﬁ(f;lv(xzy_x()—ﬂ)_l F (/1)

(94)

SO

hSS

—_
R
x

N

[ e (%), () = (-22) ' Fi ()| 99)

AN
IS
NaY

The

1
~<
—
x
®
~
=~
—
kS
>
~
|
0
=
~—
n
—_
"
~—
| E—

Y Y1(qu)+ "(x X
) F'(l)yl(x,/l) yl( ’ﬂ’)¢1(ﬂ" )yl(x,/i)
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s ()5 ) (0 B
(-2 F(l)y12§,§;+yl(x'ﬂ)i((i:z))yl(x,u)
sl g
() R ()2 B (0 1) (1)
B 20 ) ) 22
S R ) R ) A
v Ei’fg i (% 4)8 (2,%) - ;1((;’3 (48 (1)
Thatis
W (y; (x,12), 4. (2:%)
A Ry A
LAy 0,0 (10 -2 (1) 1),

(96)

The calculation of W(yl(X,,u),¢l (i,X)) is shown in Appendix. The result

obtained is:

W (v (%, 4), 1 (2, %))

(=2)" R (2)+(~u)" F (), if0<x<], (97)
() R () (=) R ()€ i (12— ), i x> 1.
Now let’s write the solution ¢, (4,x) obtained in Appendix:
_ - 21 +1)11
(-2 R(A)+(-)"'F (y)J()(+l), if 0<x<1,
1 _
¢2 (ﬂ,x):m (_1)4 FI (ﬂ,)i_le_ux +(_ﬂ)_l Fl (#)i—lel(/IfZ,u)x
+(/12 _ﬂZ)(iZH»l’LleiX/l _il+lle(21—y)ix), if x>1 %2
That is,
1
¢, (4.x)
2_ g2yt
| (ﬂ )| , ifF0<x<], (98)
[T R+ () R () (2411
2 2
(47 -2%) .
! =l —idx 2 g2\i2l+l, aixe (N7 I pi(A-2)x 2 2141 4i(22-u)x it x>1 p* A
(—A) R (A)iTe™ ™+ (u® = 22 )i e + (—pu) " F (u)ie +(A2 - )i 2e
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(12 =22)1(1+1)x

Since
(1+1)IX
ol =1 (21+1)0
i"ae™,if x>1.

if 0<x<1,

it is obtained (see Appendix)

- - , iF0<x<],
a (2 +D[ (-2)" R (2)+(-w) " R (1) (20 + D)1 .
?, (luZ —lz)i|+1ﬂ,em .
! -\ —idx 2 q2\;2+1, qixe (N -l Li(A-24)x 2 2\l g Qi(22-p)x it x> Lu=a
(-2) R(a)i'e +(;¢ A )l e +(—u) FR(p)i'e +(A/ I )l e
According to Appendix one gets the next asymptotic relation
@ o if 0<x<1, (100)
@, |0(1), if x>1Vleven.
Since
21+ )11 +1
' g—igziil,W0<x<L
N X
2
o g if x> 1.
i
Then
(7'
1]
Cﬁ”+§ﬂigigiQ,W0<x<L
_ X
O@)+%§€“ﬁ if x>1,vIeven.
i
"
£2—Iil?)l;—'z(—lil—)+Cx2'*1,if0<x<1,
$§€W+OQ) if x>1,VI even.
i
Therefore
"
. Eﬂil—)l;—'z(—lil—)+0x2'”,h‘0<x<1,
%+%§= X (101)
2 ¥%€W+O@) if x>1,VI even.
i
Now
I(1+1)
I(l+1 X)+ , 0<x<1],
qdﬁ:q@}r(% qu() X2 (102)
a(x), x>1
then
DOI: 10.4236/apm.2019.95023 499 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.95023

H. Blancarte

21(1+1)
2_2q(x)-—5—, 0<x<L,
W g = | AN ) (103)
wf=2q(x), x>1
and
q; =ﬂ2_2q1+ﬁ+%a
2
then
QZ(X)
20+1)1(1+1) .
20(1+1 (— 21+
_ 17 -2q(x) - (X2+ ) if0<x<1,+ N +Cx77, if 0<x<],
w1 —2q(x), if x>1. %e"”x +0(1), if x>1,vleven.
i
201(1+1 20+0)10(1+1
u—2q(x)- (: )+( i )|+2( i )+Cx2'+1, if 0<x<1,
_ X X
y2—2q(x)+%e’i’“+o(l), if x>1,VI even.
i
Therefore
n
,u2—2q(x)—2I(|2+1)+(2|+1)|:2(|+1)+Cx2'*1, if 0<x<1,
0, (x) = X X (104)
yz—Zq(x)+i%e“”x+O(1), if x>1,VI even.

