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Abstract

Our purpose of this paper is to apply the improved Kudryashov method for
solving various types of nonlinear fractional partial differential equations. As
an application, the time-space fractional Korteweg-de Vries-Burger (KdV-Burger)
equation is solved using this method and we get some new travelling wave
solutions. To acquire our purpose a complex transformation has been also
used to reduce nonlinear fractional partial differential equations to nonlinear
ordinary differential equations of integer order, in the sense of the Jumarie’s
modified Riemann-Liouville derivative. Afterwards, the improved Kudrya-
shov method is implemented and we get our required reliable solutions where
the results are justified by mathematical software Maple-13.
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1. Introduction

Fractional differential equations have a significant role in describing the com-
plicated nonlinear physical phenomena such as the fluid flow, viscoelasticity,
signal processing, control theory, systems identification, biology, physics and
other areas [1]-[6].

Fractional differential equations are generalizations of classical differential
equations of integer order. In recent years, nonlinear fractional partial differen-

tial equations (FPDEs) have been attracted by the mathematician and other re-
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searchers. It is caused by both the development of the theory of fractional calcu-
lus itself. In the recent year, many analytical and numerical methods have been
proposed to obtain solutions of nonlinear FPDEs, such as local fractional varia-
tional iteration method [7], local fractional adomian decomposition method [8]
[9], local fractional fourier series method [10], finite element method [11], varia-
tional iteration method [12] and so on. In these methods, researchers have in-
vestigated analytical and numerical solutions and a few of them have depicted
some related graphs.

The improved Kudryashov method [13] is also a similar method to these
above methods and the basic principle of this method is to solve nonlinear par-
tial differential equations analytically. This method is straight forward and easy
for finding exact solutions FPDEs.

In this article, the improved Kudryashov method has been applied to find the
new exact travelling wave solutions of the nonlinear time-space fractional order

KdV-Burger equation, given by the following form [14]
o“u o’u  0%u  %u
—toUl—+n—-+0—>=0,t>0,0< 0, f<1. 1.1
at” o o p (-0
It is applied as a nonlinear model of the propagation of waves on an elastic
tube filled with a viscous fluid.
The Jumarie’s modified Riemann-Liouville derivative [15] of order «, de-
fined by the following expression
L9 (s ey (1(£)-1(0)dg0<a<l,

r(l-a)ds

DI f(s)= (1.2)

(f(”)(s))afn,n3a<n+1,n21.

Moreover, some properties for the modified Riemann-Liouville derivative

have also been given as follows

D" =F(rl(+1—r+_rzx)sf-“ (13)
Dy (f(s)g(s))=f(s)DIg(s)+g(s)Ds f(s) (1.4)

¢ f[g(s)]= 1:[a(s)]D¢a(s)= D T [a(9)](g'(s) (9

The rest of the writing is organized as follows. In Section 2, the improved Ku-

dryashov method has been described to find the solutions of nonlinear fractional

partial differential equations with the help of fractional complex transformation.

As an application, the new exact travelling wave solutions of KdV-Burger’s equ-

ation have been found in Section 3. In last Section 4, the conclusion has been
stated.

2. Outline of the Improved Kudryashov Method

We consider a time-space fractional nonlinear fractional partial differential equ-

ation, with independent variables x, fand dependent variable u, is given by
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P(u,u,.u,,u,D/u,Dju,Dfu,-),0<a, f <1 (2.1)

X1y
We use the variable transformation

Kx? . My’ . Lt*
(B+1) T(y+1) T(a+l)’

u(x,t):u(g),kfzr (2.2)

where K, M and L are non-zero arbitrary constants, fort transforming (2.1) to
the following nonlinear fractional ordinary differential Equation (FODE) with

independent variable &.
P(u,Ku',Mu', Lu’,K”Df,M”D{u,L“D{u,--- (2.3)
We seek for the exact solution of Equation (2.3) in the following form:

u(¢) - Zaele) (2.4)

Z?‘:oij(g)j |

where ai,bj(i=1,2,3,~~,M and j=1,2,3,-~~,N) are unknown constants and

Q(&) are the following functions
-1

1
Q(é)_m or1, Q(é)_m

Here the above functions Q (é‘) satisfy to the first order differential equation

R _j0°-q.ax0 (2.6)

dg

To calculate the necessary number of derivatives of function u(¢), Equation

(2.5)

(2.6) is necessary. We can obtain the positive integers A/ and N by considering
the homogeneous balance between the highest order derivatives and nonlinear
terms appearing in Equation (2.3)

We substitute U (f) and its various derivatives in Equation (2.3). Then we
collect all terms with the same powers of function Q(f) and equate the result-
ing expression to zero. We obtain algebraic systems of equations. Solving this
system, we get values for the unknown parameters.

Finally we put these values of unknown parameters and use the solutions of
Equation (2.6) for constructing the travelling wave solutions of the nonlinear

evolution Equation (2.1).

3. Application of the Method

In this section, the improved kudryshov method has been used to construct the
exact solutions for nonlinear space-time fractional KdV-Burger equation given
in (1.1).

