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1. Introduction

In this paper, we investigate the nontrivial solutions of asymptotically linear or-

Morse Theory

dinary differential equations satisfying Sturm-Liouville BVPs with resonance.
Various boundary value problems of asymptotically linear ordinary differential
equations have been studied before. Most of them are gotten by the topological
degree theory. There are also some papers about resonant problem. But the
asymptotically linear ordinary differential equations with resonance aren’t con-
cerned ago. Here, we concern asymptotically linear ordinary differential equa-
tions satisfying both Sturm-Liouville boundary value and resonance. We solve
the problem to get Theorem 1.1 in the following section.

Now, we consider solutions of the following Sturm-Liouville boundary value

problem:
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x"(t)+ f(t.x(1)) =0, (11.)
x(0)cosa —x'(0)sina =0, (1.2)
x(1)cos f—x'(1)sin B =0, (1.3)

where feC' ([0,1]XR,R), 0<a<m0< B<mn.In this paper, f’ denotes the
derivative with respect to x. Our main result is the following theorem.
T

Theorem 1.1 Assume that q, € H, (1’(0’1)’§’Ej in [1], Ze. x"+a,(t)x=0
and (1.2)-(1.3) has one nontrivial solution x=x,(¢)>0, Vre[0,1],
A€ L*[0,1]. fsatisfies the following two conditions:

f(t,x)

(H) a,(1)<———=<A(t) as |x|=2r>0, r is a constant, i(1)=1,
X
v(ﬁ)zO, i(ao)zO, v(ao)zl;
(H,) f(t,0)=0, 1€[i(4).i(4)+v(4)], where 4,(t):=f'(1,0);
For the sake of convenience, we denote f, (t,x) = f(t,x) —-a, (t)x ,
(H;)

J:f1 (2,40) x,dr > 0> _[;ﬁ (t,—0) x,dt,

where f; (¢,+%) = liminf f; (¢,x), f,(t,—)=limsup f,(z,x), and x,(¢)(>0)
is a nontrivial solution of x"+ a,(t)x=0 and (1.2)-(1.3), Vte [0,1]. Then
(1.1-1.3) has at least one nontrivial solution. Moreover, if we assume

(Hy) v(4)=0,i(4)=2.

Then (1.1-1.3) has at least two nontrivial solutions.

In this paper, for any aeL”[0,1], i(a) and v(a) denote its index and
nullity of the associated linear ordinary differential equation (see [2] [3] for ref-
erence). In Section 2, we will briefly recall the index and its properties. For the
readers’ convenience, we give an example: Assume A is a constant, o = kil
and f= g Then 2

0 as 1 <0,
l(l): k+1 asﬁe(anz,(k+l)2n2],
and

0 asA=kn’,

1 asA=k’n’,keN"U{0}.

v(ﬂ,)z{

In [2], an index for second order linear Hamiltonian systems was defined.
And in [3], an index for more general linear self-adjoint operator equations was
developed. In [4] [5] [6] [7], by Conley, Zehnder and Long, an index theory for
sympletic paths was defined. More applications about these index theories can
be found in [8]-[13]. As in [11], throughout this paper, for a,,a, € L” [0,1] , we
write @, <a,, if a,(t)-a,(1)=0, for ae.te[0,1]; we write q <a,, if
a,<a,,and a,(t)—a,(t)>0 holds on a subset of [0,1] with nonzero meas-

ure.
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It is well known [14] that under non-resonant conditions

(2kn)2+5SMS(2(k+l)n)2—5, as|x|>r>0, keN,
x

the existence of solutions of a second order nonlinear ordinary differential equa-

tion. Such conditions are called nonresonant. Resonant conditions in [15] [16]:
(ZIm)2 S@S(Z(l{—i—l)n)z , as |x| >r>0,keN,

are not enough for existence solutions of (1.1-1.2). An additional condition

called the (LL) condition like (H;) is usually needed. For resonant conditions, we

refer to [15] [16] [17]. These three papers [14] [15] [16] are about existence of

solutions.