For the case

Let’s

0<x<1, (105)

consider the term
21(1+1) (20+2)1(1+1)

+
XZ XI+2

If we define

a=21(21+1)b=(21+1)(I+1)=a>b>1land 0 < x< |/|2L|1 <1 (106)

then
20(1+1 20+0)10(1+1
- (2 )+( )IZ( ):z_iz'i' |b2’ SII+1
X X X° X" 2l
I+1 b
>x<——="oax' <b=ax"? <bx?
2l a
1 b a b a
:ﬁ>—2<:>w>—z<:>w——2>0. (107)
ax bx X X X X
Let the infimum
—inf b a 0 (41
a=1n XIT—F < X< 7 (108)
then
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a >0, (109)
If
a >0, (110)
/I +1
let £€>0,Ixe [0, ! 7] such that « S%—%< a+¢&,Ve>0. Then
X X
b a
T 0, (111)
Iwhich is impossible!
Hence
a=0. (112)
If

0<XS'[|2LI1, (113)

21(1+1) (21+1)1(1+1)

it is obtained that

50 (114)
since
2
C (1+1) X = 0. (115)
(2|+1)|| x—0
for
0<XSI/IL1<1, (116)
21
SO
A(1+1) (2A+1)n(1+1) _(10+1) )
— 2_2 _ C 21+1
% (x) = "~ 24(x) x? " x!+2 " (21+1)1 X (117)
:O,uz—Zq(X).
That is
6, (x) = 4 ~2q(x), for0<x<| I;1<1 (118)
Therefore
-2q(x), for0<xsl|2LI1<l
0, (X) = (119)
% =2q(X)+-=e ™ +O(1), if x>11 even,
i~

So our final conclusion is, that we have obtained the uniqueness of this poten-
tial which is regular when x — 0 and, bounded with exponentially decreases

fast enough when x — .

DOI: 10.4236/apm.2019.95023

501 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.95023

H. Blancarte

4. The Estimates L, — L, for the Reduced Radial Equation
of Schrodinger

Theorem 2. (The L'—L” estimates). Suppose that V is regular and
2 [(1+1
d +V (X)+ (1+1)

H=——+V ,0< X <o, 120
dX2 ( ) X2 ( )
#(0)=0
Then
||e*itH <ct (121)
i) <
of moreover, V €L}, then
. 1
e™Pp <C—.
" Clip(wys Wi ) \/f (122)

Proof. For Theorem 1, the operator W transforms the potential

V(x)+ >— in univocally determinated potential
X

u? =2V (x), for0<x< |}|2LI1 <1

W - (x)+ie““X +0(1), if x>1,1even.

-1
1

0, (x) =

Andif ¢ (x) issolution of (120) then

2 (X) =W, (x), (123)
is solution of
-0 (X)+0, (X) 9, (x) = %0, (%), (124)
For
0<x<1 (125)

we have 0, (X)= > =2V ()< 0, (X)+V ()= x* =V (X)
< [0, ()+V (x) o (x) =4 =V (x) g (x) = =07 (x).
That is
05 (X)+V ()0, (x) = 70, (x). (126)
which is Schrddinger Equation on the Half-Line (RSEHL) for 0<x <1.

For the case
X >1, (127)

The sum of the terms added to the potential

2 e 10(1), (128)

=
1
form a term bound with exponentially decreases fast enough which allow that

j:x|q2 (x)|dx < oo, forb>0. (129)
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See [5], Chapter 1, Secc 1.1, formula (1.1.3), page 2 which guarantees that the
equation (RSEHL) is also fulfilled in this case. Therefore (121) and (122) are sa-
tisfied. O

5. Conclusions and Open Problems

As a comment by /. Bourgain in [7], page 27, the importance of the L' —L* es-
timates is mentioned, in the context of search of global solutions for the equa-
tions of non-linear Schrédinger. In particular, the obtained ones in [8] perform

the form
-d/2 |

eit(A-V)¢H <CIt[*"||¢|,  ford=3. (130)

Also, in [7], page 27, it is mentioned that “it would be most interesting to
prove the analogue (19) in low dimension d =1,2. This is certainly a project of
independent importance”. In [3] and [6] these estimations were demonstrated
for the case d =1 on the line and half-line respectively. See [1], page 487. Now
we have established the L'-L° estimates for the case Reduced Radial
Schrédinger Equation (RRSE).