Here we use the fractional complex transform
K Lt
(B+1) T(a+1)

u(x,t)zu(r;‘),fzF (3.1)
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where Kand L are constants, permits to reduce the Equation (1.1) into an ODE.

After integrating Equation (1.1) once, we have the following form
Lu+%a)Ku2+77K2u’+uK3u"=0 (3.2)

taking the integrating constant as zero.
Considering the homogeneous balance between U” and u® in Equation
(3.2), weobtain M =N +4.Suppose N=1 andthen M =5.

Thus the travelling wave solution takes the following form:

2 3 4 5
u(é)zao+a1Q+azQ +3,Q° +3,Q" +a,Q (33)

b, +b,Q

where a,,a,,a,,8,,8,,8; and b,,b are unknown constants.

Substituting Equation (3.3) into Equation (3.2) and taking into account rela-
tion Equation (2.6), we get a polynomial of Q(&). Collecting all the terms with
the same power of Q(é‘ ) together and equating each coefficient to zero, we can
obtain a system of algebraic equations. Solving the resulting system by using
Maple-13, we get the following sets of values of unknown constants and the cor-

responding solutions.

1 3
Case-1: K=E%, =%% a,=0, a=0, a,=0, a,=0,
12 byA%n* 12 b A%
a:———, = —— s b:b’ =
T w3 we b =b> b =b
The travelling wave solution of Equation (1.1) is:
2.2
ul(x,t): ] 124°7 _
2{ K/ 1 }
25WU /1+Cle r(p+1) T(a+l)
_12%p? G
_ n
- {1’] xﬂ+3'73 ta}Z
25Wo| A+ ¢ 100 T(f+1) 125,2 [(a+l)

And for example, one of the solitary wave solutions is:

48

2 bl
25 ( 2 e—0.2256758334x°'5 +0.0541620002t°5 )

ul(X,t)=

when 1=2,7=lw=Lv=-1¢c=1a=05,=05.

3 2
Case-2: Kz—iz, inn—z, 3, =0, a =0, azzﬁ_boﬁﬂ,
10v 125 v 25 wo
_24bn’A o 12batt o 12bA gy
B w T T w T T w2

The travelling wave solution of Equation (1.1) is:
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uz(x,t)=ﬁ’721 1
25 wu 2{—77 ¥ s }
A+ce 100 T(f+1) 125,2 I(a+l)
12 2%n? 1 (3:3)
_25 Wo {—77 X =37]3 t* } 2
l+Cle 100F(/i+1) 125,,2 F(a+l)

And for example, one of the solitary wave solutions and its corresponding

graph is:

s (x0) = 36 108
Z\™ 25(3 4+ @0111422509:00,01354051°5 ) 25 ( 3.4 0114225090 -00135405005 )2 ’

when A=3pn=-Lowo=Lv=2c=La=05,=03.

3 2 2
Case-3: Kziﬂ, L=—in—2, aozzbo_”, :Ebli, azzo,
10v 1250 25 wu 25 wo
12 b, A%n? 12 b A%n?
:o) a, =—— 0 s =—-—) b :b N =
% 425WUa525WUOOb1b1
The travelling wave solution of Equation (1.1) is:
12 n* 12 A%p? 1
U, (xt)= 221240 (3.6)
25wu 25 wo

2
17 xP 3
A+ce 100T(p+1) 1252 [(a+l)

And for example, one of the solitary wave solutions and its corresponding
graph is:
12 48

Y (X, t) - 2_5 " ~0.2256758334x05 -0.0541620002405 |
25(—2+e - - )

when A1=-2np=lLw=Lv=1c¢ =La=05/,=05.

1 3 b 2 2
Case-4: K=——-1, L:—in—z, __12by , __L2by ,
100 1250 25 wu 25 wo
24 by’ A 24 b3’ A 12 byA%n’ 12 b A%n?
a2:_ > = 5 a4:__ 5 =—— > b():bgy
25 wu 25 wo 25 wou 25 wo

b =b,.
The travelling wave solution of Equation (1.1) is:
2 2
U (xt)= 2T 244 1

25wu 25 wo 2{—rz N }
vI(B+ 2T(a+
A+ce 100 (f+1) 125,2 [(a+l)

3.7
12 A’n? 1 (3.7)
25 wu

2
Jl-n xP 3%
100 T(f+1) 1252 [(a+1)

/1+cle{
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And for example, one of the solitary wave solutions and its corresponding
graph is:

6 36
U, (X't) = 25 * 0.111422509x%3 +0.0135405t0
25(—3 +e* o )

108

+ 2
o5 (_3 4 @011422509x0 +0.0135405(°° )

when 1=3n=-lLwo=Lv=2c=La=05,=03.

In the above, Equations (3.4), (3.5), (3.6) and (3.7) yield the new types of tra-
velling wave solutions of (1.1) whereas Figures 1-4 give their respective velocity
profiles. These four figures are sketched by choosing particular values of arbi-
trary constants involving in these equations and such types of solutions are
called also solitary wave solutions.