In [18], under resonance conditions, periodic solutions of nonlinear second
order ordinary differential equations are considered. Second order Hamilto-
nian systems satisfying Sturm-Liouville boundary vale with the nonresanonce
are considered in [3]. First order asymptotical linear Hamiltonian systems sa-
tisfying Sturm-Liouville boundary vale with the nonresanonce are studied in
[19]. In [20] [21], & =0,8 =0, the existence of solutions of (1.1-1.3) is inves-
tigated.

In this paper, we study the existence of equations with resonance conditions.

In order to prove our theorem, we construct the corresponding functional:

[Jl | dt=(x (1) x (D) (B) +(x(1),x(1)) (@)

—_[ dtheE

(1.4)

where F(t,u) .[f (t,5)ds,ueR, k(t)—cott—costt k(t)=0 as t=0 or
sin

7, and Ewill be described in Section 2. This functional ¢(x) is continuous dif-
ferentiable on E, and any critical point of ¢ corresponds to a solution of
(1.1)-(1.3).

In Section 3, we will give proofs by the Morse theory following [11] [17].

2. Index Theory for Linear Duffing Equations

Forany a e L”[0,1], consider the following equation:
x"(t)+a(t)x=0,
x(0)cosar—x'(0)siner =0, (2.1)
x(1)cos f—x'(1)sin B =0,
where 0<a <m,0< g <n.Definea Hilbert space E:=E, ,.Here
E,,= H' [0,1] as a,Be(0,m); Ey ;= {x e H'[0,1] x(1) = 0} as fe(0,m);
E,,= {x e H'[0,1]|x(0)= O} as ae(0,m) and

L

E,, = {x e H'[0,1]|x(1)=0= x(O)} . With norm ||x||E = {j;|x(t)|2 +|x'(t)|2 dt}2

and a bilinear form as ¢, (-,-) as follows
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4, (x.3) = [} [¥ () de=(x(1), (1) £ (B) + (x(0).(0))k ()

(2.2)
_.[;a(t)x(t)y(f)dt, Vax,yek.

From proposition 2.1.1 and 2.3.3 in [3], we have the following properties.
Proposition 2.1 For any a e L”[0,1],
1) The Ecan be divided into three parts:

E=E"(a)®E’(a)®E (a)
such that ¢, is positive definite, null and negative definite on E* (a),EO(a)
and E~ (a) respectively. Furthermore, E° (A) and E~ (A) are finitely di-
mensional. We call v(a):=dim E° (a) and i(a):=dimE (a) the nullity and

index respectively.

2) (i(a),v(a))eNx{O,l} .

3) v(a) is the dimension of the solution subspace of (2.1-2.3), and

i(a):ZV(a+s).

5<0
4) If a <a,, then i(a)<i(a,) and i(a)+v(a)<i(a,)+v(a,); if
a, <a,,then i(a)+v(a)<i(a,).
5) There exists 6 >0 such that

q, (u,u) > 5||u||2 , VueE" (a).

Remarks: 1) The notation @ means that the space £ is the direct sum of
some subspaces.

2) By 4), we can see the index has monotonicity.

1) Let a(7)=0, a= g ,and B= g Then (2.1) has a nontrivial solution
x=c(eR)#0.S0 v(0)=1, i(0)=0.If a(r)=n", azg, and ﬂzg,then
(2.1) has a nontrivial solution ¢ sinnt, ¢; #0. So v(nz)zl, i(nz)zl. If

T T .
a(t)=k’n’, a==,and B ==, then (2.1) hasa nontrivial solution c,, sinknt,
2 2

¢, # 0. So by Proposition 2.1 (3),

k-1
(72 2\ _ 2,2 — 2.2\ —1)= 2n2) =
z(kn )—éov(kn +s) ;Zlv(nn) 1+(k 1) k, v(kn) 1.

The following lemmas are useful for us to prove the results.

Lemma 2.2 The norm |x|, := sup|x(t)|SC*
0<¢<1

x||E , for any xeE, where
C.(eR) isa positive constant.

