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Abstract 
In this paper, we review on a general theory of orthogonal polynomials in 
several variables (O.P.S.V) in which we present two different approaches for 
the three-term recurrence relation. We draw attention to the fact that it is 
possible to take advantage of the orthogonal projection approach of the 
three-term recurrence relation towards the development of the algebraic 
theory of O.P.S.V. 
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1. Introduction 

Let [ ]X  be the vector space of polynomials with complex coefficients. For 
[ ]P X∈ , we denote by ,u P , the action of a linear functional u in the alge-

braic dual of [ ]X . In particular we denote by , , 0n
nu u X n= ≥  the mo-

ments of u. A sequence of polynomials { } 0n n
P

≥
 is said to be a monic orthogonal 

polynomial sequence (MOPS) w.r.t a linear functional [ ]u X ′∈  if (see Ref. 
[1]): 

1) deg nP n= , 
2) the leading coefficient of nP  is equal to 1, 
3) ,, , , 0, 0, 0,n m n n m nu P P r n m r nδ= ≥ ≠ ≥  

where for all polynôme P, deg P  denotes its degree. 
Under these conditions, we say that u is regular. It will be said normalized if 

0 1u = . 
A sequence of monic orthogonal polynomials satisfies a three-term recurrence 

relation (see [1]): 

( )0 1 1 1 1 11; ; , 1,n n n n nP P X P X P P nα α ω+ + −= = − = − − ≥         (1.1) 
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with 

( ) { }, \ 0 , 1.n n nα ω ∈ × ≥   

For the quantum approach of this relation, quantum probability theory pro-
duced a new point of view that the three-term recurrence relation can be inter-
preted in term of fundamental operators in appropriate Fock space. In the case 
when the linear functional is positive it has an integral representation 

( ) ( ), du f f x xµ= ∫


                       (1.2) 

where µ  is a probability measure having a finite moment of all orders. In this 
case, the relation (1.1) can be written 

1 1n n n n n nqP P P w Pα+ −= + +                       (1.3) 

To explain the quantum interpretation, we briefly recall some notions. 
Let { }, 0n nΦ ≥  be an orthonormal system in a Hilbert space 0 . Defining 

the operators: 

1 1n n nB w+
+ +Φ = Φ                          (1.4) 

0 10, , 1.n n nB B w n− −
−Φ = Φ = Φ ≥                    (1.5) 

It’s known that B±  are mutually adjoint and the linear subspace 0Γ ⊂   
spanned by the set ( ){ }0 , 0,1, 2,

n
B n+ Φ =   is invariant under the action of 

B± . 
The quadruple ( ){ }, ,n n

B±Γ Φ  is called the interacting Fock probability 
space associated with µ . The operators B+  and B−  are called the creation 
operator and the annihilation operators respectively. The linear operator given 
by 

, 0,1, 2,n nN n nΦ = Φ =                      (1.6) 

is called the number operator. More generally, with the sequence  
{ }; 1, 2,n nα =  , we associate the preservation operator ( )N Lα ∈ Γ  by the pre-
scription 

, 1, 2,N n n n nα αΦ = Φ =                     (1.7) 

Let ( )2L µ  be the space of classes of complex valued, square integrable func-
tions w.r.t µ . We assume that the sub-space [ ] ( )2x L µ⊂  spanned by the 
polynomial functions is dense in ( )2L µ . So that ( )n n

P  is an Hilbertian basis of 
( )2L µ . In such case, we consider the isomorphism U from Γ  to ( )2L µ  

whose its restriction on 0  given by: 

{ }*
0 0: , ! , 1, 2, ,n n nU P w P nΦ Φ ∈ =          (1.8) 

where 0 1!n nw w w w=  . Then the U is unitary and we have 
1

1 1n n n n n n NqP P P w P U qU B Bα α− + −
+ −= + + ⇔ = + +         (1.9) 

