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Abstract

The existence of random attractor family for a class of nonlinear high-order
Kirchhoff equation stochastic dynamical systems with white noise is studied.
The Ornstein-Uhlenbeck process and the weak solution of the equation are
used to deal with the stochastic terms. The equation is transformed into a
general stochastic equation. The bounded stochastic absorption set is ob-
tained by estimating the solution of the equation and the existence of the
random attractor family is obtained by isomorphic mapping method. Temper
random compact sets of random attractor family are obtained.
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1. Introduction

In this paper, we study the random attractor family of solutions to the strongly

damped stochastic Kirchhoff equation with white noise:
u, +M ("Dmu"2 )(—A)m u+ ﬁ(—A)m u, + g(x,u) = q(x)W, (1.1)

with the Dirichlet boundary condition
o'u .
u(x,t)=0,?=0,z=1,2,---,m—1,x66§2,t>0, (1.2)
A
and the initial value conditions

u(x,0)=u,(x),u,(x,0)=u(x),xeQcR", (1.3)

where m>1 is a positive integer; S >0 is a constant; Q is a bounded re-

gion with smooth boundary in R". A is the Laplacian with respect to the va-
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riable to variable xeQ. M is a general real-valued function; g(x,u) is a
non-linear and non-local source term. W is derivative of a one-dimensional
two-valued Wiener process W(t) and q(x)W formally describes white noise.
B.L. Guo and X.K. Pu described in detail the related concepts and theories of
infinite dimensional stochastic dynamical systems, and discussed in detail the
existence and uniqueness, attractor and inertial manifold of some nonlinear
evolution equations and wave equation solutions in [1] [2].
D.H. Cai and X.M. Fan [3], considered the dissipative KDV equation with
multiplicative noise.
du = (au,,, +u,, + Puu,, +ru)dt = f(x)dr+budW (t),xe D,t>0.  (1.4)

XXXX

By transforming the equation into a stochastic KDV-type equation without
white noise, the existence of stochastic attractors for dynamic systems deter-
mined by the original equation is proved by discussing the dynamic absorptivity
and asymptotic property determined by the new equation.

Yin et al [4] have mainly studied the dissipative Hamiltonian amplitude

modulated wave instability equation with multiplicative white noise.

du, + au,dt — fu dt —yu dt +iu_+ f(|u|2 )udt =u-dW(1). (1.5)

Stochastic dynamic system has compact random attractors in space
E,=H xL.
Xu et al. [5] studied the non-autonomous stochastic wave equation with dis-

persion and dissipation terms.
aw
u, —Au—ahu, — Bu, +h(u)u, +Au+ [ (x,u)=g(x,t)u+ecu e (1.6)

The existence of random attractors for non-autonomous stochastic wave equ-
ations with product white noise is obtained by using the uniform estimation of
solutions and the technique of decomposing solutions in a region.

Lin et al [6] studied the existence of stochastic attractors for higher order

nonlinear strongly damped Kirchhoff equation.
duy, +[(—A)m u, +¢(||D"’u||2 )(—A)m u+ g(u)}dt = q(x)dW(t),x eQ,m>1.(1.7)

The O-U process is mainly used to deal with the stochastic terms, and the exis-
tence of stochastic attractors is obtained.
Qin et al [7] studied random attractors for the Kirchhoff-type suspension

bridge equations with Strong Damping and white noises.
u, + Nu+Au, + (p —|Vu|2 )Au +bu' + f(u)=q(x) w. (1.8)

Kirchhoff stress term ( p—|Vu|2)Au and dissipation term bu" are treated.
It is assumed that the non-linear term f(u) satisfies the growth and dissipa-
tion conditions.

For more relevant studies, it can be referred to references in [8]-[13].

On the basis of some random attractors of Kirchhoff equation with white
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noise studied by predecessors, the existence and uniqueness of solutions of sto-
chastic higher-order Kirchhoff equation with strong damping of white noise,
nonlinear and non-local source terms and the existence of attractors of stochas-
tic Kirchhoff equation are discussed. This paper is organized as follows. In Sec-
tion 2, some basic assumptions and basic concepts related to random attractor
for general random dynamical system are presented. Section 3 deals with ran-
dom term and proof the existence of random attractor family by using the iso-

morphism mapping method.