Lemma 2.3 If (H,) holds, then we have that E = span{xO}C-BE+ (/l) , Where
X, isgiven in Theorem 1.1.

Proof By Proposition 2.1 (1) and conditions v(4)=0,i(1)=1, we have that

E°(2)={6}, dmE (1) =1. (2.3)

By Proposition 2.1 (1) and (3), we know that with respect to 1€ L” [0,1] , the
following decomposition holds,
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E=E (A)®E (A)®E" (A)=E (1)®E"(A). (2.4)
Since E~ (/1) is one dimensional space, we can assume that {e'} is a base
of E*(4),ie E (A)= span{e’} .So for any x € E, we have
X=x +x" =ce +x",
where x” € E" (1), x" €E" (1), and ¢, is a constant. For x, € E, we have
the decomposition x, =ce” +e", where ¢" € E(1) and ¢ is a constant. It

is obvious that ¢, #0.Indeed, if ¢, =0, then x, =¢". By definition of ¢, (-,-),

we will have a contradiction that

and

a.(e"e ) =fi(e" e Jae=(e (1).e" (1)K (B)+ (e (0).e" (0))k()
0

we obtain
x=cpe +x°

¢ _ c
:—O(c,e +e+)——°e+ +x"
G G

¢ ¢
=Lx, 4| x—"Le |
G G

We have proved that E=span{x,JUE"(4). It is also obvious that
span{x,}E*(1)={6}. In fact that if x(#6)espan{x,}NE* (1), we have
that on the one hand for xespan{x,}. Then there exists a ¢(eR)#0 such

that x=cx, and
1 r
q, (x,x) = ch |xo|2 - (xo (1),x0 (1))k(ﬂ)
w2 (%, (1), (1)k(@) - [, 22 (t) x3de
= J: Ve (ao (t)—ﬁ(t))xgdt <0;
on the other hand for xe E*(4),
1,2
q, (x,x) = f0|x (t)| dt—(x(l),x(l))k(ﬂ)+(x(1),x(1))k(a)
—.[;ﬂ,(t)xz (¢)de>0.

By Proposition 2.1 (1) and (2.2), we have x =0 . This is a contradiction. So
the proof is completed.

Remark: For x =cx, e span{x, }, we can define x|, =|c|.

In order to prove Theorem 1.1, we need some lemmas. Let X be a Hilbert

space and y € C'(X,R). Asin [17], let K={xeX|!//’(x)=6},

v, = {x eX|y(x)< m} . For an isolated critical point x,, the critical group is
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defined by C,(w.x,)=H, (l//c ﬂU,(l//c \{xo})ﬂU;R) for ¢=0,1,2,3,--- ,
where U is a neighborhood of {x,} such that KN(y.NU)={x,} and
c=y(x).

When y €C*(X,R) and peK, we have y"(p) is a self-adjoint opera-
tor. We call the dimension of negative space corresponding to the spectral de-
composing the Morse index of p and denote it by m~ (l//"( p)) , and denote by
m’ (y/”(p)) = dim(kery/”(p)). If y"(p) has a bounded inverse we say that p
is nondegenerate.

From Theorem 3.1 in Chapter 3, Theorem 5.1, 5.2, Corollary 5.2 in Chapter 5
in [17], one can prove the following lemma.

Lemma 2.4. Assume y € C*(X,R) satisfies the (PS) condition, y'(6)=8,,
where @ is the zero vector in Xand 6, is the zero vector in X~ which is the
dual space of X; and there is a positive integer y such that
y € [m’ (w"(ﬁ)),m’ (1//"(9))+m0 (l//"(@))] and H (X,y,:R)=6,R for

q=7
0 g=#y
py#6 with C,(y,p,)#0. Moreover, if 6 is a nondegenerate critical point,

some regular m <y (@), here ¢, = . Then y has a critical point

and m° (l//”(p0 )) < |;/—m’ (l//"(@))| , then w has another critical point
Dy # Dy 0.

The following lemma is also useful for us to prove the main result.

