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Abstract 
To solve the transfer-operate-transfer (TOT) project contract model selec-
tion, contract structure optimization and the largest revenue of government 
and private partners, a revenue-sharing contract (RSC) structure equili-
brium model of a TOT project is constructed based on the theory of share 
tenancy. According to the key parameters of RSC structure, the algebraic 
model is constructed by using the Lagrange multiplier method, and the 
geometric model is built by adopting the dynamic equilibrium method. The 
equilibrium conditions of the two models are obtained under the con-
straints of the maximization of income of both parties, and the equilibrium 
conditions of two models are verified as completely consistent. The result 
shows that 1) The RSC structure of the TOT project can achieve Pareto op-
timality and maximize revenue for both parties; 2) As the proportion of 
participants’ investment or risk sharing increases, their revenue-sharing ra-
tio (RSR) will increase, and vice versa; 3) Regardless of transaction costs, 
the three contract models are equivalent; considering the transaction costs, 
the revenue share of the government in the RSC is greater than that in the 
equilibrium state. 4) Changing the assumptions, the equilibrium model can 
still provide ideas for revenue sharing contract structure and efficiency op-
timization. 
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1. Introduction 

In recent years, the public-private partnerships (PPPs) model has been widely 
used in various industries [1] [2], providing an effective model for infrastructure 
and public services [3] [4]. The types of existing PPP projects contain trans-
fer-operate-transfer (TOT), rehabilitate-operate-transfer (ROT), operate and 
management (O&M), and management contract (MC) models [5] [6]. The PPPs 
model is a contractual relationship formed among the involved parties that clari-
fies the rights, responsibilities, and benefit allocations of all participants, as well 
as the rational allocation of project surpluses [7]. It emphasizes that government 
and the private partner share the investment, revenue, and risk [8]. The PPPs 
project contract is a scheme to achieve revenue sharing between government and 
the private partner [9], and its investment returns are fixed-price contracts, rev-
enue sharing contracts (RSCs), and wage contracts [10]. RSCs are usually used 
because of their greater flexibility and efficiency [9] [11]; there are revenue shar-
ing provisions in many PPPs project contracts [12]. To determine whether RSCs 
are more efficient, Song et al. [13] used the RSC to solve the revenue sharing 
between suppliers and retailers. Qian et al. [14] proposed RSC to solve the unba-
lanced distribution of profits in the dairy product supply chain. In addition, con-
tract flexibility and adaptability for PPP projects is more important than the tra-
ditional procurement model [15], which is crucial for solving the uncertainties of 
PPP projects [16]; when the situation becomes unfavorable to any party, the con-
tract clause can be adjusted [17]. On the other hand, the contract terms are de-
termined by its nature and structure, which are related to the requirements of the 
PPP project [18]. The TOT model is a common model in existing PPP projects. 
It is the government that transfers the concession rights of existing projects to 
the private partner through the concession, and it brings about the cooperation 
between the two parties. Due to the long duration of the concession and the large 
uncertainty of the TOT project, the contract usually includes revenue-sharing 
clauses. Therefore, the research on the balance of the TOT project RSC structure 
is crucial for the government and private partners to choose the contract model, 
optimize the contract structure, improve project efficiency, and achieve mutual 
win-win situation. 

The TOT project’s RSC structure and obtaining an equilibrium solution of the 
parameters are keys to choosing the contract model, optimizing the contract 
structure, and maximizing the revenue of both the government and the private 
partner. Research on RSC structures and their parameters has attracted the at-
tention and favor of scholars at home and abroad [19] [20]. Shen et al. [21] pro-
posed an improved BOT bargaining concession model based on bargaining 
theory to determine the franchise period. However, they did not give adequate 
consideration to the optimal relationship between the scale of government in-
vestment and the franchise period. Kang et al. [22] constructed a financial deci-
sion model based on discounted cash flow and the net present value method. 
They considered franchise fee and the financial characteristics of BOT projects 
from a government perspective. However, they did not consider the influences 
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on revenue sharing of the relationship and the opportunity costs of the two par-
ties. In addition, Wang et al. [10] and Ke et al. [23] analyzed the efficiency and 
success of the project in terms of the risk distribution between public and private 
partners. Schepper et al. [24] believed that stakeholders considered that the con-
tract encouraged an adversarial relationship. The above-mentioned researchers 
have conducted in-depth studies on the factors affecting the franchise period, 
franchise fee, risk sharing, and conflicts of interests among PPP project stake-
holders. This shows that the research on contract parameters is mostly based on 
the financial model, paying more attention to the determination of a certain pa-
rameter of the contract structure rather than the relationship and law between 
the contract structure parameters from the perspective of the system. They have 
paid more attention to the competitive economic interests of the government and 
the private partner but they have neglected cooperation. And they have rarely 
analyzed the relationship between the franchise period and the life cycle of the 
TOT project. Therefore, it is necessary to establish an overall equilibrium model 
of RSC structure based on the principle of maximizing the opportunity cost of 
both parties and the rest life cycle of TOT projects to ease the adversarial rela-
tionship between government and the private partner, and to avoid franchise pe-
riod becoming relatively independent of the rest life cycle of TOT projects, and 
to finding the equilibrium condition of the RSC structure to provides the basis 
for the choice of the contract model for participants, the optimization of the 
contract structure, and the design of the specific parameters of the contract 
terms.  

To solve the above problems, this paper discusses research on the balance of 
RSC structure for TOT projects based on the theory of share tenancy. First, the 
key parameters of the RSC for TOT project are identified based on the theory of 
share tenancy, and the RSC framework of the TOT project is constructed. Second, 
using the principle that the marginal cost of the element is equal to the marginal 
revenue, the proportion of advantageous resources for both parties is optimally 
allocated to achieve the best project output. Third, under the principle of max-
imizing the opportunity cost of both parties, RSR is determined, and eventually 
the RSC structure will be balanced and the contract efficiency will be improved. 
Finally, the balanced changes in RSC structure are discussed under different 
production efficiencies of the private partner and different government invest-
ment scales. 

