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Abstract 
A two-stage game is developed with network externalities where, besides 
pricing decisions, the retailer and manufacturer can determine their adver-
tising investments and advertising participation rates for each stage. In addi-
tion to the full cooperation advertising model, three part cooperation adver-
tising models are established. We develop propositions and insights from the 
comparison of these models. Our main findings are as follows: 1) the equili-
brium solutions critically depend on the effects of network externalities; 2) 
the optimal choice in a two-stage game is to achieve full cooperation; and 3) a 
second-best choice for the manufacturer is to share the retailer’s advertising 
in the first stage. Our research results have guiding significance for supply 
chain member’s decision-making in local advertising practice. 
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1. Introduction 

Recently, cooperative advertising has played a very important role in supply 
chain coordination. In order to encourage the retailer to advertise more, cooper-
ative advertising strategies are widely adopted by the manufacturer. Companies 
such as IBM, Apple and Intel all pay a certain percentage of local advertising 
costs for their retailers [1] [2]. Local advertising has two main advantages over 
national advertising. On the one hand, the retailer’s local advertising can stimu-
late real-time sales and quickly increase short-term sales [3]. On the other hand, 
the retailer always has more local market information and could develop more 
targeted advertising at lower cost. The manufacturer and the retailer can reduce 
the double marginalization effect in the supply chain through cooperative adver-
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tising, cost sharing and benefit sharing [4]. Then they jointly improve the prof-
itability of the entire supply chain.  

Cooperative advertising has become an important topic for business and aca-
demia. Many scholars explore the cooperation advertising mechanism between 
upstream and downstream enterprises by selecting different angles, adopting 
various methods and constructing mathematical models [5] [6] [7]. Studies can 
be divided into static games and sophisticated dynamic models [8].  

We will discuss cooperative advertising issues in the context of network ex-
ternalities. In fact, with the rapid development of communication and informa-
tion technology, the whole society has entered the era of Internet and network 
economy. More and more products (fax machines, computer hardware, mobile 
phones, software, etc.) have shown their utility to increase with the number of 
other users. With the improved feature, Katz first defined this feature as network 
externalities [9]. Many scholars have studied cooperative advertising under net-
work externalities, such as Kretschmer and Rosner [10]. Network externality is 
essentially demand-side economics, which is different from traditional economic 
theory. Obviously, the external performance of the network increases the wil-
lingness of consumers to pay, thereby expanding consumer demand. And adver-
tising investment can also increase product demand. In this paper, we focus on 
how the game players adjust their pricing strategies and cooperative advertising 
strategies under network externalities. Obviously, this is a new and interesting 
topic of research. 

Most of the literatures on cooperative advertising use a single-stage game 
model. However, in a real supply chain, cooperative advertising is usually a 
long-term behavior and attracts the attention of scholars [11] [12]. The first-stage 
decision will affect the second-stage, then they affect the total supply chain prof-
its. However, the existing literature lacks a two-stage cooperative advertising 
strategy research under the network externalities. Thus, we have a discussion on 
cooperative advertising in a two-stage supply chain with network externalities.  

The paper proceeds as follows: the next section describes the assumptions and 
the model structure. Then we have a discussion on these four models, the first 
model is a cooperative game, and the others are based on a non-cooperative 
game (the manufacturer as the leader and the retailer as the follower). The in-
teresting results of these four models are analyzed and compared. Finally, the 
conclusion summarizes the findings. 

2. Assumptions and the Basic Model Structure 

We consider a two-stage supply chain distribution channel with one manufac-
turer and one retailer. The manufacturer sells the product at a wholesale price w 
to a retailer, who sells the product to consumers at a retail price p. Advertising 
expenditure ia  is also a decision variable for the retailer in stage i,  { }1,2i∈  
means Let ia  and it  be, respectively, the rate of retailer’s local advertising and 
the manufacturer participation rate or the percentage of the retailer’s advertising 
expenditures that the manufacturer is committed to share in stage i. 
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As in many other papers in the distribution channel literature, we assume the 
market demand has three characteristics as follows. Firstly, there is a negative 
correlation between market demand and price. Secondly, there is a positive cor-
relation between market demand and advertising expenditure while the margin-
al utility of advertising expenditure is diminishing. Thirdly, there is a positive 
correlation between market demand and direct network externality. Direct net-
work externality is generated through a direct physical effect of the number of 
purchasers on the quality of the product. Thus, the demand function can be 
written as follows:  