This means that the field operator : NT B Bα+ −= + +  is the 1U − -image of 
the position operator : xq M=  on ( )2L µ  providing, in this way, a new inter-
pretation of the recursion relation driving by OP in term of CAP operators. 
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Since the random variable with distribution µ  can be identified, up to stochas-
tic equivalence ≡ , with the position operator q on ( )2L µ , the previous new 
formulation of the tri-diagonal Jacobi relation in term of the CAP operators is 
called the quantum decomposition of the classical random variable. In fact we 
have seen that 

Nq T B Bα+ −≡ = + +                     (1.10) 

This shows that any classical random variable has a built in non commutative 
structure which is intrinsic and canonical, and not artificially put by hands that 
is a sum of three non commuting random variables. This result motivated the 
apparition of a series of papers [2] [3] [4] [5] [6] and [7] dealing in the same 
context and provided many applications in the theory of quantum probability. 

Compared to the 1-dimensional case the literature available in the multidimen-
sional case is definitively scarce, even if several publications (see e.g., Refs. [8] 
[9]) show an increasing interest to the problem in the past years, where it 
emerges in connection with different kinds of approximation problems. The 
need for an insightful theory was soon perceived by the mathematical commu-
nity. 

Several progresses followed, both on the analytical front concerning multidi-
mensional extensions of Carlemans criteria, on the algebraic front, with the in-
troduction of the matrix approach [10] and the early formulations of the multi-
dimensional Favard lemma [11] However, even with these progresses in view, 
one cannot yet speak of a general theory of orthogonal polynomials in several 
variables and of a multi-dimensional Favard lemma. In fact the importance of 
Favard lemma consists in the fact that the pair ( ),n nwα  condensates the mi-
nimal information gained from the knowledge of the nth moment with respect to 
the knowledge of all the kth moments with 1k n≤ − . The more recent mul-
ti-dimensional formulations of Favard lemma are based on two sequences of 
matrices, one of which rectangular, with quadratic constraints among the ele-
ments of these sequences (see [11]). Since the multi-dimensional analogues of 
positive (resp. real) numbers are the positive definite (resp. Hermitian) matrices, 
one would intuitively expect that a multi-dimensional extension of the Favard 
lemma would replace the sequence ( nw ) by a sequence of positive definite ma-
trices and the ( nα ) sequence by a sequence of Hermitian matrices for each coor-
dinate function jX . The precise formulation of this naive conjecture is what 
we call the multi-dimensional Favard problem. The paper is organized as fol-
lows: The Section 2 is devoted to recall some necessary notations in the theory 
of orthogonal polynomials in several variables. In the Section 3, we give the 
matrix technic used by Xuan Xu to derive the three-term recurrence relation 
for O.P.S.V. While the Section 4 is reserved to main result which is the con-
nection between the projection approach and matrix approach for the 
three-term recurrence relation. This can be done via the quantum decomposi-
tion process. 
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2. Preliminaries 

For the multi-index ( )1, , d
dα α α= ∈   and the indeterminate  

( )1, , dX X X=  , we denote 1
1 , 1d

dX X X dααα = ≤ ∈  . The total degree of 
X α  is given by: 1 dα α α= + + . 

The space of all polynomial in d-variables 1, , dX X  with real coefficients 
will be denoted by [ ]1, , dX X , i.e.,: 

[ ] ( )1, , ,
d

dX X P X a X aα
α α

α∈

 
= = ∈ 
 

∑



              (2.1) 

The subspace of [ ]1, , dX X  of all polynomial in d-variables 1, , dX X  
with real coefficients and with degree at most equal to n is denoted by 

[ ]1, , ,n d
n

X X a X aα
α α

α ≤

  = ∈ 
  
∑                 (2.2) 

We denote by nd  the number of the monomials 1
1

d
dX X αα

  of degree ex-
actly equal to n, so that 

[ ] [ ]1 1 1 1 1dim , , dim , , d d n
n n d n d n d n d n dd X X X X C C C− + − + − += − = − =    (2.3) 

where 

( )
!: , 0,1, ,

! !
k
n

nC k n
k n k

= =
−

                (2.4) 