The chapters are as follows. The next part is a literature review. The third part 
establishes and solves for the algebraic and geometric equilibrium of the RSC 
structure respectively. The fourth part analyzes the results of the model equili-
brium. The fifth part expands the original hypothesis conditions. The last part 
offers some conclusions and future research directions. 

2. Literature Review 
2.1. Theoretical Basis for RSC 

Figure 1 gives a schematic diagram of the evolution and core ideas of the theory 
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of share tenancy. Sharecropping contracts originated in agriculture [20]; the 
ideas can be traced back to the great economist Adam Smith in the period of 
classical economics, and Smith believed that sharecropping contracts led to an 
inefficient allocation of resources, according to an analogy with a tax known as 
tax equivalence. Next, in the neo-classical economics, Marshall inherited Smith’s 
tax equivalence model and proved the inefficiency of sharecropping using geo-
metric analysis. This is called the Marshall Puzzle. Cheung [25] believed that ir-
respective of transaction costs, renting contracts, RSCs, and wage contracts are 
equally efficient, which resolves the Marshall Puzzle, and Cheung proposes a ge-
neralized RSC theory for multiple industries—the theory of share tenancy.  

The theory of share tenancy deals with resource allocation in the RSCs. Its 
core ideas include the RSC having a contract structure, and the RSC structure 
affecting the efficiency of the resource allocation [26]. The RSC of the theory of 
share tenancy refers to the clear agreement between the landlord and the tenant 
to a certain time period, the amount of land, the input of the tenant and the 
crops planted, and the landlord charging rent according to the agreement [27]. 
The RSC structure is defined, as are the transfer of use rights for production fac-
tors, and the rights of revenue distribution [26], which are generally represented 
by the proportion of production factors and the RSR. RSCs usually involve the 
rental or employment of factors of production, and any contract involving the 
rental or employment of factors of production must be structural [26]. In addi-
tion, under market competition, the proportion of production factors and RSR 
should be in balance to achieve the optimal allocation of resources. In the TOT 
project, the private partner rents the project assets or purchases all or part of the 
use rights of the project within agreed certain period. The government obtains a 
certain proportion of the project revenue through franchise fee or annual rent to 
achieve cooperation between the government and the private partner. Therefore, 
the TOT project RSC must also have its structure, and balance of its structure is 
the prerequisite for achieving optimal allocation of resources between the two 
parties. 

 

 

Figure 1. The evolution and core ideas of the theory of share tenancy [25]. 
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2.2. Study of the Key Parameters of RSC Structure 

The key parameters of the RSC structure basis, and balance of the key parame-
ters affect the success of the RSC. The balance of the TOT project RSC structure 
depends on its key parameters in coordination with each other, which are the in-
vestment of private partner, franchise period, franchise fee, income of private 
partner, and the RSR [3]. 

In terms of franchise period, Shen et al. [28] proposed an alternative conces-
sion model for BOT that determines the effective interval of franchise period for 
both government and private investors. However, the specific franchise period 
also requires negotiation between the two parties. Shen et al. [21] adopted a bar-
gaining theory (the Rubinstein model) to improve this model, and they estab-
lished a BOT bargaining concession model to determine the specific franchise 
period. Hanaoka et al. [29] proposed a method for determining a reasonable 
franchise period using Monte Carlo simulations and bargaining game theory. 
Eduardo et al. [30] proposed a mechanism based on variable-term concession 
contracts—“least-presence-value of revenue” (LPVR) —to determine the fran-
chise period. Based on the LPVR model, Nombela et al. [31] proposed a 
two-dimensional pricing model (least-present-value of net revenue; LPVNR). 
Most of the studies in the above literature are based on the government’s position, 
and they have carried out multi-angle and continuous research on the franchise 
period study. By adjusting the franchise period to balance the interests of the two 
parties, either they neglected cooperation between the government and the pri-
vate partner, or they gave insufficient consideration to the opportunity costs of 
the private partner in project income distribution. 

Kang et al. [9] established a bi-level programming (BLP) model, and they used 
a heuristic algorithm to determine franchise fee. Niu et al. [32] optimized the 
BLP for charging, capacity, and franchise period, and they studied the influence 
of demand uncertainty on BOT contract design. Scandizzo et al. [33] used real 
option theory to establish a bargaining model between government and the pri-
vate partner, reaching an agreement on the length of the contract and the fran-
chise fee to resolve the balance of interests. In the above literature, the theories of 
net present value, agency theory, simulation, bargaining game theory, and genet-
ic algorithm were used to optimize and adjust the franchise period. These re-
search methods can analyze the financial feasibility of the project. They can bal-
ance the interests of both parties by adjusting the franchise fee. However, they do 
not consider the optimal proportion of franchise period and investment of pri-
vate partner, or the impact opportunity cost of private partner on franchise fee.  

Carbonara et al. [34] proposed a net benefits model for evaluating and mea-
suring different energy performance contract (EPC). The difference in net profits 
between private and public sectors was minimized to balance their benefits. 
However, the model did not take into account the contribution rates from all 
parties involved. Li et al. [34] used the Shapley value to calculate the government 
and private revenue distribution in a sewage treatment project, both considering 
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risk factors and without considering risk factors. Xu et al. [35] used the Shapley 
value method to determine the risk shares and returns of the relevant govern-
ment agencies, the private partner, users, and design units in the PPP project 
under force majeure risk. The Shapley value determines the revenue distribution 
according to the marginal contributions of the participants, and it avoids the 
drawbacks of minimizing the net present value difference. However, it does not 
consider the impact of the optimal proportion between the franchise period and 
the investment of private partner on the output of the TOT project. 