( )1 1 1
eD g p a f Dα= − + + .                      (1) 

( )2 2 1 2
e eD g p a f D Dα= − + + + .                   (2) 

where g is the market size, p is retail price, ia  is retailer advertising expenditure. 
( )0,1α ∈  denotes retailer advertising effort factor. ( )e

if D  denotes the de-
mand growth of advertising effort. ( )e

if D  represents demand growth comes 
from network externalities when the consumers’ expected market sales of the 
product is e

iD . We assume that consumers have perfect expectations to the 
market equilibrium sales in the future that refer to Katz and Srapiro, i.e. con-
sumers have rational expectations [8]. 

To simplify exposition, we further assume ( )e e
i if D Dλ= , which denotes that 

the demand generated by the network externality grows linearly with the in-
crease of expected market sales. The slope of those demand lines is λ , which 
reflects the intensity of network externalities, and it is called intensity of network 
externality [13]. Assuming that the impact of consumer’s expected market sales 
on market demand is less than the impact of actual prices on market demand so 
that ( )0,1λ ∈ . We assume that the manufacturer and the retailer can influence 
consumer expectations before buying, i.e. e

i iD D=  [9]. Thus, the market de-
mand function translates into: 

1
1 1

g p aD α
λ

− +
=

−
.                         (3) 

( )
( )

1 22 1
2 21 1

g p a ag p a DD
αλ α αλα λ

λ λ

− + + −− + +
= =

− −
.         (4) 

Then we assume that all channel members are rational, risk-neutral, and 
maximize profits. Based on the above hypotheses, the manufacturer profit func-
tion in each stage is: 

( ) 21,
2i i i i iM w t wD t a= − .                     (5) 

The retailer profit function in each stage is: 

( ) ( ) ( ) 21, 1
2i i i i iR p a p w D t a= − − − .                (6) 

We model the channel decision process as a sequential game, with the manu-
facturer as the leader and the retailer as the follower. Supposing that they both 
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collaborate to share advertising expenses, the game proceeds as follows. First, the 
manufacturer announces the manufacturer participation rate [ ]1 0,1t ∈  and 
then the retailer determines the advertising expenditures 1a  in stage 1. Subse-
quently, the manufacturer determines the wholesale price w and the participa-
tion rate [ ]2 0,1t ∈  and then the retailer determines the retail price p and the 
advertising expenditures 2a  in stage 2. Following the sequence of moves ex-
plained in Table 1. 

3. The Cooperative Relationship Model 

In this section, we build a centralized cooperative advertising decision model. In 
the case where 1it = , both the manufacturer and the retailer agree to form an al-
liance. Then they can make decisions together to maximize the total channel 
profits and jointly determine retail price and advertising expenditure. Thus, the 
alliance’s problem can be written as: 

21
1 1

1
1 2

C g p aS p aα
λ

− + = − − 
.                   (7) 

( )
( )

1 2 2
2 22

1
21

C g p a a
S p a

αλ α αλ

λ

 − + + −
 = −
 − 

.             (8) 

1 2
C C CS S S= + .                         (9) 

For any ( )0,1α ∈  and ( )0,1λ ∈ , the alliance’s second-stage profits is a 
strictly concave function of its decision variables 2,p a  in this stage. From the 
first-order optimality conditions for the problem in (9), the following expressions 
can be derived:  

( )
( )( )

1
2 22 1

g a
a

α αλ

α λ

+

−
=

−
.                    (10) 

1
22

g ap αλ
α

+
=

−
.                      (11) 

Then 1
CS  are obtained by substituting the expressions (10) and (11) are given 

by 

( ) ( ) ( )( )
( ) ( )

2 2 21 1 1
1 22

1 2

22 1
C

g a g a aS
αλ α α α λ

α λ

+ − + + − + +
= −

− + − +
.    (12) 

Obviously, 1
CS  is a concave function of 1a . Taking the first derivatives of 

1
CS  with respect to 1a , and setting them to 0, we have 

 
Table 1. Sequence of moves. 