For n∈  and for ( )1, , d
dX X X= ∈  , the vector of size nd  will be 

denoted ( )n

n
X X α

α =
= , where the monomials are arranged according to the 

lexicographical order of { }:d nα α∈ = . 
Remark 1. The lexicographical order of the vectors X α  is given as follows: 

0 1X =  

[ ]T1
1, , dX X X=   

T2 2 2 2 2 2
1 1 2 1 2 2 3 2 3 1 1, , , , , , , , , , , ,d d d d d dX X X X X X X X X X X X X X X X− − =      

T3 3 2 2 2 2
1 1 2 1 1 2 1 2 3 1 3 1 3, , , , , , , , ,d dX X X X X X X X X X X X X X X X =      

A multi-sequence ( ) dm mα α∈
= ⊂



  is called positive definite if for every 
tuple ( ) ( )( )1 , , rβ β  of distinct multi-indices ( ) ,1j d j rβ ∈ ≤ ≤ , the deter-
minant of the matrix 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 1 1 2 1

2 1 2 2 2

1 2

r

r

r r r r

m m m

m m m

m m m

β β β β β β

β β β β β β

β β β β β β

+ + +

+ + +

+ + +

 
 
 
 
 
  
 





   



 

is positive. 
With each multi-sequence ( ) dmα α∈ , one can associate a linear functional on 
[ ]1, , dX X  given by: 
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( ) .u X mα
α=                            (2.5) 

Note that if ( ) dmα α∈  is positive definite then the associate linear functional 
u is square positive, that is for all non identically zero polynomial 

( ) ,P X a X α
α

α
= ∑                          (2.6) 

on has 

( )2

,
0u P m a aα β α β

α β
+= >∑                      (2.7) 

The results obtained in this paper concern only the square positive functionals. 
The case of semi square positive functionals which requires only ( )2 0u P ≥  for 
all P will be discussed later. 

Let µ  be a nonnegative Borel measure with an infinite support on d  and 
having a finite absolute mixed moments, i.e.: 

( )d , .d
dX Xα µ α< +∞ ∀ ∈∫                  (2.8) 

The mixed moments of this measure are given by 

( ) ( )ddm m X Xα
α α µ µ= = ∫



                 (2.9) 

A d-sequence ( mα ) is called a moment sequence if it coincides with the se-
quence of mixed moments of a such measure µ . In this case, the associated li-
near functional u is called a moment functional, which has an integral represen-
tation 

( ) ( ) ( )d .du f f x xµ= ∫


                   (2.10) 

Two Borel measure measures are called equivalent if they have the same 
mixed moments sequence. If the equivalent class of measures having the same 
moments as µ  consists of µ  only, the measure µ  is called determinate. If u 
is a moment functional of a determined measure, then the integral representation 
is unique. It is known in the literature, that u is a moment functional if it is posi-
tive, which means that ( ) 0u P ≥  whenever 0P ≥ . 

In one dimensional case ( 1d = ), positivity means ( )2 0u P ≥  for all poly-
nomial. However, in multi-dimensional case they are no longer equivalent, 
which is, in fact, the cause of many problems in the multidimensional moment 
problem. 

A square positive linear functional u induces an inner product .,.  on 
[ ]1, , dX X  given by 

( ) [ ]1, , , , , .dP Q u PQ P Q X X= ∈             (2.11) 

In the remain of this paper we always assume that ( )1 1u = . Two polynomials 
P and Q are said to be orthogonal with respect to u, if , 0P Q = . With respect 
to such an u we can apply the Gram-Schmidt orthogonalization process on the 
monomials { }X α  arranged in lexicographical order to derive a sequence of 
orthonormal polynomials, denoted by { }

1 0

ndn
k k n

P
∞

= =
, where the superscript n 

means that [ ]1, ,n
k n dP X X∈  . 
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Let us introduce the vector notation that is essential in the development be-
low: 

( )

( )
( )

( )

1

2

n

n

n

n

n
d

P X
P X

X

P X

 
 
 =  
 
  

P


                          (2.12) 

( ) ( ) ( ) ( )T
1 2, , ,

n

n n n
n dX P X P X P X =  P                  (2.13) 