Finally as an open problem the possibility of extending the L'—L* estimates
for the (RSEHL) but now adding an analytical perturbation to the potential
q(x); as mentioned in [2], 13 Open Problems, page 55, where is considered the

differential operator

Lu=-u"+q(x)u,0< x <. (131)

Since according to the Analytic Perturbation Theory the potential q(x) can be

written
q(x) =0, (X)+a, (x)+ 5 (x), (132)

where all the q;(x) are real valued, g, (x)>0 is locally integrable, q,(x) is
uniformly locally integrable and q,(x) is majorized by 1/4x*. Then a closed
form b[u] :jow

(|u’|2 +q(x)|u|2)dx can be constructed and the associated sel-
fadjoint operator (self-adjoint extension) A of L in L (0,00) with an appropri-
ate domain (including the boundary condition u(0)=0). See [9], Chapter 7,

Section 8, pages 408-409.
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Appendix
Next, the calculations of the addends
Lo s (133)
Yi @ Y
that form the potential
Y.
g,(X)=0,——=+—>+=
2( ) ' Y1 @, Y12
will be shown.
It starts with
XI+1 .
—, if0<x<],
v (X, ) =4 (21+1)n
i'e' if x>1.
then
1+1 X', if 0<x<1,
yi (%, ) =1 (2 +1)1
iueif x> 1.
and since
1+1
X .
, iF0<x<],
& (/1, X) = (2I +l)!!
i'e, if x>1.
+1 X', if0<x<1,
¢1’(X,/1):: (2I+1)!!
i"ae™if x>1.
Since
1+1
X .
—, if0<x<],
y, (X, ) =< (21+1)
i'el if x>1.
then
(2I +1)!! .
1 MR if 0<x<1],
y(x4) .
! W, |f X Zl
(21 +1)17 ” L
1 ) W if 0<x<l,
=
VAR :
1( ) iZIGTM’ if x>1.
and
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+1 X', if 0<x<1,
yr (% u)= (21+1)n
i"tue,if x>1.
and
I(1+1
) (1+1) X if0<x<1,
yr (X, 1) =< (21+1)
i fe M if x>1.
Therefore
v (Z(I +1))”x'1, if0<x<1,X NI if 0<x<1,
Y1 S22 i : 1 P
2 ute' fx>1. —, ifx21l
i e, if x T
I(1+1 20+1)1
( )x"lx( ) L if0<x<1,
(21 + 1)1 X'
422 ipx 1 .
i“uce T if x>1.
i
I(1+1
Q, if 0<x<1,
X
—,uz, if x>1.
That is
. [1(1+1)
Y z if 0<x<1, (134)
oLz ifxeL
Now
(20+1)1?
y, . :+1”X|, if 0<x<1, W20 if0<x<l,
TE= W)= (2D «f X
1 i|+1[ue|‘ll)(l If le W' |f XZ]_
21 +1)1°
+1 X'x( +) , IF0<x<1,
B (2I+1)!! 21+
HES® iux 1 .
i e gz if x>1.
20+1)1(1+1
#, if 0<x<1],
g if x>1.
That is
20+)1(1+1
, ()# if 0<x<l,
A X (135)
LA if x>1.
i ipx
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Now since
WYy (% 4). ¢ (2, %))
ALY 4 (4%)
ARy Gy ) R g
y1(X ﬂ) X, X yl(x ,u) o
y1()(1)y( )¢ (2 %)~ %Uh)%( X) i (14, %).
let us calculate each of the W( Y, x,lu ¢1(1,X)) terms. Since
vi(x,u) L if 0<x<1,
% (% 4) { ACiE x> 1,
¢ (4 x) if 0<x<1,
¢ (1.x) {e(l” ,if x>1.
Vo (%, z) =1 (21 +2)0’ If 0 <x<l,
e, if x> 1.
I+1

x, if0<x<l],
yi (%) = | (2 D)1
i"tue,if x>1,

XI+1

(21+1)n

|/1x

¢1(/1,x): , iF0<x<],

r—’h\

i'e if x>1.

(1+1)x
, iF0<x<l,
(2I+l)!!

i"ae™if x> 1.

#(2.x)=

—

first let’s calculate the terms

BUCD ) (1)

yl(xiﬂ")
1+1
1 ifo<x<1 X—, ifo<x<1 [L if 0<x<1,
=<(20+)n x4 (20+1)1 x
e =X if x> 1.
i"ueif x> 1. i'e™ if x>1. '

ﬂxz'”, if 0<x<1,
_ (2 +1)7

i2|+1ﬂ,ei(l+ﬂ)x, if x>1.
That is
(1+1) o .
T e g 1
Ay kA=
%(x4) 24 el iy g
Next
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A a0 19
X (1+1)x'
x4 (2011 IfO<X<l'>< (21 +2)’

i'ehx if x>1. i if x>1

Y1(Xnu)
¢ (1,%)

%, if0<x<l,

¢ (4. X) ¢ (11, %) =

if 0<x<l,

e i x> 1.

That is
1+1

A (3 ) )= {2+ DI

¢1(,uvx) |I+lﬂei(i+y)x’ if x>1.

X" if 0<x <1,

Then

yl(’)

ALY

yl(xvﬂ)
¢ (1.%)

A (2 %) (44,%)

m (%, 2)é (4. x)-

| +1

2I+1 S
{(2“1”2 IP0sx<t (24P

X if 0< x <1,

i e i x> 1. i x> 1

0, if 0<x<l,
(ll/’{ /_[ I+1|l+y), if x>1.