2. Preliminaries

In this section, some symbols are made and assumption Kirchhoff Stress term
M (s) satisfying condition (a) and Nonlinear term g(x,u) satisfies condition
(b). In addition, some basic definitions of stochastic dynamical systems are also
introduced.

For narrative convenience, we introduce the following symbols:
D=V,H(Q)=H"(Q)nH,(Q),H =L*(Q),
(@)= " (@) H) (),
E, = H"" (Q)x Hy (Q),(k=0,1,2,+,m).

And definition
(71222) = (V" 0, V" )+ (V9L VA, ), W, = () € Bai =12, (2.1)

Kirchhoff Stress term M (i) satisfies condition (a):

a) M (s) islocally bounded and measurable, M (s)e C*(Q) and
l+¢£<0,<M(s)<o, where 0,0, isa constant;

Nonlinear term g (x,u) satisfies condition (b):

b) Let g(x,u) be nonnegative nonlocal bounded and measurable,
g(xu)eC*(Q), g(xu)< a(x)(1+|u|P) , 0<a(x) and a(x)eC';

Here are some basics about random attractors.

Let (B(R+)XFXB(X),Bk (w)c D(w)) be a probabilistic space and define
a family of transformation {6,,7 € R} preserving measures and ergodicity:

Htw(~)=w(~+t)—w(l), (2.2)

then (Q,F ,P,(Ht ))teR is an ergodic metric dynamical system.

Let (X ,|||| X) be a complete separable metric space and B(X ) be a Borel
o-algebra on X.

Definition 2.1. ([7]) Let (Q,F ,P,(H,))tek is a metric dynamic system, sup-
pose that the mapping

S:R"xQxX > X, (t,w,x)l—)S(t,w,x), (2.3)
is (B(R+ ) xFxB(X )),B(X ) -measurable mapping and satisfies the following
properties:

1) The mapping S(t, w) = S(t, w,') satisfies
S(O,w)=id, S(t+s,w)=S(t,9xw)0S(s,w); (2.4)
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2) (t,w,x)+> S(t,w,x) is continuous, forany weQ.
Then Sis a continuous stochastic dynamical system on (Q,F ,P,(6, ))teR .

Definition 2.2. ([7]) It is said that the random set B(w) c X is tempered,
forwe Q, >0, we have

lim inf ¢”d (B(0_,w)) =0 (2.5)

[s] >0

where d(B)=sup|x|, ,forany xeX.

Definition 2.3 ([7]) Note that D(w) is the set of all random sets on X; and
random set B, (w) is called the absorption set on D(w). If for any
B, (w)c D(w) and P—aeweQ, there exists T, (w)>0 such that

S(1.0.,0)(B(0.,0))c B, (). (2.6)

Definition 2.4. ([7]) Random set A(w) called the random attractor of con-
tinuous stochastic dynamical systems S(7) on X; if random set A4(w) satisfies
the following conditions:

1) A(w) isarandom compact set;

2) A(w) isthe invariant set D(w), thatis, forany 7>0
S(t,w)A(w) = A(H,w) ;

3) A(w) attracts all the set on D(w), that is, for any B(w)< D(w) and
P —a.ew e Q, with the following limit:

limd (S (t,0.,w)(B(0.w)), 4(w)) =0, (2.7)

1>

where d(4,B)=supinf|x—y|, is Hausdorff half distance. (where
ABcH). 7

Definition 2.5. ([7]) Let random set B, (w) < D(w) be a random absorbing
set of stochastic dynamical system (S (1, w))t>0 , and the random set B, (w) sa-
tisfy:

1) Random set B, (w) isa closed set on Hilbert space X.

2) For P—aeweQ, random set B (w) satisfies the following asymptotic
compactness conditions: for any sequence x, € S(tn,atn w) B, (97[” w) , there is
an convergence subsequence in space X, when ¢ — +co, Then stochastic dy-

namical system (S (1, W)) has a unique global attractor.