In addition, in the study of other factors that affect revenue distribution, the 
sharing of risks [36], and the partnership between government and the private 
partner [33] have a certain influence on the revenue distribution of RSC. Iossa et 
al. [15] used payment mechanisms to allocate demand risks. Iseki et al. [17] be-
lieved that the government should pursue the optimal allocation of risks, costs, 
and benefits rather than maximizing the risk transfer to the private sector or se-
curing the highest upfront franchise fee. In addition, there is a delicate balance 
between government interests and interests of private partner [37]. Lahdenper 
[38] proposed that employers and contractors in the RSC can better consider 
each other’s views to cooperate more effectively. In the RSC, proportionality 
based on f franchise fee, franchise period, investment of private partner, and tax 
rates, risk sharing has been included [39]. At the same time, the RSC implies a 
competition and cooperation relationship between the government and the pri-
vate partner. When the project outputs, the two parties are cooperative, and they 
coordinate the resources allocation of both parties through cooperation. When 
the revenue is distributed, the two parties compete for interests and strive for 
their own opportunity cost maximization; under market competition, the two 
sides achieve a win-win situation through cooperation and competition. 

2.3. RSC Efficiency Study 

The RSC efficiency is the result of the equilibrium in the RSC structure. Sheu [40] 
used a two-level Stackelberg game to analyze the RSC between suppliers and re-
tailers, and Sheu concluded that under equilibrium conditions, the total profit of 
channels with RSC is greater than the total channel revenue without it. Lippman 
et al. [41] established a model using the Nash bargaining method to conclude 
that cost plus premium contracts outperformed all other cost-sharing contracts. 
Shang et al. [42] used the Rubinstein bargaining game theory to establish a bar-
gaining model of energy efficiency distribution in the revenue sharing of the 
EPC, and they obtained a bargaining interval that was satisfactory for both par-
ties through the game. Qiu et al. [43] examined the efficiency of BOT contracts 
in the case of coexistence of incentive and monopoly issues, but they did not 
consider the optimality of private and public ownership or the optimization of 
the combination of the two parties. Martimort [44] mainly studied the contrac-
tual efficiency between public and private sectors in public utilities through 
principal-agent theory and the irrelevance theorem. According to the above lite-
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rature research and analysis, RSCs have been applied more maturely in the oil 
and supply chain areas, and the efficiency of RSCs has been proved through 
practice, but RSCs have been used less frequently in TOT projects. 

Thus, it is clear that most of the research on the franchise period or franchise 
fee, the use of agency theory, simulation, bargaining game theory, genetic algo-
rithms, etc. has examined the financial feasibility of PPP projects and the balance 
of interests of both parties. However, there has been insufficient consideration of 
optimizing the proportion between private partner investment and franchise pe-
riod, and the income distribution, while maximizing the interests of both parties. 
At the same time, the literature has paid more attention to the competition be-
tween the government and the private partner, and it has ignored the coopera-
tion between the two parties. In essence, the PPP project emphasizes cooperation 
between the government and the private partner to achieve revenue sharing and 
risk sharing. Therefore, based on the results of the application of RSCs in the oil, 
supply chain, PPP projects, and the characteristics of TOT projects, this paper 
reports on a balanced study of the RSC structure of TOT projects. 

3. Model Establishment and Solution 
3.1. Related Concepts 

The TOT project in this study refers to the operational TOT project (hereinafter 
referred to as the TOT project), which refers to the rest life of the TOT project as 
T, and t is the franchise period of the individual private partner in the project.  

Definition 1. Government investment. 
Government investment (including the cost of risk sharing) is  

( ), 0 1fCα α≤ ≤ , and α is constant. where f fg r rgw wα η η= + , 1f rw w+ = , 
1fg rgη η+ = , f TC C≤ , TC  is franchise fee that matches T. fC  is franchise 

fee that matches t. In order to simplify the model, fC  contains the initial 
working capital and risk costs of the project. 

When 0α = , it indicates that the private partner pays the government fran-
chise fee of franchise period at one time. This mode is a common TOT mode, 
namely the fixed rent mode. When 1α = , franchise fee is recovered through the 
government revenue share during franchise period, that is, the concession leas-
ing model, at which time the contract is complete RSC. When 0 1α< < , it is 
equivalent to the cooperation between the government and private partner in a 
fixed rent contract plus RSC. 

The opportunity cost of the government investment is f gC iα × , *1gi i= + , 
where, gi  is opportunity cost of unit government investment, *i  is social 
benchmark rate of return.  

Definition 2. Investment of private partners. 
The private partners in “Circular of the Ministry of Finance on Issuing the Op-

erational Guidelines for Public-Private Partnership Mode (for Trial Implementa-
tion)” (2014) [45] refers to domestic and overseas enterprise legal entities with a 
modern enterprise system already established, excluding financing platform com-
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panies under local governments and other state-owned holding enterprises.  
( )1 fCα−  denotes initial investment of private partner. 
1 f fc r rcw wα η η− = + , 1fc rcη η+ = . 
The opportunity cost of the investment of private partner is ( )1 f cC iα− × . 

01ci i= +  where ci  is the unit opportunity cost of investment of private 
partner and 0i  represents the industry average rate of return, which does not 
change with the investment amount.  

Definition 3. Project revenue.  
We assume that the production and operating form that are determined by the 

cooperation of both parties can maximize the value of the project. In other words, 
the investments of government and private partner are consistent with produc-
tive equilibrium. Both parties have the right to decide the production and oper-
ating form of the project. The net profit function is ( ),f oR P q C t C= × − , where, 
q represents production, P indicates the price of the product or service. 

1

1

T

o ot
t

C C
=

= ∑  is the sum of the opportunity cost of the people, materials,  

machinery, technology and other resources required during franchise period. 
Where, otC  is the operating opportunity cost for the t-th year. It is assumed that 
the resources required for project franchise period are borne by the private part-
ner. 

Definition 4. Revenue of the government and private partner with indi-
vidual private partner.  

In this article, the revenue is generated during the franchise period because of 
the initial investment at the beginning of the period. The government revenue 
does not include the part of franchise fee at the beginning of the period. 

Figure 2 shows the revenue of the government and private partner with indi-
vidual private partner. The abscissa T of the vertical supply curve represents the  

project life period. The ordinate 
Revenue

Franchise period
 is the average revenue of the  

project during T. β  is the RSR of government. R t∂ ∂  is the marginal revenue 
of the project. Holding fC  constant, the curve R t∂ ∂  is leaning to the right 
according to the law of diminishing marginal returns.  