Therefore

~—

(xu) X X _yl(x,,u)
(o) HOAAEN) G

{Q if 0<x<1,

<

¢ (2,%) ¢ (1. %)

(i'2—u)ie e X i x> 1.

Now let’s calculate the term:

(-2)' F(2) yl(x,y)+(_ﬂ),, F (ﬂ)%(i,x)

Y1(X’ﬂ') ¢1(/,1,X)
L if 0<x<1, ( )4F( )L if 0<x<1],
+ —
*if x>1. #) s e % i x> 1,

(-2)" R (2)e " if x> 1. (—u) " R () i x> 1.

{( “A)Y R (2), if0<x<1,+{(—y)_'F|(,u), if 0<x<1,
(4)
F

+{( )  (A)+(= ﬂ)_IF(/l) if 0<x<1,
(=A)" R (A)e X (—p) R ()€ i x> 1
That is
-l 1% - A X
(B R E o) R S
z{(—z)" R(A)+(-u) ' (u), if 0<x<1
(=2)" F ()@ 4 (—u) " F ()€ if x> 1.
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Then
W(yl(X,,u),¢1(ﬂ,X))
—(_Y" yl(X*”)+ S ¢ (4. %)
=(-4) F'(/l)yl(x,z) (1) H(ﬂ)mﬂlx)
+y1(x,,u) '(x X _y1(qu) X’ X
yl(x,/i) Y1( ”1)¢1(ﬂ” ) ¢1(N.X)¢l(/1' )¢1(ﬂ1 )
:{(—,1)' F(A)+(-n)" F (1), if 0<x<1,
(1) R (A)e M (—p) R ()P i x> 1
0, if 0<x<1,
+{ i'A— y)"*l X if x> 1.
That is
W(yl(X,,u),Q(l,X))
TR+ () R (k). iTO<x<t, (136)
A R (A () R () i (4= ), i x>
Now let’s calculate the solution
W (). (20)
ST
as follows:
¢, (2,x)
_ 1 oy yl(xw“)Jr e ¢ (4.x)
o) 7 {( ARAR, oy T Rl )

yl(x,u) X, X M X) ey (1, X
A L 8 )

B ¢ (4,%) 1
() 00 (4 7)

+y1’(x,i)¢1(/1,x) 1 _¢1(/1,x)¢1’(,u,x) 1
WA (@-2) mex) (@A)
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1 (AR(A), 4 (#) R
Vi(xA) (u2-2%)  a(mx)n(xu) (4°-4%)
AL G I S A0V (V) !

(2 (2-22)  h(wx) (-2
L {( A)'F (zm(z,x)(—u)" R (1)

(/1 -2 n(x2) ¢ (4,%) Y2 (%, p2)
V(6 A)4 (LX) 44 )W)}

¥ (x,2) ¢ (%)
1 {( ) F(4) | 4 (20 (u) " F ()
(«2=22) [ w(x2)  d(ax)y(xp)

WD) g g A4
_ 1 {(—}t) 'R (/1)+(—ﬂ)" F (&) (4.%)
(”2_’12) ¥ (%.4) v (X ) (%)
RRACTI AV, )
LW) (s x)}W )}
Therefore
K)=—t )" 1) @ (A,x)
(1) (#2_12){( R () ) R G
NRACT V) P
|:y1(x,l) %(#.X)}%(l )
Now, since
4 (4x)= Cﬁ%?ﬁ?if0<x<L
e, if x>1.
4 (1. x)= (2|X+1)u’ if0<x<1
e if x>1
(1+1)IX'
%(Lx)kaizzﬁrlf0<x<L
i"2e”if x>1.

, if0<x<],

i e if x>1.

if 0<x<1,

vy (%) =1 (21+2)0°
i'e, if x>1.
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X .
, if 0<x<1],
Y (xA)={(@+nn " OTET
i'e", if x>1.
“+”XIif0<x<l
Y (% ) =1 (21 + )0 !
i e if x> 1.
“+QXIif0<x<1
yi(x,A)=1 (21 +1)’ ’
i"ae™, if x>1.
and
I (2|+1)!! .
Y (% 42) (I2|+1)1X”, if 0<x<1, MR if 0<x<1,
= ] X
ALY (. ) . 1 .
i"tue, if x>1 TR if x>1.
X2+
@ xt o<t
V”yequé%;, if x>1.
i
1, if 0<x<1,
iR if x> 1.
Then
yi(%p) b if 0<x<1,
V(% A) it if x>1
Now
I (2|+1)!! .
¢ (4,X) Elz—rl)ll)x”, if 0<x<1, T if 0<x<1,
= +1)H X
¢1(‘u'x) 141 9 qidx H H
iAe" if x>1 g if x>1.
(1+1)Ix' (21411
(@ xr o o<t
- HE® iAx
%. if x>1.
i'e
1 if 0<x<1,
iae" ) if x> 1.
That is
if 0<x<1],