>0

4 (0)= N US(t,6,0)B,(0 o). (2.8)

21y (w) (244

The Ornstein-Uhlenbeck process [7] is given as following.
Let z(6w)= —a_[_ow e“gw(r)dr, where teR.Forany >0, the stochastic

process Z(Htw) satisfies the Ito equation

dz +azdt = dW (1). (2.9)

According to the nature of O-U process, there exists a probability measure P,

6, -invariant set, and the above stochastic process
z(Gw)= —aﬁo e Ow(r)dr. (2.10)

satisfies the following properties
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1) The mapping S —z(6,w) is a continuous mapping, for any given

wel);
2) The random variable ||z(a))|| is tempered;
3) There exist a tempered set r(a)) >0, such that

a
—t

"Z(l?tw)"+||Z(49tw)||2 <r(gw)<r(w)e?; (2.11)
R 2 1

4) }Lrg;jo|z(ﬁrw)| dr=—— (2.12)
. Ly 1

5) llm—jo|z(6rw)|d1:ﬁ. (2.13)

t—owo f

3. The Existence of Random Attractor Family

In this section, we consider the existence of random attractor family. To deal
with the random term we need to transform the problem (1.1) - (1.3) into a gen-
eral stochastic problem. It is proved that there exists a bounded stochastic ab-
sorption set for stochastic dynamical systems. The stochastic dynamical system
exists stochastic attractor family and a slowly increasing stochastic compact
set.

For convenience, Equation (1.1) - (1.3) can be transformed into

du =u,dt

du, + M{ A?

JA”’u+ﬂA”’ut+g(x,u) dt:q(x)dW(t),te[0,+00], (3.1)

u(x,0)=uy (x),u, (x,0)=u(x)

where A4=-A.
Let ¢= (u,y)T ,¥ =u, +&u . Then the problem (3.1) can be simplified to:

dg+ Lpdt = F (6,0,4)
. (32)
3 (a)) = (”wul + guo)
where
el -1
¢= y ) M[ Au —ﬂgJAm +&* |1 (A" &)1 [
F(6 = 0
(009)=| _g (su)+q(x)aw (1) |
Let v=y—gq(x)5(6w), then the question (3.2) can be written as:
(3.3)

do+Ledt = F (6,0,9)
@ (0)= (uo,ul +é&u, —q(x)é'(@,w))Tl

where
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el -1
—ﬂg]Am +82]] (,BA'" —8)]

q(x)3(6.2) j
—g(x,u)—(,BA'" +5+1)q(x)5(¢9ta)) .

A2u

c”{ﬁ’“ {M{ :

F(6,0,0)= [

Lemma 3.1. Let E, = H"* (Q)x H{ (Q) forany y=(y,»,) €k,

(k=12,-m),if 0<e<—"

(Ly.y),, =k ||y|| +k, ||V'"+" y2|| (3.4)

_gigm m_ pl2 1— Be+
here by —min| BE*E=EA P8 220 plU= o)
2p 2 23
Proof: Forany y=(,,, )T , according to hypothesis (a), we have

2
JAmyl

2
J(Vm+ky1 ,Vm+ky2)

m

A’u

(Ly,y)Ek — (Vm+k (‘9y1 ~y, ),Vm+ky1)+[ka[
— ey + &7y + pA"y, _‘9yzzvky2]

m
A%u

:g||vm+ky.||2—<vm+ky.,vm+ky2>+M{

_ﬂg(VMkJﬁ ’V”Hkyz)‘F & (kal ska2 )
+B(V" 3, VI, )= (Vi V)

n
2

A?u

— 8||V +ky] " Vm+ky] Vm+ky2) {M[

2
]_5J(Vm+k% svm+ky2)

+(£—/3§:)(V"’+kyl,vm+ky2)+gz (V"yl,V"yz)
+ BV, V" ) =8 (VE 9, V)

> e[V [ - (e —e) (VY 4 6 (V0 V)
+ BV 3, V", ) =8 (Vi Ve, )

2 ol - LDty f LD o

&’ |12 k m+k k
2517l ——||V v plv" sl =V

2 - m+ m+
e b
A -2

- IIV"% |

2 Bty o LU L D A o

2
28 J’1||
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S

_ Pete— A" B(1-Pe+e)
28 28
e | 6

2
m+k
\4 yz”

2
[Vl +

> ([l oo o

> kv, +h [V, ||2 .

where k, :min{ﬂg+‘9—gzﬁ1m ’ﬂﬂqm - B¢’ —28},](2 _ ﬁ(l—ﬂg+g)

2p3 2 2p8

Lemma 3.1 is proved.