Lemma 2.5 (Fatou’s lemma). Given a measure space (Q,Z, ,u) and a set
XeZX,let f, bea sequence of (2’8&0 ) -measurable non-negative functions
f, : X = [0,+], where B, denotes the c-algebra of Borel sets on [0,+o0].
Define the function f: X —[0,+x] by setting

f(x) =liminf £, (x), f(x) = liminf £, (x),
for every x € X . Then fis (Z’BRZo ) -measurable, and

[ fdu< lim inf [ J,du.

Remark The integrals may be finite or infinite.

3. Proof of the Main Result

The proof of Theorem 1.1 will depend on the following lemma.

Lemma 3.1 Under (H,),(H,), and (H;), the functional ¢ satisfies the (PS)
condition.

Proof For {x,} c E,¢'(x,)—>6, and ¢(x,) is bounded, we shall find a

convergent subsequence in £. By (1.3), for u € E, we have
(0 (5, )t = [, ()0 (6) (s, (0).(0)) () (3, (0).(0) e )
—L:f(t,xn (£))u(r)dr.

Next, we will prove {

(3.1)

X

n

E}T is bounded. Indeed, it suffices to prove that

X

n

. isbounded. By a contradiction, we assume that ||x" || . > to,as n—oo.

Defining
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f(tx, (1)) (D
q,(t)= x, () | " (t)| ~, and & (1)= f(t,xn (t))—qn ()x,(t), (3.2)
A(t) X, (t)| <r

from (H,), (H,) and f:[0,1]xR — R is continuous, we have
a,<q,(t)<A(t) and |, (£) < r|A(t)+C,. (3.3)

where C, isa constant. Then we get
f(tx(1))=q,(t)x, (t)+h,(2). (3.4)

By (3.1), it follows that

T (1) (1)t = [ (15, (1)) (s, (). (1)) )
—(xn (O),u(O))k(a)+<(p'(xn ),u>

(3.5)

"' on both sides of

Fullc

n

Assuming y, :x—”, by (3.4), and multiplying

ale

(3.5), we can get that
Jo (7 (6).a (1))t = [ g, (#) pe+ (v, (1) (1)) (B) = (3, (0).u(0)) e (@)
( 'h, (t)u(t)dt+<§0(xn),u>).

Furthermore, we add I; Y, (t)u (t)dt on two sides of (3.6) to obtain that

(3.6)
+

xn

(1), = J‘Oly'u'dt-kJ.; y,udt
= [ g, (1) yud+ [ y,ude+(y, (1).u(1)) k()

=3, (0)su(0) k() + |1 ([, (1) (o)t +((x, ) ).

X

n

1
So, by 2= (f; y; (t)dt)2 <|»]l. =1 and (3.3) we have

i

"yﬂ”E = sup (y"’u)E

el <t
<[ (4, ()3, (e)u)de+ [ (v, (e)u)de + [k (B)] +|k ()] + C,
< C3 2 "u"L2 +|k(ﬂ)| +|k(a)| + C2
<C’,

Vo

v, E}:O is bounded. Then {y,}
has a convergent subsequence. Without loss of generality, we also denoted by
{v,} - Then y,—y, in E and y, >y, in C[0,1]. By inequality
a,(t)<q,(t)< A(t), we have g, —¢q, in L’[0,1]. Then taking the limits on
both sides of (3.6), we have, for any uekE,

Jo e =(3 (10, (1) () + (30 (0).(0)) k(@) [ (1) yude =0,
Yuek.

where C,, C, and C* are constants. So {

From (3.7) and [3], we have that y, is a solution of the following problem:

DOI: 10.4236/jamp.2019.75080 1203 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.75080

K. Q. Li, R. H.Tong

y'(t)+4,(t)y =0, ae t€[0,1]
y(0)cosa—y'(0)sina =0, (3.8)
y(1)cos B—y'(1)sin S =0,