 Player Decision variables 

Stage 1 
Manufacturer 1t  

Retailer 1a  

Stage 2 
Manufacturer 2,w t  

Retailer 2,p a  
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1 22 2
ga α
α λ− −

= .                       (13) 

Substituting (13) into (10), (11) and (9), we have 

( )
( )( )

1
2 22 1

g a
a

α αλ

α λ

+
=

− + − +
.                    (14) 

1
22

g ap αλ
α

+
=

−
.                        (15) 

( )
( )

2 2

22

2

2 2
C

g
S

α λ

α λ

− −
=

− + +
.                    (16) 

Proposition 1. 1 20, 0, 0, 0
C CC Ca ap S

λ λ λ λ
∂ ∂∂ ∂

> > > >
∂ ∂ ∂ ∂

. 

Proposition 1 shows that retail price, advertising expenditure, and system prof-
it are positively correlated with network externalities. Obviously, the larger the 
network externality of the product is, the higher the utility of the consumers gets. 
Consumers are willing to pay more, so the alliance has an incentive to raise the 
retail price. In addition, the alliance’s unit profit increases as the intensity of net-
work externalities increases. Thus, the alliance has an incentive to increase the 
advertising expenditure at a level that marginal revenue of unit product equals 
the marginal cost of advertising investment. Network externalities and advertis-
ing effects will work simultaneously, having positive effects on sales volume and 
bringing benefits to the whole supply chain. 

4. The Leader-Follower Relationship Model 

It is very difficult for enterprises to cooperate completely, but partially coopera-
tive advertising strategy has been widely used in practice. Partially cooperative 
advertising is also considered to be an effective contract to solve the efficiency 
loss of supply chain. Thus, in this section, in order to identify whether the par-
tially cooperative advertising strategy could solve the efficiency loss problem in 
the context of network externalities, we develop a partially cooperative advertis-
ing model. The profits for the manufacturer and the retailer can be expressed as 
a function as follows, respectively: 

( ) ( ) ( ) 21, 1
2

D
i i i i iR p a p w D t a= − − − .               (17) 

( ) 21,
2

D
i i i i iM w t wD t a= − .                    (18) 

We divide the decentralized model into three scenarios (Model 1 - Mode 3) 
based on existing literature. Then we determine the equilibrium of Model 1 - 
Model 3 by backward induction. Throughout this paper, the superscript “D1”, 
“D2”and “D3” means the parameters corresponding to the Model 1, Model 2 
and Model 3. Here are the three models and their equilibria. 

Model 1: Under conditions ( )0,1it ∈ , the retailer advertises and the manu-
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facturer gives an advertising support to the retailer in each stage.  

Furthermore, ∆
Ⅰ, ΩⅠ and θ  are defined as follows to simplify the expres-

sions later in this paper: 

( ) ( ) ( )
( )

6 4 2

2 2

256 1 18 3 81 231 144

96 3 3

λ α λ λ α λ λ

α λ λ

∆ = − + − + + + −

+ − − +

Ⅰ

 

( ) ( ) ( )
( )

6 4 2

2 2

256 1 27 1 81 93 150

16 18 4 13

λ α λ λ α λ λ

α λ λ

Ω = − + − + + + −

+ − + +

Ⅰ

   

( ) ( ) ( )
( )

6 2 2

4 2

1536 1 243 1 64 39 43 3

6 225 249 8

θ λ α λ α λ λ

α λ λ

= − + − + − − +

+ − +

Ⅰ

 

( ) ( )
( ) ( ) ( )

4 2 2 2

26 2 8

24 19 177 180 128 22 2 23

18 39 156 101 2048 1 243 1

η α λ λ α λ λ

α λ λ λ α λ

= − − + − − − +

− − + + − + + − +

Ⅰ

 

Then we can determine Stackelberg equilibrium in Model 1 by backward in-
duction: 

( ) ( ) ( )( )2 2
1

1

10 3 8 2 3 3
D

g
a

α α λ α λ− + − + + +
=

∆Ⅰ
.         (19) 

( )( )
1

2 2

6
16 9 1

D ga α
α λ

Ω
=

− − ∆Ⅰ
.                  (20) 