The marginal revenue of government is R tβ ⋅∂ ∂ , that is, the increase in gov-
ernment revenue caused by the increase of one unit of franchise period. The 
revenue of government is Rβ ⋅ , which is the area below R tβ ⋅∂ ∂ .  

The marginal revenue of private partner is ( )1 R tβ− ⋅∂ ∂ , that is, the increase 
in the revenue of private partner caused by the increase of one unit of franchise 
period. The revenue of private partner is ( )1 Rβ− ⋅ , which is the area between 

R t∂ ∂  and R tβ ⋅∂ ∂  during the franchise period. 

If the revenue of private partner is as high as or higher than its alternative 
earnings, and when 0R t∂ ∂ > , the private partner will extend the franchise pe-
riod as much as possible to increase its revenue. To maximize wealth, the gov-
ernment will raise its RSR, until ( ) ( )1 1 f cR C iβ α− ⋅ = − ⋅ . 
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Figure 2. the revenue sharing with individual private partner [25]. 
 
Therefore, in a RSC, the amount of private partner investment contractually 

stipulated is essential, because the private partner would commit less if only the 
RSR was prescribed [46]. If the investment in franchise period is completely de-
termined by private partner, it will control the amount of investment at the mar-
ginal cost, which is less than level of marginal product. This will be to inconsis-
tent with equilibrium, and the parties will fail to reach an agreement. The TOT 
project is negotiated under the constraint of market competition. If the contract 
structure harms the interests of any of the parties, the contract will fail. 

Definition 5. Revenue of government and private partners with multiple 
private partners.  

We suppose that all private partners have the same investment and project 
production functions. If the investment of single private partner fails to meet the 
total investment demand in T, the government will divide T into multiple fran-
chise periods for multiple private partners. Figure 3 shows the revenue of gov-
ernment and private partners with multiple private partners. 

The vertical lines 1 2 3, , ,T T T   are dividing lines of the first, second and third 
private partner franchise periods respectively. The curves ( )1R t∂ ∂ , ( )2R t∂ ∂ , 
( )3R t∂ ∂  are the marginal revenue curves of the project for each private partner. 
The curves ( )1R tβ ∂ ∂ , ( )2R tβ ∂ ∂ , ( )3R tβ ∂ ∂  are respective marginal gov-
ernment revenue curves for each contract. The shaded areas show the total gov-
ernment revenues. The revenue of each private partner is shown by the area be-
tween R t∂ ∂  and R tβ ⋅∂ ∂ .  

Similarly, to maximize wealth, the government will maximize the integral of 
marginal government revenue. This means that the revenue of each private part-
ner will not exceed its opportunity cost. According to the law of diminishing 
marginal return, as the number of private partner increases, the growth rate of  
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Figure 3. The revenue sharing with multiple private partners [25]. 
 
curve R t∂ ∂  decreases, meanwhile, each private partner will get a shorter 
franchise period. The government RSR should be low for the private partner to 
gain its opportunity cost. As the curve R tβ ⋅∂ ∂  descends, the sum of the curve 
integrals of franchise period will be inverted U shapes with the number of private 
partner increasing. That is, the total government revenue will increase first and 
then decrease as the number of private partner increases.  

3.2. Algebraic Model and Equilibrium Solution 

Assume that there are m private partners participating in the project, each of 
which has a franchise period of t, where, t T m= .  

( )g oR m Pq C m Rβ β= ⋅ ⋅ − = ⋅ ⋅  is the total government revenue when m private 
partners participate the TOT project. To maximize gR , the government needs 
to consider how to choose , , fm Cβ  under the constraints of competition for 
multiple private partners (Note that m and fC  need not be treated separately, 
Given fC , an adjustment of m yields the same results as adjusting fC  while 
holding m constant. They are separated here to derive all the conditions in equi-
librium conveniently). With the constraints of competition, that is, 

{ }, ,
max

f
g

m C
R m R

β
β= ⋅ ⋅ , 

subject to ( ) ( )1 1fC i Rα β− ⋅ = − .  
Create Lagrange expressions for maximum government revenue: 

( ) ( )1 1fL m R C i Rβ λ α β = ⋅ ⋅ − − ⋅ − −   
The necessary conditions are:  

( )d d1 0
d d

L R t R tR m
m t m t m

β β λ β∂ ∂ ∂
= ⋅ + ⋅ ⋅ ⋅ + − ⋅ =

∂ ∂ ∂  
         (1) 

0L m R Rλ
β
∂

= ⋅ − ⋅ =
∂

                      (2) 
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( ) ( )1 1 0
f f f

L R Rm i
C C C

β λ α β
 ∂ ∂ ∂

= ⋅ ⋅ − − − − = 
∂ ∂ ∂  

           (3) 

( ) ( )1 1 0f
L C i Rα β
λ
∂  = − − ⋅ − − = ∂

                (4) 

From Equation (2), we have  

 = m λ                             (5) 

According to t T m= , there is 

2

d
d

t T
m m
= −                          (6) 

From the Equations (1)-(6), we can get 

R R
t t

β ∂
=
∂

                        

 

(7) 

( )1 f

Ri
Cα

∂
=

− ∂
                        (8) 

( )1 fR C i
R
α

β
− − ⋅

=                      (9) 

Finally solving Equations (7) and (9), we have 

( )1 f

R
R C it

R R
t

α
β

∂
− − ⋅∂= =                   (10)

 

Equation (7) indicates that the annual government revenue equals the margin-
al revenue of the project in equilibrium. Equation (8) shows that the marginal 
product of private partner equals the marginal cost in equilibrium. Equation (10) 
expresses that the RSR of government must simultaneously satisfy Equations (7) 
and (9) in equilibrium. In other words, in equilibrium, the revenue elasticity of  

project, R R
t t

∂
∂

, equals the total revenue of the project minus the opportunity 

cost of private partner as a portion of the total revenue of project, which is gov-

ernment RSR as
 

( )1 fR C i
R
α− − ⋅

. 