What’s more, since aq,(t)<g,(1)<A(t), we have g, =0. In fact, by the
meaning of the notation “<” and “<”, on the one hand, if ¢,(¢)=A4(¢), then
v(g,)=v(A)=0. Therefore, by the definition v(-), this means that (3.8) only
has a trivial solution. In fact, by |y,
nontrivial solution. This is a contradiction. On the other hand, if
ay(t)<q, (1)< A(r), then 1= i(ao)—l-v(ao) < i(qo) <i(A)=1 holds. While y,
is a nontrivial solution of (3.8), this leads v(q0 ) =1. So by Proposition 2.1 (4),

B =1, we obtain ||y0||c =1. So (3.8) has a

we get 2=i(q,)+v(q,)<i(A)=1. This is also a contradiction. From discus-
sion above, we obtain the conclusion that g, =q,. So we immediately get
¥, €span{x,}.

Since y, espan{x,}, there are two cases about y,. One is that y, >0, the
other is that y, <0. Without loss of generality, if y, >0, we assume y, =x,,
and if y, <0, we assume y,=-x,. Firstly, we discuss the situation that
Yo>0. If y,>0, ie y,=x,, then for V&>0,3N=N(&) such that for
n>N,
when n>N, {y,()} belong to the neighborhood of y,, (x,—-¢,x,+¢), for
all 7e[0,1]. This means y, (¢)>x,—&,as n>N ,forall 7€[0,1].

%, (1)

n

¥, —x0|<g holds. Here, we take the ¢ such that x,—¢>0, ie

>0

C

So by y, =

, we can get that for any 7€[0,1], x,(1)=y,(7)

xﬂ

C
for n>N.Then x,(t)—>+0 forall r€[0,1],as |x,|.—> . By the assump-
tion that ||xn ||C — 0, as n—> 0, taking the limits on both sides of (3.1) and let-

ting u = x,, we can obtain

<(P'(xn)’xo>
= [Lxxpde—(x, (1).3, (1) £ (8)+(x, (0).x, (0)) k() = [ £ (1.3, (1)) xydt

1 (3.9)
=f0(q0 (1), = £ (t.x,)) x,dt
= —Iolfl (2,x,)x,de.
So, by (H,), and (3.9), the following holds
I;fl (t, X, (t)) x,dt >0, asn — oo (3.10)

Furthermore, by the Fatou’s Lemma and (3.10), we have
0= mf;ﬁ (t.x, (1)) x,dt > J‘;h_mf1 (t.x, (£))x,dt
= [ 1, (£ +00) x,dt,

a contradiction to assumption (H,). Hence, if y, >0, this leads to a contradic-

tion. Secondly, in a similar way, we can show that if y, <0, there also be a con-

tradiction. Therefore, the sequence {x 6}1 is a bounded sequence. By the

n

equality x, =y, |x,|. and the fact that [y,|. is bounded, we can get that
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E}T is bounded in E. Furthermore, {x,}"

{ 1

quence in E; without loss of generality, still denoted by {x, }f So we have

X

n

has a weak convergent subse-

x, —x. in Fand x, »x in C[0,1].In addition, by (3.1), we also have
Jlx*'(f)”'(f)df—(x (1)u(1))k (B)+ (. (0),(0)) ()
~[}(/ (tx (1)) (1)) de =o.

At last, we only need to finish the mission that x, — x, in E. Indeed, by (3.5),
(3.11) and x, — x,, we obtain the fact that

(3.11)

X, =X, = Hi\\l?s)l(x" — X)), =§1221U;(x; —xi,u’)dt+_[ol(x,1 —x*,u)dt}
- figl{ﬁ(f(t,xn)—f(t,x*),u(t))dt+<(p'(xn)—(o'(x*),u>
+(x, (1) =x. (1), u) k() (x(0)-x, (0),u)k(a)
+j —X,U dt}—)O asn—> oo,

The (PS) condition is verified.
After the preliminary work, we can prove Theorem 1.1.
Proof of Theorem 1.1. Since v(a)<1 for any aeL”[0,1], by Lemma 2.4,

we only need to prove

H,(E,p.;R)=6, R (3.12)

for —z>-¢p(0) large enough, where y =v(0)=i(1)=1. By Lemma 2.3, we
know that £ can be split into two subspaces span{x,} and E* (1), ie.