Now we compute

#(4x) {1:

e ) if x> 1,

yi(x4) #(ux)

(% 2) 4 (ux)
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as follows
yi(%4) ¢(ux)
V(% 4) (%)
1, if0<x<1, (1 if 0<x<1,
:{WﬂkaM,WXZl. _{méwﬂiifXZL
1-1, if 0<x<1,
=£”uwwﬂﬂ—myﬂlﬂ,ﬁx21
0, if 0<x<1,
:{WﬂwN”M—L%NlM,WXZL
0, if 0<x<1,
:i“umwwﬂ—mE“W%%ifXZL
That is
Vi(x,A) ¢(ux) {0, if 0<x<1,
- = o (138)
Vi(%A) (X)) |i"ue™ M —ize ™ if x> 1.

And

1+1

{a if 0<x<1, (iiﬁﬁ,w0<x<L
= , 4 X +1)N
i e _jae ™A if x> 1.
# i'e", if x>1.
if 0<x<1,
m+1
|:|I+l Ile—lx(g A):|II |/Ix, if x>1.
0, if 0<x<],
|:|I+l/.le I/ie—lx,u A):|II Mux7 if x>1.
Q if 0<x<l,
2I+1 |xy '”Ze (22-p)ix , if x>1.
That is
"(x, A (1, X 0, if 0<x<1,
Y1( )_%(ﬂ ) (ﬂ' ) 241 i 4l g (24-u)iX (139)
V(% A) ¢ (mx) e i el i x> 1,

Now we compute

_ ) 1 (=) # (A, %)
(-2)" R (2) o) (—u) F.(u)—yl(x () (140)
So
1 (H+QH,HO<X<L
() F(A) s =(-2) R (1) X"
%(x2) if x>1.
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21 +1)1

(4 R

(-2 R (2)

, if0<x<],

if x>1.

That is
L e R

(~4)" R (A)-as

e

, iF0<x<],

if x>1.

Since

(21 +2)1
1 1+1

, if0<x<],

>

if x>1.

ileiux !
and
if 0<x<1,

, if x>1.

i(A—p)x

yl(x’:u) ) (,u,X)
(21+2)1

1+1

if 0<x<1

-1 X
=(-u)"'F _
(1) "R 4) 1 e if x21

ileiyx !

(21 +1)n

XI+1

, if0<x<l, ¥,

if x>1.

, iF0<x<],

i(A—p)x

@D

! |fXZl
ie”

(21 +1)1
=(-u) R(u) A

ifl ei().*Z‘u)x

() () B

(—u)" F (u)ie 2, if x 21,

if 0<x<1,

, if x>1.

if 0<x<1,

RS (21+1)1
(cu) F () — 2N (=) R ()=

()" F ()€ 20, if x> 1,

if 0<x

(141)

<1,

(142)

DOI: 10.4236/apm.2019.95023

513 Advances in Pure M

athematics


https://doi.org/10.4236/apm.2019.95023

H. Blancarte

oy 1 (= -l M
(-2)'F(2) A R T ()

{(‘@I R (l)(ZIXJlill)” if 0<x<1,

(-1)"'F (ﬂ)% if x>1.

Jw( ) ! E(ﬂ)(2|+1) , if0<x<1,

(—u) " F (u)ie®if x> 1.
(-2)"'F (/1)( Xfll)”+(—y)" R (y)(mx:ll)”, if 0<x<1,
()" R (A + () Fi () €07, i 21

_ [(—/1)I':u(/l)+(—ﬂ)'Fl(/t)J(ZIXJ,rll)”, if 0<x<1,
(=2)" R (A)i'e™ +(—u) " F (n)i'e % if x>1.

That is
o 1 (=) 4 (4.x)
(-4) I:'(/1)yl(x,z) (u) R a) Vi (% 4) ¢ (1.%)
i {[(l)' F(2)+(-u)'F (ﬂ)}%’ ifO<x<l
(-2) "R (A)ie™ 4 (—u) R (n)ie R i x>,
Besides

(143)

(144)