Under the hypothetical condition that the RSC structure is balanced, the 
number of private partner is m, therefore, we note the amount of individual pri-
vate partner investment as ( )1 fCα ∗− , the franchise fee as fC∗  and the fran-
chise period as T ∗ , government RSR as β ∗ . 

3.3. Geometric Model and Equilibrium Solution 
3.3.1. Equilibrium of RSC Structure When the Initial Investment of  

Private Partner Is Less than the Stipulated Investment 
Using the relevant definitions in 3.1, this section analyses the geometric model 
equilibrium solution of RSC structure with the stipulated investment of a single 
private partner. This may result in the inability to fully utilize the remaining life 
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of the TOT project, but it does not affect the final equilibrium result analysis. 

Since α and fC  are constant, the curve 
( )1 fC i

t
α− ⋅

 is a rectangular 

hyperbola. The curve 
( )1 fR C i

t
α− − ⋅

 represents the vertical distance between 

R
t

 and 
( )1 fC i

t
α− ⋅

, which represents the annual government revenue. Ob-

viously, it should take into account the market competition to satisfy 
( ) ( )1 1fC i Rα β− ⋅ = −  with the annual government revenue.  

Figure 4 shows a schematic diagram of determining the franchise period and 

RSR with stipulated investment of a single private partner. The curve R
t

 de-

notes average annual production of the project. The curve 
( )1 fC i

t
α− ⋅

 

represent the annual average opportunity cost of the private partner, and 
( )1 fR C i

t
α− − ⋅

 is the average annual revenue of the government (annual rent). 

Then the equilibrium process can be analyzed dynamically as follow. 
Step 1. If the investment of private partner is ( ) 11 fCα− , when  

( ) ( )11 1f fC Cα α ∗− < − , the position of the curve ( ) 11 fC i
t

α− ⋅
 is low. If the in-

vestment of private partner gradually increases along the vertical axis, there is a 

upward shift of ( ) 11 fC i
t

α− ⋅
, and there is a corresponding upward shift of 1R

t
 

 

 

Figure 4. The determination of RSR and the franchise period under the stipulated 
investment of the individual private partner (1) [25]. 
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too. In accordance with the law of diminishing marginal returns, when 
( ) 11 fC i

t
α− ⋅

 at a constant rate; 1R
t

 increases at a decreasing rate. The highest 

curve ( )1 fR C i
t
α ∗− − ⋅

 is gained when the marginal upward shift of 

( ) 11 fC i
t

α− ⋅
 and 1R

t
 are equal, that is when the marginal revenue of private 

partner equals its marginal cost. 
Step 2. The government determines the best franchise period along the hori-

zontal axis. According to Definition 2 and the first step of 3.1.1,  

( )1 fR C i
t
α ∗− − ⋅

 is the highest result derived from the alternative pairs of 

( )1 fC i
t

α− ⋅
 and R

t
. To maximize revenue, the government selects the highest 

point E along with ( )1 fR C i
t
α ∗− − ⋅

, at which time the government gains the  

biggest annual revenue. The franchise period corresponding with E will be the 
best choice for government investment. 

On the basis of the relationship between the marginal revenue curve and the 

average revenue curve, R
t

∂
∂

 intersects with R
t

 and 
( )1 fR C i

t
α ∗− − ⋅

 at their 

highest points respectively. The intersection of R
t

∂
∂

 and 
( )1 fR C i

t
α ∗− − ⋅

 is E,  

which represents the equilibrium point. Therefore E is the revenue-sharing point 
between the government and the private partner in the contract, AT ∗  is the 
total income, ET ∗

 is the government revenue, and AE  is the revenue of pri-
vate partner. E determines the project franchise period and the RSR of govern-
ment in accordance with the productive equilibrium of the ( )1 fCα ∗− . 

From Figure 3, in equilibrium, the RSR of government is 

ET
AT

β
∗

∗
∗=                              (11) 

The average annual government revenue is  

( )1 fR C i RET
t t
α ∗

∗ − − ⋅ ∂
= =

∂
                     (12) 

The average annual project output is 

RAT
t

∗ =                             (13) 

According to Equation (15) and Definition 3, 

( )1 fR C i R
t t
α

β
∗

∗− − ⋅
= ⋅                      (14) 

Substituting Formulas (12), (13), and (14) into (11), we have 
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( )
( )

1
1

f

f

R C iR
R C it t

R R R
t t

α
α

β

∗

∗
∗

 − − ⋅∂  
− − ⋅∂= = =            (15) 

Formula (15) is the geometric solution of the RSC equilibrium analysis with 
the stipulated investment of private partner. 

3.3.2. Balanced Process of RSC Structure When the Initial Investment of  
Private Partner Is More than the Stipulated Investment  

Figure 5 shows a schematic diagram of the franchise period and RSR with the 
stipulated investment of a single private partner. 

If investment of the private partner is ( ) 21 fCα−  and ( ) ( )21 1f fC Cα α ∗− > −  

as shown in Figure 5, the annual average revenue curve is 2R
t

, the annual aver-

age cost curve of the private partner is 
( ) 21 fC i

t
α− ⋅

, the average annual gov-

ernment revenue curve is 
( ) 2

2 1 fR C i
t
α− − ⋅

, and the largest annual government  

revenue is 2 2E T , corresponding to the franchise period 2T . Obviously, 

2 2E T ET ∗<  fails to achieve the maximum annual government revenue. At this  

time, the government RSR is 2 2
2

2 2

E T
A T

β = . If the maximum annual government 

revenue reaches ET ∗ , its RSR needs to be improved to 2
2 2

ET
A T

β
∗

′ = , then the  

revenue of private partner must be impaired and its opportunity cost cannot be 
recovered. At this time, the private partner marginal revenue is less than its mar-
ginal cost, which can be improved through a reduction of investment, and 
meanwhile the opportunity cost reduces. When the marginal revenue is equal to 
the marginal cost, the investment of private partner just reaches ( )1 fCα ∗− , and  

the annual government revenue curve is 
( ) 2

2 1 fR C i
t
α− − ⋅

, its highest point is 

ET ∗ , the corresponding franchise period is T ∗ , and the RSR of government is
 ET

AT
β

∗
∗

∗= , which is the same as the equilibrium in 3.3.1. 