E =span{x,} ® E* (4).

Next, we will take two steps to obtain the proof of (3.12).
First step: For —z >—¢(6) large enough, we have

H,(E,p.;R)=H (M,MNg.;R), ¢=0,1,2,---, (3.13)

where M c H will be defined later. By assumption, for any y e E , we have
(¢'(x).y)

= [ xy'de = (x(1), (1)) k(B) +(x(0).(0))k (@)~ [, f (r.x) ydr. (3.14)

We will consider the behavior of fin two subintervals of [0,1] . One is
{t |x(1)> r} <[0,1], the other is {t||x(t)| < r} <[0,1]. Since fis continuous on
[0,1]x (=0, +00), it is obvious that f(t,x(t)) is bounded on {t||x(t)| < r}. So
there exists a constant M, € R such that |f(t,x(t))| <M, when |x(t)| <r.

By Lemma 2.3, we have a decomposition with respect to x(z) € E, Le. there
exist x, ()€ E*(4), and ceR such that x=x, +cx,. When |x, +cx|<r,

we have |ch| <r+ |x+| <r+ ||)c+ ||C . Furthermore, we get

cx, J f(t,x++cx0)dt<M,(r+||x+||c). (3.15)

‘x+ +cx0‘<r

So by (15), we have
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F(tx, +exg ) (x, —ex, ) dt

‘x++cx0‘<r
= J f(t,x, +exy)x,dr —cx, I f(t,x)de (3.16)
|x; +exo|<r |x; +exg|<r
<M, |x, |c +M, (r+||x+||c).
By (H,), we have
F(tx, +exy)(x, —ex,)de
‘x++cx0‘2r
= M(x +ex, )(x, —exy )dt
‘x+ +cx0‘2r x+ +Cx0
I G TR
ey +exo |27 Xy +cx0 (317)
= —f(t,x+ +ex) x>de - J. c’x; /(%) dt
‘x_,, +cx0‘2r x+ +Cx0 ‘x_,, +cx0‘2r X
< f /1(t)|x+|2 dr - J- c’a, (t)x;dt
‘x++cx0‘2r ‘x++cx0‘2r

x+|2 de+M',

<[ a(r)

where M’ is a constant. By (3.14), (3.16), (3.17), Proposition 2.1 (5) and Lem-

ma 2.3, we obtain

(#'(x).x, —ex,)

= [ (x +expox! —exp)dr=(x, (1)+cx0(1) x, (1)- cxo(l))k(ﬁ)

+ (%, (0)+ex, (0).x, (0)=ex, (0))k ()= [} £ (£.x, +exy ) (x, —ex, )de
=J;|x:|2dr—<x+<1>,x+(1))k<ﬁ>+(x+(o>,x+<o>>k<a>

= ol de (% (1) (1)) (8) + (3 (0).3, (0)) k(a1

—{ I F(t,x, +exy)(x, —ex, )dr + I f(t,x++cx0)(x+—cx0)dt}

|x; +exo[2r |y +exg|<r
> [\t de=(x, (1).x, (1))k(B) +(x, (0).x, (0))k(a)
—I;czao t xédt—rﬁ t)xidt—M'- M, ||x C—Ml(r+||x+||c)

=q,(x,,x,)-2M|x, "c -rM, Icao xodt —M'

+

G ||x+||E =Gyl —rM, + M,
where C;(>0),C,(>0) and M, are constants. And hence, there exists
R, >0 such that
<q0'(x),x+ —cx0> >1,VxeE with ||x+||E >R,.
Set /\/l:(E+ (A)N BRO)(JBspan{xO} , where B ={er|||x||E < Ro} . We

want to define a deformation from (E,p.) to (M, Me,). Since for every
x=x, +cx, € M, fis decreasing along vector field V' (x)=—x, +cx,, we can
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define the flow o =o(f,x)=¢"x, +¢'cx, and T, =In (||x+||E)—1nR0 , which is
the first time that o(¢,x) arrivesat M. Then the deformation is

x, +cxg,

O'(TLt,x),

x|, SRy,

n(t,x, +cx,) ={

X ||, >Ry

One can verify that 7:[0,1]xE — E is continuous and satisfy
n(0,-)=idg, n(1,LE)cM, n(l,9.)c MNg,,
n(te.)<o., n(t, )|w =id,, V1e[0,1].