+(-u)" ¢ (4, x) yi (X, )_¢1'(,U:X) y
( N) |( )yl(x”u)gzil(y X) {yl(x, ) %(#,X)}@(i, )}
__ 1 [(—/1) R (2)+(-u)” E(u)J(ZIthl)” if 0<x<1,
(ﬂ2 _12) (_l)—l F(2)i"e +(_Iu)—l F (lu)i—lei(l—Zy)x, it x>1
0, if 0<x<1,
+{i2'”ue‘“’ —it2e® O if x>,
_ 1 [(—ft)_I R (4)+(-u) H(u)](zlx,:l)”, if 0<x<1,
(,Uz _12) (—,1)*' F (l)iflefilx +(_lu)—l F (lu)if|ei(172u)x +(,U2_/12)(|2| L i +1 5 pl24-4) ) if x> Lu A
Finally we get
¢, (2,x)
-1 [(_’1)4 R(4)+(-x)' R (ﬂ)}% if 0<x<1,
=2 |y R a)ire () i e = A7) (i2 e i1 2 ) i x> L% 2
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And
1
¢, (4, X)
(ﬂz_lz)xm | o
L C [, (149
(;,2 _/12) if x>Lu+
(_/1)4 F (;L)i—le—iﬂx +(ﬂ2 _/lz)iznlﬂeixy +(—,u)4 F (y)l |e(/1 24)x +(/12 _’u2)il+llei(21—y)x if Lu#a
Now it is calculated
o+
o W if 0<x<l,
2oli"ae™, if x>1.
(#z_ﬂZ)XM , iIfF0<x<l,
) (2 R(A)+(=n) " R () (214 2)1
('uz _/12) if Xx>1u+
() R (e 7 (2 () (i e (e
(|+1)le X (qu—ﬁz)xhl , iF0<x<],
D (2) R () () R () (242
(’uz_ﬂz)-mﬂvem . .
(_2)4 FI (ﬂ)l -lgiax (,u _ 12 ) 2|+1#e|xy ( ﬂ),. F (,u)l Iel(l 2u)x +(Zz _ﬂz)i|+1/1ei(2/1-y)x A 1”” 4
(I+1)Ix'(,uZ—/12)x'+1 i ocx<l
. 20+ (~2) 'R (2)+(~0) " R (w) (21 +2)1
( >|Mlem - JfFx>Lu+A
(_/1)4 FI (/”L)iflefm +(ﬂz _ﬂz)i2|+1'ueux;l ( ,U) | F (,u)l e(z 2u)x +(/12 _‘uz)imleu(uw)x
( )I(I+1)x2'*1 , iIf0<x<1],
) 20+ (<2) " F (2)+(~0)" R (w) (21 +2)1
( 2 _Az)imlem _— N
(_,1)_' F (i)l -l giax (,U _ 2 ) 2I+1lueix,u +(_,U)_I F (lu)i_|ei(/172ﬂ)x +(12 _qu)il+l/1€i(21—y)x ! M
Therefore
(/12_,12)|(|+1)x2'*1 , if0<x<1,
g @ F)U (<2)" R (2)+(~#)" R () (21 +2)1 46
P, - (ﬂz _/12)-|+1lei/1x .
JFx>Lu#a

(_/,i)—l F| (ﬂ)l_l —|/1>< (,U 12) 2I+1'ue|xy ( /1)4 F| (‘u)i—lei(,{—z;;)x _’_(/12 _qu)il+11ei(22—p)x

There is another representation for
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P2 for x> 1. (147)
?,

which is given by
(qu —/Iz)i“l/lem
(_/1)—' F (l)i_le_mx +(ﬂz —/12)i2'+1,ueixf’ +(_ﬂ)—l F (/J)i—lei(l—Zy)x +(/12 _#Z)il+lllei(2/1—,u)x
(ﬂz —ﬂz)imﬂem

_ eMx
(_/1)4 FI (i)i_le_m (;12 _ﬁz)iznlﬂeix;; (_#)4 FI (,u)i_lei(lfzﬂ)x (lz —yz)i|+lle'(u_”)x
iAX + iAX + iAX + iAX
e e e e
(/12 —/12)i|+11
_ 1 1
(A R(A)ie ™ (w22 ) e () R ()i (2 )i e
1 1 1 1
(qu —ﬂz)i'*lﬁ

(=2) " R (A)iTe ™ (1 = )i e e (—pa) R ()i (22— g )i 2
Therefore

(2 =22)1(1+2) %"

o | DU (-2 R (2)+(-) " R (w) |20+

?, (12 =2%)i"2

(=2) " R (A)ie (i = A7) e o (—a) R ()i (22— )i 2

, iIf0<x<1,

JFx>Lu#a

(148)
Now if the following constants are defined
o = (—/1)7I R(A)I B =4 —ﬂz)iz'”,u,}/l = (—,u)fI ()i,
51 — (12 —/Jz)imﬂ,,q — (ﬂz —/Iz)i”l.
then
(,Uz —ﬁz)imﬁ
(_ﬁ)—l FI (ﬂ)i—le—Zi/{X +(/_12 _ﬂ/Z)iZHl#ei(y—ﬂ.)x +(_/u)7| FI (Iu)i—lei(Zﬂ—Z,u)x +(ﬂ,2 _#Z)ilﬂlei(l—y)x