Clearly that the sequence of polynomials ( )n n
P  is orthonormal with respect 

to u. In fact one has 

( )T
, ,

1 0 0
0 1 0

0 0 1

nn m m n d m nu Iδ δ

 
 
 = =
 
 
 

P P





   



               (2.14) 

and nP  can be expressed in terms of monomial vectors nX  as follows: 
1 2 1

, 1 , 2 ,1 ,0
n n n

n n n n n n n nG X G X G X G X G− −
− −= + + + + +P         (2.15) 

where ( ), , ;n n i n iG d d− ∈M  . 
Notice that we use the notation ( ), ;n p qM   to design the space of p q×

-matrices with real entries and when p q=  we use simply the notation 
( );n pM  . 

The leading coefficient of nP  is the matrix ,n n nG G= , which is invertible 
since u is square positive. 

For each 0k ≥ , let [ ]1, ,k n dE X X⊂   be the set of polynomials spanned 
by the components of kP .This implies that kE  is a vector space of dimension 

kd  which is orthogonal to all polynomials in [ ]1 1, ,k dX X−  . Moreover, one 
has 

[ ]1
0

, ,n d k
k n

X X E
⊥

≤ ≤
= ⊕                  (2.16) 

and 

[ ]1
0

, , ,d k
k

X X E
⊥

≤ ≤∞
= ⊕                 (2.17) 

where the symbol 
⊥

⊕  denotes the direct orthogonal sum of vector spaces. 
Remark 2. As well known that the sequence of orthonormal polynomial is not 

unique. Actually, it is easy to see that each orthogonal matrix O  of order kd  
gives rise to an orthonormal basis kOP  of kE  and every orthonormal basis of 

kE  is of the form nOP . One can also work with other bases of kE  that are not 
necessarily orthonormal. In particular, one basis consists of polynomials kPα  of 
the form 

[ ]1 1
1 1, , , , .k k k

k dP X R k R X Xα
α α αα− −

−= + = ∈

          (2.18) 

This basis is sometimes called monomial basis, in general ( ) 0k ku P Pα β ≠  . Al-
though kPα  are orthogonal to all polynomials of lower degrees. It is easy to  
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see that the matrix ( )T
n n nH u= P P   is positive definite and 

1
2

n n nH=P P . Because  

of the relation, most of the results below can be stated in terms of the monomial 
basis. 

3. Matrix Technic to the Three-Term Recurrence Relation 

The development of a general theory of orthogonal polynomials in several va-
riables starts from a three-term relation in a vector-matrix notation very much 
like in the one variable theory. 

Theorem 3.1 For 0n ≥ , there exist matrices ( ), 1, ;n i n nA d d +∈M   and 
( ), ;n i nB d∈M  , such that 

T
, 1 , 1, 1,1 ,i n n i n n i n n i nX A B A i d+ − −= + + ≤ ≤P P P P             (3.1) 

where we define 1 0− =P  and 1, 0iA− = .  
Proof. Since the components of i nX P  are polynomials of degree ( )1n + .  

{ }0 1, ,i n nX +∈P P P                      (3.2) 

It follows that i nX P  is of the form; 

,
0

n

i n n i i
i

X a
=

= ∑P P                         (3.3) 

The orthonormal property of nP  implies that only the coefficient of 1,n n+P P  
and 1n−P  are nonzero. Then we obtain the relation (3.1).                 □ 

Remark 3. The matrices in the three-term relation are expressible as 

( ) ( )T T
, 1 ,;n i i n n n i i n nA u X B u X+= =P P P P               (3.4) 

As a consequence, the matrices ,n iB  are symmetric. If we are dealing with 
orthogonal polynomials, nP , which are not necessarily orthonormal, then the 
three-term relation takes the form: 

T
, 1 , , 1, 1 ,i n n i n n i n n i nX A B C i d+ −= + + ≤ ≤P P P P                (3.5) 

where ( ), 1, ;n i n nC d d −∈M   is related to ,n iA  by 

( )T
, 1 1, , where .n i n n n i n n nA H H C H u+ += = P P   

Moreover, comparing the highest coefficient matrices at both sides of (3.1), it 
follows that 