Then, (M,MNg.) is a deformation retract of (E,p,). So (3.13) is veri-
fied.

Second step: we will prove the following

H,(M,MNg.;R)=6, R (3.18)

=Yyt

forany —z>-¢(6) large enough. In fact, assuming that |x(t)| =

x, + cx0| 2r,
by (H,), we will have two cases: one is f(s,x)>0 as x>r, another is
fi(t,x)<0 as x<-r. Firstly, we analyze the situation that f(¢,x)>0 as
x=x, +cx, 2r. Since f,(t,+0)x, =liminf f, (¢,x)x, = liminf £ (7,y)x, and
X—>+00 X—>+00 y=Xx

inf f;(#,y)x, is a monotonically increasing nonnegative function with respect
y=x

to x=r>0, by (H,), we have

Jo  (t.0) xyde = [ timinf £, (1, y) x,d = lim | :1}nf 7, (8,)x,dt > 0.

X—>+0 y2x

Then 3x (>r)eR, for all />x", f;iﬂf £,(t,y)x,dt >0 holds. What’s

¥

more, since x,(z)>0 for all 7€[0,1]. So there exists a M := sup |x0 (t)| >0,
t€[0,1]

such that Mjolfl(;,y)dzzj;igﬁ(t,y)xodt>o,f.e. .f;iyn;ﬁ(t,y)dt>0.

So letting x =x, +cx, >/, where ceR, /isfixedand />x" >r, we have
x X, +ex 1
F(t,x)=j0f(t,s)ds=jo O[f(t,s)—ao(t)s]ds+5a0(t)(x++cx0)2

=L () =a (s Jds+ [ £ (125) -4, (r)s}m%% (1)
(3.19)
> M+ (x, +exg—1) inf (t,y)+%ao (1)

X +exg2y=l
> M, +(x, +cx, —l)inffl (t,y)+%a0 (1),
y2

Furthermore, by (3.19), we obtain

()= 3| T di=(r(1). (1) K(8)+ ((0).(0)) k() |= [, P (1)
= %U{:(xf +2ex!x) +c*x)} )dt —(x+ (1) +ex, (1))2 k(ﬂ)

+(x,(0)+ex,(0)) k(@) |- [, F () a
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1 ! r..! ’
< 5 (;(xf +2cx. x, +02x02)dt—x+ (1)2 k(B)+x, (0)2 k()

—%J;ao (t)(xf +2cx, x, +czx§ )dt—%czx0 (l)2 k(ﬁ)+—c X, (0)2 k(a)
~Sex. (1) (Dk(F)+ex. (0)% (0)k (@)

=M, ~(x. +cx, 1) [ inf £ (1, )dr

:%[ [1x7 —ay (1) de—x, (1) k(B)+x. (0) k(a)}
+c'[(: xixg —ay (1) x,x,dt —cx, (1)x, (1) k(B)+cx, (0)x,(0)k ()
L1 (1)), (1) £(8) 5, (0) k()|

~ M, ~(x, +ex, ~1) [ inf £, (¢, y)dr

— D = (022 ar =, ) K(B) 42, (0) k()

~ M, ~(x, +ex,~1) [ inf f; (r,y)db

0 y>/

So we get ¢(x) > —c0,as ¢ —> +oo, uniformly in x, € E*(4) B, . Second-
ly, we analyze the situation that f,(z,x)<0 as x=ux, +cx, <—r. In a similar
way, we also get ¢@(x)—> —o0, as ¢ —>—oo, uniformly in x, € E* (1) By . So
we obtain that

9(x) = -0 < || = +oo uniformly in x, € E* (1) By .
Thus, there exist 7 >0, z, <z, <-T, R >R, >R, such that
(E+ (A)N By, )@(span{xo} \ By, ) cep, NM

<(E* (A)N By, )@ (span{x,}\ B}, ) < g, NM, (3.20)

where B = {cxo |ceRand ||cx0||E =lc| < R} by remark. For the sake of con-
venience, we set A/, = (E+ (A)UBy,, ) @ (span{x,}\ By ). Then (3.20) can also be
denoted as

Ny co, NMMc N, cp. NM.