( ) ( )( )
1

1 22 216 9 10 3 1
Dt θ

α α λ
=

− − −
.              (21) 

1
2

1
3

Dt = .                          (22) 

( )
( )

2
1

2

8 3

16 9
D

g
w

α

α

Ω − +
=

− + ∆Ⅰ
.                    (23) 

( )
( )

2
1

2

3 4

16 9
D

g
p

α

α

Ω −
=

− ∆Ⅰ
.                     (24) 

( )( ) ( ) ( )( )( ) ( )
( ) ( )

2 22 2

1
2 22

2 1 2 4 3

16 9 1
D

g
R

λ η α

α λ

 − + ∆ − − + Ω ∆ 
 =

− − +

Ⅰ Ⅰ Ⅰ Ⅰ

.  (25) 

( )
( )( ) ( )

( )
( ) ( )( )

( )( )
( )( )

22 2
11

2 222 2 2

2
1

2

2

16 9 1 2 16 9 10 3 1

8 3

16 9

D
g a

M

g D

θ

α λ α α λ

α

α

Ω
= −

− − ∆ − − −

− Ω
+

− ∆

Ⅰ Ⅰ

Ⅰ

Ⅰ

Ⅰ

 (26) 

1 1 1D D DS M R= + .                      (27) 

Model 2: Under conditions 1 0t =  and ( )2 0,1t ∈ , the retailer advertises in 
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each stage, but the manufacturer only supports the retailer’s second-stage adver-
tising. 

Then we denote  

( ) ( ) ( )2 2 4 2256 1 32 9 5 3 3 27 3 8λ α λ λ α λ λ∆ = − + − − + + + − + +Ⅱ  

and  

( ) ( ) ( ) ( )( )6 2 4 2 2256 2 9 3 2 3 85 6 40 16 41 7 12η λ α λ λ α λ λ α λ λ= − − + + − + + − − + + + − + +Ⅱ

 
to simplify the expressions later in this paper. Then we can determine Stackel-
berg equilibrium in Model 2 by backward induction: 

( ) ( )( )2
2

1

4 8 2 3 3
D

g
a

α λ α λ− + + +
=

∆Ⅱ
.                (28) 

( )( )2
2

2

6 16 9 4
D

g
a

α α λ− + +
=

∆Ⅱ
.                   (29) 

2
2

1
3

Dt = .                            (30) 

( )( ) ( )( )2 2
2

8 3 1 16 9 4
D

g
w

α λ α λ− + − + − + +
=

∆Ⅱ
.          (31) 

( )( ) ( )( )2 2
2

3 4 1 16 9 4
D

g
p

α λ α λ− + − + − + +
=

∆Ⅱ
.          (32)

 
( ) ( )( ) ( )( )( )( )

( )

22 2 2 2

2
2

4 4 3 16 9 4 2 2 2
D

g
R

α α λ α λ− − + − + + + − + + ∆
=

∆

Ⅱ

Ⅱ
.(33) 

( )( )( )
( )

2 2
2

2

2 16 9 4
D

g
M

α λ η− − + +
=

∆

Ⅱ

Ⅱ
.              (34) 

2 2 2D D DS M R= + .                      (35)
 Model 3: Under conditions 2 0t =  and ( )1 0,1t ∈ , the retailer advertises in 

each stage, but the manufacturer only supports the retailer’s first-stage advertis-
ing. 

Furthermore, ∆
Ⅲ  and ΩⅢ  are defined as follows to simplify the expressions 

later in this paper: 

( ) ( ) ( )6 4 2 2 28 8 2 2 8 6 8 4 9λ α λ λ α λ λ α λ λ∆ = − + − + + + − + − − +Ⅲ

 

( ) ( ) ( ) ( )6 4 2 2 216 1 2 1 4 7 10 16 2 13λ α λ λ α λ λ α λ λΩ = − + − + + + − + − + +Ⅲ    

( ) ( ) ( ) ( )6 2 2 4 224 1 4 1 40 44 3 22 24θ λ α λ α λ λ α λ λ= − + − + + − + − + − +Ⅲ

 

( ) ( ) ( )
( ) ( )