Figure 2. Profile of u,(x,t).
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Figure 3. Profile of u,(x,t).
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Figure 4. Profile of u,(x,t).

Implication of the Maple-13: The mathematical software Maple-13 is used
for obtaining a system of algebraic equations and finding unknown constants by
solving this system. Justification of the results and finally figures are also

sketching by this software.

4. Conclusion

The improved Kudryashov method has been explored successfully to solve the
nonlinear fractional partial differential equation using the sense of Jumarie’s
modified Riemann-Liouville derivative and the fractional complex transforma-
tion. As a result, some new types of exact travelling wave solutions for the
space-time fractional KdV-Burger equation have been found and these solutions

are verified. It can be concluded that this method is very simple, reliable and can
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be used to solve any higher fractional order nonlinear partial differential equa-

tions.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this pa-

per.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]

(14]

Sabatier, J., Agrawal, O.P. and Machado, J.A.T. (2007) Advances in Fractional Cal-
culus: Theoretical Developments and Applications in Physics and Engineering.
Springer, New York. https://doi.org/10.1007/978-1-4020-6042-7

Mainardi, F. (2010) Fractional Calculus and Waves in Linear Viscoelasticity: An In-
troduction to Mathematical Models. Imperial College Press, London.
https://doi.org/10.1142/9781848163300

Boyce, W.E. and Diprima, R.C. (2001) Elementary Differential Equations and
Boundary Value Problems. 7th Edition, John Wiley & Sons Inc., New York,
259-300.

Kilbas, A., Srivastava, H.M. and Trujillo, J.J. (2006) Theory and Applications of
Fractional Differential Equations. North-Holland Mathematics Studies. Elsevier
Science, Amsterdam, 1-523.

Podlubny, I. (1999) Fractional Differential Equations, Mathematics in Science and
Engineering. Academic Press, San Diego, CA, 198.

Abdeljawad, T. (2015) On Conformable Fractional Calculus. journal of Computa-
tional and Applied Mathematics, 279, 57-66.
https://doi.org/10.1016/j.cam.2014.10.016

Yang, X.J. and Baleanu, D. (2013) Fractal Heat Conduction Problem Solved by Lo-

cal Fractional Variation Iteration Method. Thermal Science, 17, 625-628.
https://doi.org/10.2298/TSCI121124216Y

Yang, X.J. and Zhang, Y.D. (2012) A New Adomian Decomposition Procedure
Scheme for Solving Local Fractional Volterra Integral Equation. Advances in In-

formation Technology and Managment, 1, 158-161.

Yang, X.J., Baleanu. D. and Zhong, W.P. (2013) Approximation Solutions for Diffu-
sion Equation on Cantortime-Space. Proceeding of the Romanian Academy, 14,
127-133.

Hu M.S., Agarwal, RP. and Yang, X.J. (2012) Local Fractional Fourier Series with
Application to Wave Equation in Fractal Vibrating String. Abstract and Applied
Analysis, 2012, Article ID: 567401. https://doi.org/10.1155/2012/567401

Deng, W. (2008) Finite Element Method for the Space and Time Fractional Fokk-
er-Planck Equation. SIAM Journal on Numerical Analysis, 47, 204-226.
https://doi.org/10.1137/080714130

Wu, G.C. and Lee, E:ZW.M. (2010) Fractional Variational Iteration Method and Its
Application. Physics Letter A, 374, 506-2509.
https://doi.org/10.1016/j.physleta.2010.04.034

Salam, M.A. (2016) Application of Improved Kudryashov Method to Solve Nonli-
near Partial Differential Equations. Journal of Computer and Mathematical Sciences,
No. 4, 175-180.

Essam, M. (2013) Formulation and Solution of Space-Time Fractional KdV-Burgers

DOI: 10.4236/jamp.2019.74061

919 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.74061
https://doi.org/10.1007/978-1-4020-6042-7
https://doi.org/10.1142/9781848163300
https://doi.org/10.1016/j.cam.2014.10.016
https://doi.org/10.2298/TSCI121124216Y
https://doi.org/10.1155/2012/567401
https://doi.org/10.1137/080714130
https://doi.org/10.1016/j.physleta.2010.04.034

Md. A. Salam, U. Habiba

Equation. CMST, 19, 235-243. https://doi.org/10.12921/cmst.2013.19.04.235-243

[15] Zheng, B. (2012) (G’/G)-Expansion Method for Solving Fractional Partial Differen-
tial Equations in the Theory of Mathematical Physics. Communications in Theoret-
ical Physics, 58, 623-630. https://doi.org/10.1088/0253-6102/58/5/02

DOI: 10.4236/jamp.2019.74061 920 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2019.74061
https://doi.org/10.12921/cmst.2013.19.04.235-243
https://doi.org/10.1088/0253-6102/58/5/02

	Application of the Improved Kudryashov Method to Solve the Fractional Nonlinear Partial Differential Equations
	Abstract
	Keywords
	1. Introduction
	2. Outline of the Improved Kudryashov Method
	3. Application of the Method
	4. Conclusion
	Conflicts of Interest
	References