, 1 , , 1 ,n i n n n iA G G U i d+ = ≤ ≤                   (3.6) 

where the matrices ( ), 1, ;n i n nU d d +∈M   which are denied by 
1

, , 1 .n n
n i iU X X X i d+ = ≤ ≤                   (3.7) 

Clearly, ( ),n nrank U i d= , and ( ) 1n nrank U d += , where  

( )TT T
,1 ,| |n n n dU U U=  . For example, for 2d =  we have 

,1

1 0 0 0
0

0
0 0 1 0

nU

 
 
 =
 
 
 



   

   


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and 

,2

0 1 0 0
0

0
0 0 0 1

nU

 
 
 =
 
 
 



   

   



 

From the relation (3.6) and the fact that nG  is invertible, it follows that the 
matrices ,n iA  satisfy Rank conditions. For 0n ≥ , ( ),n i nrank A d=  for 
1 i d≤ ≤ , and 

( ) ( )TT T
1 ,1 ,, , , .n n n n n drank A d A A A+= =               (3.8) 

The importance of the three-term relation in the following analog of Favards 
theorem of one variable. We extend the notation (2.12) to an arbitrary sequence 
of polynomials { }

1

ndn
k k

P
=

. The following result is a second version of the Recur-
sion formula in [11]. 

Theorem 3.2. ([11]). Let { } 00
, 1n n

∞

=
=P P , be a sequence in [ ]1, , dX X . 

Then the following statements are equivalent: 
1) There exists a linear functional which is square positive and which makes 

{ } 0n n

∞

=
P  an orthonormal basis in [ ]1, , dX X . 
2) there exist matrices ( ), 1, ;n i n nA d d +∈M   and ( ), ;n i nB d∈M   such that 
a) the polynomial vectors nP  satisfy the three-term relation (3.1), 
b) the matrices in the relation satises the rank condition. 
The theorem 3.2 is an analog of Favards theorem in one variable, but it is not 

as strong as the classical Favards theorem. It does not state, for example, when 
the linear functional u  in the theorem will have an integral representation. For 
now, we concentrate on the three-term relation (3.1). It is an analog of the 
three-term relation in one variable. The fact that its coefficients are matrices re-
flect the complexity of the structure for 2d ≥ . 

4. Orthogonal Projection Approach of the Three-Term  
Recurrence Relation and Quantum Decomposition 

In this section we give the orthogonal projection approach of the three-term re-
currence relation. This approach gives a new point of view to the tri-diagonal 
recurrence relation. In fact we will see that in analogy with the one variable case, 
there exist such a quantum decomposition of the multiplication operator 

jX jM X≡ . The orthogonal polynomials in several variables associated with µ  
can be replaced by a sequence of orthogonal projections. 

To this goal let us consider a square positive linear function u, on 
[ ]1, , dX X . For n∈ , we denote 

[ ] [ ]] 1 1: , , , ,n d n dP X X X X→                (4.1) 

the u-orthogonal projection on the subspace [ ]1, ,k dX X , where we refer to 
the inner product induced by u as in (2.11). We define the linear map nP  as 
follow: 
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] 1] ,n n nP P P n−= − ∈                      (4.2) 

where we adopt the notation 1] 0P− = . 
Lemma 4.1. For all n∈ , the maps nP  are orthogonal projections on the 

subspace [ ]1, ,n dE X X⊂   spanned by the monomials ( )
n

X α

α =
. Moreover 

for any ,m n∈ , one has 

,n m m n nP P Pδ=                        (4.3) 

and 

0
,n

n
P

∞

=

=∑ 1                         (4.4) 

where 1  denotes the identity of the space [ ]1, , dX X . 
Proof. Let [ ]1, , dQ a X X Xα

αα= ∈∑  , then 

] 1]

1

n n n

n n

n
n

P Q P Q P Q

a X a X

a X E

α α
α α

α α

α
α

α

−

≤ ≤ −

=

= −

= −

= ∈

∑ ∑

∑

 

which prove that ( )ran n nP E⊂ . Conversely if nQ E∈ , clearly that  
( ) ( )rann nQ P Q P= ∈ . This implies that ( )ran n nP E= . 