4. Analysis of the Results 
4.1. Analysis of Consistency between Algebraic and Geometric  

Models 

In the TOT project RSC, the equilibrium solution of the algebraic model (10) is 
consistent with the equilibrium solution of the geometric model (15), which is 

( )
( )

1
1

=

f

f

R C iR
R C it t

R R R
t t

α
α

β

∗

∗
 − − ⋅∂  

− − ⋅∂= = . Under equilibrium conditions, 
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Figure 5. The determination of RSR and the franchise period under the stipulated 
investment amount of the individual private partner (2) [25]. 

 
the annual project revenue is equal to the marginal project revenue, and the 
marginal revenue of private partner is equal to its marginal cost. *β  is equal to 
the revenue elasticity of the project and equal to the ratio of government revenue 
to project revenue. The equilibrium result determines T ∗  and *β , which are 
consistent with the production balance of ( )1 fCα ∗−  and fC∗ . Therefore, the 
equilibrium solution realizes the optimization of the key parameters of the RSC 
structure and maximizes the revenue of both parties. In addition, when the RSC  

structure is balanced,
 
there is Tm

T ∗=  that is, m private partners participating  

in the TOT project can make full use of the remaining life cycle of the TOT 
project. 

4.2. Comparative Analysis of the Equilibrium Process between the  
Amount of Investment and the Amount of Investment That  
Has Been Established 

From the equilibrium process in Section 3.3, when ( ) ( )1 1f fC Cα α ∗− < − , the 
marginal revenue of private partner is greater than its marginal cost. The gov-
ernment can increase its annual revenue by increasing its RSR, and the private 
partner can increase its revenue by increasing investment to make up for the re-
duction with the government RSR increasing. Until ( ) ( )1 1f fC Cα α ∗− = − , the 
marginal revenue equals the marginal cost, and, at the same time, the annual 
government revenue reaches its highest point, that is equilibrium of the RSC 
structure. This equilibrium process is achieved through increases in the RSR of 
government, investment of private partner, and the franchise period. When 

https://doi.org/10.4236/ajibm.2019.95076


Y. H. Du et al. 
 

 

DOI: 10.4236/ajibm.2019.95076 1126 American Journal of Industrial and Business Management 
 

( ) ( )1 1f fC Cα α ∗− > − , the marginal revenue of the private partner is less than 
the marginal cost. The government can still make up for its annual revenue by 
increasing its RSR. The private partner can reduce its opportunity cost by reduc-
ing its investment amount. Until ( ) ( )1 1f fC Cα α ∗− = − , the private partner 
marginal revenue equals the marginal cost. At this time, the annual government 
revenue is at highest, and it determines the best RSR of the government, thus 
achieving equilibrium of the RSC structure. This equilibrium process is achieved 
through the increasing the government RSR, the reduction investment of private 
partner and the shortening the franchise period. 

It shows that when the investment amount is inconsistent with ( )1 fCα ∗− , the 
final equilibrium can be achieved by changing the three variables of government 
RSR, private partner investment amount, and franchise period toward the equi-
librium solution, rather than through changing only one of the variables affect-
ing the RSC structure. This result shows that it is necessary to consider system 
correlation among the key multiple parameters of the TOT project RSC, instead 
of simply changing a parameter for optimization of the non-equilibrium RSC 
structure.  

4.3. Analysis of the Impact of α on Equilibrium Results  

The equilibrium result shows that *β  and α are positively correlated, what re-
flects more investment and risk, more benefit. In addition, according to Defini-
tion 1 and the equilibrium result, the TOT project revenue is R which is equal to 
the opportunity cost of fC . The franchise fee is ( )1 fCα− , the government in-
vestment is fCα , and its revenue is the opportunity cost of fCα ; the invest-
ment and of the private partner is ( )1 fCα− , and its revenue is the opportunity 
cost of ( )1 fCα− . When 0α = , the franchise fee is fC , and the government 
investment is 0, so that the contract is a fixed rent contract of TOT project, the 
government revenue is 0, the revenue of the private partner is the opportunity 
cost of fC

 
with the investment of fC . When 0 1α< < , the franchise fee is 

( )1 fCα− , and the government investment is fCα , the contract is a fixed rent 
contract plus RSC of TOT project, the government revenue is the opportunity 
cost of fCα , the revenue of the private partner is the opportunity cost of 
( )1 fCα− ; when 1α = , the franchise fee is 0, and the government investment is 

fC , the investment of private partner is 0,
 
so that

 
the contract is RSC of TOT 

project, the government revenue is the opportunity cost of fC , and the revenue 
of the private partner is 0. 

From the above analysis, if the transaction cost is not considered, the revenue 
of TOT project is opportunity cost of fC  in the three contract modes, the rev-
enue of each party is only related to α, so the three contract modes are equivalent. 
In the fixed rent contract, the government bears the least uncertainty, and the 
private partner undertakes the greatest investment risk. In the complete RSC, the 
government has the greatest risk of uncertainty, and the private partner under-
takes the least investment risk. Therefore, if transaction costs are considered, as α 
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becomes larger, the greater is the proportion of the revenue-sharing clauses in 
the contract. To compensate for the increasing transaction costs borne by the 
government, the RSR of the government will increase with the increase of α. At 
the same time, the RSR of the government will be greater than *β  in the same 
condition, which is not considering transaction costs.  

5. Discussion 
5.1. Equilibrium of the RSC Structure under Different Efficiency  

Levels with Established Investment 

In the original hypothesis, the efficiency level of private partners is the same, and 
the opportunity cost of a stipulated investment is determined in accordance with 
the industry average return rate. In practice, the efficiency of each private part-
ner is different. The optimal equilibrium is determined according to the respec-
tive efficiency levels of private partner. The shape and the height of vertices of  

curve 
( )1 fR C i

t
α− − ⋅

 are different for each private partner. The process of  

balancing RSC structure in different efficiency with the stipulated investment is 
discussed below. 