Lemma 3.2. Let ¢ Dbe a solution of the problem (3.2), then there exists a
bounded random compact set B, (w)e D(E,), so that for any random set

By, (w)e D(E,), there exists a random variable 7, = >0, such that

Bi(@)

#(1.6,0)B, (6,0)c By (0),V1 2T, ) 0 Q. (3.6)

Proof: Let ¢ be a solution of the problem (3.3), by taking the inner product
of two sides of the Equation (3.3) is obtained by using ¢ = (u,v)T ek,
Salel, +(Le.0), =(F(000).0) 6)
2 dt Ek 2 Ek t b b . .
From Lemma 1, we have

vy |2 . (3.8)

(Lo.0) = ko, +k,
According to the inner product defined on E, .
(F(Hta),go),go) = (Vm+"q(x)§(9ta)),vm+ku)+(V" (—g(x.u)

+(g+1—ﬂA'”)q(x)é'(@,a))),vkv). )

According to Holder inequality, Young inequality and Poincare inequality, we
have

2
m

(V" a()3(60), 7" u) < 2 4" 2 (x) 5 (0,0)

- +§||V’"*"u||2 . (3.10)

(v (1-B4")q(x)8(6,0).V*)

e (3.11)
4" 2q(x)

|2

2 —m
< i["V'{q(x)é'(Qa))”z + }|§(9,a))|2 +%”V””kv

(ngq (x)5(0,a)),Vkv) < %”V'%](x)"z |5(Hla))|z +%"V”’*kv |2 . (3.12)

According to hypothesis (b), we have

DOI: 10.4236/apm.2019.94018 410 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2019.94018

G.G.Lin, Z. X. Li

(—ng(x,u),vkv)

S|g(x,u),V2kv < dx

(x)(l +|u|p )VZkV

Sl (v o af ] < v 613
ﬁgfﬁ "V"“k C!
2P

+

Combining (3.8)-(3.13) yields, we have

N 2
55||<0|| +h ||¢||; +hy [0ty

PR Pl i e e
2 2

(3.14)

A |5 Ha) ’11 ||V"'*k

2
%llvkq(x)lr s + 2

Cf
2pe*

L2V g o(60)f + ﬂ”l ||vm+k

Then

d —-m —(m— m+.
ol 2k ol +(2k- 2627 g o sff

m 2
< eV 2;122 A A"2q(x)| s (60) (3.15)

+

& &

AU g) 0o + o+ et ot

Taking 7 =2k,

” 2 " 2
P 2 Am+3q(x) A" 2g(x)

(ot at oo

2 A"
) M

we have

d
Lol +7llel;, <C.+ R (00)] - (3.16)

By the Gronwall inequality, P—a.e@ e then
le(o)l;, < loo(@);, +[,e " (C+Rs(0) ar.  G17)

And because §(6w) is tempered, and &(6,w) is continuous about £ so
according to reference [7], we can get a temper random variable 5 :Q — R", so

that for anyz € R,w € Q , we have
1
|5(¢9,a))|2 <n(6w)<e’ r(w). (3.18)

Replace ® in Equation (3.17) with & @, we can obtain that
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2

"(p(t, Qta))"; <e™ "% (Qta))"Ek +L§ e ) (C2 +p, |5(¢9,a))|2 )dr, (3.19)
where (r—t=1)

J[ e 1) (C2 +p, |§(9Ha))|2 )dr

0

(3.20)
= J.Ot e’iT (Cz +P1 |5(0Ta))|2 )d}" < &_ngl’,i (CO)
_ , .