28 2 2

6 2 4 2

16 1 2 1 12 12 23

9 24 14 8 42 32

η λ α λ α λ λ

α λ λ α λ λ

= − + + − + + + −

+ − + − + − +

Ⅲ

 

Then we can determine Stackelberg equilibrium in Model 1 by backward in-
duction: 
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( )( )2 2
3

1

5 2 2

2
D

g
a

α α α λ− + − + +
=

∆Ⅲ
.                 (36) 

( )( )
3

2 24 2 1
D ga α

α λ
Ω

=
− + − + ∆

Ⅲ

Ⅲ
.                   (37) 

( ) ( )( )
3

1 22 22 2 5 2 1
Dt θ

α α λ
=

− + − + − +

Ⅲ

.               (38) 

3

4
D gw Ω

=
∆

Ⅲ

Ⅲ
.                          (39) 

( )
( )

2
3

2

3

4 2
D

g
p

α

α

Ω − +
=

− + ∆

Ⅲ

Ⅲ
.                      (40) 

( ) ( )
( ) ( ) ( )

22 2
3

2 22

4 1

32 2 1
D

g g
R

η λ

α λ

− − Ω
=

− + − + ∆

Ⅲ Ⅲ

Ⅲ
.                (41) 

( )( ) ( )
( ) ( )( )

22 2
3

22

1

16 2 1
D

g g
M

η λ

α λ

− − Ω
=

− + − + ∆

Ⅲ Ⅲ

Ⅲ
.                (42) 

3 3 3D D DS M R= + .                      (43) 

Proposition 2. The three models, where the manufacturer as the leader and the 
retailer as the follower, has their unique equilibrium with the following proper-
ties: 

a) In model 1, 
1 1 1 11 1

1 2 1 20, 0, 0, 0, 0, 0
D D D DD D a a t tp w

λ λ λ λ λ λ
∂ ∂ ∂ ∂∂ ∂

> > > > > =
∂ ∂ ∂ ∂ ∂ ∂

. 

b) In model 2, 
2 2 2 22 2

1 2 1 20, 0, 0, 0, 0, 0
D D D DD D a a t tp w

λ λ λ λ λ λ
∂ ∂ ∂ ∂∂ ∂

> > > > = =
∂ ∂ ∂ ∂ ∂ ∂

. 

c) In model 3, 
3 3 3 33 3

1 2 1 20, 0, 0, 0, 0, 0
D D D DD D a a t tp w

λ λ λ λ λ λ
∂ ∂ ∂ ∂∂ ∂

> > > > > =
∂ ∂ ∂ ∂ ∂ ∂

.
 

Proposition 2 shows that in the Stackelberg game, retail price, wholesale price, 
advertising expenditure are positively correlated with network externalities. In 
some situations, the manufacturer participation rate is a constant, so it has no 
connection with network externalities. 

Proposition 3. The players’ decisions in the first and second stages compare as 
follows: 

a) In Model 1: 1 1
1 2

1
3

D Dt t> = , 1 1
1 2
D Da a> . 

b) In Model 2: 2 2
1 2

10
3

D Dt t= < = , 1 1
1 2
D Da a< . 

c) In Model 3: 2 2
1 2 0D Dt t => , 1 1

1 2
D Da a> . 

To simplify, we assume that the local advertising impact factor and the market 
size are constant. By changing the strength of the network externalities, we can 
observe the changes in the two-stage advertising. In order to simplify the results, 
we have 0.5α =  and 1g = . Comparison charts under three models can be eas-
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ily derived using Mathematica 9.0. 
The findings of Model 1 shows that the retailer invests more in local advertis-

ing and the manufacturer share more advertising cost in the first stage to expand 
the second-stage baseline demand (see Figure 1). It is interesting that the dif-
ference between the two-stage advertising investment becomes smaller and 
smaller as the network externalities increase. In the context of network external-
ities, the expanded second-stage demand allows more consumer purchases. Both 
the manufacturer and the retailer can benefit from it.  

The findings of Model 2 shows that the retailer may invest more in advertising 
in the second stage than in the first stage when the manufacturer only share the 
second-stage advertising costs (see Figure 2). Although network externalities 
can expand market demand, but without the manufacturer’s cooperative adver-
tising, retailers will tend to be conservative in order to reduce costs. 