(150)
_ ad
ale—zilx+ﬁ1ei(/kﬂu)x+7182i(/17;4)x+5lei(;fp)x
Therefore
2_12 I |+1 X2|+1
, (ﬁ )( {I , if0<x<],
o _ @+ (-2) " R (A)+(-u) " R (w) (2142 (s
?, )
g .
- - - - , ifx>Lu=A1
ale—m/ix +ﬂlel(y—l)x +}/1e2|(l—,u)x +51e|(/1—y)x H
For
Xx>1 u# A, (152)
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there is another representation for the term

el
—2iAx i(u-2)x 2i(A-u)x i(A-p)x '
e + pe +y.€ +0e

(153)

let Z and || is the conjugate complex of zand the modulo of z respectively;
then |Z|2 =177 , by the properties of complex numbers. Thus
gl
ale-zm +ﬁ1ei(y—/1)x +7/182i(/17ﬂ)x +§1ei(ﬂ.—y)x
gl
ale—ziﬂx +ﬂ1ei(;¢—i)x +ylezi(/l—;z)x +§1ei(l—y)x

Xale—Zilx +ﬂlei(y—l)x +71e2i(ﬂ,—/1)>< +5lei(l—,u)x

ale—Zi/lx+ﬂlei(y—/l)x+71e2i(l—y)x+5lei(l—y)x

qi(ale—zilx +ﬁ1ei(u—z)x n yle2i(i—y)x N 5lei(z,ﬂ)x)

- : . ; : 2
‘ale—zmx +ﬂlel(y—ﬂ)x +7/1e2|(ﬂ—y)x +5lel(l—y)x

E1ﬂv(ale—2i/1x +ﬂlei(y—l)x +7/leZi(ﬂ.—y)x +§lei(ﬂ—y)x)

- . ; ; : 2
‘ale—zmx +ﬂlel(;t—i)x +7/192|(1—y)x +5le|(ﬁ—y)x

ql(am_'_ﬁlei(y—a)x 4_}/_182i(/1-/4)X +glei('1-ﬂ)x)

ale_zux +ﬁ1ei(,u—,1)x +7/1e2i(/1—/1)x +51ei(/1_#)x 2

A (glemx +Eei(i—,u)x +71e2i(,u7/1)x +3lei(,k/1)x)

ale_zux +ﬂlei(y—l)x +}/1e2i(/1—y)x +51ei(,1_”)x 2

Then

A
ale—ZiAx_'_ﬁlei(y—l)x+7/le2i(/1—u)x+6lei(l—y)x

61/1(;162MX +Eei(i—p)x+7le2i(y—l)x+§1ei(;1—l)x) (154)

h ‘ale’mx +ﬂlei(/4—1)x +7/1ezi(/1_#)x +5lei(l—/4)x 2

And let us estimate the denominator module of (154), using the Lagrange’s
identity.

n 2 n 2 n 2 n _ _ 2
20 :{Z|zk| j(2|wk| J—Z|zkwj ., (155)
k=1 k=1 k=1 k<j

See [10], Chapter 1, Section, 1.2, Exercises: 18, page 23. Then

‘ale’mx +ﬂlei(#—i)x +71e2i(/1—/4)x +5lei(/1_,,)x 2

_ (|G!l|2 +|ﬂ1|2 +|71|2 +|5l|2)(|e—2iix

;17/1))(

2+‘ei( 2+‘e2i(/l—y)x 2+‘ei(afﬂ)x

)

7leZi(A—y)x +51ei(2,—/1)x

12

_ ale-zux _ﬂlei(/z—/l)x ﬁlei(y—a)x _}/lezi(ﬂ—/,l)x
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(1 418 P 2112 41 P\ |e 22 P 4 [oitex 2 4|2t 2 L ]eitmx 2
| H A+ 1
_ —2|/1x ~pe i(u=2)x ﬂl 71e2i(4,,,)x'2_ ne ) 5lei(/1 2) 12
‘ale’mx +ﬂleixﬂ +ylei(l—2y)x +5lei(2/1-y)x 2
: 2
= (leaf* +18 +[[" +|51|2) (1+1+1+1) —|oye 27 — pelte

12

_ ﬁlei(ﬂfll)x _y1e2i(/17/1)x _ yleZi(ir/J)X _é}ei(}.fy)x 2 _ }/l (2/1 )X 5 e i(A-2u)x §

—2|/1x ﬂl

= 4(|"‘1|2 [ +nf +|61|2)_

12 12

_ ﬁlei(/zfl)x _ }/leZi(ir/z)X 2i(A—p)x _évlei(/lf,u)x

—{ne

2
lex i(A-u)x
o€ ﬁl

=4Mfﬂﬂfﬂhll5ﬂ
‘ﬂ1 o —ne Al ‘7’1 ) _5lei(#_l)x

That is

: f i . 2
‘ale—ZMX +ﬂ1el(y—ﬂ)x +}/1e2|(ﬂ—y)x +5le|(l—y)x

(156)