Furthermore we have 

( )22 2 2
] 1] ] 1] ] ] 1] 1]

] 1] 1] 1] ] 1]

n n n n n n n n n

n n n n n n n

P P P P P P P P P

P P P P P P P
− − − −

− − − −

= − = − − +

= − − + = − =
 

and 

( )** * *
] 1] ] 1] ] 1]n n n n n n n nP P P P P P P P− − −= − = − = − =            (4.5) 

which prove that nP  is an orthogonal projection. 
Now let ,m n∈ . In the case n m< , we get 

( )( )] 1] ] 1]

] ] ] 1] 1] ] 1] 1]

] 1] ] 1]

0

m n m m n n

m n m n m n m n

n n n n

P P P P P P

P P P P P P P P
P P P P

− −

− − − −

− −

= − −

= − − +

= − − +

=

 

The case n m> , we obtain 

( )( )] 1] ] 1]

] ] ] 1] 1] ] 1] 1]

] ] 1] 1]

0

m n m m n n

m n m n m n m n

m m m m

P P P P P P

P P P P P P P P
P P P P

− −

− − − −

− −

= − −

= − − +

= − − +

=

 

When m n= , we have seen that 2
n nP P= , which proves the identity (4.3). It 

remains to prove the identity (4.4). 
We have 

0] ] 1] ]
0 1

N N

n n n N
n n

P P P P P−
= =

= + − =∑ ∑                   (4.6) 
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Taking the limit as N → +∞ , we get (4.4).                           □ 
Theorem 4.1. For all n∈ , we have 

1 1 .j n n j n n j n n j nX P P X P P X P P X P+ −= + +              (4.7) 

Proof. Since 

,
j j m j k

m k
X X P X P= = ∑1 1  

Then 

0
j n m j n

m
X P P X P

∞

=

= ∑  

Since [ ]1 1, ,j n n dX E X X+⊂   it follows that 

1]j n n j nX P P X P+=  

Since ( )]m m
P  is increasing, if 1m n> +  we get 

] 1] 1] 1] 1]m n m n nP P P P P+ − + += =  

hence 

( )1] ] 1] 1] 0m j n m n j n m m n j nP X P P P X P P P P X P+ − += = − =  

If 1m n< − , then the first part of the prove implies 

( )* 0m j n n j mP X P P X P= =  

Summing up m nP XP , can be nonzero only if { }1, , 1m n n n∈ − +  and this 
proves (4.7).                                                      □ 

Now we consider the operators 

, 1 1:j n n j n n nA P X P E E+
+ += →  

, 1 1:j n n j n n nA P X P E E−
− −= →  

, :j n n j n n nN P X P E E= →  

Then it is not difficult to show that 

( )* *
, , 1 , ,;j n j n j n j nA A N N+ +

+= =                  (4.8) 

Theorem 4.2. ([12]) Defining the C-A-P (creation, annihilation and preserva-
tion)-operators 

, , ,
0 0 0

; ;j j n j j n j j n
n n n

A A A A N N
∞ ∞ ∞

+ + − −

= = =

= = =∑ ∑ ∑             (4.9) 

Then the following quantum decomposition holds 

j j j jX A N A+ −= + +                     (4.10) 

5. Conclusion 

The connection between the approach given in Section 3 and the projection ap-
proach given here is not sufficiently clear. In the remain of this section, we dis-
cuss some possible bridges connecting them. First, one of the most fundamental 
questions is the existence of such quantum decomposition of jX  when the li-
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near functional is not positive. The second task is, even for the square positive 
functional, what is the form of the quantum decomposition of jX . Another 
question can be addressed to algebraist is can we obtain such form of recurrence 
relation if the linear functional is not positive. The answers to these questions 
open the gate to many future investments towards the development of the alge-
braic theory of orthogonal polynomials in several variables. 
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