The findings of Model 3 shows that the retailer invests more in advertising 
and the manufacturer supports a bigger share of retailer advertising in the first 
period to expand the second-period baseline demand (see Figure 3). Different 
from Model 1, the advertising investment in the first-stage is always much high-
er than the second-stage. 

Proposition 4. The comparisons of the manufacture’s and retailer’s optimal 
profits for the three different equilibria are as follows: 

a) 
3 1 2D D DR R R> > . 

b) 
3 1 2D D DM M M> > . 

The findings of Proposition 4 shows that the retailer invests more in advertis-
ing and the manufacturer supports a bigger share of retailer advertising in the 
first period to expand the second-period baseline demand (see Figure 4 and 
Figure 5). Different from Model 1, the advertising investment in the first-stage 
is always much higher than the second-stage. 

Unlike the intuitive optimal solution that the manufacturer should continue 
to share the retailer’s advertising. The findings of Proposition 4 show that both 
the manufacturer and the retailer maximize profit in Model 3, in which the 
manufacturer only share first-stage advertising costs. And in model 2 when the 
manufacturer only shares the second-stage advertising, the profits are the lowest.  
 

 
Figure 1. Local advertising under Model 1 ( 0.5α = , 1g = ). 

a1
D1

a2
D1

0.0 0.2 0.4 0.6 0.8 1.0
Network Externalities

0.5

1.0

1.5

2.0
Local Advertising
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Figure 2. Local advertising under Model 2 ( 0.5α = , 1g = ). 

 

 
Figure 3. Local advertising under Model 3 ( 0.5α = , 1g = ). 

 

 
Figure 4. Comparisons of the retailer profits ( 0.5α = , 1g = ). 

 

 
Figure 5. Comparisons of the manufacturer profits ( 0.5α = , 1g = ). 

a1
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This is because the existence of network externalities maximizes the effect of the 
first-stage advertising input. So the basic market demand of the second-stage is 
expanding. At the same time, they can reduce cost by reducing the advertising or 
not sharing the second-stage advertising. It has achieved maximum profits for 
both players. 

Proposition 5. The supply chain’s optimal profits for the cooperative relation-
ship model and three leader-follower relationship models: 3 1 2D DC DS S S S> > > . 

The findings of Proposition 5 shows that fully cooperative advertising max-
imizes supply chain profits (see Figure 6). This is because vertical integration 
eliminates the wholesale chain and reduces the double marginalization effect. 
Supply chain members work together for a same goal, and all decision variables 
reach optimal values. 

Thus, we obtain the optimal equilibrium pricing and cooperative advertising 
strategies in channel coordination in a two-stage game. Using four game-theoretic 
models, we find that the cooperative model achieves better channel coordination 
and generates higher channel-wide profits than the non-cooperative, lead-
er-follower model.  

5. Conclusion and Discussion 

This paper analyzes how the manufacturer and retailer should respectively set 
their cooperative advertising participation rate and advertising investment over 
a two-stage game. A fully cooperative advertising model and three partly coopera-
tive advertising models are endogenously identified: the manufacturer and the re-
tailer form an alliance (Model C), the manufacturer participates in local adver-
tising in each stage (Model 1); the manufacturer participates in local advertising 
in the second stage (Model 2); the manufacturer participates in local advertising in 
the first stage (Model 3). The decision to implement either one of the four mod-
els critically depends on the effects of network externalities. In a two-stage game, 
the optimal choice is to achieve full cooperation. The profits can then be distri-
buted through a contract. Secondly, it is a good choice for the manufacturer to 
share the first stage of the retailer’s advertising. So the two supply chain mem-
bers can agree to play Model C and Model 3. The findings of this research  
 

 
Figure 6. Comparisons of the supply chain profits ( 0.5α = , 1g = ). 
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extend the existing literature. The findings of this paper also have practical re-
levance. Managers could better design their pricing and advertising decisions 
over time. 

Our model has some limitations. In order to derive meaningful analytical re-
sults, we have simplified our model specification. Some of our assumptions can 
be relaxed to deal with more complex situations.  
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