Because ¢, (6 ,@)e B, (0 ,») is also temper, and |5(t9_,a))| is also tem-
pered, so we can let

c, 2
Rf(w)=72+;pm (). (3.21)

Then R](w) is also temper, B, :{(peEk :||(0||Ek <R, (a))} is a random

absorb set, and because of
S(t.6,0)9,(60.,0)
= 0(1.0,0)(0(60.0)+(0.4(x)3(6,0))" |- (0.4(x)5(0.0))".

So let

(3.22)

A

By (@)= {q) €E,:

ol <R (w)+ [V a(x)s(w)| =Ry (w)].  (323)

then B, (@) isarandom absorb setof ¢(t,®),and B, (w)e D(E,).

Thus, the whole proof is proved.

Lemma 3.3. When k=m, forany B, (w)eD(E,), Let ¢(t) is a solution
of the Equation (3.2) with the be initial value ¢, = (u,,u, +u,) € B, , it can be
decompose ¢ = @ + ¢, , where ¢,¢, satisfy

{d¢, +Lgdt=0
T (3.24)
$o =9 z(u()’ul +5“0)
dg, + Lp,dt = F (o, ¢) (3.25)
¢20 =0 .

Then "gzﬁ1 (¢, @w)"i — 0,(t > ), for any ¢, (6,w)e B, (6_,0), there exist a
temper random radius R, (), such that

6, (t.6.0), <R (o). (3.26)

Proof: Let ¢=g +¢, =(u,u, +su,) + (1,105, + 11 —q(x)é'(&,a)))T is a
solution of Equation (3.3), then according to the Equation (3.24) and (3.25), we

can see that ¢,,, meet separately

de, +Lpdt =0
; (3.27)
Do =P = (MO’uI +‘9“0)
{dgoz +Lo,dt = F(@,p) (3.28)
?y =0

By taking the inner product of equation within £, , we have

m?
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1d

S 5 +(Lone), =0. (3.29)

According to lemma 1 and Gronwall inequality,
o (), << oy (o), (3:30)
Replacing @ by 6, in (3.30), because (6 ,w)e B, istempered, then
||(o1 (¢, 6[,(0)"; <e?M "(00 (6’4(0)”; —0,Y¢,(0,0)eB,,. (3.31)

Taking inner product (3.30) with @, = (u,,u,, +u, —q(x)é(é’,a)))T in E

m

and from Lemma 1 and Lemma 2, we have

d
Lol +nlesll, <c+mlo@o) . (3.32)
Ll e e e :
where 7 =2k, P, = A2 q(x) = A2 q(x) +(6+;j||vkq(x)" .

Replacing @ by 6 ,® in (3.32) and from Gronwall inequality, we have

6. (t0.0), <o (0@)f, +[e (c2 +R[5(0_0)f )dr

(3.33)
< S -l-ngrl (@).
non

So there is exist a temper random radius
R (0)< S+ 2P (o). (3.34)

non

Forany weQ,

. (1.6.0)|, <R (). (3.35)

This completes the proof of Lemma 3.3.

Lemma 3.4. The Stochastic Dynamic System {S(t,w),tZO}, while =0,
P—aeweQ) determined by Equation (3.2) has a compact attracting set
K (a)) cE,.

Proof: Let K(w) be a closed ball with radius R (@) in space E,. Ac-
cording to the embedding relation E, c E,, then K(®) is a compact set in
E, . for any temper random set B, (), for any V¢(z,6,0)€ B, , according to
Lemma 3.1, ¢, =¢p—¢, € K(a)) ,soforany Ve¢>T, . >0, wehave

Bi(@)
dg, (S(I,H_ta))Bk (H_ta)),K(a)))

= inf Jo(t.0,0)=9(), <[e(r.0.0), (3.36)

H(t)eK (o)

<e™ ||¢70 (6[,60)"; — 0,(t > o)

So, the whole proof is complete.

According to Lemma 3.1 - Lemma 3.4, there are the following theorems.

Theorem 3.1. Random dynamical system {S (t,w),1> 0} has a family of
random attractors 4, (o)< K(w)c E,,@€Q, and there exists a slowly in-

creasing random set K (Q) ,
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4 (0)=n urS(t, 0.,0)K(6.,0) (3.37)

And S(t,0)4, (0)=4,(60).
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