We now begin to define a deformation from M @, to MN P, - For every
xe Mﬂ(¢z2 \gozl) , since the flow is defined by o(r,x)=¢"x, +¢c'cx,,
(p(a(t,x)) is continuous with respect to £ (p(O’(O,x)) =¢p(x)>z and
¢(o(t.x)) > -0 as t—+mw, so the time (=7, (x) arriving at @, MM ex-
ists uniquely and is defined by ¢ (o (#,x))=z. Since

do(o(1,%))

D) g o(1.0).0 (1)
= <(/7'(e_'x+ +e'ex, ),—e"x+ +e’cx0> <-1

as ¢>0, the continuity of =7 (x) comes from the implicit function theo-

rem.
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Define
m(tx)=x, Vxep NM
=o(T,(x)t,x), Vxe Mﬂ(gozz \p, )
then 7, :[0,1]xp_ NM — @, NM is continuous, and is a deformation from

9. NM to . NM and 7,=n(L(-)):p, NM—>¢, NM is a strong de-

formation retract. Hence,

H,(p., NM,p, NM;R)=0. (3.21)
Recall that for any topological spaces Z Y < X, we have exact sequences
H,(Y,Z;R)—>H, (X,Z;R)> H, (X,Y;R)—>H, _ (Y,Z;R).
From (3.20), in order to prove
H, (Mg, NM;R) = H (M, N, ;:R) (3.22)
we only to prove

H, (., NM, N, ;R)

I

0.

And from (3.21), it suffices to verify
H, ((pzl AM, N, ;R) =0.

Let 7,:[0,1]x N, — N, satisfy

z’z(t,x++cx0)=x++cx0, |c|>R1,
=X, -kﬁ(tR1 +(1—t)c)x0, R, <|d<R,.

We can verify that 7:=7,07,:[0,1]xp, N\M—>g¢, NM is continuous,
where 7,07, (1,x)=1,(7,(t.x)), t€[0,1], xegp, NM, and satisfies

[0,x] =7, (L7, (0,x)) =7, (Lx, +ex,) =x, +cx, =x
forany xe P, M. So T[O,'] = id%lmM . And
t[t,x, +oxy | =707, [t,x]=1,(1,x) = x,
for any xeN, . So r[t,-]| V.= idNRl . We can also see that 7 satisfy
N
(Lo, NM)c Ny o(LN ) SNy s 2(6. N ) S N, - Then (N, N ) s
a deformation retract of (wzl ﬂ/\/l,./\/'kl). This means (3.22) and hence (3.21)
holds. Finally from (3.21) we have

H,(M, MNg.;R)

= 4, (B (AN B, )@span (1,1 (E° ()15, ) (span, ) 8, ):R)
=H, (span{xo} N By, 5 0(span{x,} N B );R)

=5, R, ¢=0,1,23-

Here in the second = we used the deformation ¢ :[0,1]x M — M defined
by ¢(¢,x)=1tx, +cx,, and excision property. So (3.18) is proved. And by (3.13)
and (3.18), (3.12) is obtained. The proof is completed.
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In our theorem, we get one nontrivial solution of Equations (1.1)-(1.3). By

adding assumption (H,), we get two nontrivial solutions of Equations (1.1)-(1.3).

4. Conclusion

By index theories established in this paper, and Morse theory, we study the func-
tional corresponding to the problem to obtain more nontrivial solutions of asymp-
totically linear ordinary differential equations satisfying Sturm-Liouville BVPs
with resonance. It’s better than the results obtained by topological degree me-
thod.
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