5.1.1. The Efficiency of Private Partner Is Higher than the Industry  
Average Level 

The efficiency of private partner is higher than the industry average level, that 
is, under the same stipulated capital investment, and the revenue of private 
partner is higher, so it also requires a higher return on investment. We note the  

investment of private partner is ( ) 41 fCα− . As shown in Figure 6, 4R
t

 is the 

average annual revenue of the TOT project, which is higher than the industry 

average level, and 
( ) 4

4 1 fR C i
t
α− − ⋅

 is the highest government rent curve with 

( ) 41 fCα− . If there are no transaction costs, then according to the principle that 
the marginal cost is equal to marginal revenue of each factor, the highest point of 

( ) 4
4 1 fR C i

t
α− − ⋅

 is 4 4E T ′ , corresponding to the annual maximum rent of the 

government. Obviously 4 4 1E T ET′ > , and the annual average revenue of 

( ) 41 fCα−  is 
( ) 41 fC i

t
α− ⋅

. However, taking the transaction costs into considera-

tion, the government cannot get the highest rent 4 4E T ′ . One hand, the government  

cannot obtain the real information about the efficiency of each private partner, 
which means that the government needs to pay significant information costs to 
obtain information on real efficiency of each private partner; on the other hand, 
there is also competition between different TOT project, if the government want 
the highest rent 4 4E T ′ , then ( ) 41 fCα−  will selected the TOT project in which 
the government annual rent is ET ∗  rather than 4 4E T ′ . Therefore, considering 
transaction costs, the government can only get the rent ET ∗  corresponding to  
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Figure 6. Equilibrium of RSC structure under different efficiency with the stipulated 
investment [25]. 

 

the highest point of the curve 
( )1 fR C i

t
α− − ⋅

 under market competition. 

Case 1: According to the industry average level, assume that the franchise pe-
riod of ( ) 41 fCα−  is T ∗ . As shown in Figure 6, the average annual revenue of 
the TOT project is BT ∗ , and the opportunity cost of ( ) 41 fCα−  is BP, which is 
theoretically the highest government revenue that can reach PT ∗ . However, 
considering market competition and transaction costs, the government can only 
gain rents ET ∗ , then ( ) 41 fCα−  can gain the revenue BE, which is higher than 
its opportunity cost BP, meanwhile, it is higher than the average opportunity cost 
of the industry AE, and it includes the TOT project rent PE transferred from the 
government to ( ) 41 fCα− . In other words, ( ) 41 fCα−  is the intra-marginal 
cooperator who will obtain revenue that is higher than the average opportunity 
cost of the industry. 

Case 2: If the franchise period is selected by ( ) 41 fCα− , according to the gov-
ernment rent ET ∗ . The marginal revenue of the TOT project is equal to its av-
erage marginal cost, that is, when 4R t ET ∗∂ ∂ = , as shown in Figure 6, the 
franchise period is 4T , corresponding to the intersection point of the curve 

4R t∂ ∂  and curve GH. Apparently, ( ) 41 fCα−  can negotiate with the govern-
ment for a longer franchise period when the government revenue is ET ∗ .  

5.1.2. The Efficiency of Private Partner Is Lower than the Industry  
Average Level 

The efficiency of private partner is lower than the industry average level, which 
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means that with the same funds, the revenue is low. The investment of private 
partner is recorded as ( ) 31 fCα− , which equals ( )1 fCα ∗− . The average revenue 
during the franchise period is 3R t  as shown in Figure 6, which is below the 

industry average, and the curve 
( ) 3

3 1 fR C i
t
α− − ⋅

 is the highest government 

rent curve with ( ) 31 fCα− . If there are no transaction costs, with the principle 
that the marginal cost and marginal revenue of each factor are equal, the annual 
maximum rent of the government is 3 3E T ′ , corresponding to the highest point of 

the curve 
( ) 3

3 1 fR C i
t
α− − ⋅

. Obviously, 3 3E T ET ∗′ < , the annual average reve-

nue of ( ) 31 fCα−
 

is 
( ) 31 fC i

t
α− ⋅

. However, under market competition, the 

government will not choose ( ) 31 fCα− , whose annual maximum rent of the 

government below ET ∗ . 
Case 1: Assume that the franchise period of ( ) 31 fCα−  is T ∗ , which is the 

industry average production level. As shown in Figure 6, when the franchise pe-
riod is T ∗ , the average annual revenue of TOT projects for ( ) 31 fCα−  is DT ∗ , 
government rent is ET ∗ , and the revenue of ( ) 31 fCα−  is DE, which is lower 
than its opportunity cost DQ, and the part EQ that belongs to opportunity cost 
of ( ) 31 fCα−  needs to be transferred to the government. In other words, 
( ) 31 fCα−  is marginal partner, which will earn less than the average opportunity 
cost of industry. If ( ) 31 fCα−

 
cannot afford the loss of opportunity costs, it can 

only abandoned the cooperation with government. 
Case 2: If the franchise period is selected by ( ) 31 fCα− , according to the gov-

ernment rent ET ∗ . When the marginal revenue is equal to its marginal cost in 
the TOT project with ( ) 31 fCα− , that is, when 3R t ET ∗∂ ∂ = , G is the intersec-
tion point of 3R t∂ ∂  and GH in Figure 6, the corresponding franchise period is 

3T . Therefore, when the government revenue is ET ∗ , ( ) 31 fCα−  can negotiate 
with the government for lower franchise period 3T  in exchange for cooperation 
opportunities. 

Under the hypothetical condition of Figure 6, when the annual rent of the 
government is unchanged at ET ∗ , the equilibrium process in Figure 6 can be 
simplified as in Figure 7. As shown in Figure 7, the annual rent of the govern-
ment is aR , which remains unchanged and the rent of the government during 
the franchise period is g aR R t= . The franchise period of ( ) 41 fCα−  is 4T , 
from the parallel to g aR R t= . Similarly, the franchise period

 
of

 ( ) 31 fCα−  is 

3T . According to the franchise period determined by the industry average level, the 
revenue of

 ( ) 41 fCα−  is 4E T ∗′ , which is higher than the industry average revenue, 
and the government RSR will be lower than the industry average level, that is 

4β β ∗< . By contrary, the revenue of
 ( ) 31 fCα−  is 3E T ∗′ , which is below the in-

dustry average revenue, and the government RSR will be higher than the industry 
average level, that is 3β β ∗> . Therefore, the government’s highest rent accord-
ing to the average level of the industry will be conducive for the high-efficiency 
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Figure 7. Equilibrium of RSC structure of the stipulated investment and government 
rents. 
 
private partner to gain higher revenue sharing. At the same time, it will prevent 
low-efficiency private partner from participating in the operation of the TOT 
project. This is in line with the TOT model to improve efficiency of the existing 
project. 