- 4(|a1|2 "'|ﬂ1|2 +|71|2 +|5l|2)_‘alezux —,Blei(’l"’)x 2

B ﬁlei(i—y)x _ylezi(/kz)x 2| i(u-2)x _5lei(,k/1)x 2

7€

Now let us calculate each term subtracted

2

—2|l>< ﬂl

) : 2
— aleZM.X _ﬁlel(l—y)x

= (al C ﬂl )( 72'1)( ﬂl )

_ (alezux _ﬂlei(l )(alefmx ﬂl i(u=2)x )

=a1e2i/1xaleleix al Zl/l)(ﬁl ,U /1 ﬂl Z. /1 72|/IX
+ﬂlei(/1—y /319 (u=2)x alale ~2iAx g 2idx _ alﬂl 2mxe|(y 2)X
- frane N fg e

—0‘10‘1 alﬁl g?hglliai :Blal g +ﬂ1ﬁ1

=|a1| a1ﬂ1 g2 gl _alﬁl g At |ﬂ1|

Ry e M
=|ay|’ —2Rea, pe? e 1| g

=|a|’ —2Rea, Re g, Ree?* Ree'“ " + |,

= o’ —2Rea, Re 5, cos 22xcos(u— A)x+| [

That is
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o675 — g gl =|a| ~2Rea, Re B, cos2Axcos(u—2)x+|A[*. (157)

And

—ﬁ1ﬁ1 ﬂﬂx"ul 7ﬂeiﬂxe2'(i#)
_ﬂ171 i(u-2) xel(# 2)x +717/1 2i(p=2)x 2i(A-p)x

e
_ﬁlﬁl (u=A)x i (u=2)x yﬁeﬁ”xez'u/‘)
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e
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=|ﬁl| (71ﬂ1 - ”)XGZIM H)x +ﬁ171 i(u- i)xez'(” A )+|71
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|2

That is
i ; 2
‘ﬁlel(liﬂ)x — @2

(158)
=|B|" —2Rey, Re i, cos(A — u)xcos2(A—u)+|n| .

And
R —
= (;/lezi(u—i)x _é‘lei(/t-/l)x )(yleﬁ(ﬂ—ﬂ)x _5lei(#_/1)x)
=(7e H=2)x 5e'(" A)x )(Ze Py é'e'(" P )
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- 71719 _51719
_Zé‘lei(”il)x 2i(p-2)x +§5 ei(#*l)xe*i(ﬂ*l)x
= 11— Oy ey g e U 5,

:|}/1|2 5e2lul)xe—l(ui 7§e—ZIy 2)x |,u,1 |5|

:|7/1| (71562|(# /1) —i(u-2)x +7/15e2I H=A)X e —i(u-2 X)+|51|

2

= [1[ - 2Rey 5 e 4|5
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:|71| —2Rey1Redlcosz(y—/l)xcos(u—/l ><+|51|2

That is
‘7/1 5e(” A)x

(159)
=|n|" —2Rey, Re s, cos2(u—2)xcos(u—2)x+|6".

Then
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=l A e
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+2Rea; Re f, cos 2Axcos( i~ A)x+ 2Rey, Re 4, cos( A — u) xcos 2(A - u)
+2Rey, Red, cos2(p—A)xcos(u—2A)x

=3lay| +2|B[ +2|n[ +3|6)°
+2Rea, Re ff,c0s2Axc0s (4~ A)x+2Rey, Re 5, cos( A — 1) xCos 2( A — i)
+2Rey, Red, cos2(p—2)xcos(u—A)x

> 3oy +2|8)° + 2|, +3|6,] —~2Rea, Re f, ~2Rey, Re f, —2Rey, Red,

. 2
‘7/ e —2)x _51e|(,u—l)x

Therefore

. . . 2
ale—ZMX +ﬂ1e|(y—l)x +}/1e2|(/1—;:)x +5el(l )X

(160)
> 3|y +2| [ +2|n[" +3|6.] ~2Rea, Re 5, —2Rey, Re 4, —2Rey, Red,

From Equation (158)
@ = (=2) R () o= (i = 47)i = ()R ()i
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Then
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That is
—2Rea, Re §, —2Rey,Re f, —2Rey, Re s,
= -2Re|(-2) 'F (2)i" || Re(w* = 2*)Re(~i)" *Re x| (161)
—2Re[(—y)" R (,u)i"}[Re(,uz ~27)Rei’ Re u|
Since
Re(-i)"" =Re e 22 _ cos%(Zl +1) = cos(nl +gj =0,vleZ. (162)
Rei?* = Ree? ™' = cosg(ZI +1)= cos(nl +g) =0,vlez  (163)
and

(I+D)i

Re(—i)I+1 = Ree%H =cosg(l+l)=0, for | even. (164)

it follows that
—2Rea, Re 3, —2Rey, Re 3, —2Rey, Res, =0, VI even.

That is
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Therefore
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That is
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Now it is calculated
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