5.2. Changes in the RSR under Government Involvement in  
Project Operation Investment 

The original hypothesis is that project operations investment in all is borne by 
private partner. Now suppose the government involved in operations, but the to-
tal investment is unchanged, and the corresponding revenue of the TOT project 
remains unchanged. That is o so goC C C= + , where goC  is the sum of the op-
portunity cost of the people, materials, machinery, technology and other re-
sources required undertaken by government during franchise period, soC  is the 
sum of the opportunity cost of the people, materials, machinery, technology and 
other resources required undertaken by private partner during franchise period. 

goC  is the government operating investment revenue, then the total government 
revenue including the operation investment opportunity cost is goC Rβ ∗+ . soC  
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is the operating investment revenue of private partner, then the total revenue of 
private partner including the operation investment opportunity cost is 

( )1soC Rβ ∗+ − . Then the RSR of government under government involvement in  

project operations is 
0

go
o

C R
R C

β
β

∗+
=

+
.
 

As the operating investment of government increases, goC , and goC Rβ ∗+  

increase, and 
0

go
o

C R
R C

β
β

∗+
=

+
 increases because of 0R C+  being constant. 

The result is consistent with the principle of who invests and who benefits. 

6. Conclusions  

In this paper, aiming at the problem of the TOT project contract model selection, 
contract structure optimization and the largest revenue of government and pri-
vate partner, the equilibrium analysis of RSC in a TOT project based on the 
theory of share tenancy is proposed, and the main research work of this paper is 
as follows:  

1) This paper identified and defined the crucial parameters of RSC structure 
in a TOT project under the theory of share tenancy, which are the investment of 
private partner, franchise period, government revenue and the revenue of private 
partner, and government RSR. Without considering the transaction costs and the  
time value of money, the equilibrium solution of the mathematical model con-

structed by the Lagrange multiplier method is 
( )1 fR C iR R

t t R
α

β
∗− − ⋅∂

= =
∂

. 

The equilibrium solution of the geometric model which is established by the dy-

namic equilibrium method is 
( )1 fR C iET R R

t t RAT
α

β
∗∗

∗

− − ⋅∂
= = =

∂
.  

2) Comparing the equilibrium solutions of the mathematical model and the 
geometric model, the solutions of the algebraic model and the geometric model 
are verified as completely consistent, and the equilibrium solution determines  

T ∗ , ( )1 fCα ∗− , that is fC∗ , and 
( )1 fR C i

R
α

β
∗

∗ − − ⋅
= . By comparing the equi-

librium results of different initial states in the geometric model, under the same  
assumptions; if the three variables of government RSR, investment of private 
partner, and franchise period simultaneously shift toward the direction of ba-
lanced solution, then it can arrive Pareto optimum in equilibrium. It is a win-win 
situation through cooperation and competition under in market, and it eases the 
adversarial relationship between government and the private partner. At the 
same time, the number of the private partner, m T T ∗=  is determined, then 
the equilibrium can make full use of remaining life cycle of the TOT project.  

3) β ∗  is positively correlated with α . Regardless of considering transaction 
costs or not, β ∗  will increase with the increase of α. If the transaction cost is 
not considered, the fixed rent contract of TOT project ( 0α = ), the fixed rent 
contract plus RSC of TOT project（ 0 1α< < ） and the RSC of TOT project ( 1α = ) 
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are equivalent. If the transaction cost is considered, the RSR of the government 
will be greater than β ∗

 which is not considering transaction costs.  
4) If franchise period is determined by T ∗ , considering transaction costs, the 

revenue of efficient private partner is higher than the industry average level and 
higher than its opportunity cost. On the other hand, the revenue of inefficient 
private partner is lower than the industry average level, and the private partner 
needs to transfer part of the opportunity cost to the government. If government 
rent is determined by ET ∗ , efficient private partner can obtain a longer fran-
chise period, and inefficient private partner gets a shorter franchise period. 

5) If the government participates in the project operation investment, the total 
revenue including the operation investment opportunity cost will increase as the 
operation investment increases, which is consistent with the principle of who in-
vests and who benefits. 

In summary, the main contributions are as follow. 1) The RSC structure equi-
librium model of a TOT project is constructed based on the theory of share te-
nancy, which indicates that the RSC of TOT projects can reach the Pareto opti-
mum in equilibrium, which maximizes the revenues of the government and the 
private partner. 2) The equilibrium of RSC structure can ease the adversarial re-
lationship between government and the private partner, and can make full use of 
remaining life cycle of the TOT project, which is not solved in previous models 
(e.g. financial decision model, bi-level programming (BLP) model, bargaining 
model). 3) When the assumptions differ, the theory of share tenancy provides the 
idea of optimizing the contract efficiency from the perspective of the structure of 
RSC, and it achieves an equilibrium of RSC in TOT projects. 

In this paper, the original theoretical assumptions without considering the 
time value of money and transaction costs, is to simplify the theoretical deriva-
tion. If considering the time value of money, according to the present value, then 
the total revenue will be smaller than without considering the time value of 
money, and the curve which contains the revenue will be lower, so the equili-
brium results will be changed. However the equilibrium results are also in accord 
with the structural equilibrium model of TOT project revenue sharing contract 
equilibrium principle. In the discussion in part 5, we have discussed the cases for 
considering transaction costs. Although the original assumptions such as the 
transaction costs have been expanded during the discussion, the time value of 
money, and transaction costs are worthy of further exploration to expand the ap-
plication. 
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